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Summary

La morte non e nel non poter comunicare ma nel non poter piu essere
compresi.

(Death is not when you cannot communicate, but when you can no
longer be understood.)

Pier Paolo Pasolini !

The problem

The starting point for this thesis is the paper by Manolache and Schreyer [MS01],
where the authors find a birational model of the moduli space of (1,7)-polarised
abelian surfaces with canonical level structure, namely a Fano 3-fold of genus 12
called V5. The results in [MS01] are found by studying the locally free resolution
of a (1,7)-polarised abelian surface A C P5(V'), where V' = H°(A, (O)(1))". As
we shall see, SLy(Z7) acts on V., and therefore on these surfaces and on their
resolutions. Every such resolution determines a twisted cubic curve in P?(U),
where U is a certain 4-dimensional irreducible SLy(Z7)-module. The class of such
curves consists of those annihilated by the unique SLy(Z7)-invariant net of quadrics
A C S?U and the moduli space H(A) of such curves is isomorphic to Vas.

The other fundamental paper on which this thesis is based is [GP01] by Gross
and Popescu, where the authors also show that the moduli space of (1,7)-polarised
abelian surfaces is birational to Vi, but using a different approach and conse-

quently a different model. Their model is the variety of sum of powers VSP(Q, 6)

'From www.pasolini.net
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that parameterises polar hexagons to the Klein quartic Q C P*(W), where W is
a 3-dimensional irreducible SLy(Z7)-module and @ is the unique invariant curve
of minimal degree 4 (see Appendix B). Such a polar hexagon is a configuration
of six points in P?(W’), where W' is the dual of W, and P?(W’) is naturally con-
tained in PS(V) as the projectivisation of the +1-eigenspace of a certain involution
1V — V. What Gross and Popescu show in [GPO01] is that, for a general A,
these six points are precisely the odd 2-torsion points of A, and that each point
determines a Calabi-Yau 3-fold containing A. More precisely A is defined as the
intersection of those six 3-folds. Notice that @ is a model of X (7), the modular
curve of level 7, and that in [GPO01] the latter notation is used in place of Q. How-
ever the curve Q' C P?(W’) (also the unique invariant quartic and also isomorphic
to X (7)) will also play a role in this thesis and we will be careful to distinguish
the two.

Now, for the case of (1,5)-polarised abelian surfaces Horrocks and Mumford
[HM73] showed that a birational model of the moduli space is P?. In a more
detailed analysis, Barth, Hulek and Moore [BHMS87] showed that in fact every
point of P? determines a surface and they also described the subvariety of P? that
parameterises degenerate abelian surfaces, that is the boundary of the moduli
space. Furthermore they gave a precise description of all the degenerations. The
natural question raised by the work of [MS01] and [GPO01] is, can a similar analysis
be made for V5,7

This thesis takes a step toward answering this question by a detailed study of
the subvariety B C H(A) which parameterises degenerate twisted cubic curves.
We show that all points in B determine surfaces in P°(V') and we find the corre-
sponding elements of VSP(Q, 6). Our original expectation was that B would also
be the subvariety which parameterises degenerate abelian surfaces. The first piece
of positive evidence that we find for this is the fact that B is birational to the Kum-
mer surface that parameterises translation scrolls. Unfortunately, all the additional
evidence is negative and points to the fact that B does not in fact parameterises
the translation scrolls and so cannot be the whole boundary. Indeed, we can not
in the end determine whether all points of B do actually parameterise degenerate
surfaces. However, in this thesis we will still speak of B as the “boundary” in the
sense that it parameterises degenerate twisted cubic curves and will consider that
the corresponding abelian surfaces are still, in some sense, degenerate. Indeed we
find that they are not general in the sense of [GPO1].
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The structure of this thesis

Our thesis is divided into four chapters. In the first one we introduce the subject of
abelian varieties, then the crucial action of the Heisenberg group, which is the key
to handling these varieties. Then we talk about compactifications of moduli spaces
of (1, p)-polarised abelian varieties in general, and specifically about the toroidal
compactification. Finally we report all the key results we need from [MS01] and
[GPO01] that are going to define the starting point of the following chapters. Most of
the notations are thereafter consistent with those papers. Among others, especially
important are the 4-dimensional —1-eigenspace U’ := V_ of the involution ¢, which
is dual to U. Notice that S2U’ = L & W' where L = A+, But also S’W' = Lo W
and hence we have an incomplete linear system of cubics on P?(WW') which gives
an embedding P?(W') — P°(L).

In the second chapter we view H(A) as an orbit space, specifically the space
Mna of 3 x 2 matrices with entries in the 4-dimensional space U’ and with the
condition A on the minors (that is, the minors are in L), and obvious actions of
GL(3,C) and GL(2,C). Via geometric invariant theory we find the semi-stable
points of this space, and in doing so in Section 2.2 we briefly introduce the theory
of Kronecker modules, which will provide a short and alternative description of
the semi-stable points. We find that this leads to Proposition 2.5, which says that
the quotient space M3/ ~ and H(A) are isomorphic.

Furthermore we show that the boundary B may be also described as the locus
of orbits which contain a representative matrix with at least one zero entry. This
leads to Proposition 2.9, which says that the boundary B of H(A) is birational to
C xP'=Q x P!, where C C P3(U’) is a curve naturally isomorphic to Q.

Note that the modular curve of level 7 has 24 cusps corresponding to the 24
flexes in the models @ and @’. Throughout this thesis we are going to use the
word “cusp” also for the images of the cusps of X(7) in @, Q" and C.

At the end of the chapter we also report several results from [Sch01], describing
in more detail three different models of the Fano 3-fold Vs, two of which (H(A)
and VSP(Q,6)) we have introduced already.

We start the third chapter presenting several results from [HM73] that are
going to be used for comparisons in the sequel. In this way we can recover more
information about the features of surfaces parametrised by boundary points of
H(A).
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Then we report facts on the toroidal compactification, in particular that there is
a relationship between boundary points of this compactification and degenerations
of abelian surfaces, as shown in [HKW93]. We also report specific results on the
toroidal compactification of (1,7)-polarised abelian surfaces and a comparison with
the work by [BHMS87] on the (1,5) case.

The fourth chapter is divided into four sections. In the first one we prove
several results, among them Proposition 4.4: that to every point of the boundary
B of H(A) it is possible to associate a surface.

The next section, devoted to general degenerations, contains several side results
and culminates in Proposition 4.13, which relates degenerate twisted cubic curves
and the first degeneration of a set of six points in VSP(Q, 6): where three of the six
points lie on the Hessian of the Klein quartic Hes(Q') C P?(W’). Furthermore, the
images of these three points under the embedding P?(W') — P®(L) are collinear
and the intersection of the three associated Calabi-Yaus is a 3-fold U, of degree 7.
Thus the configuration of six points is not general in the sense of [GP01] (see
Proposition 1.9.2). The most general surface related to such a degeneration is
then U, intersected with any Calabi-Yau defined by any of the other three points.

The surfaces in the next section (parameterised by a subvariety B’ C B) are
relatively simple to describe, because they are defined by the intersection of two
3-folds U, and U, of degree 7 as above. There are two sets of three points as above
with one point in common, and the degenerate twisted cubic curve associated is
the connected union of three lines. This is summarised in Proposition 4.15

The last degeneration of (1,7)-polarised abelian surfaces arises over the cusps
of €', and Proposition 4.17 tells that one gets three types of reducible surfaces:
7 quadric surfaces, each contained in some P3 C PS(V), or 7 double planes in
P%(V), or 14 planes in P5(V). We work out the related degenerations of H(A)
and VSP(Q,6) as well. Notice that in the (1,5) case there is no configuration
analogous to the 14 planes (see Remark 4.20).

All the results proved in this thesis are presented in the next comprehensive
main theorem which lists and classifies the surfaces (possibly degenerations of a

smooth (1, 7)-polarised abelian surfaces) parameterised by B C H(A):
Theorem A. Let [o] € B C H(A) 2 VSP(Q,6). Then [a] determines:
i. a singular twisted cubic curve in P?(U),

i. sixz points in P2(W') and
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ii. a surface A, C P°(V),
as follows:
1. [a] € B\ B’ and [a] is not over a cusp of C, then it determines

i. a smooth conic in a general plane of P3(U) union a line,

i. six points of P2(W'), three of which lie on Hes(Q'), and whose images

in PS(L) are collinear,

1i. A, s the intersection of a 3-fold U, of degree 7 determined by the
collinear points, and any Calabi-Yau 3-fold, determined by any of the

remaining ones.
2. la] € B' and [a] is not over a cusp of C, then it determines

i. the connected union of three lines in P3(U),

i. six points of P2(W') with {p1,p2, p3} and {p1, ps, ps} lying on Hes(Q'),
and whose images in PO(L) form two sets of three collinear points of
Pe(L),

1i. A, is the intersection of two 3-folds of degree 7: U, determined by
the first set of collinear points, and U, determined by the second set

of collinear points,
3. la] is general over a cusp of C, then it determines
i. a smooth conic in a special plane (defined by the cusp) of P3(U) union
a line,

i. a double point and two single points on a line in P2(W'), plus a second

double point. Both the double points are in Q NHes(Q'), i.e. at cusps,
iii. A, 18 the union of 7 quadric surfaces, each contained in some P? C

4. [a] is special over a cusp of C like in Proposition /.17, part (2a), then it

determines

1. a smooth special conic union a line,

i. a quadruple point plus a double point in P2(W'), both at cusps,
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ii. Ag 18 the union of 7 double planes in PS(V),
5. o] € B’ is over a cusp of C, then it determines

i. three lines through a point in P*(U),
i. three double points in P>(W'), all at cusps,

iii. Ag is the union of 14 planes in PO(V).

Proof. See Proposition 1.6, Proposition 1.9, Proposition 4.13, Proposition 4.15 and
Proposition 4.17. ]

We also illustrate the results of the main theorem in Table 1

A partial conclusion

The research in this thesis has been conducted because B C H(A) promised to be
a good candidate for the boundary (in H(A)) of the moduli space of (1,7)-polarised
abelian surfaces. This is because B is birational to the appropriate Kummer surface
(whose base curve is indeed X (7)) that makes up the central boundary component
of the toroidal compactification and parameterises translation scrolls. On the other
hand each of these scrolls should be contained in the secant scroll over the elliptic
curve on which it is defined, see Proposition 1.8. Therefore at least one point
among the six defining the element of VSP(Q, 6) related to such a scroll should lie
on @', but a fact like this does not appear to be true. Furthermore in the Kummer
surface there is a trisection that parameterises elliptic scrolls, and in B there is
the trisection B’ that could correspond to it. But if p > 5 each elliptic scroll is
defined over three elliptic curves (see [CH98]), whereas the general point of B’ is
only contained in two fibres.

In the spirit of our parallel strategy, also the model VSP(Q,6) seems to pro-
vide an argument against B as the subvariety of H(A) parameterising translation
scrolls. More precisely we think it is possible to achieve this result using Proposi-
tion 5.3 in [GPO1], since it carries information on the configurations of six points
in P>(W'). Moreover it could also help to understand the Kummer surface of
translation scrolls in VSP(Q, 6) and indeed H(A). Unfortunately we did not have
enough time to complete the argument, but it appears to be a promising line of

research.
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Table 1: Hierarchy of the degenerations

1.

conic in a general plane of P3(U) + line‘

six points of P2(W'),
three on Hes(Q'),

collinear images in P5(L)

intersection 3-fold U, of degree 7

and Calabi-Yau 3-fold

1

1

2.

connected union
of three lines in P3(U)

3.

conic in special plane
of P3(U) + a line

{p1,p2,p3} + {p1,ps,p5}
lying on Hes(Q'),
collinear images in P5(L)

intersection of

double point and
two single points

on line in P2(W"),
+ double point

two 3-folds union of 7
of degree 7: U,, U, quadric surfaces
Vol
5. 4.

three lines

through a point in P3(U)

‘ special conic union a line ‘

‘three double points in P2(WW')

quadruple point +
double point in P2(W')

‘14 planes in PS(V) ‘

‘7 double planes in P%(V) ‘




Chapter 1
Moduli spaces

In this chapter we introduce the topic of moduli spaces of abelian varieties. In
particular we are interested in the case of abelian surfaces with canonical level
structure of type (1,7). So we include an overview of the known results about this

case, due to Manolache and Schreyer in [MSO01].

1.1 Moduli spaces of abelian varieties

In this section we follow the survey article by Hulek and Sankaran [HS02].

An abelian variety (over the complex numbers C) is a g-dimensional torus
A = C9/L, where L C C9 is a maximal lattice and A is a projective variety, i.e.
can be embedded into some projective space P". This is the case if and only if
A admits a polarisation. Here below we give two definitions of polarisation. The
most common one involves Riemann forms. A Riemann form on CY with respect
to the lattice L is a positive definite hermitian form H on €’ whose imaginary

part H' = Im(H) is integer-valued on L, i.e. defines an alternating bilinear form
H :L®L—Z.

The R-linear extension of H' to C9 satisfies H'(x,y) = H'(ix,iy) and determines
H by the relation
H(x,y) = H'(ix,y) + iH'(z,y).

H is positive definite if and only if H' is non-degenerate. In this case H (or

equivalently H') is called a polarisation. By the elementary divisor theorem there
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exists then a basis of L with respect to which H' is given by the form

0 F
A= ,E =diag(eq,...,e,),
(—E 0) gler g)

where the ejy,...,e, are positive integers such that ej|es|...|e,. The g-tuple
(e1,...,€,) is uniquely determined by H and is called the type of the polarisa-
tion. A polarised abelian variety is a pair (A, H) consisting of a torus A and a
polarisation H.

If we choose a basis of the lattice L and write each basis vector of L in terms
of the standard basis of C? we obtain a matrix Q € M(2g x ¢,C) called a period

matriz of A. The fact that H is hermitian and positive definite is equivalent to
fQATIQ =0, and Im'"QA'Q > 0.

These are the Riemann bilinear relations. We consider vectors of C? as row
vectors. Using the action of GL(g,C) on row vectors by right multiplication
we can transform the last g vectors of the chosen basis of L to be (e;,0...,0),
(0,€2,...,0),...,(0,...,0,¢e,). Then Q takes on the form

Q:m:(;>

and the Riemann bilinear relations translate into
="', Im7 >0.
Therefore 7 is an element of the Siegel space of degree g
H, ={r € M(gxg,C); 7= "7, Im7 > 0}.

Conversely, given an element 7 € H, we can associate to it the period matrix €2,
and the lattice L = L, spanned by the rows of Q.. The complex torus A = C9/L,

carries a Riemann form given by
H(z,y) = 2Im(7)~" 7.

This defines a polarisation of type (eq,...,e,). Hence for every given type of

polarisation we have a surjection

H, — {(A,H)| (A, H) an (ey,...,e,)-polarised abelian variety}/isomorphism.



CHAPTER 1. MODULI SPACES 10

To describe this set of isomorphic classes we have to see what happens when we

change the basis of L. Consider the symplectic group
Sp(A,Z) = {g € GL(29,Z); gA"g = A}.

