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Summary

In this thesis we use techniques from algebraic geometry and homological algebra,
together with ideas from string theory to construct a class of 3-dimensional Calabi-Yau
algebras. The Calabi-Yau property appears throughout geometry and string theory
and is increasingly being studied in algebra.

Dimer models, first studied in theoretical physics, give a way of writing down a class
of non-commutative algebras, as the path algebra of a quiver with relations obtained
from a ‘superpotential’. Some examples are Calabi-Yau and some are not. We consider
two types of ‘consistency’ condition on dimer models, and show that a ‘geometrically
consistent’ dimer model is ‘algebraically consistent’. Finally we prove that the algebra
obtained from an algebraically consistent dimer model is a 3-dimensional Calabi-Yau

algebra.



Chapter 1

Introduction

1.1 Overview

In this thesis we use techniques from algebraic geometry and homological algebra,
together with ideas from string theory to construct a class of 3-dimensional Calabi-Yau
algebras. The Calabi-Yau property appears throughout geometry and string theory
where, for example, 3-dimensional Calabi-Yau manifolds play an important role in
mirror symmetry. A characteristic property of an n-dimensional Calabi-Yau manifold
X, is that the nth power of the shift functor on D(X) := D%(coh(X)), the bounded
derived category of coherent sheaves on X, is a Serre functor. That is, there exists a

natural isomorphism
Homp(x)(A, B) = Hompx) (B, A[n])* VA, B € D(X)

This property is not restricted to categories of the form D(X). The idea behind
Calabi-Yau algebras is to write down conditions on the algebra A such that D(A) :=
D®(mod(A)), the bounded derived category of modules over A, has the same property.
In this form the Calabi-Yau property is increasingly being studied in algebra.

Calabi-Yau algebras also appear in the context of non-commutative resolutions of
singularities. One way of studying resolutions of singularities is by considering their
derived categories. Of particular interest are crepant (i.e. suitably minimal) resolutions
of toric Gorenstein singularities. Crepant resolutions do not always exist and if they do,
they are not in general unique. However it is conjectured (Bondal and Orlov) that if
f1:Y7 — X and fo : Yo — X are crepant resolutions then there is a derived equivalence
D(Y1) = D(Y3). Thus the derived category of a crepant resolution is an invariant of
the singularity.

One way to try to understand the derived category of a toric crepant resolution Y,



is to look for a tilting bundle 7', i.e. a bundle which determines a derived equivalence
D(Y) = D(A), where A = End(T'). If an equivalence of this form exists, then one could
consider the algebra A as a type of non-commutative crepant resolution (NCCR) of
the singularity. Van den Bergh [31] formalised this idea with a definition of an NCCR
which depends only on the singularity. Given an NCCR A, a (commutative) crepant
resolution Y such that D(Y) = D(A) can be constructed as a moduli space of certain
stable A-representations (Van den Bergh [31]). This is a generalisation of the approach
to the McKay correspondence in [5].

If X = Spec(R) is a Gorenstein singularity, then any crepant resolution is a Calabi-
Yau variety. Therefore if A is an NCCR it must be a Calabi-Yau algebra. The center
of A must also be the coordinate ring R of the singularity. Thus any 3-dimensional
Calabi-Yau algebra whose center R is the coordinate ring of toric Gorenstein 3-fold, is
potentially an NCCR of X = Spec(R).

In [4], Bocklandt proved that every graded Calabi-Yau algebra of global dimension
3 is isomorphic to a superpotential algebra. A superpotential algebra A = CQ/(dW)
is the quotient of the path algebra of a quiver @) by an ideal of relations (dW'), where
the relations are generated by taking (formal) partial derivatives of a single element
W called the ‘superpotential’. The superpotential not only gives a very concise way
of writing down the relations in a non-commutative algebra, it also encodes some
information about the syzygies, i.e. relations between the relations. The Calabi-Yau
condition is actually equivalent to saying that all the syzygies can be obtained from
the superpotential. Not all superpotential algebras are Calabi-Yau, and it is a open

question to understand which ones are.

1.2 Structure of the thesis and main results

Chapter 2 acts as a general introduction to dimer models. A dimer model is finite
bipartite tiling of a compact (oriented) Riemann surface Y. The examples that will
be of particular interest are tilings of the 2-torus, and in this case, we can consider
the dimer model as a doubly periodic tiling of the plane. Given a dimer model we
also consider its dual tiling, where faces are dual to vertices and edges dual to edges.
The edges of this dual tiling inherit an orientation from the bipartiteness of the dimer
model. This is usually chosen so that the arrows go clockwise around a face dual
to a white vertex. Therefore the dual tiling is actually a quiver @, with faces. In the
example below we draw the dimer model and the quiver together, with the dimer model

highlighted in the left hand diagram. The dotted lines show a fundamental domain.



The faces of the quiver encode a superpotential W, and so there is a superpotential
algebra A = CQ/(dW) associated to every dimer model.

In [16] Hanany et al describe a way of using ‘perfect matchings’ to construct a
commutative ring R from a dimer model. A perfect matching is subset of the edges of
a dimer model with the property that every vertex of the dimer model is the end point
of precisely one of these edges. For example the following diagram shows the three
perfect matchings of the hexagonal tiling, where the edges in the perfect matchings are

shown as thick grey lines.




The difference of two perfect matchings defines a homology class of the 2-torus and
so, by choosing a fixed ‘reference matching’ to subtract from each perfect matching, we
obtain a set of points in the integer homology lattice of the 2-torus Hy(T) & Z2. The
convex hull of these points is a lattice polygon. Taking the cone on the polygon and
using the machinery of toric geometry, this defines R = C[X], the coordinate ring of an
affine toric Gorenstein 3-fold X. Given a lattice point in the polygon, its multiplicity is
defined to be the number of perfect matchings corresponding to that point. A perfect
matching is said to be extremal if it corresponds to a vertex of the polygon. Looking at
the example above we see that the polygon is a triangle, with each of the three perfect
matching corresponding to a vertex, and no other lattice points. The ring R is the
polynomial ring in three variables.

Since we have a superpotential algebra associated to every dimer model, it is natu-
ral to ask if these algebras are Calabi-Yau. In fact there are some examples which are
Calabi-Yau and some which are not. Therefore we ask what conditions can be placed
on a dimer model so that its superpotential algebra is Calabi-Yau. In Chapter 3 we
discuss the two ideas of ‘consistency’ first understood by Hanany and Vegh [17]. Con-
sistency conditions are a strong type of non-degeneracy condition. Following Kenyon
and Schlenker [24], we give necessary and sufficient conditions for a dimer model to be
‘geometrically consistent’ in terms of the intersection properties of special paths called
zig-zag flows on the universal cover CNQ of the quiver (). Geometric consistency amounts
to saying that zig-zag flows behave effectively like straight lines.

In Chapter 4 we introduce the concept of (non-commutative, affine, normal) toric
algebras. These are non-commutative algebras which have an underlying combinatoric
structure. They are defined by knowledge of a lattice containing a strongly convex
rational polyhedral cone, a set and a lattice map. It is hoped that they may play a
similar role in non-commutative algebraic geometry to that played by toric varieties in
algebraic geometry. We show that there is a toric algebra B naturally associated to
every dimer model, and moreover, the center of this algebra is the ring R associated to
the dimer model that we described above.

Therefore a given dimer model has two non-commutative algebras A and B and
there is a natural algebra map £ : A — B. We call a dimer model ‘algebraically
consistent’ if this map is an isomorphism. Algebraic and geometric consistency are the
two consistency conditions that we will study in the core of the thesis.

In Chapters 5 we study some properties of zig-zag flows in a geometrically consistent
dimer model. The homology class of a zig-zag flow encodes information about the
‘direction’ of that flow. We show that at each quiver face f, there is a ‘local zig-zag

fan’ in the homology lattice of the torus generated by the homology classes of zig-



zag flows which intersect the boundary of f. Furthermore, the cyclic order of the
intersections around the face, is the same as the order of the rays in the local zig-zag
fan. There is also a ‘global zig-zag fan’ generated by the homology classes of all zig-zag
flows. Using these fans we construct, in a very explicit way, a collection of perfect
matchings indexed by the 2-dimensional cones in the global zig-zag fan. We prove that
these perfect matchings are extremal perfect matchings and they are all the extremal
perfect matchings. We also see that each perfect matching of this form corresponds to
a different vertex of the polygon described above, so these vertices are of multiplicity
one.

In Chapter 6 we prove the following main theorem
Theorem 1.2.1. A geometrically consistent dimer model is algebraically consistent.

The proof relies on the explicit description of extremal perfect matchings from
Chapter 5. We actually prove the following proposition, which provides the surjectivity
of the map £ : A — B, while the injectivity is provided by a result of Hanany, Herzog
and Vegh (see Theorem 3.5.2 and Remark 4.4.3).

