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Summary

We study orthogonal modular varieties associated with the moduli of generalised Kum-
mer manifolds. We are particularly interested in understanding the singularities that
arise in certain toroidal compactifications. Throughout, we place particular emphasis
on the application of these results to problems involving the birational classification of

moduli spaces.
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Index of Notation

The positive definite even lattice corresponding to the A, root system
(see also [CS99)]).

The cyclic group of order n.

The discriminant group LY /L of L.

A Hermitian symmetric domain of type IV defined as the component of
Q. fixed by the group O"(L).

The rational quadratic divisor DY = {[z] € D, | (z,v) = 0} for v € L.
The positive definite even unimodular lattice of rank 8 corresponding to
the Eg root system (see also |[CS99)).

The orthogonal modular variety I'\Dy, where L is a lattice of signature
(2,n) and T < OT(L).

The orthogonal modular variety F(I') where L = Lg 5,2 and I' is the

group O™ (Lg, 5p2) defined in Theorem (4.0.6|

The dual lattice of the lattice L.

The lattice whose Gram matrix is equal to that of L multiplied by m.
The lattice 2U @ (—2n) @ (—2d).

The space of weight-k modular forms with character x for the group I'.
The direct sum L& L @ ...® L (n times).

The orthogonal group of the lattice L.



The spinor kernel of the group O(L).

The stable orthogonal group of the lattice L. (See Equation .

The indefinite orthogonal group of type (m,n).

The space defined by Q, = {[z] e P(L® C) | (z,z) =0, (x,T) > 0}.
The p-adic numbers.

The hyperbolic plane: the even unimodular lattice of signature (1,1).
By a standard basis of U, we mean one for which the Gram matrix has
the form (9}).

The p-adic integers.
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Introduction

A classical problem in moduli theory is to determine the Kodaira dimension of a moduli
space M. For many moduli spaces, such as the moduli of abelian varieties and the
moduli of K3 surfaces, strong results exist [O’G89|, [San97| [Tai82] [GHS07| [Kon93].
However, for many other moduli spaces, less is known. In particular, there are few
specific results for families of irreducible symplectic manifolds.

Families of irreducible symplectic manifolds are especially appealing classes of ob-
jects to work with. Because of the existence of a period map from M to an orthogonal
modular variety F (see Chapter 4 of [GHS13|), one may prove results about the Kodaira
dimension of M by studying the modular variety F, as in [GHS10]. This frequently
results in interesting problems involving lattices and modular forms.

One typically expects the orthogonal modular variety F to be of general type and
this can often be proved by using a technique known as the the low-weight cusp form
trick (see . This approach involves understanding the growth behaviour of spaces
of modular forms satisfying certain conditions determined by the geometry of a com-
pactification F of F. In particular, one needs to pay attention to the boundary of F,
the branch locus of F and, in many cases, the singular locus of F.

This approach was used in [GHS07] to show that almost all of the components
of the moduli of K3 surfaces are of general type. It has also been used to study the

moduli of two of the known families of irreducible symplectic manifolds: in particular,



the moduli of deformation K312l manifolds in [GHS10] and the moduli of O’Grady’s
10-dimensional irreducible symplectic manifold in [GHS11].

All of the general type results in [Kon93|, [GHS07|, |GHS10] and |[GHS11]| are for
orthogonal modular varieties of high dimension. In high dimension, the low-weight
cusp form trick can be applied without having to consider the singularities. This is
because there exists a compactification F with only canonical singularities (Theorem
5.26 of |[GHS13|). In lower dimensions, such compactifications might not exist and
one therefore needs a more detailed understanding of the singularities in F and the
conditions that they impose.

Here we study such a low dimensional example: a toroidal compactification of
the orthogonal modular variety associated with the moduli of deformation generalised
Kummer 4-folds of split polarisation of degree 2p? where p is an odd prime.

We pay particular attention to the singularities in these spaces and describe a
set of divisors whose union contains the non-canonical part of the singular locus in
the interior, as well as the branch divisor. We also discuss the problem of extending
pluricanonical forms to a resolution of singularities and give some information about
the types of singularities that may occur.

We also study the boundary. In particular, we study the 1-dimensional boundary
components. We give some bounds on the number of such boundary components and we
provide bounds for the number of components of the singular locus in such a boundary
component. We also give some information about the non-canonical singularities that

may occur.

3.1 Irreducible symplectic manifolds

A generalised Kummer manifold is an example of an irreducible symplectic manifold.
Irreducible symplectic manifolds arise naturally in a number of settings: they generalise
K3 surfaces and are one of the three building blocks of compact Kéahler manifolds
with trivial canonical bundle. Indeed, up to a finite cover, all such manifolds can be

decomposed as a product of abelian varieties, Calabi-Yau manifolds, and Irreducible



symplectic manifolds [Bog74]. We outline some of the theory below, paying particular
attention to their moduli. More detailed surveys can be found in [GHS13| and |[GHJ03].

Our approach mostly follows |[GHS13|.

Definition 3.1.1. A compact complex Kdahler manifold X is called an irreducible sym-

plectic manifold if
1. X is simply connected
2. H(X, Q?X) > Cw where w is an everywhere non-degenerate holomorphic 2-form.

Note that, in particular, all irreducible symplectic manifolds have even complex
dimension 2n. The irreducible symplectic manifolds have not been classified, but all

currently known examples are deformation equivalent to one of four types:

1. K3" type which are given by the length n Hilbert scheme S = Hilb"(S)

parametrising n points on a K3 surface S [Bea83].

2. Generalised Kummer varieties, which are defined as follows: if A is an abelian
surface and A1 is the length n + 1 Hilbert scheme Hilb"*!(A) with the mor-
phism p : AT — A given by addition on A, the associated generalised Kummer

variety is the fibre p~1(0) [Bea83).

3. O’Grady’s 6-dimensional example, which is given in terms of a certain moduli

space of sheaves on an abelian surface and depends on 6 parameters [O’G03].

4. O’Grady’s 10-dimensional example, which is given in terms of a certain moduli

space of sheaves on a K3 surface and depends on 22 parameters [O’G99].

A great deal of information is encoded in the cohomology group H?(X,Z). As
for K3 surfaces, H%(X,Z) comes with the structure of a lattice. That is, an integral
symmetric bilinear form. For irreducible symplectic manifolds, this lattice structure is
given by the Beauville-Bogomolov form [Bea83]. We define the Beauville-Bogomolov

form below. Suppose that X is an irreducible symplectic manifold of complex dimension
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2n and let the Hodge decomposition of H?(X,C) be given by
H*(X,C) = H**(X)® H"'(X) ® H"(X).

If w € H*%(X) is normalised so that [, (ww)™ = 1, we define ¢’ by

dy(@) = /X 0?(w@)" ™ + (1 —n) ( /X aw"_lw"> ( /X aw"wn_1>.

One can show that after possibly normalising ¢’ by a suitable positive constant, one
obtains a lattice on H?(X,Z) with quadratic form q. By a result of Fujiki [Fuj87], there

exists ¢ € Qso (the Fujiki invariant) such that if o« € H?(X,Z) then

a?n = cqx (a)n

where o?" is given by the intersection product on H?(X,Z).
The Beauville lattices of the known irreducible symplectic manifolds were computed

in [Rap07] [Rap08] and are given by:
1. Deformation K3[": 3U @ 2Fg(—1) @ (—2(n — 1))
2. Generalised Kummer: 3U & (—2(n + 1))
3. O’Grady’s 6 dimensional example: 3U & (—2) & (—2)
4. O’Grady’s 10 dimensional example: 3U @ 2FEg(—1) @ Aa(—1).

(For lattice theoretic notation, see Chapter [2])

3.2 Moduli of irreducible symplectic manifolds

We now show that moduli spaces parametrising polarised irreducible symplectic man-
ifolds exist, and we explain how they are related to orthogonal modular varieties via
the period map. Our treatment broadly follows [GHS13].

Let X be an irreducible symplectic manifold with Beauville lattice L = H?(X,Z).

A polarisation on X is defined as a choice of ample line bundle £ on X. We shall call a

11



pair (X, £) consisting of an irreducible symplectic manifold X and a polariation £ for
X a polarised irreducible symplectic manifold. Once we have selected a polarisation
L for X, we can identify it with its first Chern class h := ¢1(£) € H*(X,Z). Our
polarisations will be assumed to be primitive. That is, h € H?(X,Z) will be assumed
to be a primitive lattice vector. The polarisation type of L is defined as the O(L)-
orbit of h. The degree of L is the length h?> = 2d of h in L. The numerical type
of the polarised irreducible symplectic manifold (X, L) is the tuple consisting of the
dimension 2n of X, the Beauville lattice L, the Fujiki invariant ¢ and the polarisation
type h. The numerical type of (X, £) will be denoted by N.

In order to define the period map, we need to define marked families of irreducible

symplectic manifolds.

Definition 3.2.1. Let X be an irreducible symplectic manifold with Beauville lattice
L. Suppose that the polarisation type of (X, L) is represented by h € L which will be

taken as fixed. A marking on X is a isomorphism

¢: H*(X,Z) — L.

If (X,L) is a polarised irreducible symplectic manifold with c1(L) = h € L, then a

marking ¢ on X is said to be a polarised marking if ¢(c1(L)) = h.

If X is marked by ¢ then we can define its period point. We define the domain

Q= {[z] e (L ®C) | (z,2) = 0, (z,7) > 0}

and consider the Hodge decomposition

H*(X,C) = H*'(X) ® H"'(X) @ H**(X).

The marking ¢ defines an obvious map from H?(X,C) to ;. Any symplectic form
w generating H*(X) satisfies the property that (w,w) = 0 and (w,w) > 0 and so
[p(w)] € Q. We call [¢(w)] the period point of (X, ¢).

12



For a flat family p : X — U, a marking ¢ on the central fibre Ay of p can be

extended to the whole family by defining

ou R2P*ZU — Ly

where Ly is the constant sheaf with fibre L on U. One then obtains a holomorphic
map 7wy : U — Qr by sending each point in U to its period. We call this map the
period map defined by the family p : X — U and the marking ¢. We wish to define
a period map for the moduli My of irreducible symplectic manifolds of fixed numeric
type N. We begin by stating some facts about M.

By Viehweg’s results [Vie95], there is a moduli space My parametrising irreducible
symplectic manifolds of fixed numerical type N. The space My is quasi-projective and
exists as a group quotient in the sense of GIT.

In general, if S is the set of polarized irreducible symplectic manifolds of fixed
numeric type N then, by Matsusaka’s big theorem and a result of Kollar and Matsusaka
[Mat72] [KMS83], there exists No € Z so that £L&N0 is very ample for all (X, L) € S.
Therefore, for all (X, £) € S, the linear system £&N0 embeds X into P! where m =
RO(X, £ZN). From the Hilbert scheme Hilb,(P™~!), where p is the Hilbert polynomial
of the line bundle £, we select an irreducible component H that contains at least
one smooth irreducible symplectic manifold X, and from H we take the open part
Hg,, parametrising smooth manifolds. One can show that there is universal family
Ssm — Hgpm, and that the group SL(m, Z) acts on Hyy,. Crucially, each component My
of My is of the form Hg,,/SL(m,Z), and so one can define a period map on My by
defining a polarised marking on each universal family Sg,, — Hgp,. Any two markings
differ by an element in the group O(L,h) = {g € O(L) | g.h = h} and so the period
map descends to a map from Hs,, — Q1\ O(L, h). Furthermore, one can show that this
map factors through the action of SL(N,C) on Hg,,. By noting that w and h are such
that (w,h) = 0, it is easy to see that the image lies in the set Qp, , = {[z] € h*} N QL
and so one obtains a holomorphic map 7" : My — Qp \ O(L, h). The domain €, ;, has

two components that are interchanged by elements in O(L, h) of negative spinor norm

13



(see Definition [3.5.10)) and so Qz, 5\ O(L, h) is isomorphic to Dr,\ O1 (L, h) where Dy,
is one of the connected components of 27, , and OT (L, h) is the kernel of the spinor

norm on O(L, h). We shall instead consider the map
7m: My — Dr, — OF (L, h)\Dy.

The varieties Q1 ,\ O(L,h) and Dy, \ O"(L,h) are examples of orthogonal modular
varieties (see also Section [3.4). By a result of Baily and Borel [BB66] they are quasi-
projective and, therefore, by a result of Borel [Bor72|, the map 7 is a morphism of

quasi-projective varieties.

3.3 The Torelli theorems

As in the case of K3 surfaces, one can prove a number of Torelli theorems for irreducible

symplectic manifolds.

Theorem 3.3.1. (The Local Torelli Theorem) [Bea83] [Bog74] If X is an irreducible
symplectic manifold and p : X — U is a representative of the Kuranishi family of
deformations of X with sufficiently small contractible base, then the differential of the

period map py is an isomorphism. Therefore, the period map is a local isomorphism.

If My is the moduli of marked irreducible symplectic manifolds with Beauville

lattice L then (as in Section one can define a map
p: MIL — QL

from each component M’ of My by mapping each manifold to its period. By the

following theorem of Huybrechts, the map p is surjective.

Theorem 3.3.2. [Huy99/ If L is the Beauwville lattice of an irreducible symplectic

manifold and M/, is non-empty then the period map

p:M}/—)QL

14



18 surjective.

As for K3 surfaces, one also has a Hodge theoretic Torelli theorem. It should be
noted, however, that this theorem is somewhat weaker than the K3 case. In order to
state it, we must firstly define Markman’s monodromy operators [Mar08] [Mar] [Mar10].
We follow [GHS13].

Let X; and X5 be irreducible symplectic manifolds that are isomorphic to the fibres

over by, by € B of a smooth, proper flat family
m: X — B
under the isomorphisms «; and ao, respectively. The map
f:H"(X1,Z) — H*(X2,Z)
is said to be a parallel transport operator if there exists a continuous path
~v:[0,1] - B

such that «(0) = by, 7(1) = be and the parallel transport in the local system Rm.Z

along v induces an isomorphism
(ax 1) o foai: H (X,,Z) — H* (X, 7).
If X is an irreducible symplectic manifold, then an element
g€ Auwt(H*(X,Z))

is called a monodromy operator if it is a parallel transport operator for X; = Xo = X.
The group of monodromy operators is denoted by Mon(X) and the image in O(L) is
denoted by Mon?(X). The group Mon?(X) has been characterised by Giovanni Mon-

gardi for deformation generalised Kummer manifolds and O’Grady’s 10 dimensional

15



example in [Monl4]. We can now state the Hodge theoretic Torelli theorem, which is
due to Markman [Marl1] and uses the results of Verbitsky [Verl13].

16



Theorem 3.3.3. (Hodge Theoretic Torelli) Suppose that X1 and Xo are irreducible

symplectic manifolds

1. 1If
f:H*(Xy,Z) - H*(X1,7)

s an isomorphism of integral Hodge structures which is a parallel transport oper-

ator, then X1 and Xo are bimeromorphic.

2. If, in addition, f maps a Kahler class of Xo to a Kdhler class of X1, then X3

and Xy are isomorphic.

3.4 Orthogonal modular varieties

Let L be a lattice of signature (2,n) with n > 3 and let O(L) be the orthogonal group

of L. The group O(L) acts naturally on symmetric space €2, where

Qr={[z] e P(L®C) | (x,x) =0, (z,T) > 0}.

The space §2;, has two connected components. These components are interchanged by
elements in O(L) of negative spinor norm. To simplify matters, we pick one of the

components and call it Dy,. It is fixed by the kernel of the spinor norm O™ (L).

Definition 3.4.1. If T' < O"(L) is a subgroup of finite index, then we call quotients
of the form
Fr(T') =T\Dg,

orthogonal modular varieties. We may sometimes broaden this definition to arithmetic

subgroups T < O1(L).

Orthogonal modular varieties can be studied from a number of different angles.
They are examples of locally symmetric varieties, i.e. they are quotients of a symmetric
space by a discrete group of automorphisms; they are complex analytic spaces; by the
results of Baily and Borel [BB66|, they are quasi-projective; and, if I' is torsion free,

they are complex manifolds.
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The elliptic elements of I' are especially important to us as they determine the
branch locus of the cover

T DL — ./T"L(F)

and careful attention needs to be paid to the branch locus if one tries to prove general
type results using the low-weight cusp form trick (see Section . The branch locus of
7 is precisely the image of points in Dy, that are fixed by elliptic elements (elements of
finite order) in I'. The branch locus can have both a smooth and a singular part. The
stabiliser in I" of any fixed point in D (I") is a finite subgroup of I" and, by a theorem
of Cartan |Car57], the action can be locally linearised. Therefore, the singularities of
Fr(I') are finite quotient singularities, i.e. they are locally isomorphic to quotients of
the form C"/G where G < GL(n,C) is a finite subgroup. By a theorem of |Cheb5|,
C™/G is smooth if and only if G is generated by quasi-reflections. We recall that
a quasi-reflection g is an elliptic element of GL(n,C) with 1 as an eigenvalue £ of
multiplicity n — 1. If £ = —1, then g is called a reflection. By a result of [GHS07]
(Corollary 2.13), if n > 2 the elements of I' that act as quasi-reflections correspond
precisely to +£0 € I' where o is a reflection. Therefore, the smooth part of the branch
locus of F1,(I") corresponds precisely to the image of points in Dy, that a are fixed only

by +o0 € I' where o is a reflection.

3.5 Lattices

In this section, we collect some of the lattice theoretic results and definitions that will
be needed later. Particular emphasis will be placed on their classification as this plays
a significant role in many of our later results. More detailed treatments can be found

in [Kit93], [Cas78] and [CS99).

Definition 3.5.1. A lattice L is an integral symmetric bilinear form. Equivalently, L
is a finitely generated Z-module in an Q-vector space V so that V is endowed with a

symmetric bilinear form (—,—) that is integral on L.

If 22 = (x,z) is even for all z € L, we say that L is an even lattice. By the rank of

18



L, we mean the rank of L as a Z-module.

Definition 3.5.2. If L is a lattice in the vector space V, the orthogonal group O(L)

of L is defined by

O(L) = {g € GL(V) | (92, 9y) = (x,y) Y,y € L}.

For many purposes, the above definition of a lattice is sufficiently general. How-
ever, when we discuss the classification of lattices it becomes necessary to work with
lattices defined over the p-adic numbers and for these purposes it becomes convenient

to introduce a broader definition.

Definition 3.5.3. For a prime p, a Zy-lattice is a finitely generated Z,-module in a
Qp-vector space. We also permit p to formally assume p = —1 and, in such a case, we

let Zy =7 and Q, = Q.

3.5.1 The classification problem

We start by introducing some invariants. If L is a lattice with bilinear form B
then, by Sylvester’s law of inertia, there exists M € GL(n,R) so that ‘M BM =
diag(—1,...,—1,1,...,1). If ny and n_ denote the number of positive and negative
terms in this decomposition then the pair (n4,n_) is called the signature of the lattice.
If nyn_ <0, then L is said to be indefinite; otherwise, L is said to be definite. If L is
definite and ny > 0 (n— > 0), L is said to be positive (negative) definite. We define
the determinant of L det(L) by det B.

By the classification of lattices, we mean a classification up to class or integral

equivalence.

Definition 3.5.4. If L1 and Lo are lattices in the vector space V', then we say that
Ly and Ly belong to the same class (or that Ly and Lo are integrally equivalent, or

isomorphic) if there exists o € O(V') such that

O'(Ll) = L2.

19



The set of all lattices in the same class as the lattice L is denoted by cls(L).

It turns out that the method of classification depends strongly upon the signature of
the lattice. In the indefinite case, the classification is given in terms of p-adic invariants:
either the the genus or a refinement of the genus called the spinor genus. Subject to
minor restrictions, one can show that the notions of spinor genus, genus, and class
coincide. The classification can then be given in terms of the genus (which is usually
easy to express). Indeed, we shall establish some simple notation for the genus later.
The full details of the classification of indefinite lattices are lengthy and lie outside the
scope of this introduction. Two good references on the subject, with an emphasis on the
arithmetic aspects, are [Kit93] and |Cas78|. Our intention here is mostly to introduce
the main results of the classification, and introduce Conway’s genus notation. Much of
our approach will follow [CS99] §15.

In the definite case, the genus and spinor genus are far weaker invariants and the
classification is instead given in terms of combinatorial algorithms: either the reduction
algorithms of Gauss and Minkowski, or the glueing theory of Kneser and Niemeier. We
shall not say much about the classification of definite lattices other than to say that
tables have been produced for lattices of low rank and small determinant and that the
classification of higher rank lattices tends to be impractical due to the complexity of

the algorithms involved. More details may be found in [CS99].

3.5.2 The genus

We now introduce the first p-adic invariant: the genus. If L is a lattice in a Q-vector

space V', we define L, := L ® Z, and V,, :=V @ Q).

Definition 3.5.5. If L1 and Lo are lattices in the Q-vector space V', we say that Ly
and Ly belong to the same genus if for every prime p and p = oo there exists o, € O(V},)

so that

(L1)p = op(La2).

The set of all lattices in the same genus as Ly is denoted by gen(L1).

20



The genus arises naturally when one tries to prove statements via local-global argu-
ments (that is, understanding the ‘global’ Z-lattice L by studying the ‘local’ properties
of Ly, for all primes p). Such results can be quite strong. For example, one can consider
the classical problem of representability of an integer by a lattice. We say that an
integer a is representable by a lattice L if there exists x € L such that (z,x) = a. One

can prove the following statements.

Theorem 3.5.6. [Cas78] Let L be a regular lattice and let a € Z be non-zero. If a
is represented by L, for all primes p (and p = —1), then a is represented (over Z) by

some H € gen(L).

Theorem 3.5.7. [Cas78] Let L be a regular lattice of rank n > 4 and let a € Z be
non-zero. If a is represented by Ly, for all primes p (and p = —1) then a is represented

by L over Z.

When studying the classification of lattices one finds that, in the most general
setting, the genus of a lattice defines a strictly weaker equivalence relation than the
class. For example, (1) & (82) and (2) & (41) belong to the same genus but they do not
belong to the same class [Cas78].