We write elements g € Sp(A, Z) in the form

A B
— - A B,C,D € M(g x g,7).
g (C D) (9 xg,2Z)

It is useful to work with the “right projective space P of GL(g,C)”, i.e. the set of

all (2g x g)-matrices of rank ¢ divided out by the equivalence relation

M MM
)~ ' for any M € GL(g, C).
M, Mo M

Notice that P is isomorphic to the Grassmannian G = Gr(g,C?»). The group
Sp(A,Z) acts on P by

(e 7)

where | ] denotes equivalence classes in P. One can embed H, into P by 7 +— [ ; ]

M,
M;

AM, + BM,
CM, + DM,

Then the action of Sp(A, Z) restricts to an action on the image of H, and is given

by
A B
C D

Therefore Sp(A, Z) acts on H, by

AT+ BFE
Cr+ DFE

T

E

(AT + BE)(Ct + DE)™'E
E

A B
: 7+ (AT + BE)(Ct + DE) 'E.
¢ D

From what we have seen here above we conclude that for a given type (e1,...,¢€,)

of a polarisation the quotient

..... e) = SP(A, Z)\H,

parametrises all the isomorphism classes of (ey, ..., e,)-polarised abelian varieties;
that is A,

eties. As a variety A,

e,) 1s the coarse moduli space of (ey,...,e,z)-polarised abelian vari-

------

¢,) 1 an orbifold.

.....
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One is often interested in polarised abelian varieties with extra structures, the

so-called level structure. If L is a lattice equipped with a non-degenerate form A
the dual lattice LY of L is defined by

LV={yeLoQ Alr,y) € Z for all x € L}.

Then LY/L is non-canonically isomorphic to (Z, X --- X Z,)*. The group L"/L
carries a skew form induced by A and the group (Z,, X - - - x Z,)* has a Q/Z-valued

skew form which with respect to the canonical generators is given by

0 E-!
~-B' 0 )
If (A, H) is a polarised abelian variety, then a canonical level structure on (A, H)
is a symplectic isomorphism

a:LY/L = (Ze X - X L¢,)?

where the two groups are equipped with the forms described above. Given A we

can define the group
Splev(AaZ> = {g € Sp(A\, Z); g|LV/L = id|LV/L}-

The quotient space

.....

has the interpretation

Aéz e) = {(A,H,a); (A, H) is an (ey, ..., e,4)-polarised abelian variety,

;;;;;

« is a canonical level structure} /isomorphism.

A torus A = C?/L is projective if and only if there exists an ample line bundle

L on it. By the Lefschetz theorem the first Chern class defines an isomorphism
c1: NS(A) = H*(A,Z)n H'(A,C).
The natural identification Hi(A,Z) = L induces isomorphisms
H*(A,Z) = Hom(A*H\(A,Z),7Z) = Hom(A*L, Z).

Hence given a line bundle £ the first Chern class ¢;(£) can be interpreted as a
skew form on the lattice L. Let H' := —c¢,(£) € Hom(A%L,Z). Since c¢i(£) is a
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(1,1)-form it follows that H'(x,y) = H'(ix,iy) and hence the associated form H
is Hermitian. The ampleness of £ is equivalent to positive definiteness of H. In
this way an ample line bundle defines, via its first Chern class, a Hermitian form
H. Reversing this process one can also associate to a Riemann form an element in
H?(A,Z) which is the first Chern class of an ample line bundle £. The line bundle
L itself is only defined up to translation. One can also view level structures from
this point of view. Consider an ample line bundle £ representing a polarisation
H. This defines a map
A: A— A=Pic’A
Tt Lo L]
where £, is translation by x. The map A depends only on the polarisation, not
on the choice of the line bundle £. If we write A = C/L then we have K (L) :=
ker A 2 LY /L and this defines a skew form on K (L), the Weil pairing. This also
shows that K (£) and the group (Z., x - - - X Z,,)? are (non-canonically) isomorphic.
We have already equipped the latter group with a skew form. From this point of

view a canonical level structure is nothing but a symplectic isomorphism

a: K(L) 2 (Zey X -+ X L)

1.2 The Heisenberg group

In this section we follow [GP98] and [GPO1].
Let x, y € K(L), then the Weil pairing induced by H' is given by

e“(z,y) = exp(2miH'(x,7)).

By definition we have that if x € K (L), then there is an isomorphism t:£ =2 L.
Therefore z induces a projective automorphism on P(H°(£)) and so this leads to a
representation K (L) — PGL(H?(L)). This representation does not lift to a linear

representation of K (L), but it does after taking a central extension of K (L),
1-C" - G(L)— K(L) —0,

whose Schur commutator map is the previously defined pairing e*. G(£) is called
the theta group of L. In practice a finite version of G(L£) is used: since K(L) is
finite, for our purposes it is enough to work with the finite group pu. (in place of C*)

generated by the image of e“. Notice that |p.] is a divisor of the exponent of K (L).
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G (L) is isomorphic to the (infinite) Heisenberg group H (D) := H(ey, ..., e,), which
can be described as follows: as a set it is C* x K (D), where K (D) 22 (Z., X -+ X
Z.,)*. Let fi,..., f2, be the standard basis of K (D), and define an alternating
multiplicative form e” : K(D) x K(D) — C* by

exp(—2mi/e,) fpu=g+v
eD(flM f/") = eXp(27TZ/€,,) lf Vv=yg —+ 1]
1 otherwise.

To define the group structure on H(D), we take for any («, w1, x2), (3, y1,y2) €
H(D)
(a1, 22) (B, 1, y2) == (aBe” (w1, ), 1 + Y1, B2 + 12).-

A theta structure for L is an isomorphism between G(£) and H (D) which restricts
to the identity on C*. Any such isomorphism preserves the alternating pairings
e and e and induces a canonical level structure on (A, L) (or (A, H)). The
natural representation G(£) — GL(H°(L)) for the theta group lifts uniquely the
representation K (L) — PGL(H"(L)). Then, if a theta structure has been chosen,
we have that the last representation is isomorphic to the Schrodinger representation
of H(D), which we are going to introduce. If V = C(Z., x -+ x Z,,) is the vector
space of complex-valued functions on the set Z., X --- X Z,,, the Schrodinger

representation p : H(D) — GL(V) is given by

ployay,w2)(7) = aeP (-, x2)v(+ + 1)

This representation is irreducible, and since the centre C* acts by scalar multipli-
cation, one gets a projective representation of K (D).

We restrict our attention to surfaces, then the Schrodinger representation on
projective space is as follows. Let D = (e, e2) and fix a basis {d,|y € Z¢, X Ze,}

of V', where ¢, is the delta function

) 0 ify#7

We denote by Hp the subgroup of H(D) generated by oy = (1,1,0,0,0), o9 =
(1,0,1,0,0), 7 = (1,0,0,1,0) and 7, = (1,0,0,0,1), and these act on V' via

01(0i;) = 0i—1 . 02(0i5) = 0ij-1,

Ti(8i5) = &0, T(6i) = 670 ;.
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where &, := exp(2mi/ei). In the case e; = 1, both o7 and 7; are just the identity,
and we shall denote by ¢ and 7 the generators o5 and 75, and leave off the first
index on the variables.

Let K(£) = K;(L) ® K5(L) be a decomposition for £ with K(L) =2 Ky(L) =
Zie, X Ze,, both subgroups being isotropic with respect to the Weil pairing. A
basis of canonical theta functions (see [LB92]) {0, |y € K(£)} for H°(L) yields an
identification of H°(£) and V via 6, — 4., such that the representations G(£) —
GL(H®(L)) and H(D) — GL(V) coincide. Thus if we map A into P(H°(L£)") using
as coordinates vy = 0,, v € Z¢, X Z,, the image of A will be invariant under the
action of the Heisenberg group via the Schrodinger representation. In particular,
if A is embedded this way in P(H°(£)Y), then H°(Z4(n)) is also a representation
of the Heisenberg group.

In general one works with e; = 1, then the action of the Heisenberg group
H, := H; . on the coordinates of P(H°(L)") is

o(x;) = w1,

() = £ ().
As mentioned before, we will only consider the action of H,., the finite subgroup

of H(D) — GL(V') generated in the Schrédinger representation by ¢ and 7. Notice

that [0, 7] = &; thus H, is a central extension
11— we—>H, — 7%, X 7%, — 0.

K (L) can be viewed as a subgroup of the automorphism group of A via trans-
lations, and we get that the order 2 subgroup ((—14)) acts on K (L) by inner
automorphisms. From this fact it is possible to define K¢(L£) as K (L) x {((—14)),
and then define the extended theta group G¢(L£) to be a central extension of K¢(L)
by C*. In fact G°(L£) = G(L) x ((—14)). The extended Heisenberg group is defined
by

H(D) :=H(D) x (1),

where ¢ acts on H(D) via (o, x1, 22) = (o, —x1, —x2). An extended theta structure
is an isomorphism between G¢(L£) and H¢(D) inducing the identity on C*. Each
extended theta structure restricts to a theta structure, but a theta structure does

not always come from an extended theta structure. In fact, a theta structure
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b:G(L) — H(D) can be extended to an extended theta structure if and only if it

is a symmetric theta structure, that is if the diagram

H(D) —— H(D)
commutes. In order for a symmetric theta structure to exist, £ must be a sym-
metric line bundle, that is (—14)*£ = £. There always exist a finite number of
symmetric line bundles, each admitting a finite number of symmetric theta struc-
tures.

The Schrédinger representation p of H(D) extends to a representation p° of
He(D), with p°(1) € SL=(V) = {M € GL(V)|det(M) = £+1}. We denote by Gp
(with G := G¢) the subgroup of H¢(D) generated by Hp and ¢. In the case that
D =(1,e), v acts on V by i(z;) = —x_;. Note that our ¢ here is —¢ in [GP98] and
[GPO1]. In fact

Gp = Hp » (1).

L, acting as an involution on V', has two eigenspaces V., with eigenvalues +1. We
will refer to the projectivization of the positive eigenspace as P, C P(V'), and the
negative eigenspace as P_ C P(V).

In particular, if D = (1,¢), then P_ is given by the equation

{r;=2_;li€l/elL},
and P, is given by the equation
{371' = —$,i| 1€ Z/GZ}

In our case, namely (eq,es) = (1,7), let N(H;) be the normaliser of the
Heisenberg group H; inside SL(V'), where the inclusion H; < SL(V) is via the

Schrodinger representation. We have a sequence of inclusions
Z(Hr7) = p7 € Hy € N(Hy),

and it is easy to see that N(H7)/H; = SLs(Z7), in fact N(H7) is a semi-direct
product H; x SLy(Z7). Therefore the Schrodinger representation of H; induces a

7-dimensional representation

pPr - SLQ(Z7> — SL(V)
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PSLy(Z7) can be defined by the following generators and relations:
PSLy(Z7) = (S,T| S"=1,(ST)> =T1%=1,(S*’TS*T)* = 1)

where S and T" are the projective classes of, respectively,

11 0 —1
S = and T’ = ,
01 1 0

The representation p; is given projectively by

ij 1 ..
pr(S") = (£ 204)ijezr, p(T') = \/—_—7(£l]>i,j€Z77

where ¢ is a fixed primitive 7-th root of unity.

The centre of SLy(Z7) is generated by T'%, and p;(T"?) = «. Thus the repre-
sentation p; is reducible. If we introduce V., and V_ as the positive and negative
eigenspaces respectively of the Heisenberg involution ¢ acting on V', then V, and
V_ are both invariant under p; , and p7 splits as py & p_, where p. is the represen-
tation of SLo(Z7) acting on Vi. Note that p, is trivial on the centre of SLy(Z7),

so in fact it descends to give an irreducible representation
P+ ¢ PSLQ(Z7) — GL(V+>

In the beautiful treatise [Kle79] by Felix Klein, the polynomial invariants of this

representation are computed and the quartic!

fitein = Yiy2 + Y3ys + Yaun

is the unique invariant of minimal degree 4. The smooth quartic curve defined by

this invariant

Q" = {flaem = 0} C P}
is an isomorphic image of the modular curve of level 7, and has PSLy(Z;) as its
full automorphism group.

Throughout these pages we are going to use the following notation: W' :=V,
and U’ := V_, and we are going to work with their dual spaces as well, that as
SLy(Z7)-modules are not isomorphic. More information about the representations
of SLy(Z7) and these spaces can be found in A.3.

IThe notation fKlein 15 chosen because in Appendix B we work with a quartic given by the

same equation, but embedded in the dual space P2*, non isomorphic to P as a SLy(Z7)-module.
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1.3 Compactification of moduli spaces of abelian

surfaces

It is a fact that there is not a unique compactification of a quotient

AGr - eg) 7= SP' (A Z)\H.

Since we are interested in surfaces, we restrict our work to the case

(e1,...,e4) = (1,p).

In this section we are going to report the main facts one gets from the most
advanced compactification on the market, that is the toroidal compactification.
Practically all these results can be found in [HKW93].

Then, in the sequel we are going to draw several comparisons between our work
and the facts of this section.

We think this is not the place to introduce the subject of toric geometry. Thus
we just say that via toric methods, and after making choices, often natural, which
have to fulfill certain condition of admissibility for the fans used, one gets the
) of ACY oy
We list the main features of the geometry of Az‘l’p), and in Chapter 3 we will

toroidal compactification .,42‘81

......

describe the degenerations parametrised by the different kind of boundary points.

A combinatorial object called the Tits building enumerates the various bound-
ary components, as well as containing important information about their inter-
section behaviour. From [HKW93], Theorem 1.3.40 and Definition 1.3.105, we get
that there are

1. a corank 1 (open) central boundary component D°(ly).

2. (p? — 1)/2 corank 1 (open) peripheral boundary components D°(]).
3. p+ 1 corank 2 boundary components.

Then, from [HKW93] Theorem 1.3.151 and 1.4.8 we get

1. Let D(I) be the closure of D°(l) in Aéz

map from a Kummer modular surface K(1):

) then there is an isomorphic

,€g

f:K(1) = D).
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2. There is a map from the Kummer modular surface K (p) to the closure D(ly)

------

but for p > 3 is not an isomorphism.

Notice that by [HKW93| Theorem 2.31(ii) the Kummer modular surface K (p) is
a fibre space over the modular curve X (p) of level p, whose singular fibres over the
cusps are folded p-gons, i.e. strings of [p/2]+ 1 smooth rational curves intersecting
transversally.

The geometry of the p + 1 corank 2 boundary components will not be treated
in generality here, but we will describe the picture for our p = 7 case in Chapter 3.
We just say here that every corank 2 boundary component lies in the closure of the
central boundary component D°(ly), and intersects (p — 1)/2 peripheral boundary
components D(I), each one at one of their fibres. There are no other intersections
(apart from those ones involving corank 2 boundary components) between the

central and the peripheral boundary components.

1.4 The moduli space of (1,7)-polarised abelian

surfaces

In this section we briefly review the main results by Manolache and Schreyer [MS01]
about the moduli space of (1,7)-polarised abelian surfaces. A central result is the

following

Theorem 1.1 ([MSO01], Theorem 3.2). An abelian surface A, Gr-invariantly

embedded in P°(V'), has a Gr-invariant resolution of the form:

0 04— 0L 31,0(-3) £ 250° £ 3110(—4) £ O(=7) 0

0 1
witha':( . 0)@ and ' = 5.