Proposition 1.2.2. Given a geometrically consistent dimer model, for all vertices i, j
in the universal cover of Q, there exists a path from ¢ to j which avoids some extremal

perfect matching.

Thus we see that the extremal perfect matchings play a key role in the theory.
In Chapter 7 we discuss Ginzburg’s definition of a Calabi-Yau algebra and prove

the following main theorem

Theorem 1.2.3. If a dimer model on a torus is algebraically consistent then the algebra

A obtained from it is a Calabi-Yau algebra of global dimension 3.

Therefore we have shown that for dimer models on the torus, algebraic consistency
and consequently geometric consistency, is a sufficient condition to obtain a Calabi-Yau
algebra. Thus we have produced a class of superpotential algebras which are Calabi-
Yau. Finally we note that both Stienstra in [29], and Gulotta in [14] prove that for any
lattice polygon V', there exists a geometrically consistent dimer model which has V' as
its perfect matching polygon. Therefore to every Gorenstein affine toric threefold, there
is an associated geometrically consistent model. Hence, by using dimer models we can
construct a Calabi-Yau algebra of global dimension 3, whose center is the coordinate

ring of any given Gorenstein affine toric threefold and which is conjecturally an NCCR.

Remark 1.2.4. Recently there have been several papers proving results that are re-

lated to parts of this thesis. In [26] Mozgovoy and Reineke prove that if an algebra



obtained from a dimer model satisfies two conditions then it is a 3 dimensional Calabi-
Yau algebra. Davison [9] goes on to show that the second of these conditions is actually
a consequence of the first. The first condition states that the algebra should satisfy
a cancellation property. This holds in algebraically consistent cases as cancellation is
a property of toric algebras. Therefore the condition also holds in the geometrically
consistent case. Geometric consistency, as we shall see in Section 3.3, can be checked

readily and thus gives examples where the cancellation property can be easily verified.



Chapter 2

Introduction to the Dimer Model

The aim of this chapter is to provide a mathematical introduction to the theory of

dimer models as introduced by Hanany et al (see [22, 16, 11] for example).

2.1 Quivers and Algebras from Dimer models

The theory begins with a finite bipartite tiling of a compact (oriented) Riemann surface
Y. By ‘bipartite tiling’ we mean a polygonal cell decomposition of the surface, whose
vertices and edges form a bipartite graph i.e. the vertices may be coloured black and
white in such a way that all edges join a black vertex to a white vertex. In particular we
note that each face must have an even number of vertices (and edges) and each vertex
has valence at least 2. We call a tiling of this type, a dimer model. This definition is
quite general and as we progress we will describe additional non-degeneracy conditions,
the strongest of which is ‘consistency’. We note here that in principle faces in a dimer
model which have two edges (di-gons) and bivalent vertices are allowed. However we
will see that models with these features fail to satisfy certain of the non-degeneracy
conditions. Furthermore we shall observe that the ‘consistency’ condition forces the
Riemann surface Y to be a 2-torus 7T'. Therefore in the majority of this thesis, we shall
focus on bipartite tilings of 7. In this case, we may (and shall) consider the dimer

model instead as a doubly periodic tiling of the plane.

Remark 2.1.1. In some of the literature it is included as part of the definition of a
bipartite graph, that there are the same number of black and white vertices. We do
not impose this as a condition here, however if it does hold we call the dimer model

‘balanced’.
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2.1.1 Examples

The two simplest bipartite tilings of the 2-torus 7', are the regular ones by squares and

by hexagons. In each case, a fundamental domain is indicated by the dotted line.

For a tiling of T" which is not balanced, consider the following tiling by three rhombi:

On the 2-sphere, the only regular (Platonic) bipartite tiling is the cube (shown here

in stereographic projection):

11



2.1.2 The quiver

Given a dimer model one can consider the dual tiling (or dual cell decomposition)
with a vertex dual to every face, an edge dual to every edge and a face dual to every
vertex. Crucially, since the dimer model is bipartite, the edges of the dual tiling inherit
a consistent choice of orientation. In particular, it is the convention that faces dual
to white vertices are oriented clockwise and faces dual to black vertices are oriented
anti-clockwise. This is equivalent to requiring that black vertices are on the left and
white vertices on the right of every arrow dual to a dimer edge. Thus the dual graph
is a quiver @ (i.e. a directed graph), with the additional structure that it provides a
tiling of the Riemann surface Y with oriented faces. We will refer to the faces of the
quiver dual to black/white vertices of the dimer model, as black/white faces.

In the usual way, we denote by Q¢ and @ the sets of vertices and arrows (directed
edges) of the quiver and by h,t: @1 — @ the maps which take an arrow to its head
and tail. To this information we add the set Q2 of oriented faces. We may write down a
homological chain complex for the Riemann surface Y, using the fact that this ‘quiver

with faces’ forms a cell decomposition,
1o} 1o}
L@, — L@, — Lq, (2.1.1)

where Zg, denotes the free abelian group generated by the elements in ();. We also

have the dual cochain complex
zQ 4, 70 4, 702 (2.1.2)

where Z% denotes the Z-linear functions on Z¢,. Note that, because of the way the
faces are oriented, the coboundary map d: Z9! — Z92 simply sums any function of the

edges around each face (without any signs). Let f — (—1)f be the map which takes
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the value +1 on black faces of @), and -1 on white faces. Then the cycle

Z (_1)ff € ZQQ
feQ2

is a generator for the kernel of the boundary map 0. Thus it defines a fundamental
class, i.e. a choice of generator of Ha(Y) = Z. We note that the function 1 € Z%?2, which
takes the constant value 1 on every face, evaluates to |B| — |W/| on this fundamental
cycle (where |B| and |[W| denote the number of black and white faces respectively). If
we have a balanced dimer model, i.e. |B| = |W|, then this implies that the function
1 € Z92 is exact.

2.1.3 The quiver algebra

We construct the path algebra CQ of the quiver; this is a complex algebra with gen-
erators {e; | i € Qo} and {z, | a € Q1} subject to the relations e? = e;, e;e; = 0 for
1 # j and eyxqepa = 4. The e; are idempotents of the algebra which, we observe, has
a monomial basis of paths in (. Following Ginzburg [13], let [CQ, CQ] be the complex
vector space in CQ spanned by commutators and denote by CQcye := CQ/[CQ,CQ)]
the quotient space. This space has a basis of elements corresponding to cyclic paths
in the quiver. The consistent orientation of any face f of the quiver means that we
may interpret df as a cyclic path in the quiver. Therefore the set of faces determines
an element of CQ.y. which, following the physics literature [11], we refer to as the
‘superpotential’

W= (-1)7or. (2.1.3)

fEQ2

Remark 2.1.2. In this thesis we will use the notation 0f for several distinct objects,
namely the boundary of f considered as an element of Z¢,, the boundary of f consid-
ered as an element of CQ.yc, and the set of arrows which are contained in the boundary

of f. It should be clear from context which of these we mean in any given instance.

For each arrow a € (01 there is a linear map B%G : CQeye — CQ which is a (formal)
cyclic derivative. The image of a cyclic path is obtained by taking all the representatives
in CQ which start with z,, removing this and then summing them. We note that
because of the cyclicity, this is equivalent to taking all the representatives in CQ which
end with x,, removing this and then summing. The image of a cycle is in fact an
element in e, CQey,, and if the cycle contains no repeated arrows then this is just the

path which begins at ha and follows the cycle around to ta.

13



This superpotential W determines an ideal of relations in the path algebra CQ

Iy = (82 WZCLEQ1> . (2.1.4)

The quotient of the path algebra CQ by this ideal is the superpotential (or ‘Jacobian’,
or quiver) algebra
A=CQ/Iw

From an algebraic point of view, the output of a dimer model is this algebra, and we

are interested in understanding the special properties that such algebras exhibit.

Remark 2.1.3. Each arrow a € ()1 occurs in precisely two oppositely oriented faces
fT,f~ € Q2 (this also implies that no arrow is repeated in the boundary of any one
face). Therefore each relation %W can be written explicitly as a difference of two

paths,

W =pt —
833(1 pa pa

where pf is the path from ha around the boundary of f* to ta. The relations Pl =p,
for a € @)1 are called ‘F-term’ relations. They generate an equivalence relation on paths

in the quiver such that the equivalence classes form a natural basis for the algebra A.

2.1.4 Examples

Example 2.1.4. We return to the tilings of the torus by regular hexagons and by
squares that we saw in Section 2.1.1. We start by considering the hexagonal tiling of
the torus. The figures below both show the bipartite tiling and the dual quiver, drawn
together so it is clear how they are related. The left hand figure highlights the bipartite
tiling, and the right hand figure highlights the quiver.