In order to obtain stronger statements, one can consider a refinement of the genus:
the spinor genus. In particular, the spinor genus usually contains at most one class.
Moreover, one can show that subject to minor restrictions, the class, genus and spinor
of a lattice all coincide. Following |CS99] §15, we define some notation to describe the

genus of a lattice. The first step is to introduce the p-adic Jordan decomposition.

Theorem 3.5.8. [CS99] If L is a lattice and p # 2 then L, can be diagonalised over
L. If p = 2, then L, can be written as an orthogonal product of Z, lattices whose

forms are given by

qa qb
(gx) and

qb qc
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where q is a power of 2, a and ¢ are divisible by 2 but 2 divides neither of x nor b nor

d=ac—b%.

We can therefore express L, as
Ly=L'@pl’op’l” &..0qli ... (3.1)

where each L? is a p-adic unit form. That is, a Z4-lattice whose determinant is coprime
to p (if p > 2) or a positive definite form p = —1. The factors ¢L? are called Jordan
constituents of L and the decomposition given in Equation is called the Jordan
decomposition of L. The number ¢ is called the scale of the factor ¢L9.

If p # 2 then, from the decomposition given in Equation , we define the di-

mensions n, = dim LY and the signs

<det L >
€, =
a p

where the left-hand is the Legendre symbol of det L? for the prime p.

We now define the p-adic symbol. For p # 2, we can define the p-adic symbol of
the lattice L from the Jordan decomposition given in Equation (3.1). If p = —1, this

is defined as the formal product

N

where (n4,n_) is the signature of L.

If p > 2, the p-adic symbol of L is defined as the formal product of the terms

€qMq

q

For p # 2, two lattices are equivalent over Z, if and only if they have the same p-adic
symbol ( [CS99] §15.7). In order to define a complete set of invariants for the genus of

a lattice, one also has to consider p = 2. In this case, there are slightly more invariants
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to consider. If L has a 2-adic decomposition given by

L=L'@2l?04l'e ... 0oqlia®...

The term gL? has invariants consisting of
(i) The scale q of qL4
(ii) The type S, of LY which assumes the value I or I1 (see below)
(iii) The dimension ng = dim L4

(iv) The sign

o det L9
T\ 2
(v) The oddity t, of L7 (see below).

The type S, of LY is defined to be I if ¢L? represents an odd multiple of ¢; otherwise,
Sy is defined to be I1. One can also show that S, = I if and only if there is an odd
entry on the main diagonal of the matrix representing L9; otherwise, /1. If S, = I, the
oddity t, is defined as the trace of L? read modulo 8; otherwise, t, = 0.

We can now define the 2-adic symbol of the Jordan decomposition. If p = 2, the
2-adic symbol of the Jordan decomposition given by is a formal product of terms
of the form

€qMq

qtq

if L7 is of type I; or

€qMgq

if L7 is of type I1.
Neither the p-adic Jordan decomposition of L nor its associated p-adic symbol are
unique. Therefore, there is an associated equivalence relation on all the possible p-adic

symbols of a lattice. This equivalence can be given in combinatorial terms, but is a

little lengthy to state. For details see |[CS99] (§15 7.5).
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Given the p-adic symbols of L, we write

Im(...qtim...) or Ilm(...qtim...)

where I or I1 correspond to the type of the 2-adic form L' (sometimes called the parity
of L); the subscripts r, s is the —1-adic symbol +"—* (i.e. the signature of the lattice);
and the terms qtfEm run over all of the factors p-adic symbols for p > 2. It can be shown

that the above notation expresses the genus of L [CS99).

3.5.3 The spinor genus and the spinor norm

One can also study lattices in terms of a refinement of the genus: the spinor genus. The
spinor genus takes a little more work to define, but one is rewarded with significantly
stronger results; in particular, one obtains strong general results on integral equivalence.
If V is a regular quadratic space of dimension n > 2 over a field k where chark # 2
then, for all v € V is such that v? # 0 then the reflection o, € O(L) in v is defined as

the map
(2, v)

(v, v)
for all z € V. We define O(V) = {g € GL(V) | (g9, g9x) = (z,z) Vo € V}.

Op:XTH—T—2

Theorem 3.5.9. [Cas78] For V as above, O(V') is generated by reflections.

Definition 3.5.10. If g € O(V) is such that g = oy, ...0y, then the spinor norm

s

sny(g) of g is defined by

(v1,201) N (Us;us) k(2.

snv(g) = -

One can show (see [Cas78|, §10, for example) that this definition is a well defined
group homomorphism. (We remark that our definition of the spinor norm has a different

sign convention than many other sources.) If L is a lattice in V, the spinor norm on
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O(L) will be taken to mean the restriction to O(L) < O(V') of the spinor norm on
O(V). The kernel of the spinor norm on O(V) is denoted by O* (V). We define the
groups O1 (L) :== OT(V)NO(L) and SOT(L) := O (L) N SO(L) etc.

Definition 3.5.11. If L1 and Lo are lattices in the Q-vector space V', we say that L
and Ly belong to the same spinor genus if there exists n € O(V') such that for all primes

p there exists 6, € O(L1) such that

n(L2) = 5p((L1)p)

for all p.

We denote the spinor genus of a lattice L by sg(L). It is clear that

sg(L) C gen(L) C cl(L).

The number of spinor genera contained in a genus can be determined effectively and is
always finite and a power of 2 ( |Cas78] §11). It is clear that classifying spinor genera
is somewhat more involved than classifying genera. It is therefore desirable to know

when the two notions conincide. In fact, this happens quite often.

Theorem 3.5.12. ( [Cas78] §11, Theorem 1.3 ) Let L be a lattice of determinant d in
the quadratic space V. If gen L contains more than one spinor genus then at least one

of the following occur:
1. There is an odd prime p such that p™("=1)/2 | d
2. o(n=3)/2+[(n+1)/2] | g,
(where [(n + 1)/2] denotes the integral part of (n+1)/2.)

Remarkably, the notions of spinor genus, genus and class all coincide for indefinite

lattices of rank greater than or equal to three.

Theorem 3.5.13. ( [Cas78]§11, Theorem 1.4) If L is an indefinite lattice of dimension
n > 3, then cls(L) = sg(L).

25



This is a particularly useful result as it allows one to work at the level of the genus

and still obtain strong classification results.

3.5.4 The Discriminant form

The discriminant group D(L) of an even lattice L is the abelian group is defined by
D(L)=L"/L

(where LY is the dual lattice of L). The discriminant group comes with a Q/2Z-valued
quadratic form (the discriminant form) inherited from L. We shall often denote this
form by gq. Many lattice theoretic results can be succinctly expressed in terms of the
discriminant form (which is due to Nikulin). For more details, the reader is referred
to |Nik79b|. A particularly useful fact, that we use often, is that the signature and
discriminant form of a lattice form a set of invariants for the genus ( [Nik79b| Corollary
1.9.4). From the discriminant form on L, one can can also define a natural subgroup

(the stable orthogonal group) O(L) of O(L) by
O(L) = {g € O(L) | g = id} (3.2)

where § denotes the natural action of g on D(L). The group O(L) is particularly
important in moduli theory and the theory of orthogonal modular forms and has the
useful property that if § < L then O(S) < O(L) (see |[GHS13] Lemma 7.1, cf. [Nik79b)|

Proposition 1.15.1).

3.5.5 The two dimensional space groups

For later applications, we need to know about the orthogonal group O(B) of a definite
lattice B of rank 2. The group O(B) is, of course, finite and by the crystallographic
restriction theorem ( [Sen95] p. 50), if g € O(B) then g has order 1, 2, 3, 4 or 6 and B
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admits a basis such that g is given by £15 or by

1 0
if Xg(7) = ¢1(z)P2(T)
0 —1
+1
0 1
if Xg(x) = ¢3($)
1 -1
+1
0 -1
if Xg(7) = ¢a(x)
1 0
+1
0 —1
1 1

3.6 Orthogonal modular forms

We start with a definition. More details can be found in [GHS13].

Definition 3.6.1. If L is a lattice of signature (2,n) where n >3 and I' < OV (L) is
of finite index with character x : ' — C* then a weight k (k € Z) modular form F for

I with character x is defined as a holomorphic function F : D} — C (where D} is the

affine cone of D) such that

F(tZ)=t""F(2) vt € C*

F(g9Z) = x(9)F(Z) VgeT

and F is called a cusp form if it vanishes at each cusp of Dr.

Definition 3.6.2. If " < O(L) is of finite index and x : I' — C* is a character of T’

we denote the space of weight k modular forms for I' with character x by

Mk(ra X)
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and the subspace of cusp forms by

Sk(Fv X)

respectively.

We shall often omit the character x and refer simply to My (T") and Sk (T).

3.7 Kodaira dimension of Orthogonal modular varieties

Recall that the Kodaira dimension of a smooth projective variety X is defined by

K(X) = trdeg @ H' (X, kK x) — 1
£>0

or by —oo if HY(X,kKx) = 0 for all k > 0. Equivalently, as h(X, kKx) ~ k*X) for
sufficiently divisible k, one can define x(X) in terms of the growth of the k" plurigenus
hY(X,kKx) of X. In the case x(X) = dim(X), we say that X is of general type.

Many orthogonal modular varieties F are of general type. This can often be proved
by using special modular forms to produce pluricanonical forms. This method is based
on the fundamental observation (the Hirzebruch-Mumford proportionality principle)
that if I is a discrete subgroup of O(2,n) then the dimension of the space of weight-
k modular forms for I' grows like k™. Therefore, if one can produce pluricanonical
forms from a sufficiently large subspace of My (T'), then one should arrive at general
type results. We discuss Hirzebruch-Mumford proportionality in more detail in Section
It is straightforward to construct a pluricanonical form on the regular part of
a modular variety from a modular form. However, in order to prove general type
results, one must also check that the forms constructed extend to a smooth projective
model F of the modular variety F. In order to solve this extension problem, one needs
to understand the geometry of the branch locus, the singularities and the boundary
components of a suitable compactification in order to determine which modular forms
define pluricanonical forms on F. From this point, we will take F to mean a toroidal
compactification of F and F to mean a desingularisation of F.

One method of producing pluricanonical forms on F from special modular forms
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is the low-weight cusp form trick (see |GHS13| pp. 497-499). Here one starts with a
cusp form F, of weight a < n and a modular form G ,,_,y; of weight (n — a)k and one

defines the modular form

Fnk = szG(n—a)k

and the differential form

Qi 1= For(d2)F

where dZ = dzy A ... Adz, is a volume form on the regular part of D. The form €, is
I'-invariant and therefore descends to a differential form w,; on F that defines a section
of the pluricanonical bundle of F away from the cusps and away from the branch locus.
The form €2, has zeros of order k along along the boundary of F and therefore, by the
results of [AMRT10|, w,;, defines a section of the pluricanonical bundle of F away from
the branch locus. We must therefore understand the conditions imposed by the branch
locus of F on F,, so that wy,y extends to F. As explained in Section the smooth
part of the branch locus corresponds precisely to the fixed locus of elements in I' that
act as quasi-reflections. These elements are given by +0 € I' where ¢ is a reflection.
Therefore, as can be shown by direct calculation in the spirit of Chapter I of |Rei87],
the form wy,; extends over the smooth part of the branch locus if F},; vanishes to order
k along the fixed loci of all £o € T'.

One still has to consider the singular part of the branch locus but, in some cases,
the singularities of F do not impose any conditions on F,;. This is the case if all the

singularities of F are canonical.

Definition 3.7.1. If X is a normal complex variety, we say that X has canonical

singularities if it is Q-Gorenstein and for some resolution of singularities
fiX X

the discrepancy A = K — f*Kx is an effective Weil Q-divisor.

We recall that X is Q-Gorenstein if there exists r € N so that if Kx is the canonical

(Weil) divisor Ky is then rKx is Cartier. Equivalently, X has canonical singularities
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if for all open U C X, any pluricanonical form on the smooth part of U extends

holomorphically to a desingularisation U.

3.8 Canonical singularities in orthogonal modular vari-

eties

In order to apply the low-weight cusp form trick, we wish to be able to decide whether
or not a singularity is canonical. As the singularities in an orthogonal modular variety
are all finite quotient singularities, one can use the Reid-Tai criterion. An excellent
introduction to canonical singularities is [Rei87]. Many of the following results can be

found in [GHSO7] or [GHS13].

Definition 3.8.1. Ifg € GL(n,C) is of finite order m > 1 with eigenvalues (**, ..., (%™

for ¢ = €2™/™  the Reid-Tai sum X(g) is defined by

0 -3}

i=1
where 0 < {z} < 1 denotes the fractional part of x. We define £(1) := 1.
The Reid-Tai criterion is given by the following:
Theorem 3.8.2. [GHS13] If G < GL(n,C) is a finite subgroup not containing quasi-
reflections, then C" /G is non-canonical if and only if

Y(g) > 1

forall g € G.

If G contains quasi-reflections, we have a modified version of the Reid-Tai sum due

to Katharina Ludwig:

Definition 3.8.3. If g € GL(n,C) is of finite order m > 1, let k € Ny be minimal with

the property that g is a quasi-reflection or the identity. Let s be such that m = sk
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and let g have eigenvalues C9, ..., (% for ( = e*™/™ where {a;} are ordered so that

¢kar = ¢kan—1 = 1. The modified Reid-Tai sum ¥'(g) is defined by

0 - {52} (3]

and ¥'(1) := 1. (Note that ¥'(g) = X(g) if no power of g is a quasi-reflection.)

For applications, one needs to be able to apply the criteria to each element of G in

turn. In such a case, one can use the following proposition:

Proposition 3.8.4. [GHS13] If G < GL(n,C) is a finite group, then C"/G has

canonical singularities if C"/{(g) has canonical singularities for all g € G.
And so,

Theorem 3.8.5. [GHS15] If G < GL(n,C) is a finite subgroup, then C"/G has
canonical singularities if

¥(g)>1

forall g € G.

In order to apply the above results to Fr(I'), one needs to understand the local
action of an isotropy subgroup G < I' around a point [w] in its fixed locus. Around

[w], the tangent space T}, Dy, is locally isomorphic to
T} Dy = Hom(W, W /W) =: V

where W = C.w < L ® C and the group G acts on W < L ® C as a character
a: G — C*. In [GHSO07], bounds for ¥(g) were produced by carefully studying the

rational representations of g € G on the g-modules
S=WoW)rnL

and

T=8+<L.
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By using this method, (and a similar approach at the boundary) they proved that a
toroidal compactification of Fr,(I") exists with at most canonical singularities whenever
n > 9. In smaller dimensions, however, compactifications with only canonical singular-
ities may not exist. However, some details about these compactifications are known.
A fact that we shall use later (established in the proof of Theorem 2.10 of [GHS07])
is that the non-canonical singularities in an orthogonal modular variety of dimension

n < 5, are fixed by quasi-reflections or elements of order 3, 4 or 6.

3.9 The Hirzebruch-Mumford volume

In order to prove general type results by using the low-weight cusp form trick, we
need to understand the growth of the spaces M (I, x). The growth of such spaces is
governed by the Hirzebruch-Mumford proportionality principle. As proved in [GHSO0S],

the principle implies that

2
dim M, (") = ~ volga (D)E™ + O(k™1).

The constant volgas(I") is known as the Hirzebruch-Mumford volume of the group T.
The Hirzebruch-Mumford volume essentially compares the volume of I'\Dy, with the
volume of the compact dual D(LC). Each of these volumes may be expressed in terms of

the Tamagawa measure of O(L) and, due to a result of Siegel, one can compute these

volumes by local methods in terms of the local densities oy, (L) of L. Here,

rn(n—1)

1
ap(S) = ilimr_,oop* 2 |{X € Mat,(Z,) modp”," X SX = S modp"}|

for a quadratic form S defined by the matrix S € M,,(K) over a number field K. Such

local densities can be computed explicitly (as in [Kit93]). In [GHSO08§]|, it is proved that

Theorem 3.9.1. If L is an indefinite lattice of rank p > 3, then the Hirzebruch-

Mumford volume of O(L) is equal to

2
gap(L)

P
| det L| T2 TT 7720 (k/2) [ [ ap(L) ™

k=1 p

Vol (O(L)) =

32



where ay,(L) are the local densities of L, g&,(L) is the number of spinor genera in the

genus of L, and I' is the gamma function.

They also calculate a number of explicit examples. Moreover, they show (in the
proof of Proposition 4.1) that if My,(—nDk) is the subspace of weight 2b modular

forms vanishing on the rational quadratic divisor
Di = {[z] € Dr | (z,k) =0} for ke L, k* <0
then
0 — May(T')(—(2 + 2n)Dk) — Map(L)(—20Dk) — Ma(ppn)(I'N 6+(K))

where K = k+ C L. Therefore, if given a list of rational quadratic divisors containing
the singular locus and formulae for their associated Hirzebruch-Mumford volumes, one
can establish results on the growth of the space of modular forms vanishing along the

divisors.

3.10 Statement of results

In this thesis, we study the geometry of a toroidal compactification of the orthogonal
modular variety JFoq associated with deformation generalised Kummer 4-folds with a
degree 2d polarisation of split type. If Lgoq = 2U @& (—6) @ (—2d), then Fyq is the

orthogonal modular variety given by

Fod = T'624\DLg 24

where I'g 29 = O (Lg, h§,;) < O(Lg24) and O(Lg, h,) is the group that we determine
in Theorem Where no confusion is likely, we shall also denote I'g o4 by I'.

As explained in Section [3.7] if one is interested in proving general type results for
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Faq, then it is important to understand the branch locus of

DL —>.FL(F2p2).

6,2p2

If one seeks an exact solution to this problem, the question of determining the obstruc-
tion in the interior of Fo4 is mostly a question of determining the conjugacy classes of
finite subgroups in I'. This, it turns out, is a hard problem. Nevertheless, an estimate
will suffice if one is only interested in proving general type results. Such an estimate is
given by Theorem

Our intention throughout has been to provide results that are as exact as possible.
In order to use methods that yield good bounds, we have made certain arithmetic
restrictions. The first restriction we make is that we only consider the orthogonal
modular varieties Foq for 2d = 2p? where p is an odd prime. By doing so, we obtain
better results than we would expect to obtain for arbitrary d. We shall make some

comparisons with the general case in the introduction of Chapters
1. The starting point for our most of our bounds is Theorem

Theorem 4.0.11. The group O (Lg, hsp2) is of finite index in O (Lg,hs) and

|OF(Lg, h3) - OF (L, hie)| < 16(p° + p7).

Here we show that I'y,2 is of finite index in I'y and provide a bound on the index.
The index estimate comes from studying the action of the orthogonal group on
a finite quadratic space, and using a classical result on the order of orthogonal
groups of finite type in order to arrive at a final sharp bound. Such a problem
was studied in [Kon93| and [Sca87] for the moduli of K3 surfaces, but their results
were not effective. Effective bounds for the number of boundary components in
the moduli of certain abelian surfaces were produced in [HKW93] but by using

very different methods, which do not appear to generalise to our setting.

2. As explained in Section[3.7] if one is interested in proving general type statements
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then only the non-canonical singularities are significant. By a result of [GHS07],
the non-canonical part of the singular locus in the interior is contained in the fixed
loci of certain involutions and 3-torsion elements. In Theorem we determine
the rational quadratic divisors containing these singularities by adapting a recent

result of Boissiere, Nieper-Wifkirchen, and Sarti [BNWS13].

Theorem 5.3.4. If [w] € Fp, o2 18 @ mon-canonical singularity,

[w] € DY, C Dy,

6,2p2 6,2p2

where DEG b2 is one of, at most, 8(p® + 1) rational quadratic divisors. The vector
1P

v can be chosen to be of length £2 or +2p?.

. In order to produce general type results by using the low-weight cusp form trick,
one needs to understand when the forms constructed extend to a smooth model of
Fop2. We provide effective criteria for establishing whether or not a pluricanonical

form extends over the interior obstructions in Theorem [5.4.3]

Theorem 5.4.3. If 2 is a I'-invariant pluricanonical form on Dr, 22 then § de-

fines a pluricanonical form on a smooth model of Fr, if Q vanishes to suitably

6,2p2

high order over the pre-image of the obstructions under the map

Moreover, the order of vanishing required can be determined effectively.

This involves lengthy computer calculations (the results of which are given in
Appendix involving the Reid-Tai criterion. We only consider the interior
obstructions here, but these results could be extended to the singularities in the

boundary.

. In Theorem [5.5.3| we classify the possible singularities that can occur in the inte-

rior by using representation theoretic methods.
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Theorem 5.5.3. Around [w] € Fp, the space Fr, , is locally isomorphic to

6,2;02 ’
C*/G where G < GL(4,C) and G = G1 x Gy x G3 where Gy is cyclic, and G
and Gs are binary polyhedral groups. Every element in G has order not exceeding

56 and the action of G on C* is given precisely by the degree 4 representations of

G, which can be deduced from Appendiz A.

Lastly, we study the geometry and combinatorics of the boundary.

5. In Theorem we count number of rank 2 boundary components in F(I'g,2).

Theorem 6.4.3. The modular variety Fr has at most 320(p® +p?) rank 2 bound-

ary components.

The problem of counting the number of boundary components in a modular
variety was studied for the moduli of abelian surfaces in [HKW93] and the moduli
of K3 surfaces in [Sca87]. We restrict our attention to the rank 2 boundary
components as, by Theorem these are the important for the purposes of
proving general type results. Besides being intrinsically interesting, the boundary
components can all impose conditions on the space of extensible modular forms.
The number of conditions imposed by the boundary depends on the number of
boundary components, and so one may need an estimate of these in order to
provide dimension formulae. Our approach involves counting isotropic planes in

Lg 2 before using the index estimate of Theorem [4.0.11}

6. In Theorem we provide bounds on the number of components of the singular

locus in a rank 2 boundary component.