Note that all the modules in the above sequence are Gr-modules, and S is the
non-trivial character of (1). See appendix for the table of characters of G7.

We give here below more results we are going to use in the next chapter:

Proposition 1.2 ([MSO01], Proposition 3.3).
Homg, (SQ*, V,0(-3)) =4I,

i.e. « has entries in a 4-dimensional vector space (see appendiz).
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A key observation is the following

Remark 1.3 ([MS01], Remark 3.4). Let F; and F;, be two Gr-sheaves, then
Homg. (Fi, F2) is a N-module, because G; = H; x Zs is a normal subgroup of
N =2 H; x SLy(Z7), ¢ being central in SLy(Z7).

As pointed out by Manolache and Schreyer, using the character table of SLy(Z7)

and with the notation from the appendix, we see that

Hom(Q2*, O(=3)) = Hom(O(—4),Q%) = A’V = V; @ 4V}, and
Homg, (S, V,0(—3)) = Homg, (VIO(—4), SQ*) = U’ := (ug, uy, ug, us).

If we equip V' with the canonical basis {(eg...eg), then we get that the elements
of Homg. (V1O(—4), SQ3?) are given by the following 1 x 7 matrices with entries in
%

Up = (Eps1 A €hga A €pp2 — €his A €py3 A Chis)iczy

and similarly:

U1 = (ep A epy1 A €rig)kezys, Uz = (€A CkiaN€ris)iezy, Us = (€x N €pya A€rts)kez,-

Finally Home. (Vi O(=4), SO3) = (ui), where uf = (€111 A €rpa A €rpo + €rpe A
€43 N €hts)keZy-

Furthermore, the elements of Homg, (SQ?, V,O(—3)) are given by the trans-
poses of the above matrices. Notice that the composition of Hom(O(—4),Q3) and
Hom(Q3, O(—3)) is given by the wedge product, if we identify canonically AV with

V* =V3 = H°(O(1)). A direct computation gives us the non-zero compositions:

0 Ty 0 0 —x3
—x4 0 Tx 0 0 0
0 —a5 O T 0 0 0
V= upuy = ujug = —ubug = 0 0 —25 0 2 O 0
0 0 0 —x 0 T 0
0 0 0 0O —x2; O Ty
T3 0 0 0 0 —x9 0
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0 0 T 0 —Zg 0
0 0 0 Ty 0 0 —Zp
-1 0 T3 0 0
A= uf)ug = uguo = —u§u3 = 0 —29 O 0 0 Ty 0
0 0 —z3 O Ts
Tg 0 0 —x4

0 0 —x5 0
0 0 0 —x¢ x5
0 0 0 0 —x90 24
= uhjuz = ujug = —uju; = i 0 0 0 0 0 -
—T9 T 0 0 0 0 0
0 —x3 x 0 0 0
0 0 —x4 2 0 0
Furthermore ufu] = 2 - diag(zy. ..1¢) = w and wluf = v*, where v* is like v,

but with all signs positive. (The same for ubul = X*, ubu] = p*.) In the sequel we

will omit to write (+)!, and we will identify loosely the elements of Hom(Q3, O(—3))
and Hom(O(—4), Q?).

In other words, once we choose a basis uy, . . ., u3 of Homg, (SQ3, V,O(=3)), we
can view the matrix « associated to A as an element of M := M (3 x 2,U’). That
is, the entries of this matrix are linear forms over C in 4 variables. We are going

to give more information about this fact in the next chapters.

Proposition 1.4 ([MSO01], Proposition 3.5). A matriz o as in Theorem 1.1
satisfies

aa’ = 0 if and only if the three quadrics in P*>(U) given by its 2 x 2 minors (in
S2U’) are annihilated by each of the three operators

Al = 2&0&1 — Clg, AZ = 2&0&2 — ag, Ag = 2&0&3 — a%.

We denote by A the linear span of the operators Ay, Ay, As, which is also the
unique SLy(Z7)-invariant 3-dimensional subspace of S?U.

From the appendix we see that

W= A C S%U,
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so this property simply tells us that the minors of the matrix « lie in the irreducible
Gr-module L, where S?U’ = L & W' (see appendix).

Remark 1.5. A resolution like in Theorem 1.1 is determined up to action from
the left and right respectively of GL(3,C) and GL(2, C).

Let C, C P3(U) be the curve defined by the 2 x 2 minors of a matrix « as in

the resolution of Theorem 1.1. Then one can prove the following

Proposition 1.6 ([MS01], Proposition 4.1). The curve C, is a projectively

Cohen-Macaulay curve of degree three and arithmetic genus 0.

This means that the minors of o determine a twisted cubic curve C,. In
particular these minors are independent, so define a 3-dimensional linear subspace
of S?U" = H°(P*(U), O(2)). Furthermore it is possible to prove that if A is smooth,
then it is uniquely determined by the curve C, associated to its resolution.

The Hilbert scheme Hilby,,;(P3(U)) has two components of dimension 12 and
15:

Hilbg, . (P*(U)) = H, U H,

with general points of H;, H, and HyN H, corresponding respectively to a twisted
cubic, a plane cubic union a point or a plane nodal cubic with an embedded point
at the node. For all C' € H;, H(P*(U),Zc(2)) = 3. The morphism

fiH =GB H(PU),002))
C s HYPY(U), To(2))

is birational onto its image H, regular precisely on H; \ H; N H,, cf. [EPS87].

Consider
H(A):=HNG(3,L) C G(S,HU(]P’3(U), 0(2))),

where G(3, L) is the Grassmannian of 3-dimensional vector subspaces of L.
Since it does not intersect f(H; N Hy), we can regard H(A) as a subvariety of
H, as well (cf. [MSO01]).

Theorem 1.7 ([MSO01], Proposition 4.4). H(A) is a smooth prime Fano 3-fold

of genus three.

By the results of [MS01] the moduli space of (1,7)-polarised abelian surfaces
with canonical level structure is birational to H(A). For more information about
Fano 3-folds, see [Muk92], and about Fano 3-folds of genus 12, see [Sch01].
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1.5 A different model of the moduli space

We report few crucial facts from [GP98] and [GPO1]: the 7 x 7 matrix

Mi(2,y) = (2iy s ijez,

has rank at most 4 on an embedded H;-invariant (1,7)-polarised abelian surface
in P5(V). On the other hand, for any parameter point y = (0 : y; : y2 : y3 : —y3 :
—yo : —y1) € P2(W’), the matrix M! is alternating. We will denote in the sequel
by I3(y) C Clzg,...,zs] the homogeneous ideal generated by the 6 x 6 Pfaffians of
the alternating matrix M. (z,y) and by V7, C P°(V') the closed subscheme defined
by this ideal. Notice that, in our notation, M.(xz,(1:0:0)) = A\, Mi(xz,(0:1:
0)) =pand Mi(z,(0:0:1)) =v.

Now we quote two main propositions that we are going to need for our research:
Proposition 1.8 ([GP98], Proposition 5.2). Let y € P*(IW').

1. Fory € Q" = {ydy2 + y3ys + y3y1 = 0} C P*(W'), the scheme V=, is the
secant variety of an elliptic normal curve in PS(V') (the level 7 structure

elliptic curve corresponding to the point y on the modular curve Q').

2. For a general y € P2(W'), the scheme V7, is a projectively Gorenstein irre-

ducible threefold of degree 14 and sectional genus 15.

Proposition 1.9 ([GP98], Proposition 5.4). Let A € P°(V)be a general Heis-
enberg invariant (1,7)-polarised abelian surface, and let ANP*(W') = {py,...,ps}
be the odd 2-torsion points of A. Then:

1. The points p; form a polar hexagon to the Klein quartic curve Q C P*(W).

2. The surface A is contained in Vz,,, for all i =1,...,6. Moreover, 21 cubic

Pfaffians defining any three of the six Vz,, ’s generate the homogeneous ideal
IA Of A.

It follows that the moduli space of (1,7)-polarised abelian surfaces with canon-
ical level structure is birational to the space VSP(Q,6) of polar hexagons to the
Klein quartic curve Q C P*(W).

Remark 1.10. By direct computation we see that the seven Pfaffians of a matrix

Ml (z,y) associated to an element y = (0:y; : Yy : Y3 : —y3 : —Y2 : —y;1) € P2(W')
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are given by y®|; @ Vy, where from the appendix we have S*W' = L & W and
S3Wo=(T@®U @ L)@ Vg ie. the i-th Pfaffian is

Pfaff(y1 A + yout + y3v); =
(?J%yza - y?)xi$i+3$i+4 + (932,91 - y§)$i$i+1fvi+6 + (yny - y§)$i$i+2$i+5 +
Y1Y2Ys(Tig 1 TigaTiga + TigsTigslive — )+ (1.1)
?J%?J3(I?+235i+3 + 30?+53€¢+4) + ?ngl (-T?+3Ii+1 + I?+4Ii+6) +
Y3y (27 Tigs + 25 6 Tig1)

Then the second part of Proposition 1.9 simply says that the linear space

spanned by any three of the six p?|; € L is 3 dimensional.



Chapter 2

The geometry of H(A) and its

boundary

In this chapter we study H(A) from the point of view of geometric invariant theory

(see Section 1.4) and describe the geometry of its boundary.

2.1 The moduli space as an orbit space

In what follows we regard the moduli space of (1,7)-polarised abelian varieties as
an orbit space: in fact, by Remark 1.5, GL(3,C) and GL(2,C) act on the variety
M= M(3x2,U").

In order to apply the theory of orbit spaces, see [New78], p. 73, we restrict our
attention to P(M), SL(3,C) and SL(2,C). Doing so, no harm has been done to
the elements

H°(P*(U),Z.(2)) € G(3, H*(P°(U), 0(2))),

where Z,, is the ideal generated by the minors of a matrix arising from a resolution
as in Section 1.4, and to the effects of the actions.

We will see in the proof of the next proposition that the actions of SL(3, C) and
SL(2,C) on P(M) induce an action on the minors, given by linear combinations.
In any case the vector space W, generated by the minors of « is fixed by this
action.

Notice that SL(3,C) x SL(2,C) is reductive, and we consider its obvious lin-
earisation.

The study of this problem has been done in [EPS87]. At the time we started

24
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working we were not aware of the existence of this paper. Even though the next
result can be found in [EPS87], we give it with our proof, because it is nice on
its own and as a self-praise for a month of hard thinking. However we present an
alternative proof as well, the second one involving the topic of Kronecker modules,

which we are going to introduce briefly.

Proposition 2.1. Let o« € M. The following are equivalent:
1. « s stable,
2. « 18 semi-stable,
3. the minors of a are linearly independent.

Proof (GIT wversion). We first prove that 2) and 3) are equivalent. If dim(W,) < 3,

« is conjugate to a matrix whose first minor equals 0. Hence, up to this action, o

equals
* %k * %k
ar =] x x or ap=1| * 0 |. (2.1)
0 0 x 0

To see this, choose a non-zero element ey of the bottom 2 x 2 submatrix a; of «
(if there is none, we are done). Then, if in the same row (resp. column) there is a
dependent element, then we can suppose it is zero, and we are done. Otherwise,

call it ey, then ay is conjugate to

(eo el)
¥ =
* *x

(resp. 'y) and it is easy to see that the bottom row (resp. right column) has to be
dependent on the top (resp. left) one.

The following limits of 1-parameter subgroups of SL(3,C) x SL(2,C) applied
to a vanish:

(111_r>r(1) a (ay) =0,

. ) a?
(lllir(l) a 2 (GfQ) a73 = 07
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so « is not semi-stable.

Now we are going to prove that if dim(W,,) = 3, then « is semi-stable. We write
¢; for the minor of o where the i-th row has been omitted, and if A € SL(3,C), we
write A;; for the determinant of the 2 X 2 submatrix of A with the i-th row and
j-th column omitted. A straightforward computation shows that the minors of «
are fixed under the action of SL(2,C), whereas an element A € SL(3,C) acts on

the minors of « as follows:

q1 q1 An A A
q2 — Al ¢ |, A= Ay Ay Ay
q3 q3 Agp Age Asg

Let dim(W,) = 3 and fix a basis of H°(P*(U), O(2)). If f is any non-vanishing
Pliicker function among those defining the embedding
o1 G(3, H*(F(U),0(2))) — P(3) !
then f is an invariant homogeneous polynomial of positive degree not vanishing

on «. The invariance follows from the fact that
A —Ap A

det(A') = det —A21 A22 —A23
Agy  —Az  Asz

= Jot(A) det(fA™ 1) =det(A 1) =1,

so f(AW,B) =det(A")f(W,B) = f(W,) and therefore « is semi-stable.
Now we prove that 1) and 2) are equivalent. Let A € SL(3,C), B € SL(2,C)
and a be a semi-stable point. If AaB = a € P(M), then

q1 q1
q2 = A q2
q3 q3

so A =EL, € = 1. Thus AaB = aB, and B = (I, (2 = 1. It follows that
the stabiliser of « is isomorphic to Zsy X Zs, and the dimension of the orbit of « is
dim(O(«a)) = dim(SL(3,C)) + dim(SL(2,C)) =8 + 3 = 11.

Since all the elements of P(M)** (the set of semi-stable points, namely where
some f as above does not vanish) have orbits of the same dimension, the action
of SL(3,C) x SL(2,C) is closed in P(M)**, that is the orbits are closed subsets of
P(M)** (see [NewT78|, Lemma 3.7). By [New78|, Theorem 3.14(iv) this concludes
the proof. O
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2.2 Kronecker modules

We define the space of Kronecker modules to be X = W; @ W) @ V', where W;
is a C-vector space of dimension k; and V' is a C-vector space of dimension n.
Therefore X can be thought as n copies of Hom(W5, W), and one of its elements

as n maps from Wy to Wi. We represent this by means of the quiver (a directed

graph)

We have an obvious action of G' = GL(W;) x GL(W3) on X given by

(91, 92)7 = q1vgy ',

where g = (g1, ¢2) € G', x € X. The subgroup D = {(\, A\)| A € C*} of diagonal
scalars, which is normal, acts trivially on X, so the effective symmetry group is
G =G'/D. We call f: X — C a semi-invariant function of weight (dy, ds) if

flg1rgy") = det(g1)" det(gy )™ f ().

Since the action of D is trivial, kid; + kady = 0, and also d; > 0, dy < 0, so

by K
(dy,dy) =d EZ —i) where m = hef(ky, ko) and d > 0.

Define an abelian character y : G — C* by

X(glv 92) = det(gl>k2/m det(gz)*kl/m :

then we say that f(gz) = x(¢)¢f(x) is a semi-invariant function of weight d with
respect to G and Y.
Define S; the space of semi-invariant functions of weight d, and the graded

C-algebra S = ED S4. Furthermore, define the open set of semi-stable points,
d>0

X* ={x e X|3f € Sso, f(x)#0}
and the open set of stable points
X*® ={x € X*| Gz is closed in X** and dim(Gr) = dim(G)} C X**,
exactly as in [New78]. Then the fundamental theorem of GIT says that

Proj S = X*"/ ~,
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also called the moduli space for (most) modules up to isomorphism.
If v € X and 0 € V*, then x4y € Hom(W5, W;). We call (U, Us) a sub-module
of (Wy, Ws, z) if and only if
xe(Us) C Uy
for all 0 € V*.