Observe that the bipartite tiling has one face, three edges and two vertices, and dually,

the quiver has one vertex, three arrows and two faces. Since the quiver has one vertex,
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this is the head and tail of each of the arrows. Therefore the path algebra CQ is actually
the free algebra C(a, b, c) with three generators corresponding to the three arrows. We
see that the cyclic elements corresponding to the boundaries of the black and white

faces, are (abc) and (acb) respectively. Thus the superpotential is:
W = (abc) — (acb)
and differentiating this with respect to each arrow, we obtain the three relations:

W = ab—ba =0

%—Vg: ca—ac =0
B — be—cb =0

Therefore, the ideal Iy is generated by the commutation relations between all the

generators of CQ, and the algebra
A =C(a,b,c)/Iwy = Cla,b, ]

is the polynomial ring in three variables.

Example 2.1.5. The tiling of the torus by squares has two faces and is therefore

slightly more complicated. We show the bipartite tiling and the quiver below.

Observe that the quiver has two vertices, with two arrows in each direction between

them:

15



Y1 Y2

T2 X1

Thus, the path algebra CQ is generated by two idempotents and elements correspond-
ing to the four arrows. As in the previous example, the quiver has two faces so the
superpotential has two terms. The cyclic elements corresponding to the boundaries
of the black and white faces, are (z1y2x2y1) and (z1y122y2) respectively, and so the
superpotential is:

W= (x1y2x2y1) - (9012/13322/2)

Applying the cyclic derivative with respect to each arrow, we obtain four relations:

G0 = yowoy1 — Yivays =0
‘STVZ = niry2 —y2x1y1 =0
27”1’ = Z1yaw2 — x2y2r1 =10
27”; = woy1x1 —w1r1T2 =0

We note that unlike in the hexagonal tiling example above, the algebra A = CQ/Iw
is a non-commutative algebra. We will see later that its centre is isomorphic to the
coordinate ring of the threefold ordinary double point, or conifold singularity. It is
known that A is a non-commutative crepant resolution of this singularity (see Propo-
sition 7.3 of [31], [30]), and for this reason the example is usually referred to as the

‘non-commutative conifold’ in the physics literature [22, 16, 17].

Example 2.1.6. We now give an example which has the same algebra A, as the conifold

example above.

16



This quiver also has two vertices, there are three arrows in each direction between
them. Thus, the path algebra CQ is generated by two idempotents and elements
corresponding to the six arrows. The quiver has four faces so the superpotential has

four terms:

W = (agbl) - (agbg) + (bgagbgal) — (blalbgag)

Applying the cyclic derivative with respect to each arrow, we now obtain six relations:

g—?j = b3agbg — bgagbl =0
S0 = byarbs —biathy =0
o = b1 — bs =0
ngll = az — a1b2a2 =0
gTVZ = albgag - a2b1a1 =0
gTVZ = asboal — ag =0
We can use the relations ‘ngg and gTVZ respectively, to write b3 and as in terms of

the other generators, namely, b3 = b; and asz = agsbsa;. The path algebra subject to
these two relations, is patently isomorphic to the path algebra of the quiver from the
conifold example. Furthermore, substituting b3 and as into the relations, we obtain

four relations:

S0 = braghy —byaghy =0
gTM; = bgalbl — blalbg =0
ngll = (ZQbQ(Il - a1b2a2 =0
gTVZ = alblag — a2b1a1 =0

which are the relations in the conifold example. Therefore we have demonstrated a

17



dimer model which outputs the same algebra A.

2.1.5 Minimality

As we have just seen, it is possible for two distinct dimer models to have the same
quiver algebra A. In fact, if we choose any vertex of dimer model, we can ‘split’ this
into two vertices of the same colour, connected together via a bivalent vertex of the

other colour:

The resulting dimer model has two additional edges and so the quiver has two
additional arrows. However the relations dual to these arrows equate the new arrows
to paths which previously existed, and the resulting quiver algebras for the two dimer
models are in fact the same. We call a dimer model ‘non-minimal’ if it can be obtained
from a dimer model with fewer edges in this way. Note that Example 2.1.6 is non-
minimal as it can be obtained from Example 2.1.5.

If a dimer model has a bivalent vertex which is connected to two distinct vertices,
then is possible to do the converse of the above process, i.e. remove the bivalent vertex
and contract its two neighbours to a single vertex. For an example where it is not

possible to remove the bivalent vertices, see (2.3.1).

2.2 Symmetries

A global symmetry is a one-parameter subgroup p: C* — Aut(A) that arises from an
action on the arrow fields

p(t): x4 — t"x,,

for some v € Z91, which we may think of as a 1-cochain in the complex (2.1.2). Then

its coboundary dv € Z?? gives precisely the weights of the p-action on the terms in the

18



superpotential W.
Thus, p is a well-defined map to Aut(A) when it acts homogeneously on all terms

in the superpotential W, in other words, when
dv = A1 (2.2.1)

for some constant \ € Z, which we will also call the degree of p.

Using intentionally toric notation, we shall write
N=dYz1) czZ9% and N*=NnNN® (2.2.2)

Then N is the one-parameter subgroup lattice of a complex torus T < Aut(A) contain-
ing all global symmetries.

The other differential in the cochain complex (2.1.2) also has a natural interpreta-
tion in this context. The lattice N;, = Z?0 is the one-parameter subgroup lattice of a

complex torus T;, of invertible elements of A, namely

T;n = {Z tie; i t; € C*},

1€Qo

where e; € A are the idempotents corresponding to the vertices of ). Then the lattice
map d: Z% — N corresponds to the map T;, — T < Aut(A) giving the action on
A by inner automorphisms, i.e. by conjugation. Then the cokernel of d: Z9° — N
is the lattice of one-parameter subgroups of outer automorphisms arising from global

symmetries. In other words, we have an exact sequence of complex tori
1-C*—-T;, > T—T, — 1,

with corresponding exact sequence of one parameter subgroup lattices
0—%Z— Ny >N —N,—0 (2.2.3)

In the physics literature (e.g. [22]), elements of N, are usually referred to as baryonic
symmetries, and elements of N, as mesonic symmetries.

Finally in this section we define the notion of an R-symmetry, whose name comes
from physics, but which is important mathematically as it makes A into a graded

algebra with finite dimensional graded pieces.

Definition 2.2.1. An R-symmetry is a global symmetry that acts with strictly positive

weights (or ‘charges’) on all the arrows.
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The R-symmetries are the ‘interior lattice points’ of the cone N*. In the physics
literature (e.g. [22]) it is traditional to normalise the R-symmetries so they are of
degree 2, (i.e. they act homogeneously with weight 2 on the superpotential) but also
to extend the definition to allow the weights to be real, i.e. in R9!. By this definition,
R-symmetries are real one-parameter subgroups whose weights lie in the interior of the
degree 2 slice of the real cone corresponding to NT. Since this is a rational polyhedral
cone, the interior is non-empty if and only if it contains rational points and hence if and
only if N7 itself contains integral points with all weights strictly positive. Therefore
for the purposes of this thesis we consider R-symmetries to be integral, as we defined
above, and we do not impose the degree 2 normalisation.

Note finally that the existence of an R-symmetry is equivalent to the fact that N ™

is a ‘full’ cone, i.e. it spans .

2.3 Perfect matchings

A perfect matching on a bipartite graph is a collection of edges such that each vertex
is the end point of precisely one edge. The edges in a perfect matching are sometimes
also referred to as dimers and the perfect matching as a dimer configuration.

Using the notation from (2.1.2), we take the essentially equivalent dual point of
view; we consider a perfect matching to be a 1-cochain 7 € Z®', with all values in
{0,1}, such that dr = 1. This is equivalent to requiring that = € N9 and dr = 1, and
so perfect matchings are the degree 1 elements of N .

Not every dimer model has a perfect matching. This is obvious for dimer models
which are not balanced, but even those with equal numbers of black and white vertices

need not have a perfect matching. For example, the following case drawn on the torus:

(2.3.1)
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The condition that a perfect matching does exist is provided by Hall’s (Marriage)

Theorem:

Lemma 2.3.1. A bipartite graph admits a perfect matching if and only if it has the
same number of black and white vertices and every subset of black vertices is connected

to at least as many white vertices.

In the example in figure 2.3.1 above, it can be see that the two black vertices in the
interior of the fundamental domain are connected to just one vertex and so there are

no perfect matchings.

Remark 2.3.2. The above example contains bivalent vertices which can not be re-
moved in the way explained in Section 2.1.5. However these are not the source of the

‘problem’, in fact by doubling one of the edges ending at each bivalent vertex:

we obtain a new dimer model which, by Lemma 2.3.1, admits a perfect matching if and
only if the original dimer model did. The resulting dimer model doesn’t have bivalent

vertices, but it does have di-gons. We can in turn replace each di-gon as follows:
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It is simple to check (again using Lemma 2.3.1) that the altered dimer model has
a perfect matching if and only if the original did. Therefore, in the example, if we
replaced each bivalent vertex and then each di-gon as above, we would obtain a dimer
model without bivalent vertices or di-gons but which still has no perfect matchings.
The moral of this is that for simplicity we can leave the bivalent vertices alone (and let

di-gons be di-gons)!