Theorem 6.5.3. If (a1, a1a2) = (1,1) the singular locus of a boundary component
contains of the order of p® points and p°® lines. The number of surfaces in the
boundary component does not depend on p. If (a1,a1a2) = (1,2p) the singular
locus of a boundary component contains of the order of p** points, p'2 lines, and

p° surfaces.
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(The pair of integers (a1, ajaz) depends on the choice of boundary component
and is explained in Lemma M) Here, we take a very different approach to the
study of the singularities in the interior. We describe the neighbourhood of each
rank 2 boundary component explicitly, in terms of coordinates, as the quotient
of a toric variety by the action of an arithmetic group, and we obtain equations
for the fixed points. These equations are solved by studying two classical objects:
the congruence subgroups of SL(2,Z) and the automorphisms groups of definite
integral binary quadratic forms. We find that the components of the fixed locus
correspond to points in a lattice. We let the group act on the lattice and show
that the solutions can be taken to lie inside a box. The final step involves counting

the number of points inside the box.

We think that it is worthwhile to end by comparing these results to the moduli of
abelian surfaces, in which most of the above problems have been solved in a pleasingly
exact way. (For example, [Bra95] [HKW93| [San97].) The moduli space of polarised

(1,t) abelian surfaces is the quotient

Ay =T\Hy

where
7Z 7 7 tZ

tZ 7 tZ tZ
L

v €5p(2,Q) |y €
7 7 7 tZ

Z iz 7 Z

But because of the 2:1 morphism
Sp(2,R) — SO(2,3)

there is no harm in thinking of 4; as an orthogonal modular variety (see |[GH98| for

an explict example of this sort of construction). With this picture in mind, the frame-
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work we use to study the orthogonal modular varieties associated with deformation
generalised Kummer varieties can at once be applied to the moduli of abelian surfaces.
The essential difference between the two is that all of the lattice classification problems
that we encounter for the orthogonal modular varieties associated with deformation

generalised Kummer varieties are completely trivial for the moduli of abelian surfaces.
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Chapter

Moduli of generalised Kummer varieties

In this chapter, we study the modular group I' = O (Lay,, hy) < O+(hdL) of a family of
deformation generalised Kummer manifolds. In order to do so, we must first classify
polarisation types. The classification of polarisation types for deformation generalised
Kummer manifolds is essentially identical to the classification for manifolds of K327
type as the two Beauville lattices differ only by a factor of 2Eg(—1). The classification

for the K3 case is given in [GHS10], and so we omit the details here.

Proposition 4.0.1. If hy € Lo, is primitive of length 2d > 0 with div(hg) = f. Let
g = (%7%)7 w = (g7f)7 g = wygi, f = 'LUfl. Then 2n = fgnl = w2flgln1 and

2d = fgdy = w?figidy where (n1,d1) = (f1,g1) = 1.

1. If g1 is even then hy exists if and only if (dv, f1) = (fi,n1) = 1 and di/ny is
a quadratic residue modulo f1. Moreover, the number of 6(L2(n_1))—0rbits of hq
with fized f is equal to wi(f1)p(w—(f1)).2°00) where w = wy(fi)w_(f1) and
w4 (f1) is the product of all powers of primes dividing (w, f1), p(n) is the number

of prime factors of n and ¢(n) is the Euler function.

2. if g1 is odd and fy is even or fi and dy are both odd, then such an hg exists if
and only if (dy, f1) = (t1,2f1) = 1 and —dy /nq is a quadratic residue modulo 2f;.
The number of 6(L2n) orbits is equal to wy(f1)é(w_(f1)).2°01/2) if f is even.
and wy (f1)d(w_(f1)).2°00) if fi and dy are both odd.
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8. If g1 and f1 are both odd and dy is even, then such an hq exists if and only if
(di, f1) = (n1,2f1) = 1, —d1/(4t1) is a quadratic residue modulo fi and w is odd.

The number of O(Lay)-orbits of such an hy is equal to w (f1)d(w_(f1)).2°01).

4. If ¢ € Z, determined modulo f satisfies (c, f) =1 and b = (d + c*n)/f? then

(ha)z,, =2U& B

—2b 027"
where B =
2n
CT —2t
Proof. See |GHS10]. O

Corollary 4.0.2. If w = 1 and if there exists a primitive vector hgy € Loy, such that

h% = 2d and div(hg) = f, then all vectors belong to the same O(Lay)-orbit.
Corollary 4.0.3. If f = 1, then for any n and d, there is only one (N)(Lgn) orbit of
primitive vectors hg with div(hg) = 1. Moreover, ¢ =0 and so
(ha)E,, = 2U & (=2(n +1)) & (~2d)
We define the lattice Loy, 24 by

Lop2q =2U @ (—2n) & (—2d).

Definition 4.0.4. A polarisation determined by a primitive vector hqg € Loy is called
split if div(hg) = 1 and non-split otherwise. If a primitive vector hy € Loy, is split, we

indicate this by writing hj instead of hy.

We shall consider a family of deformation generalised Kummer 4-folds with split
polarisation of degree 2p? where p > 3 is prime. Because of Corollary this choice
of split polarisation is an extremely natural one to study.

Later on, we shall be interested in determining the singular locus of F54 and this

involves studying lattice embeddings. In the general case, we are led to arithmetic
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problems regarding the classification of definite lattices, and these make the locus
difficult to describe. However with the assumption that d = 2p?, we can use an idea of

Kondo |[Kon93] and regard
2U @ (—6) @ (—2p%) < 2U @ (—6) ® (—2)

and

O™ (Lg, hoy2) < OF (L, ha).

This approach allows us to replace problems involving the classification of lattices with
problems of a more combinatorial flavour, which admit a more exact solution. Geo-
metrically, we can think of the inclusion O (Lg, hop2) < O™ (Lg, h2) as corresponding
to a finite cover Fy,e — Fa.

We now characterise the inclusion O(Lg, h3;) < O(Lg24). We start by outlining the
general theory for O(L,S) = {g € O(L) | g5 € O(S)} where S < L is primitive. As

explained in [Nik79b|, the inclusion S C L defines the series of overlattices
StaS<L<LV<(SH)aesY.

The overlattice S+ @ S is defined by the isotropic subgroup H = L/(S+ @ S) and
because

H=L/)ST®8) < (SH)V/st®SY/S=D(SH) @ D(9),

H can be regarded as a subgroup of D(S1)@® D(S). We can then define the projections
ps: H — D(S) and pg. : H — D(S*). Because of Lemmam

Lemma 4.0.5. [Nik79b] [GHS10] Let S be a primitive sublattice in L. Then g €
O(L, S) if and only if g(S) = S, glp(s) = id and §|P5L(H) = id.

we can prove the following theorem.

Theorem 4.0.6. If d > 2, the group O(Lg, h3) < O(Lg2q) and

O(Ls, h54) = {g € O(L2a) | § = (1) € O(D(Le 24)) }

41



Moreover, if p is an odd prime, O(Lg, h§p2) < O(Lg2)-

Proof. The first part of the argument is essentially a specialisation of Part (i) of Propo-
sition 3.12 in |[GHS10].

We can at once consider O(Lg, hq) as a subgroup of O((hdL)LMd) because O(Lg, hq)
acts on both (hg) and h in

(ha) ® (ha)™ < Lg

but acts trivially on (hg) (as D((hg)) = Cq # C2).

If hg € Lg is split then, by Lemma we can take an 6(L6) representative of hy
tobe hg =e3+bfs =e3+dfs € UD (—6). If ky = e3 — dfs and ky = lg, then a basis for
(h)Y is given by {e1, f1. €2, fo, ki, Ky, k4 } where k} = ’2%, kb = % and kj = g—g. where

l¢ is a generator of the (—6) factor in Lg = 3U & (—6). Consider
(ha) ® hg < Le < Ly < (hy) @ (hg)"

where hY = g and hy = (hg)* C Lg is given by hy = 2U & (—2d) & (—6). A simple

calculation shows that the subgroup
H = Lg/((ha) ® hy) < D((ha)) & D(hy)

is equal to (k§ — ki, d(k} + k3)) < Le¢/({(h4) ® h}), and so phj(H) = (k).

By Lemma and because D(hy) = (k) ® (kj),
O(L67 hd) = {g € O(hé‘) ‘ ?‘p(H) = id}

and we obtain the first part of the claim.

For the second part of the claim, let Lg 5,2 and Lg 2 have bases {e1, f1, ez, f2,v1,v2}
and {e], f1, e, f5,v],v5} where {e;, fi}, {€}, f/} are the standard bases for U and v; and
v} are generators for the copies of (—6) in Lg 9,2 and Lg 2, respectively and vp and vj
are generators for the copies of (—2p?) and (—2) in Lg 9,2 and Lg 2, respectively. Define

the embedding Lg 52 < Lg2 by (e1, f1, €2, f2,v1,v2) — (€], f1, €5, f3,v], pva) and define
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the totally isotropic subspace M by
M = Le2/Legp2 < D(Lggp2)-
We can recover Lg o from M by noting that
Loz ={x € Ly | © mod Lg g2 € M}.
Moreover, M is of the form (0, ) € D(Lg 9,2) = (k5) @ (k7). The element
g € O(Lg, hop2) < O(Lg 2p2)

extends naturally to an element § € O(Lg/sz) and because g(k}) = k|, the element

g preserves M. Therefore, §(Lg2) < L2 and so g extends to a unique element in

O(Lg 2). O

Corollary 4.0.7. If p is an odd prime and hyy> € Lg is split, then
O (L6,2p2) S O (Lﬁ, h2p2).

We next use an idea in [Kon93| to show that O(Lg, hgy2) is of finite index in O(Lg 2)
by considering the action of O(Lg2) on a finite quadratic space. We begin by outlining
some classical results on the orthogonal groups of finite type. These can be found
in [Die71], for example.

A non-degenerate quadratic space V over a finite field F, of odd characteristic is
classified in terms of dim V' and the discriminant A = det B € F;/ (F;)z, where B is
the bilinear form on V.

If dim V' = 2m, then V falls into one of two isomorphism classes depending on the

value of € := (—1)"A € F}/(F;)?. They are:
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VP —H @&...® Hpy, ife=1

VI = Voo H ®Ho @ ... » Hpyy if e = —1.

Here, H; are hyperbolic planes over F, and Vj is the quadratic space (u,vh:p whose
bilinear form is given by (u,u) =1, (u,v) = 0 and (v,v) = 6 for some —6 ¢ (F;)Q.

If dimV = 2m + 1, there is only one isomorphism class for V', which is given by
Vil = 0 @ ... Hy, & (0) for some 0 # 0 € Fy.

We show that O(Lg 9,2) is of finite index in O(Lg2) by considering the action of

O(Lg p2) on the finite quadratic space @, where

Qp = Le2/pLe2 < Lg 2p2 /L 2-

In order to do so, we need to show that O(Lg2) acts transitively on @,. We remark
that this is not immediate from Witt’s theorem [Asc00] as it is not clear that O(Lg2) —
O(Q)p) is surjective. In order to show transitivity, we shall use the following two lemmas

to construct elements of O(Lg 9,2).
Definition 4.0.8. Let L be an indefinite lattice. If e € L is isotropic and a € e C L
then the map on L defined by

tle,a):v—v—(a,v)e+ (e,v)a — %(a, a)(e,v)e

is called an FEichler transvection and belongs to the group é()Jr(L) (see also (GHS09)).
Lemma 4.0.9. The group S/6+(2U) is isomorphic to SL(2,Z) x SL(2,Z).

Proof. Full details of the proof may be found in |[GHS09]. The isomorphism is defined
by mapping (w,z,y,z) € U@ U to (¥ 3¥) € My(Z), where (w,x,y, ) is given on the

standard basis for U @ U. The inner product on U & U is defined by the determinant
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on Ms(Z). An element (A, B) € SL(2,Z) x SL(2,Z) acts on U & U by mapping

O]

Lemma 4.0.10. The group O(Lg2) acts transitively on hyperplanes of the same type
in Qp.

Proof. Let {e1, f1, e2, f2,v1,v2} be a basis for Lo = 2U & (—6) & (—2) where v; and
vg generate (—6) and (—2), respectively and {e;, f;} are the standard basis for U. If
w = (w1, ws, w3, w4, ws, ws) € Lo then the Eichler transvections t(er,v1) and t(eq, v2)
act as

t(ea,v1)w = (w1, ws, ws + 3wy + 6wy, wy, w5 + Wy, We)

and

t(eg,vg)w = (wl,wg, ws + wy + 2w, Wy, Wy, We + w4).

Let x = (z1, 22,3, 24,25, %6) € Le2/pLe2 be non-zero. We can assume that x4 # 0
by (if required) applying t(ez, v1) and permuting {1, z2, 3, 24} by elements in O(2U).
Rescale z so that 4 = 1. After repeated application of t(ez,v1) and t(eg,v2), we can
transform x to an element of the form (x,*,%,%,0,0) and thereby identify = with an
element of 2U. By using the copy of SL(2,7) x SL(2,Z) in O(2U), we can send z to an
element of the form (r,s,0,0,0,0) and then, after rescaling, to an element of the form
(1,a,0,0,0,0). Now suppose that u,v € Lg2/pLg 2 are such that u = (1, a,0,0,0,0) and
v=(1,b,0,0,0,0). Ifab~! € (IF‘;;)2 then there exists y, A € F,, such that (uu)? = ()2
Let 4 := pu = (u1,u2,0,0,0,0) and 0 := \v = (v1,v2,0,0,0,0) and suppose that

u—10=(r,s,0,0,0,0) is non-zero. Let d = ged(r, s) and let 1,72, $1, S2 be solutions to

roul + rius = d

Sov1 + Yovg = d
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and let

u' = (r1,72,0,0,0,0) € Lg 2

v’ = (s1,52,0,0,0,0) € Lg 2
r s
(@ a

w = ,0,0,0,0) S L672

be lifts to Lg2 such that v/,v,w € e; N fi- C Lg2. Then, over F,, (4,u’') = d and
(0,v) = d and so the element t(ea, v')t(f2, w)t(e2,u’) sends @ to ©. Therefore, O(Lg 2)

is transitive on hyperplanes of the same type in Lg2/pLe 2. O

We shall also need to know about the order of O" (V) for a finite quadratic space

V. As in [Die71], these are given by
(O (V2™ = (¢ = 1)¢* H(@®™ 2 = 1)... (¢ — 1) (4.1)

and

O (V™) = (@ = ed™ (@2 = 1" (¢~ Da. (4.2)
We can now prove our main theorem.

Theorem 4.0.11. The group O™ (Lg, h§p2) is of finite index in O (Lg, h3) and
| OF(Le, h3) : OF (Lg, h3 )| < 16(p° + p?).

Proof. There are natural homomorphisms from O(Lg 2) — O(Lg2/pLe2) and by Lemma
4.0.10, O(Lg2) acts transitively on @, and so O(Lg2/pLe2) also acts transitively on
Qp- The group O(Lg, hgy2) < O(Lg2) stabilises a hyperplane II C @, and so, by the

Orbit-Stabiliser theorem,
| O(Le,2) : stabo(rg,) ()| = [ O(Le2/pLe2) : O(Lg2p2/PLe2)|

and

| 0% (Le,2) : stabo+ (1, ,)(ID] = | OF (Le2/pLe2) : OF (Lg 22/PLe 2)]
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(where we have used the fact that stabo(r,/prg.)(II) = O(Lg 2p2/pLs2) and the fact
that the spinor kernel is of index two in the full orthogonal group). By Lemma m
O(L6, h§p2) < O(L6’2) and so

O (L6,2p2) S O+(L6, h2p2) S Stabo+(L6 )H S O+(L6,2p2)‘

;2

As O(D(Lg ,2)) = V) @ Cz @ Co where Vj is the Klein 4-group,

’StabO(LG’Q) 11 : O(LG, hSPQ)‘ S ’O(L6,2p2) . O(L672p2)‘ =16
and therefore

|O+(L672) . O+(L6, h§p2)| S 16| O+(L672/pL672) . O+(L6,2p2/pL6,2)|

(p° —ep®)(p* — Dp*(p* — Dp
=10 (p* = )p3(p* — p

< 16(p° + p?)
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Chapter

Singularities in the interior

5.0.1 Introduction

in

As explained in the introduction, we need to understand the singularities of Fr,_ 202

order to prove general type results. Unfortunately, giving an exact description of the
singularities of F. L o2 is a difficult problem. There are two ways to view the problem:
as a problem in group theory, or as a problem in geometry. The group theoretic
perspective takes the view that singularities of F. L o2 (T") correspond to finite subgroups
in O(Lg, h§p2) and that one should solve the problem by classifying conjugacy classes
of such subgroups. The folklore approach to classifying elliptic elements is to construct
a fundamental domain for the group and examine the stablisers at the boundary. This
is the approach taken in [Got61la] and |Got61b| (see also [Uen72]) for the symplectic
group Sp(4,Z) and finds application in the study of singularities in moduli spaces of
abelian varieties [Bra95| [HKWO91|. Unfortunately, it is usually difficult to exhibit a
fundamental domain for an arithmetic group in a form that is suitable for calculation.
Exact polyhedral fundamental domains exist for groups whose symmetric space is a
cone |[AMRT10], such as SL(2,Z), Sp(4,Z) or O"(2,3), but outside of these cases,
there are very few results.

The geometric perspective, which comes from considering the local Torelli theorem

(Theorem , takes the view that the singularities of 71, _,(I') correspond to defor-

6,2p2

mation generalised Kummer varieties with a non-trivial automorphism group and that
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one should solve the problem by understanding automorphisms, such as in [Nik79a].
However, while the the study of automorphisms of irreducible symplectic manifolds is
an active field of research, there are still many open problems.

Nevertheless, the situation improves if one is only interested in proving general type
results, as results can be obtained from much weaker considerations. One only needs an
estimate for the branch locus and some results on the generators of the finite quotient
singularities that can occur.

We shall determine the singular locus by adapting a recent result of Boissiere,
Nieper-WiBlkirchen, and Sarti. This involves a large amount of calculation, for which
we apologise.

By results of Gritsenko, Hulek and Sankaran, the non-canonical part of the singular

locus lie in the image of subvarieties of Dy, the form
D}’ = {[z] € D | (2,Ty) = 0} = S, @ C].

Therefore, in order to determine the singular locus, one only needs to determine the
embeddings of S, in L. Because our intention has been to obtain results that are exact
as possible, we have chosen to work with split polarisation of degree 2p%. Our methods,
however, may be used for arbitrary polarisation if one is willing to accept weaker
bounds. The classification of S, is unchanged, and one can provide a list of candidates
for the genus of T, and thereby count the number of pairs (Sy, Ty). One expects this to
result in poorer bounds because it is more difficult to determine inclusions of the form
Sg C Sy

However, in many cases T} is a negative definite binary quadratic form and one can
provide bounds on the integers represented by T, (see, for example, §15.3 of [CS99]).
Therefore, by using the Eichler criterion (Theorem , one can provide a list of
rational quadratic divisors whose union contains the non-canonical locus.

We then use a result of Tai to show that the order of vanishing required to ensure
extension can be effectively calculated by toric methods, and is independent of the

degree of polarisation. We shall also briefly mention some results on the structure of
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the possible automorphisms groups of generalised Kummer varieties.

5.0.2 Singularities in orthogonal modular varieties

As discussed in Section[3.8] the modular varieties associated with Generalised Kummer

manifolds can contain non-canonical singularities.

Proposition 5.0.1. [GHS07] If g € G does not act as a quasi-reflection on V and

r=1orr=2, then X(g) > 1.

Theorem 5.0.2. [GHS07] If g € G does not act as a quasi-reflection on V and n > 6,

then ¥(g) > 1.

In fact, in the proof of the above theorem, a stronger result is proved: if g is not a
quasi-reflection, 3(g) > 1 unless ¢(r) = 2 or 4. Moreover, if ¢(r) =4, X(g) > 1 unless
n < 3; and if ¢(r) = 2, X(g) > 1 unless n < 5. For our modular varieties, n = 4, and
so we are left to consider [w]| € Dy, fixed by a quasi-reflection or by an element of order

3, 4, or 6.

Proposition 5.0.3. [GHS07] If n > 2, then the quasi-reflections on V' and hence the
ramification divisors of

DL — JTL(F)

are given by elements h € O(L) such that £h is equal to a reflection o, € O(L).
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5.1 Invariant and perp-invariant lattices in O(Lg, hj)

We modify a result of [BNWS13| to classify the invariant and perp-invariant lattices
of certain elliptic elements in O(Lg, h3) < O(Lg2) in terms of p-elementary lattices.
We are essentially following the approach taken in [BCS14] for automorphisms of Hy-
perkéhler manifolds of K32 type. By combining this with the results of the previous
section, we deduce that the non-canonical singularities are contained in certain rational

quadratic divisors, which we determine.

Definition 5.1.1. Let L be a lattice and let g € O(L) be an elliptic element (an element

of finite order). We define the invariant lattice T, of g to be
Ty={zreL|gr=ux}
and the perp-invariant lattice Sy to be
Sy =T, C L.
Where no confusion is likely to arise, we drop the subscript g. We call the pair S, and

Ty the invariant lattices of g.

Lemma 5.1.2. Let S be the perp-invariant lattice of an elliptic element g € O(Lg, hY).

If ¢’ is the induced action on hdl, then Sy = Sy

Proof. By definition, if ¢ € O(Lg, hj) then g(hq) = hq and so hq € T,;. Therefore,
Sy = (Ty)* C hy C Lg. By definition, Sy = Sy Nk and because S, and Sy are

primitive and Sy, C h+, we conclude that Sg =8y O
The following is essentially Lemma 4.3 in [BNWS13].

Lemma 5.1.3. Suppose that g € O(L) is of order p where 2 < p < 19 is prime. Then,

for all k,
Lg
Ty(X) & 54(X)

is a p—torsion module. Moreoever, it is a trivial g-module.
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Proof. See BNWS13]. O

Definition 5.1.4. By Lemma[5.1.3, there exists a € Ny such that

Lg ~ oo
Sy(X) @ Ty(X) 7

Definition 5.1.5. Let p be a prime. A lattice L is called p-elementary if

for some a € N.
The p-elementary lattices are classified as follows.

Theorem 5.1.6. [CS99] For p > 3, the distinct genera of even p—elementary lattices
are given by

I (p*) forr—s=42—2— (p— 1)k (mod 8)

S
but, when k = n(=r + s), the sign must be (_?1) . Moreover, if n > 3, each genus

contains one spinor genus and therefore each genus contains one class.
In the Lorentzian case, the sign consideration can be ignored.