A central result is the following

Proposition 2.2 ([Dre87], Proposition 15). Let x € X, and let (Uy,Us) be a
sub-module of x such that Uy # {0} and Uy # W, then

1. x € X* if and only if for all sub-modules (Uy,Us) of x as above we get

k
dim(Uy)/ dim(Uy) >

2

2. x € X* if and only if for all sub-modules (Uy,Us) of x as above we get

The first consequence of this result is that if £; and k, are coprime, then
X5 = X,

Now we can supply the

Second proof of Proposition 2.1. We have that (ko, k1) = (3,2) are coprime, there-
fore M*® = M** is the subset of M whose elements admit only sub-modules (Uy, Us)
with dim(U7)/ dim(T5) = 3 or 2 > g

These are exactly the elements with independent minors, in fact if a matrix is
conjugate to one of (2.1), then there are sub-modules with dim(Us)/dim(U;) =1

or less and vice versa. O

Now let P(M)® be the subset of P(M) given by the stable points of P(M).
P(M)* is open, so quasi-projective (cf. [New78]). Let P(M )3 be the subvariety of
P(M)® defined by the nine quadratic conditions (three each minor)

A = <A17 A27A3>'

Proposition 2.3. There is a projective variety Y and an affine surjective mor-
phism ¢ such that ¢ : P(M)* — Y is a geometric quotient and ¢(P(M)%) := Y is
projective as well. Furthermore distinct orbits are mapped to distinct elements of

Y (and so of Y as well).
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Proof. After noting that a stable orbit of P(M) is either entirely in P(M)% or en-
tirely outside, everything follows from [New78], Theorem 3.14 and Theorem 3.5(iv).
0

Lemma 2.4. Let A, B € M(3 x 2,U’") be two matrices whose minors span a
3-dimensional subspace. If (q;(A))iz123 = (¢;(B))i=123, then A and B lie in a
common orbit under the action of GL(3,C) x GL(2,C)

Proof. First of all, up to the action, we can rearrange the matrices in such a way
that ¢;(A) = ¢:(B) := ¢;, i = 1,2,3. Obviously the ideals these minors generate
define the same variety Z € P*(U). The obvious resolution

0= 20(—3) A 30(—2) 2 0 - 0, =0 (2.2)

is unique up to action by GL(2,C), and it still works if we replace A with B. The
columns of A and B are just the syzygies of ¢;, i = 1,2,3 (see Theorem 4.2), thus
there is some x € GL(2, C) such that A = Bu.

U

This lemma allows us to prove the main result of this section:
Proposition 2.5. Y is isomorphic to H(A).
Proof. Consider the morphism
w:P(M)% — H(A)
a — W,.
Obviously w is constant on orbits, and since G(3,(L)) does not intersect
f(Hy N Hy), any of its elements is representable by some element of P(M)%, and
then w is surjective as well. By [New78], Corollary 3.5.1, we see that (Y, ¢) is a
categorical quotient of P(M)%. By definition of categorical quotient (see [New78],
definition after Proposition 2.9), there is a (unique) morphism ¢ : Y — H(A) such
that w =1 o ¢:
P(M)y - Y
N

H(A)
By Lemma 2.4 and Proposition 2.3, ¢ is a bijective morphism, and by [Muk92]
H(A) is a smooth (normal) irreducible variety. Consider the normalisation v :
Y — Y. In particular 1 o v is a normalisation of H(A), so by [Sha74] (corollary
to Theorem 5 in Chapter 2) we can conclude that 1) o v is the identity and then ¢

is actually an isomorphism. O
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2.3 Geometry of the boundary B

In this section we study the geometry of the boundary B of the moduli space of
twisted cubic curves annihilated by A. The key observation is that by [Har92],
Proposition 9.4, if a matrix a@ € M is not conjugate to a matrix o/ having a 0-entry,
then the minors of o determine a twisted cubic curve. Obviously, if the minors of
a € M define a twisted cubic curve, it cannot be conjugate to a matrix having a
O-entry. This means that in this section we are studying the subset B of H(A)
defined by the condition that its elements are the images via ¢ of the set of all the
matrices conjugate to some matrix having a 0-entry. In the next lemma we prove
that B is actually a subvariety of H(A).

Lemma 2.6. B is a subvariety of H(A).

Proof. Consider the subvariety B of
P(M)5 x G(1,2) x G(2,3) 2 P(M)5 x P' x P
defined by the condition that (m,a,b) € B if and only if
m;(a) Cb, i=0,...,3

where m; is the matrix given by projecting the entries of m to (u;). In other
words, (m,a,b) € B if a is a 1-dimensional subspace of C? such that its image is
contained in the 2-dimensional subspace b of C* for every m;; and this is the case if
and only if m is conjugate to a matrix of M having a 0-entry. Clearly B is closed,
and so is its projection W|MZ(§) into P(M)%, see [Har92], Theorem 3.12. More-
over it is invariant under the action of SL(3,C) x SL(2,C). Finally, by [NewT78],
Theorem 3.5.iv) we get that ¢(7r|]p(M)sA(B)) = B is closed in H(A). O

The next step is to find a suitable representative for each [a] € B. Namely we
want to parametrise the boundary B of H(A). We can suppose that a3 = 0. For

simplicity from now on we write
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3
If we write an entry like Z%Ui, then the minors ad and ae satisfy A if and only

i=0
if d and e satisfy the linear system

a1 Qo —Qa2 0
a* = a9 0 Qo —as3
a3 —aqp 0 Qo

Remark 2.7. Let x and y be any two elements of U’. Via the previous matrix x*
we get a multiplication U’ x U — W' C S?U' = L & W' given by (z,y) — z*y.
Notice that these are all SLy(Z7)-modules. This induces a product

x: U xU — W'

Obviously * is symmetric, and the condition A says that every minor of a matrix
o is contained in L C S2U’. This is a fact we are going to use heavily in the next

chapter.

The rank of a* must be at most 2, because otherwise d and e would be depen-
dent, and so a minor of o would be zero. Thus the minors of ¢* must vanish, that

is

ag —ajazaz = 0 (2.4)
apay + apay + azaz = 0 (2.5)
agay + apas + aza; = 0 (2.6)
agas + apaj + ajas = 0 (2.7)

Let us call C' the curve in P3(U’) defined by these equations. As shown in
Appendix B, C is isomorphic to the modular curve of level 7, whose standard model

is the Klein quartic @), a smooth plane curve of genus 3 given by the equation
fictein = V02 4+ v3vs + vvy. (2.8)

It is easy to check that the rank of a* cannot be 1. So the space of solutions is
2-dimensional, and then we can fix a basis for it, namely (d, e). In other words, as
long as d and e are independent, any choice we make is good, and does not affect

the space spanned by the minors of the matrix.
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Lemma 2.8. Let o € M*. Then none of its minors is of the form 12, wherel is a

linear form.

Proof. Let | = lyug+1u+Ilsus+13us such that [2 satisfies A. Then we can certainly
suppose that lp = 1, and from o* (with [ in place of a), we get 21, = 12,,, i = 1,2, 3.
Thus, for example, I, = 2¢, where 7 = 1, but then l1l5l3 = 2£2£226* = 8 # 1, s0

the linear system a* would have rank 3, contradicting the fact that o € M*. O

This lemma implies that, because of the A condition, the variety defined by
the minors of « is a (possibly reducible) curve, as opposed to [EPS87], Lemma 3,
where the authors encounter a surface.

In the next proposition we describe the geometry of B:
Proposition 2.9. B is birational to C' x P* = Q x P*.

Proof. If as in (2.3) « is a matrix representing the point [o] € B, then a € C', while
d and e are determined up to choice of a basis. We call V,, the variety defined by
the minors of «.

For the minor ¢ () to satisfy A, the vector (b, c¢) must satisfy the linear system

€1 €p —€9 0 —d1 —do dg 0
A= €2 0 €p —E€3 —d2 0 —do d3
€3 —eq 0 €o —d3 d1 0 —dg

If ag =0, by (2.4),...,(2.7) two more coefficients among a;, a and a3 must be
zero. We can suppose a; = 1, and so d, e € (ug,u3). Let d = uy and e = uz. Then

we can suppose by = by = ¢; = 0, so b3 = —c¢g, by = co = 0 and c3 is free. Therefore

U1l 0
o = bgUg U2

—bgUU “+ c3usz  Uusg

These matrices are parametrised by (b3 : c3) € P'. Unless b3 = 0, their minors
determine a line and a conic, non coplanar and meeting at a point. If b3 = 0 the

minors determine three non coplanar lines meeting at a common point.

1
If ay # 0 we can set ap = 1, and (2.4) gives us, say, a3 = ——, while (2.5),
a1a9
(2.6) and (2.7) become the non-homogeneous equation 1 + afaj + adas = 0. It

is easy to see that either dy or eq is nonzero, so let ey = 1, and dy = 0, which
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implies didods # 0. We can assume that by = b; = ¢g = 0, so now the vector

(ba, b3, 1, c2, c3) must satisfy the linear system

—€9 0 0 dg 0
AI == 1 —e€3 0 0 d3
0 1 d 0 0

The rank of A’ is three, so we get a 2-dimensional space of solutions. Obviously
multiplication by a scalar on (b,¢) does not affect V,, and so we get a P' of
solutions. Also in this case in general V,, is a conic and a line, non-coplanar and
meeting at a point. If this does not happen, then V,, can only be the union of three
non coplanar lines, one of them meeting the other two, possibly at a single point.

If so, by Lemma 2.4 the minors of a can be arranged in such a way that

0
d|. (2.9)

el

o
Il
o o

So we are looking for a form ¢ = xd + ye € C. Actually ¢ = zd + e, because

d ¢ C. Consider the linear system

/ /
e; 1 —e, O
/ /
ey 0 1 —ef
/ /

Obviously a satisfies it, and since we can assume that by = 0, the minor
1 — (eq + xdy)(ex + xds) (€3 + xds) (2.10)

must be zero.

Remark 2.10. If ¢’ € (d, e) satisfies (2.10), then as this implies €' € C, we get
that ¢’ satisfies all the polynomials (2.4),...,(2.7).

From d;dyds # 0 we conclude that the degree of the previous polynomial is 3,
and so for any given a (with ay # 0) we get in general three matrices (and then
elements of B) whose minors define three lines.

So far we have proved that over every point a € C there is a P! of elements of

B. That is, the closure of the fibres of the following map

B-—-C=Z=ZQ
o= a
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are P'’s. The map is not well-defined if and only if an element of B is represented
by a matrix like (2.9). Indeed a determines the plane where the conic lives, and
so if the conic is smooth, ¢ must be unique.

Therefore now we only need to show that the locus B’ C B whose elements are
represented by matrices like (2.9) is closed.

This is clear after noticing that
B*:={(a, b)) e O xC|la*b=0} C C x C CPU") xP*U")

is a proper closed subset of C' x C, and that B’ is isomorphic to B*, in fact the
entries b (resp. d') of (2.9) can be chosen arbitrarily among the solutions of e*
(resp. a*), and we are still in the same orbit of matrices representing & € B'.

Notice that the projections p; : B* — C, i = 1,2 are generically 3 : 1. O

From (2.10) we see that in general a fibre of B over a point a € C' meets three
other fibres, each one at a single point. In the next lemma we work out over which

fibres the intersection is non-smooth.

Lemma 2.11. Let a be a matriz whose image is in B, and let the top-left entry
be a € C. If the rational fibre over a does not meet three distinct fibres, then a is

the image of a cusp of Q.

Proof. The first observation is that over the cusp a = wuy, corresponding to s,
where y; is the dual basis of v;, the space of solutions of a* is given by the last two
columns of (B.7), that is (us, ug). Then after replacing the polynomial (2.10) with
the polynomial given by (2.5), we get clearly a double solution, namely 6’2€I§ = 0.

Now notice that, by Remark 2.10, the condition that the polynomials like (2.10)
have a double solution is invariant under the action of SLy(Z7), whose action on
the entries (in U’) of o descends to an action on the coefficients of the polynomials.
Therefore the set of points of C' we are after is a union of SLy(Z7)-orbits of C, and
it contains the orbit of 24 images of cusps of Q.

Let us assume ay # 0. Then we only need the polynomial (2.10) to have a
double solution. Using as d and e the first two columns of (B.7), the discriminant
D of (2.10), divided by a common monomial, has degree 11, and is not divisible
by fkiein- Then the zero locus of D intersects ) at at most 44 reduced points,
including the three cusps with zero entries. By [Kle79], there is one orbit only

with at most 44 points, precisely the orbit of 24 cusps. O
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Remark 2.12. As mentioned in the summary, at first sight we have a good candi-
date for a possible subspace of H(A) whose points could parameterise translation
scrolls. In fact we have just seen in Proposition 2.9 that B is birational to the
Kummer surface that parameterises those surfaces. But things will not be as
straightforward as expected, as we will see in Chapter 4. For a brief description of
the translation scrolls, see Section 3.1, where everything works for (1,p) in place
of (1,5).

2.4 More on the isomorphic models of the mod-
uli space

We have seen that the moduli space we are interested in is birational to H(A),
the moduli space of twisted cubic curves annihilated by the net of quadrics A. By
Section 1.5 it turns out that an isomorphic model to it is given by the variety of
sum of powers VSP(Q, 6). In fact H(A) and VSP(Q, 6) are isomorphic, and in this
section we are going to discuss the isomorphism in more detail and present more
facts on these spaces.

First of all we need the following

Theorem 2.13 ([Sch01], Theorem 1.1).
H(A> = G(37 L7 nKlein> = VSP(Q, 6) (211)

As explained in [SchO01], every Fano 3-fold of genus 12 has these descriptions

over an algebraically closed field of characteristic 0, where

VSP(Q,6) = {{ly...ls} € Hilbg(P2(W")| I} + - - + 1} = v}vy + v3vz + v3vi }

and G(3, L, nxein ) is as follows (notice that the spaces here correspond to those in

the appendix): consider on
1 *
L = (fiiein)3 =

2 2 2 2 3 2 3 2 3
(v1v9v3, VU3, U3VT, VIV, V3V — Uy, UiV — Uy, Vsl — Uy)
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the net Nein : A2L — W =2 C? of alternating forms defined by the matrix

0 0 0 —v u
0 0 —y3 0 1y
0O -y 0 0 ys
v 0 y2 —ys O
ys 0 —=y2 0y O
y 00 y3 =y 0 0
-y —Y2 —ys O 0 0 0

o O O O

TKlein =

o O o o O

Here (fif,)s = {v € S*W = Cly1, 92, y3]3 | ©fxiein = 0}, the 7-dimensional
vector space of differentials of the third order that annihilates fgin (see [Sch01]).
We write y; in place of dv; for the dual generators of W with respect to the v;, the
elements of the basis of W’ in the appendix. Then

G(3, L, Nkiein) = {E € G(3,L) | A> E C ker(nkiein : A°L — W)},

We follow [Sch01], Theorem 2.6, to give a sketch of the proof of the second

isomorphism in (2.11):

1. The Pfaffians of ngiein are (fifie, )3, and if Ippg is the ideal they generate,
then the dual socle generator (see [Eis95]) of Clyy, y2, ys]/Iptarr S [Kiein-

2. Given an element P € G(3, L, Nkiein ), choose a basis [ for L with the last
three generators being taken from a basis p for P. Then, with respect to this

chosen basis, nkiein gets a block decomposition form

77£{Iein = ( —ZJt ﬁ > ) (212)

Now ) can be viewed as a 4 x 3 syzygy matrix for the exact complex

minors

0— 3OP2(W’)(_4> g 4OP2(W’)(_3> — Opz(W/) — Op — 0,

where T' C P?(W’) is a variety given by six points, simply by computing the
Hilbert series:
Pain(T) = (1,3,6,6,6...).