We will be particularly interested in dimer models which satisfy a slightly stronger

condition.

Definition 2.3.3. We call a dimer model non-degenerate when every edge in the

bipartite graph is contained in some perfect matching.

Given a non-degenerate dimer model, the sum all perfect matchings (as an element of
NT) is strictly positive on every arrow. Therefore it defines an R-symmetry.

In fact, the existence of an R-symmetry and the non-degeneracy condition are
equivalent. This is a straightforward consequence of the following integral version of

the famous Birkhoff-von Neumann Theorem for doubly stochastic matrices [3].

Lemma 2.3.4. The cone N is integrally generated by the perfect matchings, all of

which are extremal elements.

Proof. We adapt the standard argument [2] to the integral case. Every perfect matching
is an element of N and therefore the cone generated by the perfect matchings is
contained in NT. Conversely, choose any element v € N+, and suppose degv > 0. We
construct a graph G, whose vertex set is the same as the dimer model (bipartite graph)
and whose edges are the subset of edges e of the dimer model, such that v evaluated
on the dual arrow a. is non-zero.

We claim that G, satisfies the conditions of Lemma 2.3.1. To see this, let A be
any subset of vertices of one colour (black or white) and denote by N(A) the set of
neighbours of A, i.e. the vertices (of the other colour) which have an edge connecting
them to some element of A. In an abuse of notation we shall also consider A, N(A4) C Q2

as sets of faces of the dual quiver ). We note that

degv.[A| = (d(v),f) = Y (v,0f Ndg)

feA feA
gEN(A)

where 0f N dg denotes the class in Zg, corresponding to the sum of the arrows which
are in the boundary of faces f and g. If B = N(A), then since A C N(B),

1

Bl =
18] degv

> (w,0f Ndg) > @ > _(v.0fNdg) =|A]

feB feB
gEN(B) geA
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Thus |N(A)| > |A| as required.

Applying Lemma 2.3.1, we see that GG, has a perfect matching which extends by
zero to a perfect matching 7 € Z@1 of the dimer model. Since by construction, v takes
strictly positive integral values on all the arrows on which 7 is non-zero, we see that
v—m € N, and has degree degv — 1. We proceed inductively and, using the fact that
0 is the only degree zero element in N, we see that v is equal to a sum of degv perfect
matchings.

To show that all perfect matchings are extremal elements it is sufficient to prove
that no perfect matching is a non-trivial convex sum of distinct perfect matchings.
However if )" | ks7g is a non-trivial convex sum, i.e. ks >0 for all s =1,...,n and
> oo i ks =1, then this sum evaluates to a number in the closed interval [0, 1] on every
arrow in ). Furthermore we see that the values {0,1} are attained if and only if all
of the perfect matchings evaluate to the same number on that arrow. Therefore if this
convex sum is a perfect matching, i.e. a {0,1}-valued function, then 7, evaluate to
the same number on every arrow for all s = 1,...,n, so the perfect matchings are not
distinct. O

Remark 2.3.5. Another straightforward corollary of Hall’s theorem states that a dimer
model is non-degenerate if and only if the bipartite graph has an equal numbers of black
and white vertices and every proper subset of the black vertices of size n is connected
to at least n+ 1 white vertices. We shall refer to this condition as the ‘strong marriage’
condition. Using this, it is easy to construct examples of dimer models which have
a perfect matching but do not satisfy the non-degeneracy condition. In the following
example the two white vertices in the interior of the fundamental domain are connected
to two black vertices, so it is degenerate. It can also be checked directly that the edge
marked in grey must be contained in every perfect matching. Therefore the other edges

which share an end vertex with this edge are not contained in any perfect matching.
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Let N;© be the saturation of the projection of the cone Nt C N into the rank 2g+1
lattice N,, where g is the genus of Y. In other words N, is the intersection of N, with
the real cone generated by the image of N in N, ®z R. Because of Theorem 2.3.4, it
is natural to use the perfect matchings to describe N . From its construction there is

a short exact sequence

0— HY(Y;Z) — N, %% 7 0 (2.3.2)
and, since every perfect matching has degree 1, their images in N, span a lattice
polytope in a rank 2g affine sublattice such that N is the cone on this polytope.
By choosing some fixed reference matching mg, this polytope may be translated into
H'(Y;Z) and described more directly as follows: for any perfect matching =, the
difference m — g is a cocycle and hence has a well-defined cohomology class. We call
this the relative cohomology class of w. The lattice polytope described above, is the
convex hull of all relative cohomology classes of perfect matchings. We note that there
is usually not a 1-1 correspondence between perfect matchings and lattice points in the

polytope.

Definition 2.3.6. The multiplicity of a lattice point in the polytope is defined to be

the number of perfect matchings whose relative cohomology class is that point.

In the cases which will be of most interest, when the Riemann surface is a torus,
then N, is a rank 3 lattice, and the images of the perfect matchings span a polygon in

a rank 2 affine sublattice.
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Definition 2.3.7. A lattice point is called external if it lies on a facet of the polygon,
and extremal if it lies at a vertex of the polygon. A perfect matching is external

(extremal) if it corresponds to an external (extremal) lattice point.

The translated polygon in H'(T;Z) = Z? may be computed by various explicit
methods, e.g using the Kastelyn determinant as in [16].

From the point of view of toric geometry, it is natural to think of N* and N as
describing two (normal) affine toric varieties X and X,, such that X, = X//T;,, where
the T;, action is determined by the map N;, — N. Furthermore, X and X, both have
Gorenstein singularities, since the corresponding cones are generated by hyperplane

sections.
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Chapter 3
Consistency

In Chapter 2 we saw some non-degeneracy conditions which we can impose on dimer
models. For example we saw what it means for a dimer model to be balanced (2.1.1)
and non-degenerate (2.3.3). We now come to the most important and strongest of
these conditions which are called consistency conditions. We describe the types of
consistency which appear in the physics literature and state how they relate to each
other. We will see in later chapters that some kind of consistency condition is needed

in order to prove properties we are interested in, such as the Calabi-Yau property.

3.1 A Further Condition on the R-symmetry

We defined, in Section 2.2, an R-symmetry to be a global symmetry that acts with
strictly positive weights on all the arrows. We recall that the existence of an R-
symmetry is equivalent to non-degeneracy of a dimer model. The first definition of
consistency is a strengthening of this, and states that a dimer model is consistent if
there exists an ‘anomaly-free’ R-symmetry.

We recall that in the physics literature (e.g. in [22]) it is traditional to allow real
R-symmetries, but to normalise so they are of degree 2, i.e. a real R-symmetry R € R

which acts on each arrow a € @1 with weight R,, satisfies

Y Ri=2 VfeQ (3.1.1)

acdf

Of these real R-symmetries, physicists are particularly interested in ones which have

no ‘anomalies’. Formulated mathematically, these are R-symmetries which satisfy the
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following ‘anomaly-vanishing’ condition at each vertex of the quiver

> (1-Ry)=2 YoeQo (3.1.2)

a€H,UTy
where H, :={b€ Q1 | hb=v} and T}, := {b € Q1 | tb = v}.
As stated before, we usually work with integral R-symmetries, without any normal-

isation, and let deg(R) be the degree of an R-symmetry R € Z%'. Therefore, if R acts
on each arrow a € )1 with weight R, € Z, it satisfies

> Ry=deg(R) Vf€Q (3.1.3)

acdf

The corresponding un-normalised ‘anomaly-vanishing’ condition at each vertex of the

quiver is given by

> Ry=deg(R)(|Hy|—1) YveQ (3.1.4)
a€H,UTy,

We note that since @ is dual to a bipartite tiling, the arrows around any given vertex

v alternate between outgoing and incoming arrows, so |H,| = |T}|.

Remark 3.1.1. Since the conditions (3.1.4) are rational linear equations, the inter-
section of their zero locus and the cone N is a rational cone. Thus, using a similar
argument to that in Section 2.2, we see that there exists an ‘anomaly-free’ real R-

symmetry if and only if there exists an ‘anomaly free’ integral R-symmetry.

Definition 3.1.2. A dimer model is called consistent if there exists an R-symmetry

satisfying the condition (3.1.4).

We note that in particular a consistent dimer model has an R-symmetry and so it is
non-degenerate (Definition 2.3.3). Up to this point we have considered dimer models on
an arbitrary Riemann surface Y. However the following argument, given by Kennaway
in Section 3.1 of [22], shows that consistency forces this surface to be a torus.