Theorem 5.1.7. [RS81] If p > 2, an even Lorentzian p—elementary lattice of rank r
18 uniquely determined by the integer a. Moreover, an even Lorentzian p—elementary

lattice with invariants a and r exists if and only if
1. a<r,r=0 mod2
2. Ifa=0 (2), r =2 mod4

3 Ifa=1(2), p=(-1)"?>"1 mod4.
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Theorem 5.1.8. [Nik79Y] Let 65 € {0,1}. A 2—elementary lattice with invariants

(6s;t4,t—,a) exists if and only if the following conditions are satisfied:
1.ty +t_ >a
2.ty +t_+a=0mod2
3. ty—t_=0mod4 ifdg=0
4. 0 =0,t_t_=0mod 8 ifa=1
5 0s=0ifa=2andty —t_ =4 mod 8
6. t4y —t_=0mod 8 ifdg=0anda=1t_+1_.

Proposition 5.1.9. Let g € O(Lg) be of order p. Then D(S) is p-elementary. More-

over,

1. If p = 2, then D(S) = C5™ and D(T) = C3 & C§ or D(S) = C§ and D(T) =
Cs & CSJrl.

2. If p =3, then D(S) = C§*" and D(T) = Cy ® C§ or D(S) = C§ and D(T) =
Cy & Cngl.

3. If p>3, then D(S) = Cy and D(T) = Co® C3© Cy.

Proof. 1t is well known that (see [BHPVdV04] Chapter I1.1)
|Le : S @ T|* = disc(S). disc(T). disc(L)

and so

disc(T). disc(S) = 6.p°*.

Therefore,

disc(S) = 2°3¢p®

disc(T) = 2179318
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where o + 5 = 2a and where €,0 € {0,1}. Because both S and T" are primitive in Lg,
by Proposition 1.4.1 of [Nik79b]
Lg

M = 2= C D(T) & D(S)

and so the projections pp : M — D(T) and pg : M — D(S) are g-equivariant monomor-
phisms. Therefore, a < o and a < 8 and so a = 8 = a.

We next examine the action of g on D(S). The possible cases for the pair (D(S), D(T))

are as follows:

D(S)=Cy®Csd M D(T) =M (5.1)
D(S)=Csd M D(T)=Cy M (5.2)
D(S)=Cyo M D(T)=Cs® M (5.3)
D(S) =M D(T)=Cy & Cs & M. (5.4)

Let 22 and x3 be generators for the Cy and C5 factors of D(S) in the above decompo-
sitions (if present). Note that S is the kernel of 0 =14 g+ ... +¢gP~ 1. If p = 2, then
g acts trivially on z3 and so o(x3) = 2x3. But, by assumption, o(z3) = 0, which is a
contradiction as z3 is of order 3 in D(S). Therefore cases and cannot occur
if p=2. If p= 3, then g acts trivially on x5 and so o(z2) = 3x2. But, by assumption,
o(xz2) = 0, which is a contradiction as x2 is of order 2 in D(S). Accordingly cases
and cannot occur if p = 3. If p > 3, then ¢ acts trivially on xo and x3 and so
o(xe) = pxy and o(x3) = prs. But, by assumption, o(xs) = o(x3) = 0, which is a
contradiction as (2,p) = 1 and (3,p) = 1 as x2 and z3 are of order 2 and 3 in D(S),

respectively. Accordingly, cases (5.1]), (5.2) and (5.3]) cannot occur.

We deduce that the only cases that can occur are:

D(S) = Coe M, D(T) = Cs& M or D(S)= M, D(T) = Co@ Cy @ M if p—2
D(S)ZC?,@M,D(T):CQEBM or D(S):M,D(T):CQ@C:;@M ifp=3

D(S) =M, D(T) = Co® Cs& M if p > 3.
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Note that, in particular, D(S) is always p—elementary. O

5.1.1 The locus of non-canonical singularities

In order to prove general type results, we need only consider the non-canonical part
of the singular locus of Fr, , (I') and the branch divisor. By Theorem we
need only to consider the fixed locus of 3 and 4 torsion and special reflections. We
begin by classifying the invariant lattices of such elements in O(Lg2) before considering
O(L6,2p2)’

We need to classify the lattices in Lemma before deciding which embed in
Lg2. The embeddings can be dealt with by [5.1.10} below.

Theorem 5.1.10. [Nik79b] The primitive embeddings of a lattice S into another lattice
M with gen(M) = (m4,m—_,D(M)) are determined by the sets (Hs, Hyr,7v; K, vK)
where K is a lattice, Hg C D(S) and Hyy C D(M) are subgroups, v : qs|Hs — qn|Hpyr
is an isomorphism of finite quadratic forms. The lattice K lies in the genus
gen(K) = (my —ty,m_ —t_,—0) where d = (qs & (—qM))|F#/F7. The group 'y is
the pushout of v in D(S) @ D(M) and the map vk : qx — (—9) is an isomorphism of
finite quadratic forms.
Two sets (Hg, Hyr,v; K, vk) and (Hg, Hy;, ' K',~') determine isomorphism prim-
itive sublattices if and only if Hg and Hg are conjugate under some element in O(S).
For the primitive embeddings of S determined by (Hg, Hyr,v; K, Vi), the lattice K

is 1somorphic to the orthogonal complement of S.

We note that Theorem [5.1.10| only provides the genus of the orthogonal complement
K. In our applications K is often of definite signature and so gen(K') need not coincide
with cls(K). However, because of the following theorem, we can usually argue that

gen(K) contains only one class.
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Theorem 5.1.11. [CS99] If L is an indefinite lattice of rank n and determinant d
then, if L has more than one class in its genus, |d| > dy where dy is given by the

following
n 2 3 4,6,8... 57,9...

do 17 128 5030 25(%)

5.1.2 Invariant lattices of 3-torsion

We classify S, for g of order 3.

Lemma 5.1.12. If g € O(Lg2) is 3-torsion then the perp-invariant lattice S is one of
the following lattices: Aa(£1), 2A2(—1), U, Ud A2(—1), U(3)@ Az(—1), 2U, U U(3),
Ay @ AQ(—l).

Proof. Suppose that S is of signature (r, s) and that D(S) = C§. As S < Lg 2 we have
r < 2and s < 4. By Lemma/5.1.6] 7 and s must be solutions to r—s = +2—2—2k mod 8.
We solve each for k < r + s (as k is the rank of the discriminant group). Moreover,
because T' < M is of signature (3 —r,4 — s) and, by Proposition has discriminant
group C5t @ Cy or C¢ @ Cy we have that a < 7 — (r + s), which allows us to exclude
more cases. We note also that the case (r,s) = (2,4) can be ignored because S < Lg 2
is primitive, rank S = rank Lg 2 and so Lgo = S, but Lg 2 is not 3-elementary. We find

that the only possibilities are
(r,s,a) € {(0,2,1),(0,4,2),(0,4,0),(1,1,0),(1,3,1),(1,3,3),(2,0,1),(2,2,0), (2,2,2) }.

For the definite cases, we refer to tables in [CS99] and |[Nip91].

For case (0,2,1) there is precisely one such lattice: As(—1). For case (2,0,1)
there is precisely one such lattice: Ay. For case (0,4,0) there is no such lattice by
the classification of unimodular lattices. For case (0,4,2), we examine all integral
quaternary quadratic forms of discriminant 9 and we find that there is precisely one:
2A,.

For the Lorentzian cases, because of Lemma, it suffices to find a representative

for each a. For case (1,1,0) there is precisely one such lattice: U. For case (1,3,1)
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there is precisely one such lattice: U & Ay(—1). For case (1,3, 3) there is precisely one
such lattice: U(3) @ Aa(—1). For the signature (2, —) cases, by Lemma there are
two genera for each a > 0.

For case (2,2,0), there is precisely one such lattice: 2U (by the classification of
unimodular lattices). For case (2,2,2), S is either U @ U(3) or A2 @ Aa(—1). It is easy
to see that U@ U (3) and Aa@® Aa(—1) are inequivalent by considering their discriminant

forms. O

Proposition 5.1.13. If g € O(Lg2) is 3-torsion, then the invariant lattices of g in

L o are given by one of the following pairs:

S=UqU T =(-2)® (—6)

S = Ay(—1) T = Ay(—1) ® (—2) & (—6)
S =2A4,(—1) T = (2) & (6)

S=Ue Ay(—1) T = (—2) & (—6)
S=UaU(®3) T = (—2) & (—6)

S = Ay ® Ay(—1) T = (-2) ® (—6).

Proof. By Lemma [5.1.12) S € {Aa(£1), 2A2(£1), U & Az(—1), U3) & Aa2(—1), U &
U(3), Ay @ Aa(—1), U(3) ® U(3)}. We calculate the embeddings by using Theorem
5.1.10, Throughout, we shall assume that D(Lg2) = ((1/2)%2 @ (—1/3),C$* @ C3).

Throughout, we shall refer to the canonical basis of an abelian group C;, @ ... ® C;,

by {617'-'a€k}7 {fla"'afk} or {917'-'agk}'

51.3 S=A4,

If S = Ay, then D(S) = ((—1/3),C3) and so Hg = {0} or Cs.
If Hg = {0}, then v: 0+ 0 and

I3 /Ty = (g5)®(—q) =6 =T5 = ((1/2)% @ (-1/3)®(1/3), C32 0 CF?).

Therefore, gen(T) = (0,4, —6) = (0,4, (1/2)%? @ (1/3) @ (-1/3),C5* @

0?2) and so T'is a quaternary quadratic form of determinant 36. By using
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tables in [Nip91], there are five negative definite quaternary quadratic

forms of determinant 36:

Py
Thv=—{1520 |-
10010
350 1
To:=—=19620 |-
10010
408
Ts:=—1 0020 >
0006
408
Ty=—\0042)>
00241
0511
Ts:=—{7141]-
1114

Of these, only T3, T4 and T5 have discriminant group equal to 02@ 2 @Cgﬂ.
We find that
D(T3) = ((~1/6)**,Cg?)

which is clearly equivalent to —d; and

_(1/3 1/2 2
D) = (15 7). 8™

which is inequivalent to —¢ because all order 2 elements are isotropic;
and

D(Ts) = (8 45y ) 8™

which is also inequivalent to —d because all order 2 elements are isotropic.
We conclude that T' = T3 = As(—1) & (—2) & (—6).
If Hg = (3, then Hg is generated by +e; € D(S) and v : ey — *f3 € D(Lg2).
It is clear that all such ~ yield isomorphic T, so suppose v : e1 — f3.
We find that I'y = (g1 + g4) and F# = (1, z2,23) where x1 = g1 + g,

Ty = g2, T3 = g3 and so

Uy /Ty = (22, 13) = CF
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with form ((1/2)%2,C$?) = §. Therefore gen(T) = (0,4, (1/2)%2, C5?).
By using tables in [Nip91], we find that there is exactly one negative

definite quaternary quadratic form of determinant 4:

e

D(Ty) = (1) '07) €5

—OoOOoON
—OoONO
—NOO

N ==
v

but

which is totally isotropic, and therefore inequivalent to —§. We conclude

that no such T exists.

5.1.4 S = Ay(—1)

If S = Ay(—1) then D(S) = ((1/3),C3) and Hg = {0} or Cs.
If Hg = {0}, then v : 0 — 0 and

PLT, = (g5) ® (—q) = T-

Therefore gen(T) = (2,2; -0) = ((—=1/3)%? @ (1/2)%2,05% @ C$?). By

((1/3)%2 @ (1/2)%%,05% @ C5?) = 0.

Lemma [5.1.11} 7" is unique in its genus and one checks that a represen-
tative is given by As & (—2) & (—6).
If Hg = (3, then Hg is generated by +e;. Both are of length 1/3 in D(S) but

D(Lg2) has no order 3 element of length 1/3, and so there is no embedding.

5.1.5 5 =24,(—1)

If S = 2A45(—1) then D(S) = ((1/3)®2,C$?) and Hg = {0} or Cs.
If Hg = {0}, then v: 0~ 0 and
PLIT, = (a5)®(—q) = T = (1/3)%@(1/2)%, CP* @ CF?) = 5. There-
fore gen(T") = (2,0; —9) but a minimal generating set for —¢ contains at
least 3 generators, and so no such T exists.
If Hg = (3 then, up to O(S) equivalence, Hg is generated by e; + ea € D(S) and so

v:el+ e — tfs.
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If Hg = <€1 + €2> ~ (5 and if
v el + ey — f3 then
[ = (x1, 22, 23,24) Where 21 = g1 — g2, 22 = g1 — g5, T3 = g3,

x4 = g4 and I'y = (z1 + x2). Therefore,
F,Jy‘/l—\7 = <x1,5133,.734> = 02@2 & Cg =4

with form (—1/3) @ (1/2)%2.
If v:e1 4+ ea — f3 then

L
Iy = (x1, 22,23, 74) where 71 = g1 — g2, T2 = g1 + g5, T3 = g3,

x4 = g4 and I'y = (z1 + x2). Therefore,
F,Jy‘/l—\7 = (xl,x3,$4) =2 Cy® 0592 =0

with form (—1/3) @ (1/2)%2.
In each case, gen(T) = (2,0, —¢). By using tables in [CS99], we find that there

are two even forms of determinant 12: 77 = (2) @ (6) and T = (3 2). It is clear

that D(T7) = —¢. However,
D(T) = (1, 1/3)  C2 @ Ci)

which cannot be equivalent to —4 as all order 2 elements are isotropic.

Therefore, T' = (2) & (6).

51.6 S=U® Ay(—1)

If S=U® A2(—1), D(S) = ((1/3),C3) and the maps =, the groups I‘#/F7 and the

finite quadratic forms on F# /T, are the same as for the case S = Ay(—1) and so

gen(T) = (1,1;(=1/3)%2 @ (1/2)%2, C$* @ CF?). By referring to tables in [CS99], we

find that there are four indefinite even rank 2 lattices with determinant 36: Ty = (g §

06)7

Two = (8%), Thi = (§9) T2 = (88). Of these, only Ty and Tjo have discriminant
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group equal to 0592 ® C’gBZ. One checks that
D(Tia) = (175 s ) + Co @ C)
which, by examining the generators given by 3es, 3e1, 2es, 2e1 + 2e2, is equivalent to
(1/2)% @ (1/3) @ (-1/3),05° & CF?)
and therefore inequivalent to —4d. One also checks that
D(Ty) = (76 1°) €8

which is inequivalent to —J = ((—1/3)%2 @ (1/2)%%,C$? @ C5?)) because all order 2

0 1/6

elements in ((1/6 0

) ,Cs @ Cp) are isotropic, which is not the case for —d. Therefore

no such T exists.

5.1.7 S=U(3)& Ay(—1)

If S = U(3) @ As(—1) then D(S) = ((123 1{)3) @ (1/3),CF3) and Hg = {0} or Cs.
If Hs = {0}, then 7: 0+~ 0 and
TH/T, = (-a5) @ (—0) = ()5 '0)) @ (1/3) @ (1/2)%2 & (1/3), €5 @
C$? @ C3) = 6. Therefore, gen(T) = (1,1, —4), but a minimal generating
set for —¢§ contains at least 4 generators, and so no such T exists.
If Hg = C3, Hg is generated by one of £(e1+e2), =(e1 —ea+e3), £(e1 —ea—e3) € D(S).
The elements e; —ez+e3 and (e; —ea—e3) are equivalent under O(S) and so we consider
only +(e1 + e2), =(e1 — €2 + e3).
If Hs = ((e1 + e2)) = C5 and if
v :e1+ ey — f1 then
I = (z1, 29, 23,24, 75) where £1 = g1 — ga, To = g1 — g6, T3 = g4,

x4 = g5, 5 = g3 and I'y = (x1 + z2). Therefore,

[ /Ty & (g, w3, 14, 75) =2 C3 & C5% & Cs
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with form § = (1/3)®(1/2)%2®(1/3). Therefore gen(T) = (1,1, —9)
and as for the case S = U @ Ay(—1), no such T can exist.

If v:ey + es — —f; then
T = (1,29, 23,24, T5) Where 21 = g1 — g2, T2 = g1 + go, T3 = Ga,

T4 = g5, ¥5 = g3 and I, = (x1 + x2). Therefore,
F,Jy‘/I‘7 > (r9,x3,74,25) = C3 @ 0592 BC3=94

with form (1/3) @ (1/2)%2 @ (1/3). Therefore gen(T) = (1,1, -§),
and no such T exists as in the case v : e; + es — fi.
If v:e1 —eg + e3 — fi then

1 _ _ _ _
Iy = (@1,22,73,74,75) where 1 = g1 + g2, T2 = g1 + g3, T3 =

91+ g6, T4 = ga, 5 = g5 and Ty = (v3 — 21 + 3). Therefore,
1“,¢/F7 = (29,13, 14,75) = CF* ® CF* = 6

with form (1/3)%2 @ (1/2)®2. Therefore, gen(T) = (1,1, —4), and
no such T exists as in the case v :e; + ea — fi.

If v:(e; — ez + e3) — —f1 then
T = (21,29, 23,74, 25), Where 21 = g1 + g2, 2 = g1 + g3, 3 =

91— 96, T4 = ga, ©5 = g5 and I', = (o — x1 + x3). Therefore,
F#/Fw = (x9, 3, T4, T5) = 03?92 @ 0592 s

with form (1/3)%2 @ (1/2)®2. Therefore, gen(T) = (1,1, —4), and
no such 7' exists as in the case v :e; + eg — fi.
5.1.88 S=UaU(3)

It S = U @ U(3) then D(S) = ((133 1{)3) ,C%2) and Hg 2 {0} or Cj.

If Hg = {0}, then v : 0 — 0 and
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b= (g9) @ (-0) = = (105 0°) ® 1/ & (1/3),C5% & C5* @
C3). Therefore gen(T) = (0,2, —0) but a minimal generating set for —4
contains at least 3 generators, and so no such T exists.
If Hg = Cs3, then, up to O(S) equivalence, Hg must be generated by e; + e2 € D(S).
If Hs = (e1 + e2) = Cs
v :e1+ ey — f3 then
I = (21,22, 23,24) where 21 = g1 — g2, T2 = g1 — g5, T3 = g3,

x4 = g4 and I', = (x1 + x2. Therefore,
F,JY'/F7 = <1‘2,$3,.’L‘4> = Cg ® 0392 =4

with form (1/3) @ (1/2)%2. Therefore, gen(T) = (0,2,—5). By
using tables in [CS99], T must be one of T13 = (—2) & (—6) or

Tia = (25 7). One checks that
D(T1) = (( 1), T1/3)  Co C)

which is inequivalent to —d as all order 2 elements are isotropic.

Therefore, T' = T3, which has discriminant form equal to —J.
If v:e; + ey — —f3 then

I = (21,22, 23,74) where 21 = g1 — g2, T2 = g1 + g5, T3 = g3,

x4 = g4 and ', = (x1 + x2. Therefore,
F#/FV = <l‘2,$3,$4> ~2C30 CSBQ =4

with form (1/3) @ (1/2)%2. Therefore, gen(T) = (0,2, —6). As in
the case 7y : e; + e2 — f3, we conclude that T' = (—2) & (—6).
5.1.9 S:AQEBAQ(—1>

If S = Ay @ Ay(—1) then D(S) = ((—1/3) @ (1/3),05?) and Hs = {0} or Cs.
If Hg = {0} then v: 0~ 0 and
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I
i =

(as) @ (—q) =6 = ((-1/3) @ (1/3) @ (1/2)% @ (1/3),C5* © C5* @

C3). Therefore gen(T") = (0,2, —6) but a minimal generating set for —¢

contains at least 3 generators, and so no such T' exists.

If Hg = C3, Hg = (£e1). Both are equivalent under O(S).

If Hs(e1) = C3 and if

v :ep — fs3, then

1
Iy = (21,22, 73,24) 1 = g1 + g5, T2 = g2, T3 = g3, T4 = g4 and

I'y = (x1). Therefore,
F#/Fw = (19, 03,24) = C3 @ CF,

with form (1/3) @ (1/2)®2. Therefore, gen(T) = (0,2, —6). As in
the case S = U @ U(3), Hs = C5, v : e1 + e2 — f3, we conclude
that T = (—2) & (—6).

If v:ey — —f3 then

5.1.10 S=2U

1
F'y = (r1,22,23,74) T1 = g1 — g5, T2 = g2, T3 = g3, T4 = g4 and

I'y = (z1). Therefore,
F,JY‘/F7 = (xg,xg,a:4) = C3 D CSGQ,

with form (1/3) @ (1/2)®2. Therefore, gen(T) = (0,2, —6). As in
the case S = U @ U(3), Hg = Cs5, v : €1 + e — f3, we conclude
that T'= (—2) & (—6).

If S =2U then D(S) = {0} and Hg = {0}. Therefore v: 0+~ 0 and

Iy /Ty = (as) @ (—q) = § = ((1/2) @ (1/6), C2 & Co).
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Therefore, gen(T) = (0,2; —0). By referring to tables in [CS99], T is either

Ti5 = (—2) ® (—6) or Th6 := (5 _3). The lattice Ty5 has discriminant form
D(Ti5) = ((1/2)%* @ (=1/3),C5° @ C)
and T3¢ has discriminant form
D(T16) = ((1(/)2 162> ® (—1/3),C5% & C).
It is clear that D(T46) is inequivalent to ((1/2)%2 @ (—1/3),C5? @ C3) and so T = Tis.

5.1.11 S =20U(3)

1t5=203), D(S) = ()5 '0*) @ (15 '°) . C5"). Then Hs = {0} or Cs.
If Hg = {0} then v: 0~ 0 and
LT, = (g5) ® (—q) = TH/T, = C9* & CF% @ C3 = § with form
(%) ® (1/2)2 & (1/3) and gen(T) = (0.2,~6) but a minimal
generating set for —§ contains at least 5 generators, and so no such T
exists.
If Hg = C5 then, up to O(S) equivalence, Hg is generated by one of e + e, €1 — ea +
es —e4, €1 + eg + €3.
If Hg = (e1 + e2) = C3 and if
v :e1 + ez > e3 then
Ty = (x1,22,23,24,75,%6) Where 21 = g1 — g2, T3 = g1 — g1,

T3 = g3, T4 = g4, Ts = g5, T6 = g6 and I, = (x1 + x2). Therefore,
Fij_/r'y = <$2,$3,$4,(E5,.’E5> = C§B3 ©® 02 =0

with form (1/3)@( 1(/)3 lé3>@(1/2)€92. Therefore, gen(T') = (0,2, —0)
but a minimal generating set for —¢ contains at least 3 generators,

and so no such T exists.