3. Notice that if we replace p with p’ = pa, a € GL3, then we simply get
Y)' = 1a, and the above resolution is not affected. Similarly if we choose
differently the first four generators of [, then only the top-left block * of
Mt Will be affected.
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4. Consider the first four Pfaffians of nj,.;,. They must be a linear combination

of the original ones, and are given by the minors of v/, so we see that

(Ir)s C (f&iein)3:

thus

S*W — Ar = Clyr, y2, y3)/Ir = Axtein = Cly1, ¥2, Y3}/ (fRiein)

and
HOHI((AKlein)4, C) C HOHI((AF)4, (C) .

5. Finally, fxiein is a generator for Hom((Agjein )4, C), being the dual socle gener-
ator, and the fourth power of the six points 7; of I' C W' impose independent

conditions on quartics. Then {v});—; ¢ = Hom((Ar)4,C), so

6

4

[Klein = g )\i%-
i=1

6. Reversing this process one gets the isomorphism starting from VSP(Q, 6).

Finally, the first isomorphism in (2.11) comes from [Sch01], Theorem 5.1, and
in our picture it is clear after we notice that, with the notation from the appendix,

the correspondence with the data in [Sch01] is given by the net of quadrics
q: W S*U, q(W)=A,
and by the 7-dimensional space annihilated by A
(AY)y=LcCc S*U' =L W,
(A = (U2, upus, usuy, Uy, Utz + U2, wply + U2, gty + ud).

Then we get that 1, = 7kiein, Where 7, is a skew-symmetric matrix one can
recover from the resolution of the module SU'/(A*). Let H(q) denote the variety
of twisted cubics C C P*(U) whose equations H*(P*(U), Ic(2)) C S?U’ are annihi-
lated by ¢. Since a twisted cubic is defined by the quadrics that contains it and
RO (P3(U), Ic(2)) = 3, H(q) is a subset of G(3,V}) in a natural way. Then one can
prove that 7, is a net of alternating forms on V, which defines H(q) C G(3,V,),
namely

H(A) = G(37 Vqu 771]) - G(37 VA7 nKlein>-
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In our picture we need the fact that L is self dual, then the copies of L we use

are
(félein)g - S3W’ =L D w
and
VaCSU' =LpW'.
We describe the SLy(Z7)-isomorphism
S*W =LpW' = S°U, (2.13)
and that of their dual spaces:
_ .2 2 _ 2 _ 2 _
Y1Y2Yys = Uy, Y2l = U2U3, Y3Y; = U1, Y1Yy; = U1U2,
Y3U1 — s = uolis + U3, YTya — Yy = Uols + U3,  Y3ys — i = UoUz + U,
And in terms of the duals we get again the equations (B.8):
V1VUgV3 = a%, 02v§ = 2aqas, U3U% = 2azaq, vlvg = 2a; a9,
vavy — Vs = 2apas + aj, vivy — vs = 2apa; + a3, vivz — Vi = 2agas + a3,
where the a;’s are the duals of the u;’s.
The SLy(Z7)-isomorphism between the above copies of W' is given by
Bysyn + Yy = uous — i, 3yiye +y3 = uowr — u3,  3ysys +yi = uguz — uj,
and this leads to two isomorphic representations of W given by
3viv; +vs = 2apaz — ai,  3vivy + vi = 2apa; — a3, 3vsvz + v = 2apas — a;.

This allows us to map the generators of a twisted cubic curve, namely the
minors of a 3 x 2 matrix with linear entries in U’, which are annihilated by A =2 W,
ES

to the generators of a 3-dimensional subspace of (fi..,)5, as shown in the next

diagram:

G(gaLanKlein) > E' C (félein>§ =L C S3Wl =LpW
T Ik
® (fl%lein>3 =LC S3W =L © WI (214)
+ 12
HA)> E ¢ At 2LcsSW=LaW
Remark 2.14. The SL(Z7)-isomorphism ® can now be computed, because by A.1
and (1.1) we get

2 2 3 2 2
(V1V20U3 > UG, V5V3 — U} 4 UpUa, . . ., V3V > Uglly + U3).



Chapter 3
The toroidal compactification

In this brief chapter we are going to present some relevant results of [HKW93]
on the toroidal compactification of the moduli space of (1,p)-polarised abelian
surfaces Az‘l‘p), restricting our attention to the case (1,7).

We are also going to report some basic fact on the Horrocks-Mumford bundle F
and Horrocks-Mumford map from A7, 5 to P(I'(F)), for future comparisons with

our results.

3.1 The six odd 2-torsion points in the (1,5) case

The moduli space of Horrocks-Mumford Surfaces is given by P(I'(F')), where F is
the Horrocks-Mumford bundle on P*(V), cf. [HMT3].

The normaliser of Hj is
N = H5 X SLQ(Z5),

and I'(F') is irreducible and isomorphic to Y4, the unique 4-dimensional repre-
sentation of SLo(Zs) which factors through PSLy(Zs) (for a list of all irreducible
SLy(Zs)-modules see the appendix of [HMT73]).

Under the involution «(z;) = x_; we get two eigenspaces, and we are interested
in P = P(Vy). Via a suitable action of SLy(Z5) on PL compatible with the action
on P*(V') one gets that the space ['(Op1 (6)) is a SLy(Zs)-module and as such it

splits into two irreducible factors of dimension 4 and 3 respectively. More precisely
[(Op1 (6)) = x4 & X3,

And x4 =T'(F). P(I(Op1 (6))) parametrises sets of six points in P!, and a surface
X, defined by a section s of the Horrocks-Mumford bundle is fully determined by

39
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the (unordered) 6-tuple X, N P}. The multiplicities of this 6-tuple also describe
the type of surface ([BHMS87]):

Table 3.1: Multiplicities of 2-torsion points in P} C P*(V)

multiplicities | type of X

111111 abelian surface

21111 translation scroll

3111 tangent scroll

222 double elliptic quintic scroll

2211 union of five quadrics

42 five planes with a double structure

We explain these types of surface. If F is a quintic elliptic normal curve Hs-
equivariantly embedded, then for every point e € E with 2e # 0 we define a

translation scroll X to be the union of secants

X=|JPP+e
PeE
The surface X has degree 10 and its singular locus is the curve E, where X has
transversal A;-singularities.

If e = 0 in the above construction we obtain the tangent scroll of E. If e is
a non-zero 2-torsion point then the secants P, P +e and P, P — e coincide and
set-theoretically X is a elliptic quintic scroll. Since deg X = 10 the zero locus of
the surface supported on X has a double structure.

If finally the elliptic curve E degenerates to a pentagon of lines, the translation
scroll degenerates to a union of five quadrics. These can degenerate further to a
union of five planes again with double structure.

Then the multiplicities listed before are just the multiplicities with which the

elliptic curve E' (as a singular locus in the scrolls) intersects P .

Remark 3.1. It seems reasonable to bear in mind this strategy in our case p = 7.
Indeed we have just seen that H(A) = VSP(Q, 6). In what follows we will comment
our results with several remarks in order to compare them with the features of this

nice case.

We are going to give more (known) information about P(I'(F)) and its relation
with Af, 5 in Section 3.3.
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3.2 The toroidal compactification of A 7

According to what we saw in Section 1.3, in the toroidal compactification AEFIJ)
the open central boundary component is an open Kummer surface K°(7) and the
24 open peripheral boundary components are open Kummer surfaces K°(1), which
are fibre spaces over the modular curve X°(7) (resp. X°(1)) with rational fibres.
Notice that as we saw in Proposition 2.9, the boundary B of H(A) is birational to
the Kummer surface K°(7).

The closure of X°(7) is given by adding 24 cusps. Over each cusp the fibre in
the closure of the central boundary component is a string of four rational curves.
Inside the central boundary component the strings are divided into eight sets of
three strings with six curves pairwise identified. Each set of strings with identi-
fication is the configuration of the corank 2 boundary component (cf. [HKW93],
chap. 4A and the next picture). The intersections of these rational curves are
called deepest points. The corank 2 boundary components lie in the closure of
the central boundary component, and the closure of every peripheral boundary
component meets the fibre over the corresponding cusp at the outer rational curve
of the configuration shown in Figure 3.1. There is a terminology for the corank
2 boundary component, namely the outer rational curves are called cp-lines, the
next rational curves are called adjacent cc-lines, and all the others are called non

adjacent cc-lines.

Figure 3.1: Corank 2 boundary component, case p =7

In the following list we turn our attention to the degenerations of abelian
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surfaces associated to points of the boundary of the toroidal compactification AZ‘I o)
This information is gathered from Definition 3.8 and Propositions 4.5, 4.7, 4.8 and
4.10 of part IT in [HKW93].

Let x € A?l,p)' Then

1. if x is in the open central boundary component, the corresponding surface is

an elliptic ruled surface.

2. if z is in one of the open peripheral boundary components, the corresponding

surface is a chain of p irreducible elliptic ruled surfaces.

3. if x is in the corank 2 boundary component, but not a deepest point, the

corresponding surface is a chain of p quadrics, i.e. P* x P*.

4. if x is a deepest point, the corresponding surface consists of 2p copies of P?

and p copies of P2, where P2 denotes P2 blown up in three points.

3.3 The Horrocks-Mumford map

We now turn our attention to the Horrocks-Mumford map
¢5 . A(()175) — ]P)(F(F))sn]ooth‘

This information and the notation is gathered from Theorems 1.5, 1.9 and 3.1 of
part III in [HKW93].

Theorem 3.2 ([HKW93]). The Horrocks-Mumford isomorphism ¢ can be ex-
tended to a morphism
o5 2 Afr s — P(D(F)).

Motreover the following holds:

1. ¢* maps the closure of H} of the Humbert surface Hy C A 5) onto the curve

C1o which parametrises tangent scrolls.

2. ¢f maps the closure of Hj of the Humbert surface Hy C A1 5) onto the curve

Cs which parametrises double elliptic scrolls.

3. ¢t maps the closed central boundary component birationally onto the surface
P(L(F))une of singular HM-surfaces, namely scrolls over elliptic curves with

a level 5 structure.
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4. Under ¢f each of the 12 peripheral boundary components is contracted to a

point corresponding to the union of five planes with double structure.

5. All the projective lines in each of the six corank 2 boundary components (see
Figure 3.2), except for the non adjacent cc-lines, are contracted to points
corresponding to the union of five planes with double structure. The siz non-
adjacent cc-lines are mapped to the six double tangents of Cg parametrising
singular HM-surfaces which are the union of five quadrics or union of five

planes with double structure.

Figure 3.2: Corank 2 boundary component, case p =5

First notice that the different combinatorics of the (1,5) and (1,7) cases give
rise to different degenerations over the cusps. In fact the two deepest points of
a non adjacent line in a corank 2 boundary component in the (1,5) case are in
the same orbit with respect to SLs(Zs), and the degenerations they parametrise
are the same, see Remark 4.20. But in the (1,7) case the central deepest point
common to the three chains of rational curves is not in the same orbit of the other
ones, and the degenerations they parametrise, as we shall see, are different.

And then, could it be that it is possible to find a map

&? P A H(A)

like ¢f7 In fact

U1 0
S = Uz U
0 us

lies in the intersection of the P'’s over the cusps uy, us, u3 in H(A). Perhaps these

fibres are the non-contracted (by ¢*) non adjacent cc-lines as in the (1,5) case.



Chapter 4
Degenerations

In this chapter we are going to work out the surface associated to a given boundary
point [o] € B of the moduli space H(A), where « is a matrix in M.
Furthermore we will relate degenerations of twisted cubic curves (i.e. elements

of H(A)) with degenerations of six general points in the variety of sum of powers

of Q.

4.1 Existence of surfaces related to degenerations

Here we are going to prove that given any element [a] € B as above, that is, a
map

3V,0(-3) & 2502,

we can actually find a map
0 £ 31,0(-3), (4.1)

and then a resolution exactly as in Theorem 1.1.

Remark 1.3 allows us to prove the following
Proposition 4.1. For any o with & € B we can construct a complex like
0 04 < 0L 31,0(-3) £ 250° £ 31,0(—4) £ O(=7) 0. (4.2)
Proof. In the light of the last remark, we get from the appendix that

Homg, (V,O(=3),0) =16 U & L,

44
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so the map in (4.1) is naturally given by the three minors (¢; (), ¢2(a), g3()) of

a, because by Proposition 1.4 the condition A implies

{q1(a), 2(), q3(a)} € L C S2U".

We can then write a sequence exactly like (4.2), and the N-homomorphism in
(A.1) between the copy of the SLy(Z7)-module L C S?*U" and

LoV, CcS*Va=IaU L)V,

yields the 21 cubic generators of a variety A, associated to a given [a] € H(A),
when we view H(A) as the space of twisted cubic curves in P?(U).
The sequence (4.2) is indeed a complex: Sa = 0 can be computed (carefully

and patiently) using the exactness of (2.2), using the fact that
NV @ O(—4) 5> QF
is surjective and so implies
a(280%) = a(20(A*V @ O(—4))),

and by the computations of the compositions of these maps on page 19. An
example: consider the first syzygy o', that is, the first column of (auo#, buo#, cuo#)t =
(2apg, 14, asy, azrs, ... )" from the composition ao; for generality assume ag #
0. The composition Ba! is a polynomial of degree 4. Then the coefficient of, e.g.,

roriws of Bal is given by

2@0([)062 + b2€0 — Codg — ngo) + a9 (bgeo — ng()) + a3 (bgeg + b3€0 — ngg — ngo)
—2b0(a0€2 + Cl2€0> — bg(a()eo) — bg (ageg + ageg)
+200(a0d2 + azd()) + Cz(aod[)) + Cg(aodg + agdo).

and by the condition A the coefficient of ugus equals that of u3, therefore we get

that the previous expression equals

ag(boes + baeg — codo — cady) + ag(bzes — c3ds)

+as(boeg — cody) + az(bges + bseg — cods — c3dyp)

—bo(ages + aseg) — bp(azes) — ba(ageg) — bs(apes + azep)
+co(apdy + asdy) + colazds) + co(apdy) + c3(apds + azdy) = 0.

Clearly fa = 0 implies o/’ = 0, and finally the A condition on «a guarantees
that the composition aa’ equals zero (on this last fact, see [MS01], Proposition 3.5).
U
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For the next proofs we are going to use the following
Theorem 4.2 ([Eis95], Theorem 20.9). Let R be a ring. A complex
O%Fn@Fn,lé---%FlgFo
of free R modules is exact if and only if
1. rank Fj, = rank ¢y + rank ¢y, and
2. depth I(¢y) > k
for k=1,... n.

The notation I(¢) stands for the ideal generated by the minors of ¢ of di-
mension equal to rank ¢;. By [Eis95], Theorem 18.7, we can use the codimension
of variety determined by I(¢y) in place of its depth.