Consider an R-symmetry which satisfies conditions (3.1.3) and (3.1.4). Summing
these equations over all the quiver faces Q2 and the quiver vertices Qg respectively and

using the fact that each arrow is in exactly two faces and has two ends we observe that:

deg(R)|Q2| =2 ) Ry = deg(R)(IQ1] — [Qol) (3.1.5)

ac@Q1

Hence |Qo| — |@1]| 4+ |Q2| = 0. Since the quiver gives a cell decomposition of the surface

Y, this implies that Y has Euler characteristic zero and must be a 2-torus.
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3.2 Rhombus Tilings

We now define another consistency condition which we call ‘geometric consistency’.
This will imply the consistency condition (Definition 3.1.2) and when it holds, it gives a
geometric interpretation of the conditions (3.1.1) and (3.1.2). This was first understood
by Hanany and Vegh in [17]. In practice it is not easy to see directly if a dimer model
is geometrically consistent, however we will explain an equivalent characterisation in
terms of ‘train tracks’ on the ‘quad graph’ due to Kenyon and Schlenker which will be
easier to check.

Given a dimer model on a torus, we construct the ‘quad graph’ associated to it. This
is a tiling of the torus whose set of vertices is the union of the vertices of the bipartite
tiling and its dual quiver ). The edges of the quad graph connect a dimer vertex f to
a quiver vertex v if and only if the face dual to f has vertex v in its boundary. The
faces of this new tiling, which we call ‘quads’ to avoid confusion, are by construction
quadrilaterals and are in 1-1 correspondence with the arrows in the quiver @); given
any arrow a in the quiver we have remarked previously (Remark 2.1.3) that it lies in
the boundary of exactly two quiver faces f; and f_ of different colours. Therefore,
there are edges in the quad graph between each of fi and both ha and ta. These four
edges form the boundary of a quad, and every quad is of this form. In particular, the

corresponding arrow and dual edge in the dimer are the two diagonals of the quad.

We draw the bipartite graph, the quiver and the quad graph of the hexagonal tiling

below as an example.
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Definition 3.2.1. A dimer model on a torus is called geometrically consistent if there
exists a rhombic embedding of the quad graph associated to it, i.e. an embedding in

the torus such that all edges are line segments with the same length.

There exists a flat metric on the torus, so line segments are well defined, and each
quad in a rhombic embedding is a rhombus. We note that the hexagonal tiling example
above, is a geometrically consistent dimer model and the quad graph drawn is a rhombic
embedding.

Suppose we have a geometrically consistent dimer model and consider a single
rhombus in the rhombus embedding. The interior angles at opposite corners are the
same, and the total of the internal angles is 27, so its shape is determined by one angle.
To each rhombus, and so to each arrow a of the quiver, we associate R,, the interior

angle of the rhombus at the dimer vertices divided by .
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The conditions that the rhombi fit together around each dimer vertex and each
quiver vertex, are exactly the conditions (3.1.1) and (3.1.2) for an ‘anomaly free’ real R-
charge, normalised with deg(R) = 2. Thus, recalling Remark 3.1.1, every geometrically
consistent dimer model is consistent.

The converse however is not true. Given a normalised anomaly-free R-symmetry,
we certainly require the additional condition that R, < 1 for all a € )1 in order to be
able to produce a genuine rhombus embedding with angles in (0, 7). This does not hold
in all cases; for example, the following dimer model is consistent but not geometrically

consistent, as we shall see shortly.

Example 3.2.2.

_T/
Ny

In [24], Kenyon and Schlenker prove a necessary and sufficient condition for the
existence of a rhombus embedding, and thus in the dimer model case, for geometric
consistency. They define a ‘train track’ to be a path of quads (each quad being adjacent

along an edge to the previous quad) which does not turn, i.e. for each quad in the train
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track, its shared edges with the previous and subsequent quads are opposite each other.
Train tracks are assumed to extend in both directions as far as possible. The shaded

quads in the example below, form part of a train track.

Theorem 3.2.3. (Theorem 5.1, [24]) Suppose G is a quad graph on a torus. Then
G has a rhombic embedding on a torus if and only if the following two conditions are
satisfied:

1. Each train track is a simple closed curve.

2. The lift of two train tracks to the universal cover intersect at most once.

The knowledge of a quad, and a pair of opposite edges is enough to completely
determine a train track. Thus there are at most two train tracks containing any given
quad, and since there are a finite number of quads on the torus, there are a finite
number of train tracks. Therefore Theorem 3.2.3 gives a practical way of checking if a
dimer model is geometrically consistent.

It will sometimes be more convenient to consider (and draw) paths, rather than
paths of quads. For this reason we define the spine of a train track ¢ to be the path
which, on each quad of ¢, connects the mid-points of the opposite edges which are in
adjacent quads in t. The diagram below shows part of a train track, with its spine

dawn in grey:
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The spine of a train track is a closed curve on the torus. We note that two train tracks
intersect in a quad if and only if their spines intersect, and the intersection of two spines
may be assumed to be transversal.

Returning to Example 3.2.2 above, we draw part of the universal cover of the quad
graph. The grey paths are lifts of the spines of two train tracks which can be seen to
intersect more than once. Using Theorem 3.2.3, this shows that the example is not

geometrically consistent.

3.3 Zig-Zag Flows

Although we now have a way of checking if a given dimer model is geometrically
consistent, this is done on the quad graph and we would prefer to return to the language
of quivers which we used in previous chapters. We consider how the properties of train
tracks transfer to the quiver.

We saw in the previous section that there is a 1-1 correspondence between quads
and arrows, for example the arrow corresponding to a quad is the one in the boundary
of the quiver faces dual to the dimer vertices of the quad. Therefore, if two quads are
adjacent along an edge {v, f}, the corresponding arrows a, b have ha = v = tb, and are
both in the boundary of f. Furthermore, since the dimer vertices on opposite edges of
a quad, are different colours, the pairs of arrows corresponding to adjacent quads in a

train track alternate between being in the boundary of black and white faces.
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Definition 3.3.1. A zig-zag path n is a map n : Z — ()1 such that,
i) hn, = tn,41 for each n € Z.
ii) 72, and 72,41 are both in the boundary of the same black face and, 12,—1 and 72,

are both in the boundary of the same white face.

We observe that shifting the indexing by an even integer, generates a different zig-
zag path with the same image. We call this a reparametrisation of the path, and we

will always consider paths up to reparametrisation.

Definition 3.3.2. An arrow a in a zig-zag path 7 is called a zig (respectively a zag)

of n if it is the image of an even (respectively odd) integer.

This is independent of the choice of parametrisation.

We saw in the previous section that the knowledge of a quad, and a pair of opposite

edges is enough information to completely determine a train track. Let a be any arrow
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in @ and suppose we decide that it is a zig (respectively zag). Then similarly,we see
that this is enough to uniquely determine a zig-zag path (up to reparametrisation).
Thus every arrow is in at most two zig-zag paths. Furthermore since there are a finite
number of arrows in (), we see that all zig-zag paths are periodic.

We now turn our attention to the universal cover @ of Q, and maps 1 : Z — @1

into this, which satisfy the same ‘zig-zag’ property.

Definition 3.3.3. A zig-zag flow 7 is a map 7 : Z — Q; such that,
i) hn, = th,41 for each n € Z.
ii) 72, and 72,41 are both in the boundary of the same black face and, 772,—1 and 72,

are both in the boundary of the same white face.

We define reparametrisation, zigs and zags in the same way as above, and observe
that if we decide that an arrow a € @1 is a zig (respectively zag), then this is enough

to uniquely determine a zig-zag flow (up to reparametrisation).

Remark 3.3.4. We use the terms zig-zag path and zig-zag flow in order to distinguish
between objects on the quiver ), and on its universal cover CNQ We note that composing
a zig-zag flow with the projection from the universal cover @ to the quiver @) produces
a zig-zag path. The ‘zig-zag’ property may also be characterised by saying that the
path turns ‘maximally left’ at a vertex, then ‘maximally right’ at the following vertex,
and then left again and so on. This is how it is defined in the physics literature, for
example in [23]. In this language, knowing that a is a zig or a zag of a zig-zag path
or flow, is equivalent to knowing whether the zig-zag path or flow turns left or right at
the head of a.

Since there exists a unique zig-zag path or flow containing any given arrow a as a
zig (respectively zag), we will refer to this as the zig-zag path or flow generated by the
zig (respectively zag) a. In particular, the lift of a single zig or zag of a zig-zag path 7
to @, (remembering that it is a zig or zag), generates a zig-zag flow 77 which projects
down to 7.

Let 77 be a zig-zag flow and denote by 7, the zig-zag path obtained by projecting
this down to Q. Since 7 is periodic, there is a well defined element () € Zg, which is
the sum of the arrows in a single period. This is obviously closed and has a homology
class [n] € H1(Q) i.e. in the homology of the torus. Thus each zig-zag flow 77 (and

zig-zag path n), has a corresponding homology class.