If y:e1 + ey — —f3 then
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1 _ _ _
FV = (@1, 72,23, T4, T5,76) Where 11 = g1 — g2, T2 = g1 + g7,

T3 = g3, T4 = g4, T5 = g5, Te = g and I'y = (x1 + x2). Therefore,

F’Jy_/F’Y = <132,133,ZU4,CC5,$C5> = C?S @CQ =0

with form (1/3)® ( 1(/]3 163 ) ®(1/2)%2. Therefore, gen(T) = (0,2, —6)

but a minimal generating set for —¢ contains at least 3 generators,
and so no such T exists.
If Hg = (e1 + e2 + e3) = C5 and if
v :e1+eg+ eg — f3 then
T = (21,29,23,24, 25, 76) Where 21 = g1 — g2, T2 = g1 — g4,
T3 = g1 — g7, T4 = G3, T5 = g5, T = g6 and I'y = (z1 + x3 — 24).

Therefore,
F#/Fw > (19,23, 74, 25, 76) = OF° & CF* = 6.

Therefore, gen(T) = (0,2, —0) but a minimal generating set for —¢
contains at least 3 generators, and so no such T' exists.

If v:ey + e+ e3 — —f3 then,
T = (w1, 22,73, 24,25, 76) where 21 = g1 — g2, T2 = g1 — ga,
xr3 = g1+ g7, T4 = g3, T5 = g5, T = g6 and I'y = (x1 + x3 — 24).

Therefore,
I /Ty & (w9, w3, 24, 25, 76) = CF° @ CF° = 6.

Therefore, gen(7T") = (0,2, —4§) but a minimal generating set for —d
contains at least 3 generators, and so no such T exists.
If Hs = ((1,—1,1,—1)) = C5 and if
v:el —ey+e3 —eyq — f3 then

n
I = (x1, 29, 23, 74, 5, 76) Where 11 = g1 + g2, T2 = g1 — g3, T3 =
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g1+94, T4 = g5, T5 = g6, T6 = g1+ g7 and ' = (x1+ 22+ 23— 26).

Therefore,
F’Jy_/F’Y = <l‘2,l‘3,$4,$5,.’176> = Cg @ 02@2 D Cg = 0.

Therefore, gen(7") = (0,2, —J) but a minimal generating set for —¢

contains at least 3 generators, and so no such 7' exists.

Ifvy:e —es+e3—eqg — —f3 then
I = (z1, 29,3, 24, T5, T6) where z1 = g1 + ga, g = g1 — g3, 3 =
91+ 94, T4 = g5, T5 = g6, T6 = g1 — g7 and F# = (21 + 22+ 23— T¢)-

Therefore,
I /Ty 2 (w9, w3, 24, 25, 76) = C3 © CF° ® C3 = 6.

Therefore, gen(7") = (0,2, —J) but a minimal generating set for —¢

contains at least 3 generators, and so no such T exists.

5.1.12 Invariant lattices of 4-torsion

We next turn out attention to 4-torsion. As we are only interested in determining the
non-canonical part of the singular locus of F7(I'), because of the following lemma it

suffices to examine only the perp-invariant lattice S of g2.

Lemma 5.1.14. Suppose that g € O(Lg 9,2) is 4-torsion and [P] € Fix(g) C Dr__ , is

6,2p

non-canonical. Then, P € Sp2 ® C C Lg 9,2 ® C or [P] lies in the branch divisor.

Proof. If g € O(Lg9p2) then, over C, the action of g on Lg 9,2 @ C decomposes into

Vi®Va® V3@V, where Vj is a (possibly empty) ¢’ eigenspace where ¢ = e™/2. Because
of Lemma if [P] € Fix(g) is non-canonical, then P € V; U V3 or [P] lies inside the

brach divisor. O

We now classify the invariant and perp-invariant lattices Sg2 and T,z for 4-torsion
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Lemma 5.1.15. If g € O(Lg g2) is 4-torsion then S2 is one of the following: 2(2), U,
U(2), (2) ®(—2), Ud2(-2), 3(=2)® (2), 2U, U U(2), 2U(2), 2(—2) & 2(2), 2(—2).

Proof. If g € O(Lg 9,2) is 4-torsion then, as a g-module,

2 a;
L6,2p2 RQ = @ @ Voi

i=0 j=0

as dimVy = 2 and dimV, = dimV; = 1, the rank of Sy is even (consider the Vy
part). By Proposition where Sg2 and T2 are taken inside Lg, D(S) = C§ and
D(T) = C3 @ C4*L,

It is immediate that a < rankS < 6 (similar considerations for 7" do not yield
any further a priori constraints), and so if gen(S) = (s4,s—,a,0) (in the notation of

Theorem [5.1.8) then, by Theorem only the following cases can occur:

(2,0,2,—) which corresponds to 2(2)

(1,1,0,—) which corresponds to U

(1,1,2,—) which corresponds to U(2) or (2) & (—2)
(1,3,2,—) which corresponds to U @ 2(—2)

(1,3,4,—) which corresponds to 3(—2) & (2)

(2,2,0,—) which corresponds to 2U

(2,2,2,—) which corresponds to U & U(2)

(2,2,4,—) which corresponds to 2U(2) or 2(2) & 2(—2)
(0,2,2,—) which corresponds to 2(—2

)
2001

(0,4,2,—) which corresponds to — (8 29 %) by considering the tables of [Nip91]
1112

(0,4,4,—) which corresponds to 4(—2).
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Proposition 5.1.16. If g € O(Lg2) is 4-torsion, then the invariant lattices of g* in

Lg,2 are given by one of the following pairs:

S = (2)2 Ty = (-2)*° & (-6)
o1

ey at)

S = (~2)%2 Ty = (2)% & (—2) & (—6)
Tjo = Ay ® (—2)®
Ty =K

S =U Ty =U & (—2) & (—6)

S, = U®? Ty = (=2) ® (-6)

Sy =U(2) T =U®(-2) @ (—6)
Te=(2)®(Z323) ® (—6)

Sp=UaU(2) Ty = (=2) ® (—6)

Sp=U @ (—2)® Ty = (—=2) @ (—6)

S = (-2) & (2) Ty = (2) ® (-2)*° & (-6)

Ty = Ko
where, if either exist,
0 1/21/2
gen(K1) = (2,2; (1/2 0 1/?) @ (—1/3),05° @ C3)
1/21/2 0
and
0 1/21/2
gen(Kz) = (1,3; <1/2 0 1/2) @ (—1/3),C53 @ C3).
1/21/2 0

Proof. As in Proposition[5.1.13] we shall refer to the canonical basis of an abelian group

Czl@@czk by {617"'7616}7 {flv"'afk} or {gla"'ugk}-
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5.1.13 S =2(2)

If S = 2(2) then D(S) = ((1/2)%2,C$?) and Hg = {0} or Cy or CF2.
If Hg = {0} then 7 : 0+ 0 and
/T = (g5)®(—q) =6 =T7 = (C* @ C3; (1/2)%4@(1/3)). Therefore,
gen(T) = (0,4, -0) = (0,4,(1/2)%* @ (-1/3),C$* @ C3). By referring
to tables in [Nip91], there are 9 even, negative definite rank 4 lattices of
determinant 48, but only two of these have discriminant group isomorphic

to 0594 @ C3. These are
Ty := (-2)®* & (-6),
which clearly has discriminant form equal to —§ and

6500
Ts:=— {0042
0021

which has discriminant form

00
20
04
02

DTR) = () T1/4)  Ca Co).

The case T' = Ty cannot occur as all order 2 elements in the discriminant
group are isotropic. We conclude that T' = (—2)®3 @ (—6).
If Hg = C5 then, up to O(S)-equivalence, Hg is generated by one of (1,0) or (1,1)
in D(S).
If Hg = (e1) = C5 and if
~:e1 — f1, then
T = (1,22, 23,24) Where 1 = g1 + g3, T2 = g2, L3 = g4, T4 = s

and I'y = (x1). Therefore,
I/Ty 22 (w2, 23,24) 2 C52 @ C3 =6

with form (1/2)%2@(1/3). Therefore, gen(T) = (0,4, —§) = (0,4; (1/2)%%a
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(—1/3),C$* @ C3). By referring to tables in [Nip91], we find that

there are 2 even, negative definite rank 4 lattices of determinant:

0500
Ty:=—10020
1002

which has discriminant group
D(Ty) = ((1/2) & (=1/6), C2 ® Cs),
which cannot occur because all order 3 elements have length 1/3

1300
Tw:=—(1620
1004

which has discriminant group

and

D(Tv) = ((_?/2 _1%-2> ,Co & Ch).

With respect to the generators (1,3), (0,3) and (0,1), D(Tho) =
((1/2)%%2 @ (—1/3),C5? @ C3) = 4, and so T = To.

If v:e1 +es— f1+ fo then
[ = (21,29, 23, 24) where 21 = g1 + ga, T2 = g1+ g3, T3 = g1 + 94,

x4 = g5 and 'y = (x1 + x2 + x3). Therefore,

]._"JY_/F’Y = <.732,£U3,I4,375> =0= 0593 & 03

0 1/21/2
with form <1/2 0 1/2> @ (1/3). Therefore, gen(T") = (0,4, —96).
1/21/2 0
If Hg = 0592, then Hg = (e1, €3).
If Hg = (e1,e2), we let v : e; — f1 and 7y : ea — fo. (Other choices of ~
exist, but it is clear that these all yield isomorphic T'.) Then,

Il = (21,3, x3) where 21 = g1 + g3, T2 = g2 + g4, 23 = g5 and
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I'y = (z1,2z2). Therefore,
I‘#/Fﬂ, = (x3> =0 Cg

with form (1/3). Therefore, gen(7") = (0,4, —J) but by examining
[Nip91] there is no negative definite rank 4 lattice of determinant

3.

5.1.14 S=U

If S =U then D(S) ={0} and Hg = {0}. Therefore v: 0+ 0 and
T3 /Ty = (as) @ (a) = 0 = ((1/2)%* & (1/3), CF* @ Cs)

and so gen(T) = (1,3, —0). By Theorem [5.1.11} T is unique in its genus and a repre-

sentative is given by U & (—2) & (—6).

5.1.15 S =1U(2)

It S = U(2) then D(S) = ((192 162) ,092) and Hg = {0}, Cy or CF?

If Hg = {0} then 7 : 0+ 0 and
TH/Ty = (—a5) @ (—0) = 6 = (), "0 ) @ (1/2)°2 ® (1/3), C§* @ Cy).
Therefore, gen(T) = (1,3,—¢). By Theorem T is unique in its
genus and a representative is given by (2) & (23 7) & (—6)

If Hg = C5 then Hg is generated by one of e; or e; + ez in D(S5).

If Hs = (e1) = Cy and if

v :er— fi1+ f2 then
I = (1,22,23,24) where 21 = g1, 2 = g2 + g3, T3 = g2 + Ga,

x4 = g5 and I'y = (x1 + 22 + x3). Therefore,
T2 /T & (29, 23,24) = 6 2 CF° & Cy

with form (1(/)2 1%) ® (1/3) and so gen(T') = (1,3,—9). By The-
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orem T is unique in its genus and a representative is given
by U & (—2) & (—6).

If v:e1 +es— fi + fo then
I = (21,22, 23, 74) where 11 = g1 + g2, T2 = g1+ g3, T3 = g1 + Ga,

r4 = g5 and I'y = (1 + x2 + x3). Therefore,
T /Ty & (29, 23,24) = 6 = CF @ C3

with form (1/2)%2 @ (1/3). Therefore, gen(T) = (1,3,-5). By
Theorem [5.1.11} 7" is unique in its genus and a representative is
given by
U®(-2) @ (—6).

If Hg = C’SBQ, then Hg = (e, e2) with form (1(/)2 1(/)2), but there is no embedding

of Hg in D(Lg 9,2) because the only isotropic elements in ((1/2)%2®(—1/3), CS?o
C3) are +(1,1,0), but Hg is of rank 2.

5.1.16 S =3(—2) @ (2)

If S = 3(—2) @ (2) then D(S) = ((1/2)%*, C$*) and Hg = {0},Cy or CF2.
If Hg = {0} then v: 0~ 0 and

I /Ty = (gs) @ (—q) = 6 = ((1/2)%° @ (1/3),C5° ® Cs)

Therefore, gen(7T') = (1,1,—0) but a minimal generating set for —¢ con-
tains at least 6 generators, and so no such T exists.
If Hg = C5 then, up to O(S)-equivalence, Hg is generated by one of e; or e + e3 + €3,
which are of length 1/2; or e; + ey or e; + ez + e3 + e4, which are of length 0.
If Hs = (e1) = Cy and if
v :e1 — f1 then

1
[y = (21,22, 23,74, 75, 76) Where 11 = g1 + g5, T2 = go2, T3 = g3,
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T4 = ga, T5 = g6, 6 = g7 and I'y = (z1). Therefore,
I /T 2 (g, @3, 24, 24, 76) = 0 = CF* @ Cs

with form (1/2)®* @ C3. Therefore, gen(T) = (1,1, —6) but a mini-
mal generating set for —§ contains at least 4 generators, and so no
such T exists.

If v:e1 +e2+e3+— fi then
F# = (1, %2, %3, %4, %5, T6) Where x1 = e1 + ez, x3 = e1 + es,
x3 = e +e5, Ty = €4, Ty = €g, g = ey and Iy, = (x1 + z2 + x3).

Therefore,
F#/Fv (29,23, T4, 75, 26) = 0 = CP* & Cs.

Therefore, gen(7T') = (1,1, —0) but a minimal generating set for —¢
contains at least 4 generators, and so no such T' exists.

Ifv:el +ea+— f1 4+ fo then
I‘# = (21, %2, 23, 24,25, 26) Where 1 = g1 + g2, T2 = g1 + g5,
r3 = g1 + g6, T4 = g7, T5 = g3, ¢ = g4 and I'y, = (v1 + x2 + x3).

Therefore,
F’Jy_/FW - <$27$37$47$57$6> =0= 0594 ©® 03-

Therefore, gen(T) = (1,1, —0) but a minimal generating set for —¢
contains at least 4 generators, and so no such T exists.

If y:ei+ex+e3+es— fi + fo then
I = (x1,22,23,24,25,76) where 21 = g1 + g2, T2 = g1 + g3,
T3 = g1+ g4, T4 = g1 + 95, 5 = g1+ g6, T = g7 and I';, =
(x1 + x2 + x3 + x4 + x5). Therefore,

F’J}l_/FW = <x2,x3,.’1§'4,$5,$6> = (5 = 02@4 D Cg.
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Therefore, gen(T') = (1,1, —¢) but a minimal generating set for —9

contains at least 4 generators, and so no such 7T exists.

5.1.17 S =2U(2)

If S = 2U(2) then D(S) = ((132 1(/)2)@2 ,CY and Hg = {0}, Cy or CF2,
If Hg = {0} then v: 0~ 0 and
LT, = )@ (-0 = (1), ') © (127 © (13,68 @ Cy) = 5
and gen(T") = (0,2, —9), but a minimal generating set for —§ contains at
least 6 generators, and so no such T exists.
If Hg = C5 then, up to O(S)-equivalence, Hg is generated by one of ej, e; + eg,
e1+ex+ezore +ex+e3+eqin D(S).
If Hg = (e1) = Cy and if
v :er — fi+ fa then
Ty = (21,22, 3,74, 25, 76) where 11 = g1, 22 = g2 + gs,
T3 = g2+g6, Ta = g3, T5 = ga, T6 = g7 and I'y = (x1+w24x3).

Therefore,
F#/FV = (19,13, 14, 75, 76) = 0 = CF* @ O3

and gen(T') = (0,2, —9), but a minimal generating set for —¢
contains at least 4 generators, and so no such 7T exists.
If Hg = (e1 + e2) = Cy and if
~y:e1+eg— f1+ fo then
Il = (21,29, 3, 74, 75, 76) where 71 = g1 + g2, T2 = g1 + s,
xr3 = g1+96, T4 = g3, Ts = g4, Te = gy and I', = (x1+z2+23).

Therefore,
F#/F,y X (19,23, T4, X5, Tg) = 0 = 02@4 & Oy

and gen(T') = (0,2, —9), but a minimal generating set for —¢
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contains at least 4 generators, and so no such T exists.

If Hg = (61—1—62+63> =~ (9 and if

v :e1+ex+e3— fi + fo then

T = (21,22, 23,24, 75, 26) Where 21 = g1 + g2, T2 = g1 + g4,
T3 = g1+ g5, T4 = g1+ g6, T5s = g3, Te = g7 and 'y =

(x1 + o3 + x4 + x5). Therefore,
F,JY‘/F,y = <$2,$3,$4,x5,x6> = (5 = 0594 D 03

and gen(7T") = (0,2, —0), but a minimal generating set for —o

contains at least 4 generators, and so no such 7' exists.

If Hg = (e1 + ea + e3 + e4) = Co and if

v:ie1+es+es+eqg— f1+ fo then

T = (21,22, 23,24, 75, T6) Where 21 = g1 + g2, T2 = g1 + g3,
T3 = g1+ 94, T4 = g1 + 95, T5 = g1 + g6, Te = g7 and
I'y = (z1 + 22 + 3 + x4 + x5). Therefore,

F#/R, = (w9, w3, 24,05, 76) = 0 = C5* & C3

and gen(7") = (0,2, —9), but a minimal generating set for —o

contains at least 4 generators, and so no such 7' exists.

5.1.18 S =(2) @ (—2)

If S = (2)®(—2) then D(S) = ((1/2)%2, C5?) which is the same as in the case S = 2(2).

Therefore,

gen(T)

(1,3, (1/2)%* @ (—1/3),C* @ C3)
(1,3;(1/2)%2 & (-1/3),C5* @ Cs)

0 1/21/2
(1, 3; <1/2 0 1/2> @(—1/3),(}393@03)
1/21/2 0

(17 3; <_1/3)7 C3)
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1. If gen(T) = (1,3,(1/2)%* @ (—1/3),C5* @ C3) then, by Theorem [5.1.11} T is

unique in its genus and a representative is given by (2) @ (—2)%? @ (—6).

2. If gen(T) = (1,3;(1/2)%? @ (~1/3),C$? ® C3) then, by Theorem [5.1.11] T is

unique in its genus and a representative is given by U @ (—2) & (—6).

0 1/21/2
3. If gen(T) = (1, 3; <1/2 0 1/2> ® (—1/3),C$ @ C3) then, by Theorem [5.1.11) T
1/21/2 0

is unique in its genus.

4. By Theorem the genus (1,3;(—1/3),C3) is empty.

5.1.19 S=2U

If S = 2U then D(S) = {0} which is the same as in the case S = U. Therefore,
gen(T) = (0,2;(1/2)%2 @ (—1/3),05% @ C3) and is therefore a negative definite even

lattice of determinant 12. By referring to tables in [CS99], T is either

The lattice T1; has discriminant form ((1/2)%% @ (—1/3),C5% @ C3) and Tia has

0 1/2

1/2 0 ) @ (—1/3),C3* @ C3), which is clearly inequivalent to

discriminant form ((
((1/2)%%2 @ (=1/3),C$* @ C3) by consider the length of order 2 elements. Therefore,

T ="1T1;.

5.1.20 S=U®2(—2)

If S = U®2(—2) then D(S) = ((1/2)%2, C$?) which is the same as in the case S = 2(2).

Therefore,
.

(0,2,(1/2)%* @ (~1/3),C3* @ C3)

(0,2;(1/2)%2 & (—1/3),C57 @ C3)
gen(T) = 0 1/21/2

(0,2; <1/2 0 1/2) ®(—1/3),C @ C3)
1/21/2 0

. (Oa 2; (1/3)3 03)
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1. The genus (0,2,(1/2)%* @ (-=1/3),C$* @ C3) is empty, because the minimum

number of generators of C§B4 @ (5 is greater than 2.

2. If gen(T) = (0,2; (1/2)%%2 @ (—1/3), C$% @ C3), then T is a negative definite even
rank 2 lattice of determinant 12. As in a previous case, the genus (0, 2; ( 1(/)2 122 ) @
(—1/3), C$*@C3) contains one class which is given by the form T1; := (—2)@(—6).
Therefore, T = (—2) @ (—6).

0 1/21/2

3. The genus (0, 2; (1/2 0 1/2) ©(—1/3), C53@®C3) is empty, because the minimum
1/21/2 0

number of generators of 6’2@3 @ (5 is greater than 2.

4. The genus (0,2;(1/3),C3) is empty. This can be seen by considering Theorem

5.1.21 S=UaU(2)

If S =U®U(2) then D(S) = ((192 1(/)2) ,C$?) which is the same as in the case

S = U(2). Therefore,

0,2 (15 '7) @ (1/2)*? @ (-1/3),C$* & C)

gen(T) = { (0, 2: (162 1(/’2) @ (~1/3), 022 @ C3)

(0,2;(1/2)%2 @ (=1/3),C$* @ C3)

1. The genus (0, 2; <1(/)2 162> @ (1/2)%%2 @ (—1/3),C5* @ C3) is empty because the

minimum number of generators of 0594 @ Cs is greater than 2.

2. As in a previous case, the genus (0, 2; (1(/)2 1%) @ (—1/3),C$* @ C3) contains one

class which is given by the form T := (—2) @& (—6). Therefore, T' = (—2) & (—6).
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5.1.22 S =2(-2)

If S = 2(—2) then D(S) = ((1/2)%2,C$?) which is the same as in the case S = 2(2).
Therefore,

(2,2, (1/2)%* @ (=1/3),05* @ C3)

(2,2; (1/2)%2 @ (-1/3),05° @ Cj)
gen(T) = 0 1/21/2
(2,2;<1m 0 UZ)<®(—1/3LC§%EBC%)

1/21/2 0

1. If T lies in the genus (2,2, (1/2)®* @ (—~1/3), C$* @ Cs3) then, by Theorem [5.1.11

T is unique in its genus and a representative is given by (2)%? @ (—2) @ (—6).