In order to prove the exactness of the complex (4.2) we need to prove first
another interesting result. In our attempt to classify the degenerations we are

after, we want to exploit the fact that a matrix

as in the proof of Lemma 2.6, determines a sub-morphism

2V,0(-3) Q SO

More precisely the last morphism comes from the complex (4.2) determined by

a boundary point [o] € H(A), as shown in the next diagram:

0 0
T T
V,0(-3) +— SO
T T
0 « 04 « 0 <& 31,0(-3) <& 250% «
T T
21,0(—3) ORI
T T



CHAPTER 4. DEGENERATIONS 47

Notice that all the boundary points which are images of orbits with a matrix
with a top-left entry like a will admit the sub-morphism as above.

More precisely, starting off with the ideal I, generated by the 14 cubics defined
by the minors ¢o(a) and g3(«), we can extract from the complex (4.2) the following

one:

d
0+ I, + 2V,0(-3) Q SO & VI0(—4) + 0. (4.3)
We are in position to prove the following

Proposition 4.3. Let a € C. Then the complex (4.3) defined by the ideal I, is

exact, and therefore defines a variety U, of dimension 3 and degree 7.

Proof. First of all we need to prove the exactness of the complex. We are going to
use Theorem 4.2. Notice that since [, is not contained in any hyperplane, we can
localise at x; # 0, where Q3 is free.

To test the first condition, notice that rank 2V,0(—3) = 14 and rank SQ* = 20.
Since o € P(M)*, all the cubics are non zero, and then the first map has rank 1,
and trivially the variety the 14 cubics determine is of non-zero codimension. Now

we need rank (Z) = 13 and rank a = 7. Observe that from the exact complex
0= = ABV*'20(-3) = Q> =0
there is an injective map
03 <5 AV @ O(-3),

therefore we get,
rank a(V10(—4)) = rank t(a(V10(—4)))

as well as

(D)= (D) owr oo,

Now let a # d € C C P*(U’) (see Proposition 2.9), and let wy € U’ such that
the composition dw, = 0. Then we can find a submatrix 1 of (¢)(o(A*V ©0O(—4)))

like
( duff 0 )
n = .
* EWq

From the computations of page 19, we get that duf)‘@’E = apw + a1V + as\* +agp*
has maximal rank, and since the Pfaffians of ew, are non-zero, we conclude that
rank (z) =13.
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The variety determined by the 13 x 13 minors is contained in the union of
the variety determined by the Pfaffians of ewy, which is a 3-fold, and by the one
determined by the determinants of all the top left blocks of rank 7. The proof that
the latter one is of dimension at most 3 is exactly as in the following test for the
exactness at the map a, after replacing d with a.

We have

Wa(Vi0(=4))) = (ul alagaluialuzalusa)

and the block uf’a has maximal rank as before. About the second condition of
exactness, notice that the Pfaffian varieties V, , determined by wa, ¢ =0,...,3
are 3 dimensional. Now let z € P9(V') such that « ¢ V,,., for some 4, but = belongs
to the variety Z determined by the 7 x 7 minors of ¢(a(V;O(—4))), which is clearly
symmetric with respect to G7. This means that there is a j € {1,...,7} so that
Pfaff;(u;a)(x) # 0. By Gr-symmetry we can assume that j = 1, so there is a linear

combination of columns of u;a(x) such that it is equivalent to

0 =
g(x)::(o T>'

Where T is an invertible matrix. If a is one of the three elements with 0O-entries,
we can compute by hand that after rearranging the columns of ((a(V;0O(—4)))
we get upper triangular matrices with the seven x;’s as entries. Taking suitable
columns we see that the intersection of these determinants is contained in projective
subspaces of codimension 3.

So let a have all the entries non-zero, and take a column k of uff a such that
the top entry ki(x) # 0. Substituting k(z) in place of the first column of g(x) we

get that the rank is maximal, a contradiction. Therefore
zZc | Vi
i=0,...,3

and then dim(W) < 3 and the complex is exact.
Finally, the Hilbert polynomial of I,: let K be the kernel of I, - 2V,O(-3) as
a map of direct sums of line bundles. Then, exactly as in [MS01], Theorem 2.5, by

“kind of adding” a piece of the Koszul complex to the resolution (4.3), we obtain
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the following commutative exact diagram

0
1
70(—4)
s
0 + O <« 350(—-4) « 210(-5) + T0(=6) + O(=7) + 0
AL v 4 1 1 1
0 « K <+« 280(—4) « 210(=5) « T70(=6) « O(=7) «+ 0
l
0

The bottom row leads to a resolution of U, involving only direct sums of line

bundles, namely
0« Iy, + 140(=3) < 280(—4) + 210(=5) < 7TO(=6) +~ O(=7) < 0

Now we can compute the Hilbert polynomial of i, from which the result follows

7 7 7
Pua = 6713 + 5712 + gn

O

Thanks to this intermediate result we can prove now the main proposition of

this section:

Proposition 4.4. The complex (4.2) is exact. Therefore o defines a variety A,

of dimension 2 and degree 14.

Remark 4.5. We are not claiming that the statement of Proposition 4.4 holds for
every [a] € H(A).

Proof. We know by [MS01] that for a general point of H(A) the complex is exact.
So we restrict our attention to the case when « represents an element of B C H(A),
which we write as in (2.3). As before, A, is not contained in any hyperplane, so
we can localise at x; # 0, where Q2 is free.

To test the first condition, notice that rank 3V,0(—3) = 21 and rank 2503 =
40. Since a € P(M)*, B # 0, so rank § = 1, and thus the only thing we need is

rank a = 20. Observe that rank o = rank o/, in fact from the injective map

03 <5 AV @ O(-3),
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using the definition of o/ and the fact that the entries of o/ are just transposes of

the entries of o we get
rka’(3V10(—4)) = tk2u(a/(3V10(—4))) = rk(a(20(A*V @ O(—4))))".

So with rank o = 20 we shall have proved the first condition for the rest of the
sequence as well.

Now let aoy = d € C C P3(U’) (see Proposition 2.9), and let a # wy €
U’ such that the composition dwy = 0. Then we can find a submatrix & of
a(20(AV @ O(—4))) like

auo# 0 0
Q= * du# 0
* * EWq

From the computations of page 19, we get that a(w/ ) and d(u") have maximal

rank, and since the Pfaffians of ewy are non-zero, we conclude that rank a = 20.

To test the second condition, first notice that any product of two Pfaffians of an
antisymmetric matrix like ew, can be computed as the determinant of a suitable
6 x 6 minor.

Secondly, we need to prove two things: that codim Iz (= codim I5) > 4 and
codim I, (= codim I1,,) > 3.

For the latter part, observe that we can extract matrices like & from «a, but
with the top and middle diagonal blocks being given by columns as in the proof of
Proposition 4.3 about the codimension of Z determined by a. Therefore the variety
Z' determined by the maximal rank minors of « is contained in the union of the
varieties determined by the three blocks (which we can vary), whose codim > 3.

For (', with the usual matrix, notice that by Proposition 4.3 the middle and
bottom V,’s determine a threefold of degree 7. Because « is stable, the 21 cubics
are independent, and symmetric with respect to G7. Therefore all the syzygies of
a resolution of A, are Gy-modules, namely 7-dimensional vector spaces in general,
except when the syzygies have degree multiple of 7. But in that case dim S™V* =
1 modulo 7, and because the sum (with suitable sign) of those syzygies has to
be precisely —1, the Hilbert polynomial of A, is divisible by 7. Now consider
the variety determined by all the 21 cubics. Because the resolution of U, has
length precisely three, it does not contain a lower dimensional (possibly embedded)

component. In fact, if there was one, call it L and let I, and I be the ideals of L
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and of the union of the rest of the components. Then I, = I, - I, and therefore a
resolution of I, would be at least as long as the resolution of L, namely at least 4.
This leads to the fact that when we add the top 7 cubics to the 14 generating U,,,
the new variety we get, that is A,, has to drop dimension, otherwise the degree
would drop to some number not a multiple of 7. Hence we have proved that
codimlg = codimlz > 4.

The part on the degree and the dimension is straightforward once we notice
that it holds for general (1, 7)-polarised abelian surfaces, and that the shape of the
resolution determines the Hilbert polynomial of the variety, which is a constant

feature on the varieties parameterised by H(A). O

Corollary 4.6. Let o« € P(M). Then the complex (4.2) associated to it is exact if

and only if o is stable.

Proof. 1f « is stable the exactness follows from the previous proposition.
If v is not stable, it is conjugate to an element as in (2.1), so there are at
least 7 zero-generators. Then we get that at least a block-column of « is a zero

block-syzygy and the complex is not exact. O

Remark 4.7. By Proposition 2.11 we know that for a general (1,7)-polarised

abelian variety the six points in W’ in Proposition 1.9 must be the pre images of

(0a(1),00(2),¢a(3)) N (W')?| C L.

But (¢a(1), ¢a(2), ¢o(3)) determines the 4-dimensional subspace of L C S*W given
by the minors of ¢ (see 2.12), and clearly we get that the space spanned by the third
powers of the (possibly degenerate) six points restricted to L must be contained

in, and generally equal to, (¢a(1), ¢a(2), ¢a(3)).

4.2 General degenerations

So far we have proved that for all the varieties A, parameterised over the same
a € C C P*(U) (see Proposition 2.9) we get A, C U,. Again by Proposition 2.9
we also know that this occurs when the twisted cubic curve in P*(U) defined by
« is degenerate. Now we want to find out what this result means in terms of the
other descriptions of H(A), and specifically VSP(Q, 6).
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As usual we work with

Proposition 4.8. Let A, be the variety associated to an element o] € B C H(A),
and let A, NP2(W') = {p1,...,ps}-

Then three of the six p?|p € L, say pi,pa,p3, lie on a line and therefore a
statement like the second of Proposition 1.9.2 does not apply, namely A, is not

generated by Vi, Vi o, Vi ps.
Proof. Let w ¢ (a) be an element of Homg, (V1O(—4),SQ3%) = U’, that is, a

linear combination of (ug,uy, us, ug), such that e*w = 0 (see Remark 2.7). This
requirement is non trivial, because in general rk(e*) = 3, therefore such a w does
not exist. Nevertheless in the proof of Proposition 2.9 we saw that for a given a
we can find in general three e’s such that a*e = 0 and rk(e*) =2 (& e € O).
From the Koszul complex of Q* we get that 350(—4) maps surjectively to SQ?,
and we can consider the syzygies generated by the composition of w and (£). In

other words we get that (¢)(SQ?) contains a column like

d d*w d*w
(Jo()(5)

If A, is the degenerate (1, 7)-polarised abelian surface A, associated to «, then
the above column is nothing but 7 of the first 49 linear syzygies of the 21 cubics
that define it. Bearing in mind Proposition 1.8 and the fact that a1, = 0, we get
that the middle V, that generates the ideal of .4, must be given by the 7 principal
Pfaffians of

Mé(l’, d*w) = (wgdg—l—wgdo—dlwl)u+(w0d1+w1d0—d2w2)v—|—(w0d2+w2d0—d3w3))\.

Notice that this does not depend on w, in fact {z € P*(U’)| e*x = 0} = {(a,w
thus d*(éa + Yw) = Ed*a + Yd*w = 0 + d*w. Furthermore d*w # (0 : 0 : 0
because even if rk(d*) = 2, {z € P*(U")| d*x = 0} = (a,w') F w, otherwise e = d.
Observe that, by Proposition 4.4, (d*w)?|;, = ae.

The crucial observation is that because in general there are three such e € C|

2
),

call them e, f, g, then it is possible to find 3 corresponding sets of seven cubic

(Pfaffian) generators of A, as above. Therefore, for a map like

O + 2V,0(-3) Q SQ?
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to exist, one d*w;, i € {e, f,g} has to be a linear combination of the others. But

this is obvious by Remark 4.7, because

dim((d*w,)z. (d*wy)lo, (d*w,)?|s) = dim(ae, af, ag) = 2.

Remark 4.9. After tensoring with Vj the three collinear elements
(dwe)’|r, (d"ws)*|, (d"wy)’|r € L

of the previous proposition, they clearly generate the ideal of the variety U, of

Proposition 4.3.

Remark 4.10. By Proposition 4.3 and the previous Remark 4.9, we see that U,
must be contained in
V?',d*wi C PG(V)a (AS {6, fvg}

Because U, and V7 4-,’s are all 3-dimensional, we conclude that the V7 4+,,.’s are
either non-reduced, or reducible. In the former case and by Proposition 1.8 part

(2) we can argue that the d*w;’s are not general points of P?(W’).

Clearly at this stage information about the nature of the three points d*w,,
d*wy, d*w, € W' must be supplied. Therefore in the next proposition we are going
to give a (slightly) computational analysis of the general picture we are dealing
with.

Proposition 4.11. Let U, be as in Proposition 4.3. Then the three points d*w.,
d*w; and d*w, € W' lie on the curve yiys + ysy1 + y3y2 — dyiysys = Hes(yjys +
ysys + ysy1) = 0, the Hessian of the Klein quartic fi,., in P2(W').

Proof. What follows is restricted to the open part of P?(W)y := {(v1 : vy : v3) €
P2(W)| v1vavs # 0}. In this way we lose three points of @ which, however, will be

completely treated in the next section.

1. Q and C are isomorphic, so let (v; : vy : v3) € Q C P?(W)g; then we get
vl Uy U
a = <1; L2 —3> = (vivou3 @ vIvy : vIv3 1 v3v) € C, namely a top-left

entry of a matrix o € ¢~'(B).

2. Let {z € P*(U')| a*x = 0} = (e, d). To simplify the computations we

1 1 1
assume dy = 0; then we get d = <0; —— —) = (0 : vovg : VU3 : Vovy) and
V1 VU2 Us

let e = (1;e1;€9;€3) (up to scalar).
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3. As in the proof of Proposition reffibre, assume e € C'. We saw in Lemma 2.11
that in general there are 3 such e’s. Notice that this means that (e, d) is a
tri-secant of C' in P*(U"). Let {z € P*(U")| e*z = 0} = (a, w) with wy = 0.

4. The point of P?(W')y which yields ea @ V; up to scalar, as in Proposition 1.8,
is given by d*w = (dsws : dywy : daws) := (y1 : Y2 : y3). We are abusing the
notation, because actually we should be working with elements of W', not

its projectivization.

In other words
ea ® ‘/4 = [3(d3w3 . d1w1 . d2w2>.

H ( Y1U3 Y21 y3v2>
ence e = | 1; ; ; .
Y2U1 Y3U2 Y1Us3

5. If e is a solution of a*, the following equations have to vanish

2 2 2 .
Yoy3Vi + Y3Y103 — YpU3V1 1= O

x 2 2 2 ._
A €= § Y3y1V5 + Y1Y20] — Y3V1Vs := 09

2 2 2 ._
Y1Y203 + Y2Y3V5 — Y{ U203 1= O3.

Let S be the variety in P?(W) x P?(W') defined by o1, 09 and o3, and consider

the projections
P2(W) x P2(W') DS

P2(W) P2(W").