Remark 3.3.5. The 2-torus is the quotient of the plane by the fundamental group
71 (T) which is isomorphic to Hy(T) as it is abelian. The action is by deck transfor-

mations. Given a point x on the plane and a homology class A we find a curve on the
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torus with this homology class which passes through the projection of x. We lift this
curve to a path in the plane starting at = and define A.x to be the end point. This
depends only on the homology class, and not on the choice of curve. We note that in
particular, the action of [n] € H1(Q) on an arrow 7, in a representative zig-zag flow 7,

is the arrow 7,4, where w is the length of one period of 7.

We note that there is an obvious homotopy between the spine of a train track and

the zig-zag path corresponding to that train track.

Therefore the spine of a train track and the corresponding zig-zag path have the same

class in the homology of the torus.

Remark 3.3.6. We will often talk about the intersection between two zig-zag paths or
flows. We have defined a zig-zag path or flow as a doubly infinite sequence of arrows,
and as such, we will consider them to intersect if and only if they have an arrow in
common. Thus there may exist zig-zag paths which share a vertex but not intersect.
This is consistent with the train tracks definitions where two paths of quads intersect
if and only if they have a quad in common which happens if and only if the spines of
the train tracks intersect. Furthermore since the spines of zig-zag paths intersect each
other transversally, each intersection of spines counts as 1 in the intersection product
of the corresponding homology classes. Thus each arrow in the intersection between two
zig-zag paths contributes +1 to the intersection number, and the intersection number
is the sum of these contributions. In particular if a is a zag of [n] and a zig of [n’], then
it contributes +1 to [] A [1'].

We now give a proposition that describes necessary and sufficient conditions for a
dimer model to be geometrically consistent in terms of zig-zag flows. We note that

unlike Theorem 3.2.3, all conditions are formulated on the universal cover.

Proposition 3.3.7. A dimer model is geometrically consistent if and only if the fol-

lowing conditions hold.
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(a) No zig-zag flow 1 in @ intersects itself, i.e. 1 is an injective map.

(b) If 7 and 7 are zig-zag flows and [n],[n'] € H1Q are linearly independent, then they
intersect in precisely one arrow.

(c) If 7 and 7} are zig-zag flows and [n],[n'] € H1Q are linearly dependent, then they

do not intersect.

Proof. First we suppose conditions (a)-(c¢) hold, and prove that these imply conditions
(1) and (2) of Theorem 3.2.3. As there are a finite number of quads on the torus, all
train tracks are closed. Therefore to prove condition (1), we need to show that they
are simple. Suppose there is a train track which is not, and so intersects itself in a
quad. This quad corresponds to an arrow in the quiver (), which is contained in the
corresponding zig-zag path as both a zig and a zag. Lifting this arrow to an arrow a in
the universal cover, we consider the flows generated by a considered as a zig and as a
zag. We either obtain one zig-zag flow which intersects itself, contradicting condition
(a), or we obtain two zig-zag flows which intersect in the arrow a. By construction these
project down to the same zig-zag path 7, and therefore have the same corresponding
homology class, but this contradicts condition (c). Therefore we have shown that
condition (1) of Theorem 3.2.3 holds. Since the lift of a train track corresponds to a
zig-zag flow, we observe that condition (2) of Theorem 3.2.3 follows directly from (b)
and (c).

Now conversely, assuming that we have a geometrically consistent dimer model,
so conditions (1) and (2) of Theorem 3.2.3 hold, we show that (a)-(c) hold. First we
consider the case where 77 and 7’ are distinct zig-zag flows which project down to the
same zig-zag path 7, and show that they don’t intersect. If they did, then there is
an arrow a € Q which is (without loss of generality) a zig of 77 and a zag of 1’. This
projects down to an arrow which is both a zig and a zag of n. Thus 7 intersects itself
and the corresponding train track is not a simple closed curve. This contradicts (1),
and so 77 and 77 do not intersect. This proves part of condition (c).

Now we prove that (a) holds. A zig-zag flow can intersect itself in two ways. If
an arrow a occurs as a zig and a zag in 7, then 77 projects down to a zig-zag path
7 which contains the image of a as a zig and a zag. Thus 7 intersects itself and the
corresponding train track is not a simple closed curve. This contradicts (1).

On the other hand, suppose an arrow a occurs more than once as a zig (or zag) in
7. Then 7 is a periodic sequence of arrows, whose support is a finite closed path in
Q. In particular, the corresponding homology class [n] = 0. Let 7’ be the zig-zag flow
generated by a considered as a zag (or zig). We note that if 77 and 7’ are the same
then they contain a as a zig and a zag which we showed could not happen in the case

above. Therefore they must be distinct. Since [n] = 0, we see that [n] and [1’] have zero
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intersection number. We know from Remark 3.3.6 that each arrow in the intersection
of n and 1’ contributes either £1 to the intersection number, so they must intersect in
an even number of arrows. They intersect in at least one, namely the image of a, and
so they must intersect at least twice which contradicts (2).

Finally we complete the proof of (b) and (c¢). We may suppose 7 and 7’ are zig-zag
flows which project down to distinct zig-zag paths n and 1’ in Q, as the other case of
(¢c) was already done above. Then 77 and 7’ correspond to the lifts of two distinct train
tracks, and so by condition (2) they intersect at most once.

To prove (b) we suppose 77 and 7’ are zig-zag flows with the property that [n] and
[7] are linearly independent. If v is any vertex of 77, then repeatedly applying the
deck transformations corresponding to the homology classes +[n] we obtain a sequence
of vertices of 77 which lie on a line ¢ in the plane which has gradient given by [7].
In particular 7, and therefore the spine of the corresponding train track, lie within a
bounded region of ¢. Similarly, the spine of the train track corresponding to 7’ lies
within a bounded region of a line ¢’ which has gradient given by []. Since [n] and [r/']
are linearly independent, the lines £ and ¢’ are not parallel and so intersect. Using the
boundedness we see that the two spines must also intersect at least once. Thus 77 and
77 intersect at least once and therefore exactly once. This proves (b).

Finally suppose [n] and [] are linearly dependent, so there exists a non-zero ho-
mology class ¢ = k[n] = k'[n] which is a common multiple of [#] and [n’]. If 77 and 7/
intersect in an arrow a, we consider applying the deck transformation corresponding
to ¢ to this arrow. The image is an arrow which is both k periods along 7 from a, and
k' periods along 7/’ from a. Thus the image of a is a second arrow which is contained
in both 77 and 7. This is a contradiction, so 77 and 7’ do not intersect. This completes
the proof of condition (c).

O

Remark 3.3.8. We note here that the property that a zig-zag flow 17 doesn’t intersect
itself (condition (a) of Proposition 3.3.7) implies that the homology class [7] is non-zero.
Also, condition (1) of Theorem 3.2.3 implies that the homology class corresponding to
any zig-zag flow is primitive (or zero). Thus the homology class corresponding to any
zig-zag flow in a geometrically consistent dimer model is non-zero and primitive. This

observation will be useful in the next chapter.

Remark 3.3.9. Suppose we have a geometrically consistent dimer model and 77 and
7 are such that [n] A ['] > 0. Considering the lines ¢ and ¢’ as in the proof of part (b)
in the proposition above, we note that ¢ crosses ¢’ from left to right. Since 7 and 7/’ lie

within a bounded region of ¢ and ¢’ respectively and 7] and 7/’ intersect exactly once,

37



we see that 7 crosses 7' from left to right. Therefore this intersection is a zag of 77 and

a zig of 77'.

3.4 Marginal Geometric Consistency

We saw in Section 3.2 that geometric consistency is a stronger condition than con-
sistency. We discuss in this section two ways of weakening the geometric consistency
condition, which we obtain by weakening the original definition, and the conditions
of Proposition 3.3.7 respectively. We conjecture that these weakened conditions are

equivalent.

Remark 3.4.1. We note here that Stienstra in [29], and Gulotta in [14] both prove
that for any lattice polygon V, there exists a geometrically consistent dimer model
which has V' as its perfect matching polygon (as defined in Section 2.3). Thus to every
lattice polygon, and so to every Gorenstein affine toric threefold, we can associate
a geometrically consistent model. Therefore, in order to construct a CY3 algebra
associated to every Gorenstein affine toric threefold it is sufficient to prove the CY3
condition in the geometrically consistent case and considering marginally geometrically

consistent dimer models is not required.