2. Tf T lies in the genus (2,2; (1/2)%2 @ (—1/3), C$? @ C3) then, by Theorem [5.1.11

T is unique in its genus and a representative is given by As @ (—2)92.

0 1/21/2
3. By Theorem [5.1.11} the genus (2,2; <1/2 0 1/2> @ (—1/3),C5 @ C3) contains
1/21/2 0

at most one class.

4. Because of Theorem the genus (2,2;(1/3),C3) is empty.

5.1.23 5 =2(2) §2(—2)

If S = 2(2) ®2(—2) then D(S) = (1/2)®*, C$*) which is the same as in the case
S = 3(—2) @ (2). Therefore, gen(T) = (1,1, —0) where —§ is a finite quadratic form on
a group isomorphic to 02@4 @ Cs or 0556 @ C3 as, in each case, the minimal number of

generators exceeds 2, no such 7' can exist. O

5.2 Branch divisors in Fr  ,(I)

We determine the branch divisor of F7,_ 2p2 (T"). The branch divisor corresponds precisely
to the fixed locus of elements in I" that act as quasi-reflections and, by Lemma

these correspond to elements of the form +o, € I' where o, € O(Lg o,2) is a reflection.
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Lemma 5.2.1. If p > 3 and v € Lg o2 is primitive so that o, is a reflection, then

div(v) € {1,2,3,6,p% 2p*, 3p*, 6p*}

and

+0? € {2,4,6,12,2p%, 4p?, 6p?, 12p*}.

Proof. (The first part of the argument makes use of a number of observations in Chapter

3 of |[GHSO07].) The reflection o, € O(L) is defined by

and, therefore, div(v)|v? and v?|2div(v). Because div(v) is the order of v* = v/ div(v)
in D(Lg 9,2) = C® Cyye, we conclude that div(v)|6p?. We can exclude the cases where
p properly divides div(v): if p|div(v) then, on the standard basis of Lg 9,2, 2 belongs
to the set (pZ, pZ,pZ,pZ,pZ,7). Therefore p?|z? and as div(v)|v?|2div(v), the cases

div(v) = p,2p,3p,6p cannot occur. O

Throughout, we shall identify D(Lgq,2) with Cs @ Cy,2. We begin by classify-
ing the reflective primitive vectors v € Lgq,2 (as in, primitive v € Lgo,2 such that
oy € O(Lg 9p2)) up to 6(L672p2)—equivalence, before deciding whether 0, € OT(Lg, 5 p2)-

We can immediately assume that v2 < 0 as we are working with O™ (Lg, hgpg).

Lemma 5.2.2. Suppose that v € Lg o2 is such that div(v)[v?(2div(v). Then, up to

O(Lg 9p2)-equivalence, v is represented by one of the following in Lg g2 .

v=(1,-1,0,0,0,0) div(v) =1, v? = -2

v=(a,,0,0,0,1) div(v) = 2, v? = 2

or, if p?|div(v), by v = (a, 3,0,0, x5, +1) where div(v)|a, B and where v* has image
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(1, £1) € D(Lg 9p2). In such a case, the following conditions are satisfied:

if vt =—2p? and div(v) = p?, then =0 mod6
if  v?=—2p? and div(v) = 2p?, then iw=0,3 mod6
if vt = —6p? and div(v) = 6p?, then @w=20,1,2 mod 6

if v = —6p? and div(v) = 6p?, then nw=1,2,45 mod 6.

Moreover, there are no other solutions.

Proof. We can restrict our attention to v € Lg gp2 satisfying the conditions of Lemma
6211

If v2 = —2 and div(v) = 1, then v* = (0,0) and an (~)+(L672p2)—representative is
given by (1,-1,0,0,0,0).

If v2 = —2 and div(v) = 2, then v = (211, 229, 223, 274, 5, x5) and v* = (0,1/2),

(1/2,0), or (1/2,1/2) and by considering v?/2,
4x1w9 + 41374 — ng —pPag = —1 (5.5)

and the image of v* in D(Lg,2) corresponds to taking (z5,2¢) modulo 2. Taking

Equation (5.5) modulo 4, we have
22 —p*zf =3 mod 4

which, by considering squares modulo 4, has solutions if and only if ¢ = 0 modulo
2 and x5 = 0 modulo 2. Accordingly, v* = (0,1) € D(Lg,2) and a representative is
given by v = (a, 3,0,0,0,1) where 4a3 = p? — 1.

If v2 = —6 and div(v) = 3, v = (321, 32, 323, 324, 5, 326) (With the assumption

that p # 3), and v* = (2,0) or (4,0). By considering v?/3, we obtain

3x1x9 + 3324 — 22 — 3pPad = —3. (5.6)
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By considering squares modulo 3, we conclude that 3|zs5, but as div(v) = 3, x5 = 1,2
modulo 3 and so so no solution exists.

If v2 = —6 and div(v) = 6, v = (621, 6x2, 623,624, 75,326) and v* = (1,p?) or
(5,p?) and zg = £1 modulo p?; or div(v) = (1,0), or (5,0) and z¢ = £0 modulo 6.

By considering v?/6 we obtain

34z o + dwgxy — p2xg) =1+ :C% (5.7)

If v* = (£1,0), a representative for v is given by (0,0,0,0,+1,0). If v* = (&1,p?),

we conclude that zg = 2yg + 1 and

12(2122 + 374 — P°Ys — P°Y6) — 72 — 3p” = —1

— 3p°ad = —1 + a2 mod 4

by consider squares modulo 4 and noting that x5 is odd, we see that there is no solution.
If v2 = 12 and div(v) = 6, v = (6x1, 622, 623, 624, 5, 376) and by considering v?/6
we obtain

12(z129 + x324) = —2 + xg + 3p2x%

which, by considering squares modulo 4, has no solution.
If v2 = —2p? and div(v) = p?, v = (p?z1, pxa, p?x3, P24, p*x5, 76) and by consid-

ering v?/2p? we obtain

pQ(ajlxg + x324) — 3p?rs — x% =-1 (5.8)

and so

22 =1 mod p?

which has two solutions zg = £1 modulo p. A representative is given by v = («, 3,0,0,0, £1)
and v* = (0, £7).

If v2 = —2p? and div(v) = 2p?, v = (2p%z1, 2p%x9, 2p%w3, 2p% 24, p®25, 76) and by
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considering v?/2p?, we obtain
4p* (w179 + T314) — 3p°aE — 28 =1 (5.9)

and so

2 =41 mod p

which has two solutions zg = £1 modulo p if ( ;—21) = 1. In such a case, Equation
is always satisfied. A representative is given by v = («, 3,0,0,0,£1) and v* = (0, £1)
or (3,+1).

If v2 = —4p? and div(v) = 2p%, v = (2p%w1, 2p%w0, 2p% 23, 2p2 2y, P*25, 26) and by

considering v?/2p?, we obtain
4p* (129 + 374) — 3p°2E — 28 = 2 (5.10)

22 —22=2 mod4

which has, by considering squares modulo 4, has no solution.
If v2 = —6p? and div(v) = 3p?, v = (3p?x1, 3px2, 3p*x3, 3p®x4, p°x5, 376) and by

considering v?/6p? we obtain
3p* (w179 + T314) — 2p°22 — 32k = —1 (5.11)

and so

322—-1=0 mod p?

which has at most two solutions +7v modulo p?. By assumption, z5/3p* = 0,1,2
modulo 6. If such an zg exists, then Equation clearly has a solution for any
suitable x5 chosen modulo 6. A representative for v is given by v = (a, 3,0,0, u, =)
and v* = (0,+7) (1,£7), (2,47) where 372 — 1 =0 (p?).

If v2 = —6p? and div(v) = 6p?, v = (6p3x1, 6p°x2, 6p°x3, 6p*T4, p>x5, 326) and, by
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considering v?/6p?, we obtain
12p* (w122 + w314) — pPa? — 323 = —1 (5.12)

and so

322—1=0 mod p?

which has at most two solutions £y modulo p?. If such an zg exists, then Equation
clearly has a solution for any x5 chosen suitably modulo 6. In order to satisfy
the condition that div(v) = 6p?, x5 = 1,2,4,5 (6). A representative for v is given by
v=(a,B,0,0,u,+v) and v* = (i, £v) where i € {1,2,3,4} and 372 +1 =0 (p?).

If v? = —6p? and div(v) = 12p?, v = (6p*x1, 6p>xa, 6p>x3, 6pxy, P*T5, 376) and, by

considering v2/6p?, we obtain
12p% (w129 + x334) — p2a? — 322 = —2 (5.13)

and so

2+ p’2f—22 =0 mod 4
which, by considering squares modulo 4, has no solution. The result then follows. [

We next determine which of the reflective vectors v determine o, € O(Lg, h§p2) by

using the characterisation of Theorem [4.0.6]

Proposition 5.2.3. If v € Lgg,e and o, € O+(L6,h§p2) then, up to (~)+(L6,2p2)—

equivalence, v = (1,—1,0,0,0,0).

Proof. We consider the action of o, on v§ € D(Lg g,2) where v§ = (0,0,0,0,0,1/2p*)
for each of the v € Lgg,2 in Lemma If v = (1,1,0,0,0,0), one checks that
UU(UE) = Uék € D(L6,2p2)' Ifv= (aaﬁvoaoaov 1)7 UU(Ug) = _’Ué € D(L6,2p2)'
If v = (p%a, p?B, 0,0, p*ws5, 26) where v? = 2p?, div(v) = p? v* = (0,41). Then,
2x%

1—
ov(vg) = (O,O,O,O,O,T

7 ) € D(Lg2p2)
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which is equal to v§ € D(Lg,2) if and only if p*|x§. This is never true as z§ =1 (p?)
and so o, & O(Ls, hi2).

If v = (2p%a, 2p%B,0,0,2p%x5, v6) where div(v) = 2p? and v? = 2p? and where
v* = (pu, £1) € D(Lggp2) where =0 or 3.

1+ 23:%
2p?

O"U(Ug) = (07 07 07 07 07 ) € D(L6,2p2)
and so oy, & O(Lg, h3 ) for the same reason as the above case.

If v = (3p%a, 3p?B,0,0,p?x5, 3x6) where div(v) = 3p? and v? = 6p? and where
v* = (u, £1) € D(Lg 9,2) where 1= 0,1, or 2 and 323 — 1 =0 (p?).

3+ 628

O-’U(vg) = (07070707*7 6p2

) € D(Lg 9p2)

and so if o, (vg) = v, p*|z2 which is never true as 322 +1 =0 (p?).
If v = (6p%a, 6p*B,0,0, p?x5, 3x6) where div(v) = 6p? and v? = 6p? and where
v* = (u, ) € D(Lg gp2) where x5 = 1,2,4,5 (6) and 3z + 1 =0 (p?).

1+ 222

O-U(/Ug) = (07070707*7 2p2

) € D(Lg2p2)

and so if o, (vg) = v, p?|z2 which is never true as 322 + 1 =0 (p?).

5.3 Non-canonical singularities in 7 ,(I')
We begin with a definition.

Definition 5.3.1. Let L be a lattice of signature (2,n) and let v € L ® Q. The subset
D} ={[z] € D1 | (z,v) =0} C Dy,

is called a rational quadratic divisor.

We note that rational quadratic divisors are especially important if one is interested
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in proving general type results, as there exists a theory of reflective orthogonal modular
forms, which are modular forms which vanish along Dj for reflective v € L (see, for

example, |[Bor9§|, |Gril0]).

Theorem 5.3.2. (The Eichler criterion) |Fic74] If the lattice L assumes the form
L =2U @ Ly and v,w € L are primitive such that v*> = v and v* = v* mod L, then

there exists T € (~)+(L) such that Tv = w.

Proof. |GHS09| or [Eic74] §10. O
Lemma 5.3.3. If g is of order 3 and [x] € Dy, and x € Sy ® C or if g is of order 4
and [z] € Dy, and x € Sp2 ® C then

[x] € DY

Lg,2p

where v = +2.

Proof. 1f g is 3-torsion then, by Proposition T contains a —2-vector, with the
exception of the case S = 2A43(—1), for which we have a 2-vector. If g is 4-torsion then,
by Proposition all Tj» contains a —2-vector except for possibly S;» = (-2) ® (2)
and Sgo = (—2)92. In these exceptional cases, we examine the possible actions of g
on S. Let S = (—2)®% and consider (% §) € O((—2)®?), which is of order 4. We
determine the embeddings of (—2)®2 in a more explicit way, and show that the case
T = K, does not occur.

By the Eichler criterion (Theorem [5.3.2)), there are at most four O(Lg 2) equivalence
classes of —2-vectors in Log. If v € Lgo is a —2-vector, then v* has image (0,0) €
D(Lg2) if dive =1, or (1,0), (0,3) or (1,3) if dive = 2. If dive = 2, then v is of the

form (21,22, 223, 224, x5, x6) € Le2 and satisfies
8(x1z2 + T314) — 2:L"§ — 6:1:% = -2,

By considering squares modulo 4, we conclude that x5 and xg have different parities,

which excludes the case (1,3); and by working modulo 8, we exclude the case (0, 3).
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We are then left with two cases represented by (1,0,0,0,1,0) and (0,0,0,0,1,0). One
then calculates that the orthogonal complement of each case is given by 2U & (—6)
and U @ (—6) & (_22 (2)), respectively. A further calculation using Theorem (and
Theorem to check completeness), shows that the orthogonal complement of a
second -2-vector in each is given by U @ (2) @ (—6) with discriminant group C3* @ C3
or (_64 g) @ (_22 g) with discriminant group 02694 @ (3. Accordingly, the case T = K3
does not occur.

Because of the case S = 2A45(—1), where g acts as 3-torsion on S, the inclusion of
a 2-vector is unavoidable, as we show below.

The group O(2A43(—1)) can be decomposed as G1 x G3 where GG is the subgroup
preserving both copies of Ay(—1) and Gg is the permutation group induced on the
two factors in the sum As(—1) @ Ay(—1) (this technique is referred to as glue theory
in [CS99]). It is well known (see, for example, [Hum72]) that the automorphism group
of a root system R is generated by the Weyl group W (R) and the group of diagram
automorphisms D(R) of R. For As(—1), W(Az(—1)) = S3 and D(A3(—1)) = Cs and
so G1 = S3 x Cy and, clearly, Go = Cy. Therefore, O(242(—1)) = (S3 x C2) x Ch.
We take generators for each of the subgroups, and compute the conjugacy classes of
3-torsion in O(2A42(—1)).

We did our calculations in the computer algebra system GAP. We found that
O(2A42(—1)) is a group of order 288 and that there are two conjugacy classes of 3

torsion. These are represented by the elements

°L 8 8 % 498
(0 0 0 1) and (0 010)'
0 0 —1-1 0 001

and first case does not fix a -2-vector.
It is clear that if g is 4-torsion then g also acts on Sp = (—2) @ (2). A direct
calculation shows that O((—=2) @ (2)) = (({9), (' {)) = Va. Therefore O((—2) @ (2))

contains no 4-torsion. O
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Theorem 5.3.4. If [w] € Fy, is a non-canonical singularity,

6,2p2

[w] € D} Cc Dy,

6,2p2 6,2p2

where DZGQ , s one of, at most, 8(p? + 1) rational quadratic divisors. The vector v
,2p

can be chosen to be of length +£2 or +2p>.

Proof. By Theorem m if [w] € Fggp2 is non-canonical, then [w] lies in the fixed
locus of a quasi-reflection or an element of 3 or 4 torsion. If [w] lies in the fixed locus of
a quasi-reflection, then the result follows by Proposition If not, we consider the
inclusion I'g 5,2 < O(Lg2) of Theorem and denote the action of g € I'g 5,2 on Lg 2

by ¢’. By Lemma m Ty C Lg2 contains a 4=2-vector and because of the inclusion
pL672 C L6,2p2 C L6’2

Ty C Lg o2 contains a vector of length +2 or +2p?, which we assume to be primitive.
If v = 42, then dive = 1 or 2 and so v* belongs to Cy ® C3 < D(Lg g,2), which is
of order 4. If v?2 = 42p?, then dive = 1 or 2 or p or 2p or 2p? and v* belongs to
Co @ Cyp2 < D(Lg 9p2), which is of order 4p?. And so, by the Eichler criterion, up to

~+ .
O (Lgg,2) equivalence, there are at most 8(p® + 1) such elements. O

5.4 Extension of pluricanonical forms

A T'g gpe-invariant pluricanonical form on D 202 will extend to a smooth model of

Fr if it vanishes to sufficiently high order over the interior obstructions. By using

6,2p2
the Reid-Tai criterion and a result of Tai, we show that the required order can be
determined effectively by toric methods. We begin by establishing bounds on the order

of the elliptic elements of O(Lg ,2).
Lemma 5.4.1. If g € O(Lg 9,2) is of finite order m, then m < 30.

Proof. The element g € O(Lg,2) has a representation on Lg 9,2 ®Q, which is of degree

6. By general theory on the representations of the cyclic group over Q, if A is of order
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d, there is a unique faithful irreducible representation of degree ¢(d). Therefore, if
q"|o(g), then ¢ < 7 and ¢" is one of 2,22,23, 3,32 5. One checks that the only d with

such factors satisfying ¢(d) < 6 are

d 12 3 45 6 7 8 9 10 12 14 18
o) 1 1 2 2 4 2 6 4 6 4 4 6 6

and so m < 30. ]

Theorem 5.4.2. [Tai82] If G < GL(n,C), X = C"/G and X, = C"/(g) for g € G,
then a G-invariant pluricanonical form n on C™ extends to X if and only if n extends

to )?g for every g € G.

Theorem 5.4.3. If Q) is a I'-invariant pluricanonical form on Dy, then € defines

6,2p2’

a pluricanonical form on a smooth model of F, 2p2 if Q vanishes to suitably high order

over the pre-image of the obstructions under the map

w: Dy, — F

6,2p2 6,2p2 "

Moreover, the order of vanishing required can be determined effectively.

Proof. Suppose that [w] € Fr, is singular or lies in the branch divisor. We assume

6,2p2

that Fr, 2p2 is locally isomorphic to C*/G in a neighbourhood of [w]. By Theorem

P

5.4.2) we only need to check that Q extends to C/(g) for each g € G. Because of

Lemma this is a finite problem.

A computer search (by using Theorem [3.8.2 and [3.8.5)) of the possible represen-

tations of elliptic g € O(Lg ,2) on Hom(W, W+ /W) found that, at most, 34 possible
non-canonical cyclic quotient singularities can arise. These are listed in Appendix
Cyclic quotient singularities are toric singularities and can be resolved effectively by
the usual method of subdivision as in [Ful93]. One can then compute the order of

vanishing required by {2 to ensure extension. O
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5.5 Automorphisms of deformation generalised Kummer

manifolds and finite quotient singularities

In this section, we classify the possible local forms of the singularities in F7,  _ , (T") and
say a little about the automorphisms of deformation generalised Kummer manifolds.
If G < O%(Lgg,2) is a finite group, then G fixes a point in [w] € Dy, Furthermore,

by general symmetric space theory [Hel7§|, if

[w] € Dr_, = SO(2,4)/S0(2) x SO(4),

6,2p2

then the isotropy subgroup G, < O™(2,4) of [w] lies in the maximal compact subgroup
SO(2) x SO(4) of OT(2,4). Therefore, the isotropy subgroup G of [w] in O (Lg g,2) is
a finite subgroup of SO(2) x SO(4).

Due to the work of Zassenhaus, the finite subgroups of SO(n) can effectively (albeit
expensively) be calculated and tables exist up to n = 4 (see, also, [CS03| for SO(4)).
However, we choose to exploit the 2:1 cover of SO(4) by SU(2) x SU(2) given by the ex-
ceptional isomorphism between SO™ (4) and SU(2) x SU(2) (see, for example, [Kna02]),
as it results in a slightly simpler statement. Indeed, if one is only interested in com-
puting a full list of possible singularities, it is sufficient to classify the representations
of finite groups in SO(2) x SU(2) x SU(2) and, for the sake of simplificity, this is the
approach we take.

There is also a 2:1 cover SU(2) — SO(3) and so one can classify the finite subgroups
of SO(2) x SO(4) (as is explained in [Ste08|) in terms of the finite subgroups of SO(3),

which were known to Plato. The finite subgroups of SO(3) are
1. The cyclic group C,, = (a | a™ = e)
2. The dihedral group Dz, = {(a,i | a® = i = (ai)? =€)
3. The tetrahedral group T = (r,s,t | r3 = s> = t2 = rst)
4. The octahedral group O = (r,s,t | r3 = s? = t* = rst)
5. The icosahedral group I = (r,s,t | r3 = s? = t5 = rst)
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and the pre-images in SU(2) are known as the binary polyhedral groups. The case of the
pre-image of the cyclic group C,, is exceptional, and yields Cs,,. The binary polyhedral

groups are
1. The cyclic group C,, = (a | a™ =¢)
2. The binary dihedral group BDa,, = {(r,s,t | r? = 5% = t" = rst)
3. The binary tetrahedral group BT = (r, s, t | r? = s = 3 = rst)
4. The binary octahedral group BO = (r,s,t | 72 = s = t* = rst)
5. The binary icosahedral group Bl = (r,s,t | r? = s3 = > = rst)

Remark 5.5.1. If X is a polarised deformation generalised Kummer manifold then,
by using Lemma one obtains a list (see Theorem of the possible images of
Aut(X) on H*(X,Z) up to abstract isomorphism (see also [BNWS11] [OgulZ)).

6292 the space is locally isomorphic to

As in Chapter around a point [w] € Fr,
the quotient of Hom(W, W /W) =: V by the stabiliser G < I'g 5,2 of [w]. The action of
G on V corresponds to a 4-dimensional twisted representation of G. Therefore, in order
to classify the local form of the singularities of F, L o2 (T), it is sufficient to classify the
four dimensional complex representations of the finite subgroups of SO(2) x SO(4).