It is easy to see that viv3yz301 + V1V2Y109 + VaU3Y203 = Y1Yoys - (V3Us + v3v3 + V3V ),
thus pi (SNP*(W)o x P2(W')y) = QNP?(W)g. Furthermore p; is generically 3 : 1.

In the same way, but through a computation with Maple, we see that

vivyvsYsYe - (U1Ys + Yaun + Ysye — Syiyays)” € 1(01, 02, 03),
thus pa(S NP2 (W)o x P2 (W')o) = {yiys + y3y1 + Y3y — Syiysys = 0} NP2(W),.
Observe that the initial restriction to P?(W), does not change the result, in fact
starting with (1:0:0) € W we get the elements (0:1:0), (0:0:1) € Hes(Q'),
and by the usual action of PSLy(Z7) on @ this is enough. O

In Table 4.1 we show this construction, and by abuse of notation we identify

vectors and their projective classes.
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Table 4.1: Construction of 3 points in Hes(Q') from v € Q C P?(W)

veEQCPHW)
1

ae€C CPU)
1

S={xeUax=0}CPU)
3-secant of C' at e, f, g

!
(@, un) = (o € U k= 0)
3-secants of C. k € {e, f, g}

—

N

d*wy, € Hes(Q') C P2(W')
de S, kele f g}

ak = (d*wk)3|L €L
kede f.g}

(ae,af ag) C P°(L)
3-secant of P?(W')*|, C P5(L)

95
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Remark 4.12. The construction of the last proof associates to every point of
Q C P*(W) three points of Hes(Q') which we know are determined by a and the
trisecant of C' C P3(U’) via the product x. Then, by Proposition 4.8, the projective
classes of their third power restricted to L lie on a trisecant of P*(W')3|, C P°(L).

Moreover observe that ps(.S) is, by construction, a PSLy(Z7)-invariant curve.

The Hessian of @)’ seemingly carries special information about Vz,, C P¢(V), for
y € P2(W’). And in fact for every y € Hes(Q') there is some v = pi(p,*(y)) € Q
that, by the results of this section and the previous construction, determines a
variety V7, C P9(V) which is either non-reduced, or reducible.

All the results of this section can be summarised in the next proposition.

Proposition 4.13. Let [a] € B be a general boundary point of H(A), i.e. [a] €
B\ B'C H(A) and a is not a cusp.

Then the degenerate (1,7)-polarised abelian variety A, associated to « is the
intersection of a 3-fold U, of degree 7 and a Calabi-Yau 3-fold.

Moreover U, is generated by three distinct collinear points of P°(L) tensored by
Vy. These are images of three points of Hes(Q') C P2(W') uniquely determined by
the top-left entry a € C of «.

Proof. By Remark 4.7 we know that the ideal generated by the minors of « is also
generated by the image of six points {p1,...,ps} € W' as in (1.9).

By Proposition 4.8 we know that the images in P°(L) of three of these six points,
say {p1,p2, p3} are collinear, and by Remark 4.9 we know that (once tensored by
Vy) they generate the ideal of a 3-fold U, of degree 7 and are determined by a.

Clearly we have that A, = U, NV7,, for any i € {4,5,6}.

Finally, by Proposition 4.11 we know that {p1, p2, p3} C Hes(Q') C P*(W’). O

Remark 4.14. From the previous proposition we can draw a crucial comparison
with the (1,5)-polarisation case, see [BHMS8T7], where a general degeneration is a
translation scroll over an elliptic curve embedded in a certain P*.

Because our boundary B is birational to the Kummer surface parameterising
translation scrolls, we could expect a similar picture, maybe over an elliptic curve
in P°(V) somehow determined by a € C = @ C P*(W), which is however not
isomorphic to the Klein curve in P*(W’) C P5(V) as a curve with PSLy(Z7)-action.
Therefore a degeneration like A, would be contained in some V7 ., where ' € W'

defines a secant variety over the above elliptic curve, see Proposition 1.8 part (1).
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Certainly this does not occur so far for the general degeneration of our case,
because as we saw, the points {p1, p2, p3} as before do not lie in general on the Klein
quartic. The only possibility is that such an «’ can be found among {p4, ps, ps},
but not defined by a, otherwise the degeneration would be uniquely defined by «a
and we would end up with the same degeneration for every point of the fibre in B
over a, which is certainly not the case, because the minors of matrices of distinct
orbits in P(M)?® span different 3-spaces of L, and therefore once tensored with V;
they determine different surfaces in P°(V).

In our case, so far, the first degeneration of six points in P?(W’) is not given
by the multiplicity, but by the failure of Proposition 1.9 part (2), namely by the
fact that the images of three of the six points in P(L) do not span a plane, but a
line only.

The obvious question now is: “are the translation scrolls in our picture? And

if yes, what are they parameterised by in H(A)?”

4.3 Degenerations arising from B’ C B

At this stage degenerations of this sort are relatively simple to describe. First of
all we assume that we are working with an element [a] € B’, therefore we can

assume that
a O

b d
0 e

«

Furthermore we assume that a is not the image of a cusp of @Q; that case will be

treated in the next section.

Proposition 4.15. Let a be as above, then the degeneration of (1,7)-polarised
abelian variety A, it determines is the intersection of two 3-folds U, and U, of
degree 7.

Moreover U, (resp. U,) is generated by three distinct collinear points of P®(L)
tensored by Vy. These are images of three points {p1, p2,ps} (resp. {p1,pa,05}) of
Hes(Q') C P*(W') uniquely determined by the top-left entry a € C' (resp. bottom-
right entry e € C') of .

Proof. Everything works as in the proof of Proposition 4.13, moreover the same
argument holds for the sub-matrix (‘;) of a and for the 3-fold U, it determines, see

Proposition 4.3.
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Notice that U, is generated by ea @V, and eb® Vy, whereas ea @V, and ad @V}
generate U,. Therefore p; is the pre-image in W’ of ae € L. Or, if we set b and d
to be in C, exactly as in Proposition 4.4 we get p; equals d*b = b*d € W',

Finally notice that in place of V7,, and V7, of Proposition 4.13 we have used

U,, which is clearly contained in both. O

Figure 4.1: Configuration in P°(L) related to B’

C P5(L)

Remark 4.16. In the notation of this section we see that if @ and e are gen-
eral, namely are not cusps of C', by Lemma 2.11 then the five points of Propo-
sition 4.15 are distinct, and so we are left again with the interpretation of the
varieties parametrised by B’. If those were elliptic or tangent scrolls over an ellip-
tic curve E, then by Table 3.1 any of them would intersect P?(W') with multiplicity
respectively (2,2,2) and (3,1,1, 1), which is not the case here.

Moreover, by Proposition 1.1 in [CH98|, we see that an elliptic scroll in P°(V)
contains three elliptic curves, and so if B’ was the space parameterising elliptic
scrolls, a fibre over an element like a € C' should intersect three suitable distinct
fibres at each of the three points of intersection with B’. This means that the
degenerate twisted cubic curve defined by [a] € B’ should be the union of three
straight lines all meeting at a point. But with a simple argument about a P! of
conics (like those in {a = 0} C P*(U) defined by the fibre over a), we get that a

case like that cannot occur.

4.4 Degenerations over cusps

In this section we study the boundary points of H(A) over cusps. As we will see,

this can be done by hand, and it will be a good example of how we recover the 21
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cubic generators, or more precisely the 3 Gr-modules Vj, from the syzygies that
define a degeneration.

Here we are going to study the fibre of H(A) over (the image in C' of) a specific
cusp of @. This is enough because the action of PSLy(Z7) permutes the cusps of
Q. Notice that the action of PSLy(Z7) on L induces an action on H(A) as well, if
we view an element of H(A) as a 3-dimensional subspace of L. Alternatively we
can take the action of PSLy(Z7) on the entries (in U’) of a matrix a representing
a point in H(A).

As usual let [o] € B C H(A), and

We assume that aj; = u;. Then as before (d,e) = (uy, us), and after setting

d = uy and e = ug, we get

o = §U3 U2 . (45)
—§u0 + Tuz U3.

Notice that if (£ : 7) = (0 : 1), the corresponding matrix, and therefore element

of B, lies on the intersection of the three P!’s over the cusps u;, us and us.

Proposition 4.17. Let a be as in (4.5). Then the 21 cubics it determines define
a variety A, of the following type:

1. If € £ 0 # 7, 7 quadric surfaces, each contained in some P> C PS(V). As a
configuration in VSP(Q, 6) this corresponds to a double point and two single

points on a line in P2(W"), plus a second double point,

2. (a) if T =0, 7 double planes in P(V). Then we get that the related configu-
ration in VSP(Q, 6) is a quadruple point plus a double point in P2(W'),

(b) if £ =0, 14 planes in PS(V'). The related configuration in VSP(Q, 6) is
given by three double points in P*(W').

Proof. We first compute the 3-dimensional linear subspace E of L spanned by the

minors of «

E= <€(UOU2 + U%) - T(U2U3), Uiug, UiU2, >7
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or via the SL(Z7)-isomorphism as in Remark 2.14

E = (§(vzv3) — 7(v301 — v3), viva = vg, v3vs — V7).

This amounts to saying that, as shown in the proof of Proposition 4.4, the 21

generators of A,, and more precisely the top, middle and bottom V,’s are

Vi = —m{xi%i1%ive Yicz, + f{%%{ﬂin + $?+1$i72}i6277
Vit = {xivitotiys biezy
V4b = {2iTiy3Tiya tien,-

By (1.1) we get the following facts:

Pfaff(Mé(x, (]_ 10 0)) = Pf&ff(A) = {xixi+3$i+4}iEZ7a
Pfaff(M.(z, (0:1:0)) = Pfaff(u) = {z;xi117i 16 ticz,,
Pfaff(M?(z, (0:0: 1)) = Pfaff(v) = {2 12%i15 }icz.-

and

V(Pfaff(\)) = Uez A7 = 7ir2 = iq5 = 0y U Ujep {7 = 751 = 7446 = 0},
V(Pfaff(11)) = Uiz A7 = Tive = Tivs = 0F U U;jep AT = ig3 = 2344 = 0},
V(Pfaff(v)) = Ujez A7 = 2ip3 = 204 = 0} U Ujep {00 = 21 = 2046 = 0}
Thus the middle and bottom Vj’s are, respectively, Pfaff(v) and Pfaff(\).
Therefore, the P! of degenerations over the cusp u; = (0:1:0:0) € C C P3(U"),
corresponding to (0 : 1 : 0) € Q C P?(W), takes place set-theoretically in the

following seven projective subspaces

V (Pfaff(v)) NV (Pfaff(\)) = | J {zi = 2141 = 3106 = 0} C PY(V).
i€Z7
The variety A, defined by the above 21 cubics are:
L. ifE#0#T,

Ao = {Ii = Ti_1 = Tip1 = §TiqaTiys — TTiy3Tipq = O}iEZm

2. (a) if 7 =0,
A, = U {z; = x;11 = 242 = ;13 = 0} with a double structure,
i€Z7
) it € =0,
Ao = U {2i =2ip1 = T = Tiga = 0} U {2y = 2341 = Ty = Tigs =
i€Z7

0}.
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In terms of the configurations in VSP(Q,6) related to these degenerations,
and then related to configurations in H(A), we see that E, viewed as a subset of
L C S3W', determines via (2.13) a 4-dimensional vector space of L* = L C S3W,

namely

{E =0} = (y112u3, ylyi, ygyf, T(?lzy:?,) + 5(?!3%?/1 — ?/S»,

and this allows us to recover the matrix ¢ in (2.12):

yi 0O
= —§y2 U3

Sys 0y

—TYs —Y2 —h

whose minors are precisely the elements in {E£ = 0}.
Furthermore they are the generators of the ideal of the six points defining the
(degenerate) element we still call ¢ of VSP(Q, 6), which is

g:{(o:o:l)xz, (1:0:0) %2, (0:1:+\/&/7), (0:1:—\/577)}.

We finally study the three possible cases:

1. If £ # 0 # 7, the embedded point at (0 : 0 : 1) is a tangent vector along
{+7y2 + £y1 = 0}, whereas (1 : 0 : 0) points along {y3 = 0}. Observe that

¢ viewed in H(A) determines a smooth conic in {u; = 0} union the line
{U2 = Uz = 0}

2. (a) If 7 =0, then ¢ degenerates to two points:

the quadruple point (0: 0 : 1), whose ring of regular function is

Clyr, v2)/ (7, yiyo, y1 — y3) = C & Cys b Cys & Cys,

and therefore it points along {y; = 0} with multiplicity 4.
The double point (1:0: 0) points along {y3 = 0}.

¢ viewed in H(A) determines the special smooth conic {ugus + u3 =
0} C {u; = 0} union the line {uy = uz = 0}.

(b) If £ = 0, then (1 : 0 : 0) points along {ys; = 0}, (0 : 1 : 0) points
along {y; = 0} and (0 : 0 : 1) points along {y, = 0}. ( viewed in
H(A) determines the union of {u; = uy = 0}, {u; = ug = 0} and
{ug = uy =0} in P3(U).
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Figure 4.2: ¢ € VSP(Q, 6) over a cusp

O

Remark 4.18. Case 2a is the only one where the surface A, is not generated by
Vz 0:0:1) and V7 (1.0.0), in other words by V7, where y € ¢ € VSP(Q, 6). Notice that
Remark 4.7 holds.

Remark 4.19. Figure 4.3 represents the elements of the canonical basis of P%(V)
with an irreducible component of a degeneration A, over the cusp u;. The three
degenerate elliptic curves corresponding to the cusps wuq, us and ug are the three
possible chains of seven projective lines joining two elements of the basis and
invariant under the cyclic action of Z; on the indexes. By the same action we can
focus our attention on the projective 3-spaces {xq = w1 = x¢ = 0} where one of

the irreducible components lives.

1. The general degenerate (1,7)-abelian surface over a cusp is given by the
union of seven quadric surfaces. The surface on {xyg = x; = x4 = 0} is given
by the product of the projective lines through ey, es and ey, es shifted by

(¢ : 7), namely Exoxs — T34 = 0.

2. When (£ : 7) — (1 : 0) the quadric surface splits in two projective planes,
namely {xg = 21 = x5 = 26 = 0} and {xg = x1 = x5 = ¢ = 0}. The total
of 14 projective planes are divided into 7 pairs of coinciding planes by the

cyclic action of Z7, hence we get the double structure.
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Figure 4.3: An irreducible component of a degeneration over a cusp

€o

€2 €5

€3 €4

3. Finally, when (£ : 7) — (0 : 1), the quadric surface again splits in two
projective planes, namely {xy = 21 = 23 = 16 = 0} and {2y = 11 = 4 =
x¢ = 0}. This time the 14 projective planes are all different under the cyclic
action of Z;. This is the most special degeneration, because it lies on the

only point where the fibres over the cusps u, us and ug intersect.

Remark 4.20. The result of Proposition 4.17 highlights a difference with the
results by [BHMS87] on the (1,5) case. The combinatorics in that case tells us that
when the quadric surfaces in P* split up —exactly as in Remark 4.19— into 10
planes, in both the splits one gets 5 pairs of coinciding planes. This can be seen
easily with the corresponding picture and an argument as above. And in fact in
the (1,5) case, the multiplicity of the six points over cuspsis (2,2,1,1) or (4,2),
but not (2,2, 2).