3.4.1 Rhombus Tilings

We recall that in the quad graph associated to a dimer model, each quad has opposite
vertices which are either both dimer vertices or both quiver vertices. Given a rhombus
with this property, then it can be ‘flattened’, so it has no area, in two distinct ways.
Namely, we can consider the limits as the two dimer vertices, or the two quiver vertices
come together. These are equivalent to letting the interior angle of the rhombus at
the dimer vertices, tend to 7 or zero respectively, i.e. using the notation of Section 3.2
letting R, — 1 or R, — 0 respectively. We call a dimer model on a torus marginally
geometrically consistent if there exists a rhombus embedding of the quad graph, where
we allow ‘flat’ rhombi whose dimer vertices coincide but not those whose quiver vertices
coincide.

Using the same argument as in Section 3.2, we see that we can construct an anomaly
free R-symmetry given such an embedding. Therefore marginal geometric consistency
implies consistency. The weakened condition allows examples where the normalised
R-symmetry has R, = 1 for some a € (J1. Returning again to Example 3.2.2, we see
that this has a rhombus embedding with flat rhombi of the correct sort, obtained by
flattening the shaded quads in the diagram below:
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We saw at the end of Section 3.2 that it is not geometrically consistent. Therefore,
this is an example of a marginally geometrically consistent dimer model which is not ge-
ometrically consistent. In the physics literature, it is described as a ‘non-mimimal toric
phase’ of Fjy, on the other hand, the ‘mimimal toric phase’ is geometrically consistent
[17].

3.4.2 Zig-Zag Flows

We now consider how one might weaken the conditions of Proposition 3.3.7 and still
obtain a sensible and hopefully equivalent definition of marginal consistency. One might
consider weakening condition (c) of Proposition 3.3.7 to allow certain zig-zag flows
with dependent homology classes to intersect. Looking at the marginally geometrically
consistent Example 3.4.1, we see that the two zig-zag flows which do intersect more
than once, have dependent homology classes which are negative rational multiples of
each other. However, the two zig-zag flows which intersect more than once in the
following example, satisfy these same properties, but the way they intersect forces any

rhombus tiling to have rhombi which are flattened in the ‘wrong’ way.
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Remark 3.4.2. We note here that di-gons are ‘bad’. If a dimer model has a di-gon,
then looking at the two quads corresponding to the two edges of the face, we see that
they can not both be rhombi, even allowing flat rhombi where the dimer vertices come
together (see the diagram below). Therefore any dimer model with di-gons is not

marginally geometrically consistent.

There are also examples of dimer models which are marginally geometrically con-
sistent, which have zig-zag flows whose corresponding homology classes are linearly
independent, and which intersect more than once. In the example below, we can ob-
tain a rhombic embedding by flattening the light grey quads. The dark grey lines
are the lifts of the spines of two train tracks which can be seen to intersect, but have

linearly dependent homology classes. Two periods of each are shown.

40



\
»
\

}
\
A
£

\\
¢
\

\
\
\

Therefore we need to consider more carefully how zig-zag flows intersect. We suggest
the following conditions:
(a) No zig-zag flow 77 in Q intersects itself in an arrow.
(b) Suppose 7 and 7’ are zig-zag flows which intersect more than once, and let 7y, = 7;,,
and 7, = 7;,, be any two arrows in their intersection. If k1 < kg, then n; > na.

We conjecture that these conditions are equivalent to marginal geometric consistency.

3.5 Some Consequences of Geometric Consistency

We now return to dimer models that are geometrically consistent. In Section 2.1 we
explained the construction of the algebra A which from an algebraic point of view is the
output of a dimer model. This is quotient of the path algebra CQ by the ideal generated
by ‘F-term relations’. If a dimer model is geometrically consistent, a theorem of Hanany;,

Herzog and Vegh gives a concrete criterion for two paths to be F-term equivalent. In
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this section we set up the notation required and then state this result. This will also
act as motivation for the definition of ‘non-commutative toric algebras’ which we shall
introduce in Chapter 4.

Recall that every arrow a € @)1 occurs in precisely two oppositely oriented faces
fT, f~ € Q2. Then each F-term relation can be written explicitly as an equality of two
paths p; = p, for some a € @1, where pf is the path from ha around the boundary
of f* to ta. We say that two paths differ by a single F-term relation if they are of the
form ¢1pf g2 and ¢q1p, g2 for some paths ¢1,¢2 and some a € ;. The F-term relations

generate an equivalence relation on paths in the quiver.

Definition 3.5.1. Two paths p; and po in (Q are F-term equivalent denoted p; ~p po
if there is a finite sequence of paths p; = o0g,01,...,0r = p2 such that o; and 0,41

differ by a single F-term relation for ¢ =0,...,k — 1.

The F-term equivalence classes of paths form a natural basis for A.
We recall that the quiver @ gives a cellular decomposition of the Riemann surface
Y of a dimer model which, in consistent examples, is a 2-torus. Therefore there exist

corresponding chain and cochain complexes
1o} 1o}
L@, — Lg, — ZLq, (3.5.1)

z@ 4, 7 4, 702 (3.5.2)

In Section 2.2 we defined a sublattice N := d~(Z1) C Z?'. We now wish to consider
the dual lattice to N which we denote by M. This is the quotient of Zg, by the
sub-lattice 9(11), where 1+ := {u € Zg, | (u,1) = 0}. Since (1) is contained in
the kernel of the boundary map, this boundary map descends to a well defined map
0: M — Zg, on the quotient.

Every path p in @) defines an element of (p) € Z¢,, obtained by simply summing up
the arrows in the path. This in turn defines a class [p]yr € M, for which 9[p]a = hp—tp.
Now consider any F-term relation p]” = p; for some a € Q1. Since p is the path from
ha around the boundary of f* to ta, we note that (pF) + (a) = df*. In particular
(pf) = (p;)=0(f* = f7) in Zg,, so [pF|m = [py|m. Thus we see that it is necessary
for F-term equivalent paths to have the same class in M. The result due to Hanany,
Herzog and Vegh says that for geometrically consistent dimer models, this condition
is also sufficient i.e. if two paths have the same class in M then they are F-term
equivalent.

Let M, := 971(0) and note that this is a rank 3 lattice which is dual to N,.
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Therefore it sits in the short exact sequence dual to (2.3.2)
0—Z— M, L H\(T;Z) — 0 (3.5.3)

The kernel of H is spanned by the class O = 9[f]a for any face f € Q2. If R is
any R-symmetry then by definition (R,) = deg R # 0. Therefore, from (3.5.3), we
observe that p and ¢ have the same class in M, i.e. [p|ap — [qg]ar = 0, precisely when
they are homologous, i.e. H([p|apr — [¢Jm) = 0, and they have the same weight under

R, ie. (R, [pla) = (R, [q]nm)-

Theorem 3.5.2. (Hanany, Herzog, Vegh, Lemma 5.3.1 in [15]) For a geometrically
consistent dimer model, two paths in Q are F-term equivalent (i.e. represent the same
element of A) if and only if they are homologous and have the same weight under a

fixed R-symmetry.

Remark 3.5.3. In the terminology of [15] homologous paths are called ‘homotopic’
and paths which evaluate to the same integer on a fixed R-symmetry are said to be of

the same ‘length’.
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Chapter 4

Toric Algebras and Algebraic

Consistency

In this chapter we introduce the concept of (non-commutative, affine, normal) toric
algebras. We prove some general properties, and relate the definition back to dimer
models by showing that there is a toric algebra naturally associated to every dimer
model. This leads to the definition of another consistency condition which we call
‘algebraic consistency’. This will play a key role in the rest of this thesis. Finally we
give some examples of algebraically consistent, and non algebraically consistent dimer

models.

4.1 Toric Algebras

We start the story with two objects, a finite set QQg, and a lattice N. Suppose this pair

is equipped with two further pieces of information: Firstly a map of lattices

ZQOL)N

with the property that its kernel is Z1, and secondly a subset N™ C N which is the
intersection of a strongly convex rational polyhedral cone in N ®7 R with the lattice
N. Following the standard abuse of notation from toric geometry, we will simply refer
to NT as a cone.

We consider the corresponding dual map of dual lattices

ZQOLM
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where M = NV := Hom(N, Z) contains the dual cone of N7,
M*T=(N")W:={ueM|(uv)>0 Yve N}

Let M;; = 07(j — 1) for i,j € Qo, and denote the intersection with cone M* by
MJ = M;; N M*. We define M9" to be the submonoid of M™ generated by the
elements of M;f for all 7,5 € Q.

Definition 4.1.1. We call (N, Qq,d, N™) non-commutative toric data if it satisfies the
following two conditions:
+ . . .