The character tables of the binary polyhedral groups, and their associated irre-
ducible representations are given in Appendix A. The case of C,, is well known, the
case of BDy, can be found in [Ste0§|, and we used the computer algebra system GAP
to compute for BT, BO and BI. The full set of representations can be determined by

semisimplicity and Proposition [5.5.2

Proposition 5.5.2. [JL01] If G and H are finite groups with whose irreducible rep-
resentations are given by p; and 0;, respectively, then the irreducible representations of

G x H are given precisely by p; ® 0;.

We may summarise the above discussion as follows:
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Theorem 5.5.3. Around [w] € F, op20 the space Fr ., is locally isomorphic to c*/G
where G < GL(4,C) and G = G x Gy x G3 where Gy is cyclic, and Gy and G3 are
binary polyhedral groups. Every element in G has order not exceeding 56 and the action

of G on C* is given precisely by the degree 4 representations of G, which can be deduced

from Appendiz A.
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Chapter

Toroidal compactifications and

singularities in the boundary

6.1 Toroidal compactifications

In this section, we describe the construction of a toroidal compactification of F Lg o2
and study the singularities in the boundary. We begin by describing the Baily-Borel
compactification, which is a canonical compactification that can be defined for any
Hermitian symmetric space H, or an arithmetic quotient of H. Our notation will often
view H as the symmetric space H = G/K. However, all of the the spaces we consider

will be of the form H = SO(2,n)/SO(2) x SO(n) and can be concretely realised in

terms of the quadric
D ={lz] e P(L®C) | (z,2) =0, (z,T) > 0}

for a lattice L of signature (2,n).

A more extensive overview can be found in [BJ06|] or [GHS13] (our treatment follows
[GHS13]). In general, one defines the Baily-Borel compactification of H by taking the
closure of H in the embedding H C H" given by the Harish-Chandra embedding.
For the domain Dy, this is simply the Zariski closure of Dy, inside P(L ® C) (where

P(L®C) lies in side the compact dual DY = {z € P(L®QC) | (z,x) = 0}). We shall refer
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to the Baily-Borel compactification of Dy, by DIJ?B . Given DIJ?B , we define boundary

components as follows:

Definition 6.1.1. Let z,y € DEB. We define an equivalence relation on DEB by

letting x ~ y if and only if there exist finitely many holomorphic maps
fi:A={zeC||z| <1} - DEB
such that x € f1(A) and y € fr(A) and fi(A) N fiz1(A) £ 0 for 1 > 1 < k. The

equivalence classes are called the boundary components of DLBB.

The Baily-Borel compactification can be decomposed as

DPP =Dy | | Fp
PeP

where P is a set of certain parabolic subgroups of G and Fp is the symmetric space
of P. In order to describe the Baily-Borel compactification of the arithmetic quotient

Dy,/T, we need to restrict our attention to rational boundary components.
Definition 6.1.2. We define the normaliser N(Fp) and the centraliser Z(Fp) of the

boundary component Fp inside G by

N(Fp)={g9€ G| g(Fp) = Fp}

Z(Fp)={9€G | glp, =id}.
Definition 6.1.3. A boundary component F of DEB 1s called a rational boundary
component if
1. The normalizer N(F) of F' is a parabolic subgroup of G and defined over Q.
2. The centralizer Z(F') contains a co-compact subgroup that is
(a) normal in N(F').

(b) an algebraic subgroup over Q.
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The group I' acts on the set of rational boundary components. Moreover, if Fp is
a rational boundary component, I'p = N(Fp) NT is a discrete group and so Fp/I'p is
also an arithmetic quotient of a Hermitian symmetric space. One can then define the

Baily-Borel compactification (D /T')* of D /T" by taking the quotient of

D; =D, || Fp

pPeP
P rational

by I' [BB66).

Theorem 6.1.4. [GHS13] [BB66] The Buaily-Borel compactification (Dr/I')* is an
irreducible normal complex projective variety. It contains Dr /T as a Zariski-open subset

and can be decomposed as

(Dp/T)*=Dr/Tu || Fp/Tp

PcP
P rational

where P runs over all the I'-equivlence classes of parabolic subgroups determining ra-

tional boundary components.

When I' < O(L), the maximal parabolic subgroups of I' are precisely the stabilisers

of totally isotropic subspaces in L ® Q, and we can refine the above decomposition:

Definition 6.1.5. Let (Dp/I')* be the Baily-Borel compactification of Dr/T' as in
Theorem where L is a lattice of signature (2,n). If Tp < T is the stabiliser
of a totally isotropic subspace of rank 1, we say that Fp/T'p is a rank 1 boundary
component; If U'p < T is the stabiliser of a totally isotropic subspace of rank 2, we say
that Fp/Tp is a rank 2 boundary component. Collectively, the boundary components

in (Dr/T)* are called cusps.

In the above situation, the rank 1 boundary components are points and the rank 2
boundary components are modular curves.
We can now begin to define toroidal compactifications of F(I'). Toroidal com-

pactifications exist for general arithmetic quotients of Hermitian symmetric domains,
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but we shall restrict our attention to the case Fr(I"). Full details can be found in the
monograph [AMRT10]. Toroidal compactifications are an especially appealing class
of compactification to work with if one is interested in proving general type results
because their singularities are, at worst, quotients of toric singularities, and these are
usually easy to resolve.

The construction begins with a local construction at each cusp F, and ends by
gluing the local constructions together. Ordinarily (for example, in the case of abelian
surfaces [HKW93]), one has to check that certain compatibility conditions are satisfied
for the gluing procedure to be well defined, but if I' < O(2,n), these conditions are
automatically satisfied. This turns out to be a major simplification.

For a boundary component F', we define the domain Dy, (F') as

DL(F) = F x V(F) x U(F)c (6.1)

where, if W(F') is the unipotent radical of N(F'), U(F) is the centre of W(F') and

V(F)=W(F)/U(F) is a complex vector space. We have the natural maps

DL(F)

TF DL(F)/

where Dr(F) = Dr(F)/U(F)c. The domain Dy, can then be realised as a Siegel

domain inside D (F') by the tube domain condition

Dy = {z € DL(F) | Im(pry(x)) € O(F)}

for a cone C'(F) C U(F) where pry; is the projection map from D(F) to U(F)c in
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Equation (6.1)). If we define the map ¢ by

by ¢ : x — Im(pry(x)), we obtain the diagram

C(F) - U(F)
OF OF
DL C DL(F) C ,Dz
T
TF DL<F)/
pPFr
F

Indeed, the spaces 7% : Dr(F) — Dr(F)" and pp : Dr(F)" — F are principal homoge-
neous spaces for U(F)c and V(F), respectively. The group N(F)z = I' N N(F') acts

on D (F) and if we restrict to U(F')z := ' NU(F), we obtain a principal fibre bundle
Dr(F)/U(F)z — Dr(F)’ (6.2)

whose fibre is U(F)c/U(F')z, which is an algebraic torus T'(F'). To obtain a partial
compactification over the cusp F', one first obtains a fan by taking an N (F')z-invariant
decomposition of the cone C(F') into rational polyhedral cones. The fan defines a toric
variety Xypy DO T(F) and we can replace T'(F) in the bundle of equation
with Xy (p) to obtain a new bundle over Dy (F') with fibre X5 py. One then takes the
closure of Dy /U(F)z in the new bundle and then the quotient by N(F)z to obtain
a partial compactification for the cusp F'. The final step involves glueing the partial
compactifications together by identifying the copies of Dy /T" contained in each one.
In general, the decomposition of C(F') is not arbitrary and compatibility conditions

must be satisfied by fans that occur when one cusp lies in the closure of another cusp.
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These are conditions are automatically satisfied for subgroups of O(2,n): two cusps
Fy and F5 have intersecting closures if and only if their associated isotropic subspaces
FEq, FEy € L ® Q satisfy E1 C Es. Therefore, we need only consider the intersection of
a 1 dimensional boundary component with a 0 dimensional boundary component. For
the orthogonal group O(2,n), dimU(F) = 1 at a one dimensional cusps and so the
decomposition of C'(F) C U(F') is trivial.

For the rest of this section, we shall work with an explicit description of a toroidal
compactication of Fr,(I') but, because of the following results, only the one dimensional

boundary components will concern us.

6.2 Rank 1 boundary components

All of the results in this subsection can be found in [GHS07]. Suppose that dim £ = 1;

then, as V/(F) is trivial,

Di(F) = F x U(F)c = U(F)c.

We let M(F) = U(F)z and T(F) = U(F)c/U(F)z. We obtain the partial com-
pactification in the direction of F' by taking the closure of Dr(F')/U(F')z in the bundle
formed by replacing T'(F') in Equation with a toric variety Xx(F'), and then taking
the quotient by G(F') = N(F')z/U(F)z. However, in this case, the resulting bundle is
X5(F). Indeed, while it is not immediate from the construction, one can choose X5 (F)
so that Xy (F) is smooth and so that G(F') acts on the closure of Dr(F)/U(F)z in
X5 (F) (an explanation may be found in [FC90|) and so at the 0 dimensional boundary

components, determining the singularities is reduced to a purely toric problem.

Theorem 6.2.1. [GHS07] (Theorem 2.17) If Xx, D T is a smooth toric variety on
which a finite group of torus automorphisms G < Aut(T) acts, then Xx/G has canon-

ical singularities

Therefore, the singularities at in the zero dimensional boundary components can

be ignored. One may still have to check if the branch divisor presents an obstruction
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but, because of the following theorem, this can also be ignored.

Theorem 6.2.2. [GHS07] (Corollary 2.22) There are no divisors at the boundary

over a zero dimensional cusp F that are fized by a non-trivial element of G(F).

We therefore need only to consider the one dimensional boundary components.

6.3 Rank 2 boundary components

We describe the compactification at the one dimensional boundary components explic-

itly, as in [Sca87], [Kon93] and |[GHSO07].

Lemma 6.3.1. Let £ < Lgoy be a primitive, totally isotropic subspace of rank 2
corresponding to the boundary component F'. Then there exists a Z-basis {v1,...,v6}
of Lgap2 such that {vi,va} is a basis for E and {v1,...,v4} is a basis for E+. The

basis can be chosen so that the bilinear form @Q has Gram matriz

0 0 A
Q= (w,v))=10 B C (6.3)
tA tC D
where B is the form on E+/E and
A _ 0 ail
aipag 0

Here a1 and ay are the elementary divisors of the group D(L672p2)/Hf§. Moreover,

(ala a1a2) € {(17 1)? (17 2p), (17 6}))}-

Proof. As E and E™ are primitive, the claim about the existence of a basis on which
@ assumes the form of Equation (6.3)) is immediate. We next consider the matrix A.
By considering the Smith normal form of A, we see that A embeds (vs, vg) in the dual

(vE,v§) and so the elementary divisors of A correspond to the elementary divisors of the
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abelian group (vi,vg)/(vs,vs). If Hp = E++/E < D(Lgg,2), then Hi = (v},...,v})
in D(Lg ,2) and so (v}, v)/(vs, ve) = D(Lg 2,2)/H. We next determine Hg and H.
As E is totally isotropic in Lg 9,2, Hp is totally isotropic in D(Lggp2). If D(Lg 9p2) is
identified with ((—1/6) & (—1/2p?),Cs @ Cyy2), then (x,y) € D(Lggp2) is isotropic if
and only if

p?z? +3y2 =0 mod 6p°.

As (3,p) = 1, ply and so, p?z? + 3p?y? = 0 mod 6p? and 22 + py? =0 mod 6.
By considering squares modulo 6, we conclude that z = 0 or 3 and that z and y

must have different parities. The isotropic elements in D(Lg 9,2) are, therefore,
(z,y) € {(0,2kp), (3, (2k + 1)p) | k € Z}.

The primitive isotropic subspaces of rank 1 in D(Lg 9,2) are generated by z1 = (0, 2p)
and xo = (3,p) and the single rank 2 totally isotropic subspace is generated by (x1, z2).

If Hg = (1),
HL% = {(a’a b) € D(L6,2p2) | pa + 6b=0 mod ﬁp}

and so p|b, 6/a and Hi = ((0,p)) = Cyp,.
If HE = <J}2>,

Hg = {(a,b) € D(Lggp2) | pa+b=0 mod 2p}

and so p|b, 2|/(a +b) and Hg = ((1,p),(2,0)). If y1 = (1,p) and y2 = (2,0), we also

have the relations

6pyr =0

3y2:0

and so p(2y; — y2) = 0. Moreover, because p = +1 modulo (6), 2py; = +y2 and so
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Hy = () = ((1,p)) = C3® Cyp. If Hp = (z1,22) then Hy = (y1) = ((1,p)) =

C3 ® Cyp. We conclude that,

—_

. If Hg = {0}, then Hg; = D(Lg,2) and D(Lgq,2/Hz = {0}.

2. If Hg = (21), then Hi = ((0,p)) = Cyp, and D(Lgo,2)/Hg = Cs @ Cp.

3. If Hg = (x2), then Hi = ((1,p)) = C3 @ Cyp and D(Lgo,2)/H = Co @ C),.

4. If Hg = (21, 32), then Hg = ((1,p)) = C3 ® Cop and D(Lg,2)/Hg = Co @ C).
The result follows. OJ

It is likely that the following lemma was proved in [Bri83|, but we prove it here as

we were unable to locate a copy.

Lemma 6.3.2. Let L be a lattice of signature (2,n) and let E C L be a primitive
totally isotropic subspace of rank 2. If Hp 1= Eivl, then the discriminant form of the

lattice E+/E is given by

D(E+/E) = Hi /Hp ¢ D(L)

Proof. Let E < L be a primitive totally isotropic subspace of rank 2. As E and E*
are primitive in L, then as a Z-module, L = (E*/E) ® E @ F for some F < L. As a

Z—module, LV = Hom(L, Z) assumes the following form
LY~ (E+*/E) e (Ea F)Y

Moreover, E++ C LV is primitive in (E @ F)Y and we can take a basis {e}, f1, e}, f5}
of (E® F)Y so that E++ = (e%, e3) and such that the bilinear form on (E @ F)¥ c LV
is equal to U @ U. Because (E+/E) is non-degenerate, (E+/E)Y has a basis B in

(E+/E)®Q. With respect to the basis {eF, f;, €3, f3 }UB, the form on LY is U U@ Ly.

Therefore,
D(L :LngM D(E+/E).
As Hp = (e}, e3)/E, therefore D(E+/E) = H /Hp C D(L). O
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Corollary 6.3.3. Only the case (a1,a1a2) = (1,1) or (1,2p) occurs in Lemma|6.3. 1}

Proof. By Lemma the negative definite lattice B has discriminant form D(B) =
Hg /Hg < D(Lga,2) and so if (a1, a1a2) = (1,6p), then D(B) = ((1/2),C3). By using
tables in |CS99], we see that no such B can exist. The other cases may exist, though.
If (a1,a1a2) = (1,2p), D(B) = ((1/3),C3) and B = Ay(-1). If (a1, a1a2) = (1,1),
D(B) = ((—1/6) ® (—1/2p*), C6 ® Cy2) and B may be equal to (—6) & (—2p?). O

Lemma 6.3.4. There exists a basis {v1,...v6} for Lg o, ® Q such that {vi,v2} form

a Z—basis for E and {v1,...v4} form a Z — basis for E+ and

00 A
Q= ((vi,v;)))=10 B 0
A 0 O

where A and B are as described previously in Lemma |6.3.1].

Proof. This is essentially Lemma 2.24 of [GHS07]. Let R = —B~'C € My(Z[1/ det B])
and let R € My(Z[1/ det B]) satisfy

D-'CB'C+'R'A+"AR =0
and define the base change matrix

I 0 R
N=10 I R
00 I
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Lemma 6.3.5. The groups N(F), W(F) and U(F) are given by

U w
'WAZ = A,'XBX = B, 'WAZ = 0, ' XBY +'VAZ = 0
NF)=q0 X Y ||
YYBY +t ZAW +* WAZ =0, det(U) > 0
0 0 Z
IV w
W(F)=<l0 I Y| |BY+'VA=0,"YBY + AW+ WA=0
0 0 I
\
0 ajasx
I 0
- 0
U(F)= |z eR
0 I 0
0 0 I J
Proof. Direct calculation (as [Kon93)|). O

We also need a description for N(F')z. As mentioned in Proposition 2.27 of [GHS07],

if g € N(F') is given on the above basis then g € N(F)z if

UV -VB'C4+W+UR -RZ
N'gN=]10 X vYv-XB'C+B'cz |é€GL(62Z).
0 0 z

We next identify Dy (F) with (z,w;,ws,7) € C x C? x H as a Siegel domain (as ex-

plained in [Kon93] or [GHS07]). The identification proceeds by choosing homogeneous

coordinates [t : ... : tg] on P(L ® C). The map D (F) — P(L ® C) is given by ¢ := 1,
ti—=2€C,t3—w €C, ts =7 and ty — 726”7(1”12’;’;22)3%1”1’1”2).

Proposition 6.3.6. Let
uv v w

g=|l0 X Y |eENWPF)

0 0 Z
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a b
where Z = . The action of g on Dr(F) is given by
c d

Z2 = qoy + (e + d)~1 (mthw +Viw + Wit + ng)

we (er+d) N (Xw+Y (7))

at+b

T = ct+d

Proof. As in [GHS07]. O

6.4 Bounds on the boundary components

We wish to examine the non-canonical singularities in X. Because of Theorem (as
in [GHS07]) the compactification may be chosen so that all the singularities at the 0 di-
mensional cusps are canonical. Therefore, we need only to consider the compactification
at the 1 dimensional cusps. The boundary components of F,(I") correspond to precisely
to [-orbits of totally isotropic subspaces in L ® Q, with the zero dimensional cusps cor-
responding to the orbits of isotropic lines and the one dimensional cusps corresponding
to the orbits of totally isotropic planes. We begin by using the approach of [Sca87] to
determine the O(Lg 2)-orbits of totally isotropic planes in L2 ® Q = Lg 92 ® Q. This
involves showing that given a totally isotropic subspace E < Lg 2, the bilinear form on

L¢ 2 can be put into a certain normal form.

Lemma 6.4.1. If £ < Lg o is primitive and totally isotropic of rank 2, then E+/E =~

(—6) @ (—2) or B+/E = Ay(—1).

Proof. We consider the subspaces Hg < D(Lg2). As E is totally isotropic, Hp <
D(Lg 2) is totally isotropic. As usual, identify D(Lg2) with Cs @ Cs. If (a,b) € D(Lg2)
is isotropic, then a?/6 — b?/2 = 0 (Q/Z) which has solutions (a,b) = (0,0) or (a,b) =
(3,1). If Hg = {(0,0)}, then Hz/Hp = D(Lg2) with form ((—1/6) & (1/2),Cs & Cs2).
If Hg = ((3,1)), then H = ((1,1)) and Hz/Hg = ((2,0)) with form ((1/3),Cs).

By using tables in [CS99|, we see that there are two negative definite even lattices of
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determinant 12: (—6)@(—2) and ( Z3 —7) but, as calculated previously, the discriminant
form of the second lattice is inequivalent to ((1/2)%% @ (—1/3),C5? @ C3). Therefore,
in the case Hg = ((0,0)) we have E+/E = (—6) @ (—2); similarly, by using tables
in [CS99], in the case Hg = ((3,1)) we have E+/E = Ay(—1). O

Lemma 6.4.2. Let E < Lg2 ® Q be a totally isotropic subspace of rank 2. Then there
exists a Z—basis {v1,...v6} of Lea such that {vi,va} is a basis for E and {vi,...,v4}

is a basis for E+ and the inner product on Le 2 becomes

0 0 P
Q= ((vi,v)) =10 B C
P C Q

where
1. If Hp = ((1,1)), then B=(—6) ®(—2) and P=(9}) and Q = C = 0.

2. IfHg = {((3,1)), then B = Ay(—1) and P = (3 }) and Q = (%'3) ford € {0,1,2}
and C = (998) for c € {0,1,2}.

Proof. We start by taking a basis {vy,...ve} of Lg 2 for which {v1,vs} is a basis for E

and {v1,...v4} is a basis for E+. Suppose that on this basis

0 0 Ao
Q=((wsv))=| 0 By Co
tAO tC(] DO

By Lemma Hg = ((0,0)) or Hp = ((3,1)). If Hg = ((0,0)) then, by the

Elementary Divisor Theorem, there exist U, Z € GL(2,7Z) such that

UAZ =

Moreover, there exists X € GL(2,Z) such that X ByX = B = (—6) & (—2), and so the
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matrix g; := diag(U, X, Z) € GL(6,Z) transforms Q to Q" where

0 0 A
Q="gQan=10 B ¢
tA tCy Dy
Now consider
I —tA'C; 0
g2:= 1|0 I 0| € GL(6,Z).

0 0 1

The map g2 transforms Q' to Q" where

0 0 A
Q=10 B 0
tA 0 Dy

1
where A = . We next require that Dy be put into the correct form. Consider

10

I 0 W
gs:=10 I 0 | <€GL(6,2)

0 0 I

g3 sends Dy — Do + WA +*AW. One checks that ‘WA 4+ AW contains all matrices

of the form

where a, b, c € Z. Therefore, there exists W so that g3 sends

d 0
DQ — H

0 do
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where di1 and doy are taken modulo 2. However, as the form () is even, di; and
dso are both even. Therefore, there exists W so that g3 sends Dy to 0. The matrix
939291 € GL(6,Z) gives the required base change.