We remind the reader that all the results of this chapter are summarised in

Theorem A in the summary.
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Representation theory of G; and
SLo(Z7)

Here, we follow [MSO01]. As mentioned in Section 1.2, if V' = C(Z;), then the
Heisenberg group H7 := H, 7 is generated by

o(x;) = xi_1,

7(;) = &' (2),
where & := exp(2mi/7). The Galois group © of Q(§) over Q acts on Hy: let 6 be
the generator given by 0(¢) = &2, Then 6*= complex conjugation.

The irreducible Hz-module V' produces five more modules by the composition
with the automorphisms #° € ©. Denote by V; the representation H 0—i> H, —
Aut(V). These six representations are inequivalent, as one sees computing their
characters, and together with the characters of Z; x Zr these are all the irreducible
characters of H;.

We equip V' = C(Z7) with the canonical basis {e;};cz., where e;(1) = §;. If
{x;}icz, is the dual basis of V¥ = V3, then the action of o and 7 on V' and on
VY =Vs = HO(1)) is given by

We recall that G7 := Hr x (1), where ¢ € SL(V), (i) = —x(—1).

64
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Character table of G; and useful formulae

We set {a} to be the conjugacy class containing only the central element {a} € pr;
Conn = {(a,m,n), (a, =m, —n)| o € pz} and (m,n) # 0;
Co = {(a,m,n)t| m,n € Z}.
There are 7 classes {a}, 24 classes C,,, each containing 14 elements, and 7
classes C,, each containing 49 elements. We denote by Z the sum of all 24 Z; ;.
With this notation we get the character table of G; (Table A.1), where the

column * gives the corresponding representation

Table A.1: Character table of G~

{a} Crn C, *
1 1 1 I
70' () 0 0 () Vi
1 1 -1 S
70 () 0 —0i(a) | V#
9 gometin 4 c—sm—tn 0 Z,,

We have the following formulae, with the notation V' = V; and € = Qps(y):

VoV = 3V ® 4V,
VioVign = 3Viga @ 4‘/?_?_&4
VioVipe = 3V @ 4Vié1
VioViys = 10 Z
ANV, = 3V SV, = 4‘/?&2
NV, = W+1@4Vﬁ1 S = 8V2+1@4Vi1
ANV, = Vi @4V, S = 10V, @ 20V,
AV, = 3Vis SV, = 38Viys @28V,
AV = Vigs SOV = 56Viis @ 76V,
ANV, =1 SV, = 8I$28S P 357
H°(04(1)) = V4 HO(Q*3)) = 0
H°(0a(2)) = 4V5" H(QP(4)) = AV =Vi@4Vf
H°(04(3)) = 5Vi@ 4V HO(Q3(5)) 16V, @ 16V
HY(04(4) = 6Vi@ 10V  H°(Q3(6)) 56V & 64V #
HY(0A(3) = 13Va@12VyF  HO(O3(7)) = 241 ©24S @497
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A.2 The group SLy(Z7)
First of all we need some notation:
a=+—7 M=E-¢&° m=E+E°

at=(1+a)/2 XN=-8 np=¢+8
a=(1-a)/2 N=&-8 3=+

Then we have the following equalities:

E+&+=—a"  Mt+ht+ls=a mtmtn=-1
E+E 4+ =—at A3 =« mmnens =1
and
M=m—2 Ma=mp—nn op=>X\—2X
MN=m—2 Xs=m—1n3 ap=>X—2);
)‘%:772—2 AsAi=m2—m ang = Az — 2\
the general shape of an element A of N = Hy x SLy(Z7) is:
Ay = iigaﬂ‘2+bﬂ‘k+ck2+dj+e’f+f (a,b...f € L7, b#0)

VT

Ajp = H£9°H0+e5 v (a,b. . e € Zr, d # 0) where the signs are chosen to have
det(A) = 1.
For convenience of computation, it is useful to identify some elements in N and

their images in SLy(Z7):

. . 1 20
pa(j) = x(27) (resp. pej = e;2) with i = ( 0 4 ) € SLy(Z7)

ve(j) = €7x(j) (vesp. ve; = &%¢;) with v = ( ; (1) > € SLy(Z7)
dx(j) = \/_71261“7@"(]{) (resp. de; = \/_71261“7'6;6) with
k k
1

- 0
(5:<1 0 )eSL(Z7).

Observe that 0> = 1 and that the elements in SLy(Z;) are given according to
pop~t=0? wr=0"' vor ' =120 Goil=1
prpt =71t =771 vrv =1 ord t=0"1

We reproduce here the



APPENDIX A. REPRESENTATION THEORY OF G7; AND SLy(Zz) 67

Table A.2: Character table of SLy(Z7)

id| ¢ | plw| v viol s wo| 9§
id|—id| ala| 2 | # | @ | @ |5 (T) *
52 55
1 1 56 | 56 24 24 24 24 | 42 42 42
1 1 1 1 1 1 1 1 1 1 I
8 8 -1 1 1 1 -1 -1 0 0 M,
8 -1 (-1 1 1 1 1 0 0 0 M,
7 1 1 0 0 0 0 -1 -1 -1 L
41 4 |1 |-1| a at | —at | —a" | 0 0 0 U
4|1 -4 |1 1]-1] a" a | —a | —at| 0 0 0 U =U*
6| -6 00| -1 | -1 1 1 | 0] V2 | V2 Ty
6| -6 00| -1 | -1 1 1L | 0] V2] V2 Ty
6 | -6 010 -1 -1 -1 -1 2 0 0 T
3 00| —-at|—-a | —-a | —-a"]|-1 1 1 W
3 00| —-a |—-a"|—-at|—-a|-1 1 1 W'=Ww+

We indicate here also the multiplication table of characters of SLy(Z7):

M@ M, = I®3M;d3LB2T W W'
M1®M2 = SMl@QU@QUI@QTl@QTQ

Mi®L = 3MyaUU @27, D 2T,
Mi,o@U = 2My®a LT W
MU = 2My®d LT oW
Mi@Ty = 2My@®2L 2T W e W'
Mi@Ty, = 2My@®2L 2T aW e W'
Mi@T = 2MyaeUasU &2T, ¢ 2T,
Mi@T = 2MyaeUasU &2T, ¢ 2T,
MioW = MioUoT T

MiyoW' = MaeUasT &1,
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UxU
UaU
U®T;
U®T,
UxT
U W
Uew!

My@ My, = [$H3MyB3LBH2T W W'
My®L = 3My@&2L@a2T W a W'
My@U = 2MioU DT, D15

M, @ U’ My U T T

My@T, = 2M iU DU @ 2T, & 275
My@T, = 2MyaU DU @ 2T, & 275
My@T = 2My@2LD2T W W'
My@W = My®LoToW

Mye@W' = My®dLaeTaW

LoL = I@&2M,®2L@2T oW oW’
LoU = MiaUasU T, T

LoU = MiaUasU T, T

LT, = 2MieUaU &T) 421

Lol = 2MieUasU @211 15

LoT = 2My@2LeToeW W’

LoW = My®»L&T

LoW = My®»LaT
= LoToW
= I®MydL UeoU = LeTeWw
= My®aLaeTpsW UaT, = My@aLasTaW
= My®aLaeTpsW UaT, = My@aLdsTaW
= MiaUasT el UeT = MioUasT &1,
= ol UoW = M aoU
= MU UaoW = TiaTl,
ol = I®e2MyadsLesTeWaW!
TyoT, = 2My®2LpT

T"eT = 2MiaeUsU ST, ST

oW = M aoUsT

oW My oUDT)

Thol, = I&2Myds LT W W
Lol = 2MiaUasUaTiaT,

ThoW = M aeoUdT,

oW = MaUdT
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ToT = I®e2MydLa2T WoW = TaoW
ToW = My®LPW' WoW' = IdM,
ToW' = Mi®SLDW WeoW' = TaWw

A.3 Decompositions of SLy(7Z;) representations

Consider now the decomposition of V' into eigenspaces of ¢:
V =V_& V_ where:

V_ =span{e; —eg, €4 — €3, €3 — €5}

V_ = span{2eq, e; + eg, €4 + €3, €2 + €5}
Restricting p, v and 0 to V_ and V_ respectively, one gets:

+
o = o
—= o o
o o =
=
I
o o o~
o~ o o
_ o o o
o o = o

vt = dlag(ﬁ, §4, §2>, vo= dlag(la gv §47 §2>7

(-8 e-g -
5+:\/; g2-¢ ¢-¢ ¢-¢ |,
-8 =& 2-¢
1 1 1

§+¢° 248 ¢+

248 S+ 48

S48 48 248
From the character table of SLy(Z;) one sees that, as a SLy(Z7)-module, V' =
W'a U’ and from the above computations one gets concrete realisations of W’ and
U', namely W/ =V_and U' = V_.

Furthermore the following computations play a crucial role:

N |
N NN

SW =T SW' = T
W o= LaeWw! S3w! LW
SYW = I M,e&T SW = I&M,aT.
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If we denote by
v =e1 —eg, Uy =e4 —e3 and v3 = ey — €5
the chosen basis of W', then the only SLy(Z7)-invariant quartic is the Klein quartic:
fKlein = vi’vg + vgvg + Ug’vl.

Notice also that
SPU'=LaWw'.

We choose as basis for L C S2U’ the following elements:
fo= u%, J1 = ugus, fo = ugui, f3 = uius,

f1=uouz +u, f5=uour +u3, fo = uous + u3,
and as basis for W’ the elements

Vy = Uglz — U3, U3 = Uglly — U3, V1 = Uglly — Us.
Then in the decomposition

SVa=(IdU DLV,

the elements corresponding to f;ey are given by

_ 3 _ .2 2
foeo = 10274 + X352 — Ty fieo = xox126  faeg = w373 + T5T4
_ .2 2
faeo = wowaw5  fre0 = xiT6 + X571 (A1)

_ .2 2
fseo = wowsxs  foeo = w15 + TEXo

From here one obtains all f;e; via cyclic permutation, in other words via the action

of o.
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The Klein quartic ()

We think this interesting curve deserves some space in this thesis, so we give the
following presentation that was suggested by Alastair King. We use the notation
(-) for the dual of a vector space. The interested reader can find a beautiful and
classic treatise on this topic in [Kle79], where most of these material can be found.
Notice that all the notation is consistent with A.2 and A.3.

Let X(7) be the abstract modular curve of level 7. It is embedded in the
projective plane P?(TW) by the canonical linear system W' = H°(X (7),w), where
w is the canonical line bundle. There is a choice of basis vy, v9, v3 for W’ so that
the homogeneous coordinate vector (v, vs,v3) of a point in the concrete model
Q C P2(W) of X(7) satisfies

leein = U?UQ + Ugv?, + U:)?:Ul (B].)

The simple group G = PSLy(Z7) of order 168 acts on the Klein quartic as its full
automorphism group.

The space W' is a 3-dimensional ‘fundamental’ representation of G: it is faith-
ful, of minimal dimension and all other irreducible representations are contained
in spaces of tensors over it.

Note that W' is unimodular but not self-dual, i.e. W = A2W' 22 W', and so it is
important to distinguish W and W', and consequently P?(WW) and P?(W’). In par-
ticular, P?(W’) also contains a unique G-invariant quartic @', which is isomorphic
to Q as an abstract curve, but not as a curve with G-action.

PSL,(Z7) also has a 4-dimensional projective representation U = H°(Q,w%/?).
In other words, U is a representation of the central extension G = SLy (Z7) in which

the centre +1 acts non trivially. It is necessary to pass to this central extension
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to lift the G-action to the chosen square root w'/? of the canonical bundle. In the

case of @) there is a natural choice (see [Kle79], Section 9). The representation U

is also unimodular and is also not self-dual.

We give some results we use in the thesis. Consider the kernel R of the multi-

plication map
U W' — H(Q,uw?).

Taking a certain basis ag, ay, as,az for U, the kernel R has a basis of ‘bilinear

relations’

v1a1 + vaao + v3az =0
U1y — V31 = 0
Va2Qp — V1G9 = 0
V3ap — Va3 — 0

which can be written either as

0 U1 (%) U3

U1 —Us 0 0
Gp ap Gz as =0,
V2 0 —U1 0
U3 0 0 —U9
or
aq Qo —a9 0
(Ul (] U3> a9 0 Qo —as =0
az —ap 0 Qo

Thus the consistency conditions for the bilinear system B.2 are

0 U1 (%) U3

v —U 0 0
det | 7 = — (vjvy + vivs + vivy) =0,
(%) 0 —U1 0
U3 0 0 )
and
a1 Qo —Qa9 0
a3 —ap 0 Qo

i.e. the system of cubics (2.4),...,(2.7).

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)
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This latter system gives the equations satisfied by the embedding of X (7) in
the projective 3-space P3(U’) by the linear system U. In this thesis we have called
C this concrete curve in P3(U").

Note further that the bilinear system (B.2) also implies a further system of

equations
0 —VV3 —U3VU1 —U1V2
aq Qo —Qa9 0 9 9
U3 0 5 —vy | 0 B~
a9 0 Qo —das 9 9 == ( . )
VU3 =03 0 5
a3 —ap 0 Qo 9 9
V1 Vs U3 —U; 0

These 12 equations are a basis for the kernel of the multiplication map
U@ S?W' — H(Q,w™?).

The Pfaffian of the second matrix in (B.7) is simply the Klein’s quartic equation

(B.1) again. This matrix also reflects the isomorphism
S2W 2 A2U" ¢ Hom(U, U").

In [Kle79] the system (B.6) and most of (B.2) are worked out via another

relationship between U and W', namely the isomorphism
S?U =2 H(Q,w?) = S*W'.

This is expressed explicitly by the following system of equations, the first seven of

which make up the summand L:

a3 = VU3 ayay = viv; aza; = vsv? ag = 1503 (B.8)
2 _ 2 3 2 _ 2 3 2 _ 2 3
2apa; + a; = vivy — Uy 2apas + a3 = vyvs — U] 2apaz + a] = v3v — U

while the three others make up the summand W
2apa1 — a% = 31}%02 + vg’ 2apa9 — ag = 31}%1)3 + Uf 2a¢a3 — a% = 3v§vl + v;”.

Note that the right hand sides are the derivatives of the Klein quartic. Combina-

tions of the last six equations give expressions for the various other monomials:

Ao = U%Uz Aol = ’U%’Ug Aoz = ’U%Ul
ay=—(viva+vy)  ag=—(vyus+v}) o = —(vgvL +v)) (B.9)

vy = —(apa; + a3) v? = —(apay + a3) vy = —(apas + a?)



APPENDIX B. THE KLEIN QUARTIC @ 74

These equations easily imply three of the four equations in (B.2) in the following
form which Klein records in [Kle79], Equation (43).

(5] U1 as U2 a3 U3

Qo U3 Qo U1 Qo (%]

The remaining equation is then effectively the equation of the quartic itself, which
follows by computing e.g. (ajas)? in two different ways. Note that the system (B.9)
can not follow directly from (B.2) because the later is unchanged by independent
rescaling of the variables, while the system above determines (ag, ay, as,as) from
(v1,v9,v3) up to a sign. However, (B.2) does imply (B.9) up to a single overall

constant of proportionality.
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