If Hgp = ((3,1)) then, by the Elementary Divisor Theorem, there exist U, Z €
GL(2,Z) such that

1
UAyZ =

30

Moreover, there exists X € GL(2,Z) such that ‘XByX = B = As(—1), and so the
matrix g4 := diag(U, X, Z) € GL(2,Z) transforms @ to Q" where

0 0 A
Q="gQun=10 B 0

tA tCy Dy
and
01
A=
30
Now consider
I P O
gs:=10 I Q| €GL(6,%)
0 0 I

for some P,Q € M3(Z). We claim that P and @ can be chosen such that

‘PA+BQ+C, =

where a is determined modulo 3. We have

3p21 — 2q11 — q21 +c11 P11 — 2q12 + q22 + c12
‘PA+BQ+C, =

3p22 — 2921 — q11 + €21 P12 — q12 — 2q22 + €29

The claim about the second column is immediate as p11 and p12 are both free. For the
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first column, we can work modulo 3 as ps; and p9o are free. As

0 :=2q11 +q21 = —(2¢21 + ¢11) mod 3

the first column can be mapped to (0, ¢11 + c21) modulo 3 for an appropriate choice of

J.
Therefore,
I P O
g=10 I Q
0 0 [

with P and ) chosen as above transforms @’ to

0o 0 A
Q"=10 B 0
tA tCy Dy

where Cj is as in the statement of the theorem. We next require that Do be put into

the correct form. Consider

I 0 W
g:=10 I 0 |<GL(6,2Z2)
0 0 I

for W € Ma(Z). The element gg sends

Dy Dy +'"WA+TAW.

One checks that the set {{WA+'AW | W € My(Z)} contains all matrices of the form
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where a, b, c € Z. Therefore, there exists W so that g3 sends

di1 0
D2 —

0 do

where dq; is taken modulo 6 and dos is taken modulo 2. As the form @ is even, dy; and
dgo are both even and therefore there exists W so that g3 sends di; to one of 0, 2 or 4

and the rest to 0. Therefore gggsg3 € GL(6,Z) gives the required base change. O

Theorem 6.4.3. The modular variety Fr has at most 320(p® + p?) rank 2 boundary

components.

Proof. If 1, E5 < Lg 2 are primitive totally isotropic subspaces of rank 2 with the same
normal form, then by Lemma there exist bases {v1,...,vs} and {w1,...,wg} of

Lg o such that {vi,v2}, {w1, w2} are bases for Ey and Es respectively and

0 0 A
(vi,vi)) = (wi,wj)) =0 B C
A tC D

Accordingly, one can define g € O(Lgz2) by g : v; — w; such that g(E;) = E and
so there are at most 20 totally isotropic rank 2 subspaces of Lga2 up to O+(L672)

equivalance. By Theorem
| 0" (Lo 2) : OF (L, h32)| = 16(p° + p?)

and so, up to O"(Lg, hgpQ) equivalence, there are at most 320(p® + p?) rank 2 boundary

components. O
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6.5 A reduction procedure and singularities in a bound-

ary component

We next show that the set of fixed points can be reduced by application of special
elements in N(F')z. This enables us to produce an upper bound for the number of
components of the singular locus. For a given boundary component F', we define
N = ajasdet B. Without loss of generality, we can assume that the basis chosen in
Lemma [6.3.4] is such that the lattice given by B has a basis given by the fundamental

polyhedron.

Lemma 6.5.1. Let E be a rank 2 totally isotropic subspace corresponding to the bound-
ary component F. Let A = diag(ai,ai1az2), as in Lemma . Then the principal
congruence subgroup of level N, I'(N), embeds in N(F'). The embedding is given by
sending Z € I'(N) to
Z'" 0 0
gz=|0 I 0| €Nz

0 0 Z
where, if
a b d —cay
Z = we write 7' =
¢ d —b/as a
Proof. Let
u v w

g=10 X Y |€eN(WF).
0 0 Z

If g € N(F)z then, by Lemma the following are integral matrices

U=X=12Z (6.4)
- VB 'C+W+UR - RZ (6.5)
Y - XB 'Cc+ B 'CZz (6.6)
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Let

and let X =7 and V =W =Y = 0. By Lemma we can suppose that R, B~! €
M5(Z[1/ det B]). By Lemma 'UAZ = A and so
d —cas

U =
—b/as a

As Z € T(N), it follows that U € M»(Z). Because of Equations (6.5) and (6.6), we

obtain the following integral matrices:

UR —-RZ (6.7)
-B'c+B'0Z (6.8)
If
R w oz
y y4
then
—ascy — aw + dw — cx —ascz — bw
vR -Rz-=| "% ? € Ma(Z).
—cz —bw/asg —by+az —dz — bx/asy

As Z € I'(N), then a = d = 1 modulo N and b = ¢ = 0 modulo N and so Equation
is satisfied. Furthermore, Z = I modulo N and so C' — C'Z = 0 modulo N. As
det B|N,

—-B7'C+B7'CZ=B"YC - CZ) € My(7Z)

and so I'(N) < N(F)z. O
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Lemma 6.5.2. Let E be a rank 2 totally isotropic subspace corresponding to the bound-

ary component F'. Let A = diag(a1,aia2), as in Lemma m The group W (F)z

contains all elements of the form

gy =10 I Y
0 0 I
where Y € My(NZ).

Proof. 1f
IV w
gy=|(0 1 v |eWF)
0 0 I

then by Lemma [6.3.5

BY +'VA=0

YYBY + AW +'WA = 0.

Furthermore, by Lemma

I V W-VB~IC
N'gN=1|0 1 Y

0 0 I

subject to the conditions that

W - VB~IC

V=Y=0

(6.9)

(6.10)

(6.11)

(6.12)

are both integral. We look for solutions satisfying Equation (6.12)). Equation has
a solution in V' if Y € Ms(ajaeZ) and Equation (6.11)) is satisfied if V' € My(det BZ).

Because of Equation (6.9), we can ensure that both are satisfied if Y € My(NZ).
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If

w11 w12

w21 W22

then Equation ([6.10) becomes

—'YBY = AW +' WA
2a1w11 a1wig + a162wW12

a1aw21 + a1wi2 2a1a2w22

and, by considering Equation , has a solution in W if Y € Ms(2a1a97Z). All such

conditions are clearly satisfied if Y € My(NZ). O

Theorem 6.5.3. If (a1,a1a2) = (1,1) the singular locus of a boundary component
contains of the order of p® points and p° lines. The number of surfaces in the boundary
component does not depend on p. If (a1,a1a2) = (1,2p) the singular locus of a boundary

component contains of the order of p** points, p'? lines, and p° surfaces.

Proof. By Proposition g acts on (z,w, 7) by

Z =

t
+ (CT + d)il < wBw +KM+ Wit + Wm)

z c
det Z 20 det Z
w (et +d)H (Xw+Y (1))

ar +b
T .
ct+d

In particular (as noted in [GHSO07]), 7 is SL(2,Z) equivalent to i or a cube root of unity
w. Indeed, 7 € SL(2,Z)i if Z is of order 4 and 7 € SL(2,Z)&3 if Z is of order 3 or 6.

Moreover, if

a B
M = € SL(2,Z)
v 4
then
o+
TR
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where 6 € {i,&3} and so

(ay +08) + (ad + ) Re b + (b — By) Im Oi
v2 402+ 270 Re )

and we define J by
J=2(7* + 6% + 275 Re¥)

and K7 and K5 by

K Ky
T 7 + 7 v,
where v € {i,w}. At w,
w=(cr+d) ' (Xuw+Y (7). (6.13)

For Z defined by g, we define ¢ = (er +d)~! and T by

T=1-¢X.

As observed in |[GHSO07] Proposition 2.28, £ is a sixth or a fourth root of unity. This
follows because G4(i) # 0 and Gg(€3) # 0 where Gy, is the weight-k Eisenstein series
(see [DS05]). In particular, £ is a sixth root of unity if Z is of order 3 or 6 and a fourth
root of unity if Z is of order 4.
If det T' # 0, then
weT 'Y ()

and so, by noting that Y € My(Z[1/ det B]), we have that w € L x L where

_ {17

~ detT'det B
(and where (1,7) denotes the lattice in C generated by 1 and 7). We can assume that
the basis {v1,...,v6} is given so that {vs,vs} defines the fundamental polyhedron of
the lattice B. We can therefore assume that X is one of the standard automorphisms

of B given in the introduction. The value of det B in each case is given in Table
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L & [ i f-1]-if1] & [w | o [&]

¢1(x)? 20 | 4 | =200 &—-1 |3 | -3%+3| S

pr(x)pa(z) | 2 | 0| 2 |0| &+1 2 | &+1 2
Ga(x)* | =20 | 0 | 2 |4 -=3&+3| & | &—1 | 3
b3(z) —i | 1| i |3]-26+2] 0 0 26
P4(7) 0 2 0 |2] =&+1 | & | —S%+1 | &
b (z) i |3 —i|1 0 2% | —2¢66+2 | 0

Table 6.1

We next consider L for each value of det B. By direct calculation we find that,

. (1,4)
Itz der 4 L —— K=1,23,4
1S oraer 4, = JK det B 5 Ly Iy
e (1,/34)
tZ der 3 or 6 L ——— K=1,2,3,4,6.
1 1S oraer or o, = 9K Jdet B ) Sy Dy Ey

We next bound the number of components of the singular locus in each boundary
component by using the elements defined in Lemma [6.5.1] and Lemma [6.5.2

By Lemma I['(N) < N(F). It is well known (see [DSO05]) that

ISL(2,2) : T(N) = N* (1 - p12>

p|N

and as

~+
|0 (Lggp2) : O (Lgop2)| = 16,

there are at most

16N ][ <1 - 12) = Ky
p

p|N

equivalence classes of 7 modulo N(F) N O(Lg, hy ). If Z is of order 4, then

e — 15 250 (1,12)
77 JKdetB " JKdet B ~ JK det B

and

r15 + KK det BY}'l + Y}'QJK det B (.%'2]‘ + K det BKQle)i
JK det B JK det B

gy 1 Wj —
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and as Y € M(NZ) can be chosen arbitrarily, x1j can be reduced modulo NJK det B
and x9; can be reduced modulo NK K5 det B.
If Z is of order 3 or 6, then

_ xlj + $2j\/§7: c <1,\/§i>
2JKdetB 2JKdetB 2JKdetB

wj

and

1) + 2K Ky det BY); +2Yjp K det B | (2y; + 2K det BEyY;1)V3i
JK det B 2JK det B

gy 1 wWj —

and as Y € My(NZ) can be chosen arbitrarily, z1; can be reduced modulo 2N JK det B
and xg; can be reduced modulo 2N K K5 det B. We consider the cases where detT" = 0
separately. They occur when

(xx(2),€) € { (p102, 1), (¢3,—1), (¢4, —1),(¢3,1), (d102,1), (¢6,E6), (¥3,€3), (3, €3),
(¢6,£3)}- In each case we solve Equation directly, and reduce as above. We find

that:

L If (xx(z),&) = (¢102,—1), wy € C is free and w; € 2}3’523 and so w; can be

reduced to one of 2N J det B points.

2. If (xx(2),&) = (¢3,—1), w1, wy € C are free.

3. If (xx(x),&) = (¢4, —i), wa € C is free and wy = iws + x1 for 1 € wy € Jgé?B

and so wy can be reduced to one of NJ det B lines.

4. TIf (xx(2),€) = (¢2,1), wy,ws € J<dle’i>B or wy,ws € ;;’ﬁ% and so each of wq, wo

can be reduced to one of 2N .J det B points.

5. If (xx(2),8) = (¢1¢2,1), wy € C is free and wq € % or wy € ffﬁ% and so

wy can be reduced to one of 4N J det B points.

6. If (xx(2),&) = (¢6,&6), wa € C is free, wy = —& + x1 for z1 € é}’(}/j% and so wy

can be reduced to one of 2N .J det B points.
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(1,v/3i)

7. If (xx(2),€) = (¢3,83), w2 € Cis free and wy = &3 + 21 for 11 € 57575 and so

w1 can be reduced to one of 2N J det B points.

(1,v/3i)

8. If (xx(x),&) = (¢3,€3), wp € C is free and w1 = & + a1 for 21 € 5755 and so

w1 can be reduced to one of 2N J det B points.

(1,v/3i)

9. If (xx(),&) = (¢6,£3)}, w2 € C and wy = x1 + ews for 1 € 57755 and so wy

can be reduced to one of 2N J det B points.

After reduction by suitable gygz € N(F) N OT (L, h3,2), we conclude that the sin-

gular locus of each boundary component consists of at most 96K yN2JK2Kydet B +

14K NN J det B points; KyNJ det B lines; and Ky surfaces. We have at once that

|J| <3N? and K < 6. By Corollary

12p% if (a1,a1a2) = (1,1)

det B =

3 if (a1,a1a2) = (1,2p)

and one checks that

24 if (al,alag) =

Ky =

9216p”(p* — 1) if (a1, a102) =

and so

o(p°)
96K NN2JK?Kydet B+ 14Ky NJ det B =
14)

o(p

and

o(p®) if (a1,a1a2) =

KnyNJdet B =

o(p'?)

In each case, a sharp bound can be given.

117

if (al, alag) =

(1,1)

(1,2p)

lf (al,alag) = (1, 1)

if (a1, a1a2) = (1,2p)

(1,1)

(1,2p).



We end by remarking that as in [Kon93| and [GHSO07], the action of

Uu v w
g=l0 X Y |€NWF)

0 0 Z
on the tangent space is given by
expg, (1) 0 0
* (er+d)7tX 0
* * (er +d)~2

Here,

t=(cr+d)* ( fwBw + fwBw/2a1 + Viw + Wit + ng)

_c
20 det Z

and is, of course, equal to 0 at each boundary component. One can establish criteria
for the extension of pluricanonical forms as in Chapter 4. We find that the only non-

canonical singularities we must check are %(3, 3,1,1) and é(G, 2,1,1).
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Appendix A

Character tables

A.1 The cyclic group C,

Let Cy, = (a | a" = e) and let & = 2™/,

(x e[ a [ o [..] a7 | a7 |
wlt] 1 T .. 1 1
xi || 1| ¢ S &2 &t
X1 1 52 54 L 52(71—2) 52(77,—1)
X.l 1 é-n—l 62(71—1) ) . é—(n—2)(n—1) é-(n—li)(n—l)

Table A.1: Characters of C,,

The character p; corresponding to the character y; is given by

pitars (€.
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A.2 The binary dihedral group BD-,

Let BDs,, = <a,b | a® = b2 = (ba)2> and let 5 — e27ri/n‘

b2 aFfork=1,....n—1] b | ba

X €
x1 |1 1 1 1|1
xo |1 1 1 -1 -1
xs |1 —1 (—1)k i —i
xa |1 -1 (—1)k —i | i
X, |2 -2 gk gk 0] 0
Xy |2 -2 g2k 4 2%k 0|0

ngfl ) (_2)71—1 g(n—l)k + é—(n—l)k 0 0

Table A.2: Characters of BDay,, n even

X e b? aFfork=1,....n—1] b | ba
X1 1 1 1 1 1
X2 1 1 1 -11] -1
xs |1 —1 (—1)k 1| -1
xa |1 —1 (—1)k -1/ 1
Xy |2 -2 gk ek 0|0
X/2 9 -9 52]6 +£—2k 0 0
ng—l 9 (_2)7171 é-(nfl)k + érf(nfl)k 0 0

Table A.3: Characters of BDs,, n odd

If n is even, the representations p; and p} corresponding to the characters x; and

X, are given by

p1:a— (1) p1:b— (1)
p2:a— (1) p1:b— (—1)
p3:a— (—1) p1:b (i)
pg:a— (—1) p1:b (=)
) &0 0 —1
P a— 4 p1:b—

0 & 1 0

If n is odd, the representations p; and p) corresponding to the characters y; and x/
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are given by

P1
P2
P3

P4

ta— (1)
ta— (1)
ta— (—1)

ca— (—1)

gi
0

La—

0
gfi

pltbi—>(1)
,01:()'—)(—1)
p1:b— (1)

p1:b— (—1)

A.3 The binary tetrahedral group BT

Let BT = (a,b | a® = b = (ab)?) and let £ = e2™/3,

a’b

X | e a’ba | o | aba | b | a
x1 || 1 1 1 1 1 1 1
xe | 1] & 1 1] ¢ [€&]¢
xs | 1] € 1 1] & |¢]|é
yal2| -1 0 |-2]-1]1]1
Xs || 2] =€ 0 | 2| -] ¢ |¢&
o ||2|—€ 0 |—2| —¢|&|c¢
x7 1| 3] O -1 3 0 0|0

Table A.4: Characters of BT
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The representations p; corresponding to the characters x; are given by

P1

P2

P3

P4

P5

Pe

7

ta— (1)
o
ca— (62)
-& ¢
fa>
0 =£
¢ -2
Ta
0o -1
¢ &
fa >
-1 0
010
ta— [0 0 1
1 00

b (1)
b (€2)
b (§)
1 1
b—
-1 0
0 -1
b—
—-£ £
2 _
b— . $
1 0
0 1 0
b= -1 -1 -1
0 0 1

A.4 The binary octahedral group BO

Let BO = (a,b | a® = b* = (ab)?). The character table of BT is given in Table

’ X H e ‘ a’ba’ ‘ ab? ‘ (a®b)? ‘ a’ ‘ b ‘ a’b’a ‘ a’b ‘
xi[1] 1 1 1 1 1 1
xo | 1] —1 1 1 1| -1 1 -1
xs 2] 0 | -1 2 2 0 -1 0
x4 2| 0 —1 0 -2 V2 1 —V/2
x5 12| 0 —1 0 -2 =2 | 1 V2
xe || 3] 1 0 -1 3| —1 —1
x7 3] -1 | 0 —1 3 1 0 1
xs | 4] 0 1 0 —4 | 0 -1 0

Table A.5: Characters of BO

Let &g = ™/ and &3 = €2™/3. The representations p; corresponding to the charac-

ters x; are given by
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p1:

p2:

p3

P4 -

Ps

P6

P

P8

a— (1)
a+— (1)
0 1
ta—
-1 -1
1 -1
a >
1 0
1[(2-&-¢&
ICL’—>§
£ — &3 - &
0o -1 -1
ta— 1 0 1
-1 0 0
1 0 1
a— 10 -1 -1
0 1 0
—& 0 0
0 0 &
Al
0 -& &
—&3 0 0

268 — &3 — 26

1+&+&

-1
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b (1)

b— (—1)
-1 -1
b—
0 1
B+ -¢& &8
b—
€2 —£2
1 2+8—26 —-1-&—¢
3 2— & — &
1 0 -1
b—~ 10 -1 -1
1 1
1 1
b—10 0 -1
-1 0 0
& & & 0
0 0 0
b— s
- 0 0 =&
0 0o -1 0

& — & — &



A.5 The binary icosahedral group BI

Let BI = {(a,b | a® = b®> = (ab)?) The character table of BI is given in Table

’ X H e ‘ a(ba’b)? ‘ b%a? ‘ a ‘ a(ab?)? ‘ a’b? ‘ ab’a ‘ b ‘ a’ ‘

X1 1 1 1 1 1 1 1 1

xe | 2] 25 | 258 1 0 [58| 1 |5 2
X3 | 2| 258 | =5 0 Ly | 1 | 155 ) 9
xall3] 5 | 556 0 1 |5 o |55 3
xs || 3] 55 | 5 0 1 15 | g | 45| 3
el 4] -1 -1 1556 0 —1 1 1 | 4
xr|4| -1 ~1 -1 0 1 1 1 | -4
Xxs || 5 0 0 ~1 1 0o | -1] 0o |5
Xo || 6 1 1 0 0 1| 0 | -1 |-6

Table A.6: Characters of Bl

Let & = €2™/5. The representations p;i corresponding to the characters y; are given

by

pr1:a— (1) b— (1)
755 765 ) *ig *55*5?*5?)
—g5ed —g5—E2—gh b= o e

5 55 §5 _55 §5 55 755 0
&) b= {-eg fsé)

p2:a— ( (
p3:a— ( (
<52+§* e2+e 1 > <
paiar—
55"‘55 _1 —55 &
0 —&F— —
pP5 - ’—>< '55 §5 §5+$3 —1 > b!—)( 551 55 55‘555 01)
§5+§5 1 —65 55 0 21 0
&
55 63 1 —£2— 53 €h E5+€2463 b (

pe @ 0 1 00

s 0 0 0
—E24€8 2483488 44 1)
0 0 &0

ps -
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p7

P7

P9

P9

e

b=

H(

b=

0 0 —& 0
Es—E2+€3 —1 &5+€2 §5+E§+§§>
0 0 1

0
& 0 0 0

—3E5—262 €548} &—ER+ed ¢l —&—2e2-2e8 3gs+2ed+2¢d
—E+68-¢ & —68-63 &+63
25+2624388  —EHEE—E3HEE —C+EE L3 +EE —a6—€2 263 -3¢
—&5—262 262 £5+¢3 E5—€2+e3 €8 265+€3+2¢2
&s E2+E3+€F —&-¢2-¢ 0 —&5—¢€2 —&
—&5  —&—EE-¢ & -1 &s &
—¢2 0 0 0 0 0
0 —&8 0 0 0 0
—&2 &s 24263463 —&5 &262+E3+E8 —&5—¢2—2¢3-¢

—€5—£2 €23 ¢ Ls+262+268 -1 &re2-£ —&5—£2-¢€3

-1 —&-€2-6 -t 0 -—g-gg-¢ &

0 0 0 0 0 -1

0 0 —&5 0 0 0

& -1 —&—€2 0 24&+ed —e2-¢

& —&2  GHEE-g & 66— el

-1 g2+¢t -£ & 1 &
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Appendix

Non-canonical singularities

10.

11.

12.

13.

14.

1(6,6,2,3)

£(6,6,1,1)

. 1(6,1,1,2)

. 5(6,1,2,4)

£(6,1,1,3)
1
1(6,6,1,2)

(1,1,1,1)

=

C2(1,1,1,2)

+(10,10,6,7)
+(10,10,1,7)
+(10,10,2,5)
+(10,10,1,6)
+(10,10,2,3)

+(10,10,1,2)
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

+(10,10,2,6)
+(10,1,2,5)
+(1,1,2,3)
+(12,1,2,3)
+(12,1,2,10)

1(12,1,3,4)

Sl

1(12,2,3,4)

w""

+(1,2,3,4)
+(12,12,3,4)
+(12,12,2,3)

1(12,12,1,2)

ol

+(12,12,1,4)
1(12,12,1,3)

+(12,1,2,4)




29.

30.

31.

+(2,3,4,5)
+(30,3,4,6)

3(30,3,5,6)
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32.

33.

34.

+(30,4,5,6)
+(30,3,4,5)

+(3,4,5,6)
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