1. M;; is non-empty for all 4, j € Qo

2. Nt = (M9")Y :={v e N | (u,v) >0 Yue M9}
Given some non-commutative toric data, we can associate a non-commutative toric
algebra

_ _ +
Bt - @ cry)
i7j€QO

where (C[Mj]'] is the vector space with a basis of monomials of the form z™ for m € M, Z‘;

The algebra may be considered as a formal matrix algebra

CIM{] ... C[M{]
B = : :
CIMY] ... C[M})
with product
C[MZJJF] ® C[M;;C] — C[M:];] ™ @ ™2 pmtme

Remark 4.1.2. We note that M;; = 071(0) is obviously independent of the vertex
i € Qo. We denote it by M, := 971(0), and let M) := M, N M™*. Then C[M]] is
the coordinate ring of a commutative (affine normal) toric variety where C[M,] is the

coordinate ring of its torus.

4.2 Some Examples

Example 4.2.1. If Qg = {e} is the set with one element and N is any lattice, then

the zero map

7Q _ 0 . N
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has kernel Z1. If Nt is a cone in N then (N, Qq,d, NT) satisfies all the conditions for
non-commutative toric data. In particular Mee = M so MJ, = M = (NT)V, and

B =C[MT"]

is a commutative ring. Thus we get the usual toric construction of the coordinate ring

of the (normal) affine toric variety, defined by the cone N* in N.

Example 4.2.2. Let Qo = {i,j} and let N = Z? be a rank 2 lattice with some chosen
basis. The map
(411
7Q0 ALY/
has kernel Z1. We consider the family of cones N ,j for £ € N with rays which have
primitive generators (1,0) and (—k, k + 1).

(—k,k+1)

(1707

Then the dual cone (M)" in the dual lattice My, is shown below. We can see that the
slices (My,)5, (My);; and (My); are all non-empty, and also that (M9")" = N'*.
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Therefore we have well defined non-commutative data, and the corresponding non-

commutative toric algebra is

o-ca -, S 7
(XY] C[XY]

Example 4.2.3. Let Q@ = (Qq, Q1) be a strongly connected quiver and consider any
sublattice L C Zg, with a torsion free quotient, which is contained in the kernel of the
boundary map 0 : Zg, — Zg,. Using this we can construct some non-commutative
toric data and the corresponding algebra. We define M := Zg, /L to be the quotient
lattice and let N := MV. Since L is in the kernel, the boundary map descends to a
map 0 : M — Zg, which has a dual map d : 79 — N. Furthermore, as the quiver is
connected, we see that the kernel of d is Z1 as we required.

Let M¢f be the image of Ng, in M under the quotient map, and define N* :=
(Mef)V. This is a strongly convex rational polyhedral cone in N.

We now see that (N, Qq,d, N*1) is non-commutative toric data. First note that M ef
is generated by the images of the arrows in M. The image of an arrow is in M.’

ta,ha’
so Mef C M9e" C M. Dualising this we see that

Nt = (MY C (M) C (Mef)v — Nt
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so condition (2) of Definition 4.1.1 is satisfied. Condition (1) is a consequence of the
fact that @ is strongly connected. Given any two vertices i,j € g, there exists an
(oriented) path from ¢ to j. This defines an element of Ny, and therefore a class in
M ¢ M. Furthermore since the path is from i to j, applying the boundary map
to the class we get the element (j — i) € Zg,, and we have therefore constructed an

element in M:Jr

4.3 The Centre

Lemma 4.3.1. The centre Z(B) of a non-commutative toric algebra B = C[M '] is
isomorphic to R := C[M_}].

Proof. First we note that we can consider B as an R-algebra, using the map R —
RId C B, where Id is the identity element of B (which exists because M, is a cone).
This is true because z™z™kl = g™ Mkl = g™kig™ for any m € M and my € M. In
particular R1d C Z(B).

Now suppose z = (z;;) € Z(B). For every k,l € Qq, by definition M ,;? is non-empty,

so we may fix some my; € M, ,j; Let ™ € B be the corresponding element in B. Then

. Mk =k
ZikT J
(zz™* )5 =4
0 otherwise

and
Mk 1=k
("™ 2)i; = ’
0 otherwise

Since z is central these must be equal and thus for all 7 # k we have z;x™** = 0. We
note that C[M;}] is a torsion free right C[M,}]- module and therefore z;, = 0 for all

i # k. Thus every off-diagonal entry in z is zero.
Similarly considering (zz™*!);; and (x*z); we observe that zppx™kl = x"kizy.
Therefore zgrax™ ! = zya™ ! and so zg, = 2y in R. Thus Z(B) C R1d and we are done.
]

4.4 Relationship with dimer models and Algebraic Con-

sistency

We observe that there is a non-commutative toric algebra naturally associated to every

non-degenerate dimer model. Given any dimer model, we saw in Section 2.1.3 that

48



there is a corresponding quiver. This quiver is strongly connected. This follows from
the fact that the quiver is a tiling and given any unoriented path we can construct
an oriented one by replacing any arrow a which occurs with the wrong orientation by
the path from ha to ta around the boundary of one of the faces containing a. Let
L := 9(11) be the sublattice of Zg, where 1+ := {u € Zg, | (u,1) = 0}, as defined in
Section 3.5. We recall that this is contained in the kernel of the boundary map, and
that the quotient M = Zg, /L is torsion free. Then using Section 4.2.3 we can associate

to this a non-commutative toric algebra B := C[M *].

Remark 4.4.1. We observe that the notation has been set up in a consistent way, i.e.
the objects N,Qo,d, NT and also M, M™, M, corresponding to this toric algebra are

the objects of the same name, seen in Sections 2.2 and 3.5 respectively.

We are now in a position to introduce a final consistency condition which we shall
call ‘algebraic consistency’. We saw in Section 3.5 that every path p from ¢ to j in
@ defines a class [p]asr € M which has boundary j — i. Since this was obtained by
summing the arrows in the path it is clear that this class actually lies in M fjf C M:Jr
Furthermore we saw that if two paths are F-term equivalent, then they define the same
class.

The F-term equivalence classes of paths in the quiver form a natural basis for the
quiver algebra A. By definition the classes in M;f for all 7,5 € Qo form a basis for the
algebra B = C[M"]. Therefore, since it is defined on a basis, there is a well defined
C-linear map from A to B. It follows from the definition that if paths p and ¢ are
composable then [pg]ar = [p]ar + [¢Jar and thus the map respects the multiplication,

i.e. we have defined an algebra morphism:
h:A— CIMT; p s alPlv (4.4.1)

Definition 4.4.2. A dimer model is called algebraically consistent if the morphism

(4.4.1) is an isomorphism.

We note that the map is an isomorphism if and only if restricts to an isomorphism

on each i, jth piece, i.e. e;Ae; =, C[MZ.‘;.] for each i,j € Q.

Remark 4.4.3. Theorem 3.5.2 says that for a geometrically consistent dimer model
two paths are F-term equivalent if and only if they have the same class in M. This
is equivalent to saying that for geometrically consistent dimer models the map £ is

injective.
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4.5 Example

We will construct a large class of examples of dimer models which are algebraically
consistent in Chapter 6. For now we look at an example which is not algebraically

consistent to see how things can go wrong.

Y

YA AY

&V

In this example the map £ is neither injective nor surjective. To see the lack of injec-
tivity we consider the two paths xy and yx around the boundary of the fundamental
domain in the diagram above. Neither path can be altered using F-term relations and
so they are distinct elements in A. However, considered as sum of arrows in Zg,, they
are the same element, so they have the same class in M.

To see the lack of surjectivity we consider the path x which is a loop at a vertex.
Therefore this path maps to an element m € M) . If the map £ is surjective, then
there must also be a path in ey Ae; and es Aes which maps to m, where e, es are the

idempotents corresponding to the other two vertices. However, no such paths exist.
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Chapter 5

Zig-zag flows and perfect

matchings

In Chapter 3 we saw how properties of the intersections of zig-zag flows could be used
to characterise geometric consistency. In this chapter we assume geometric consistency,
and use this to prove some properties about the intersections between zig-zag flows and
paths. We will be particularly interested in zig-zag flows which intersect the boundary
of a given face. We define ‘zig-zag fans’ which encode information about intersections
of these flows, and use some of their properties to explicitly write down all the external
and extremal perfect matchings (as defined in Section 2.3) of a geometrically consistent
dimer model. We prove that the extremal perfect matchings have multiplicity one
and that the multiplicities of the external perfect matchings are binomial coefficients.
Several of the ideas and results introduced in this chapter will be important throughout
the remainder of this thesis.

We start by recalling (Definition 3.3.3) that a zig-zag flow 7 is a doubly infinite
pathn:7Z — @1 such that, 772, and 72,1 are both in the boundary of the same black
face and, 72,1 and 72, are both in the boundary of the same white face. We called an
arrow a in a zig-zag flow 7, a zig (respectively a zag) of 77 if it is the image of an even

(respectively odd) integer.

Remark 5.0.1. For a geometrically consistent dimer model, a zig-zag flow does not
intersect itself in an arrow. Therefore each arrow in a zig-zag flow 7 is either a zig or
a zag of 17 but can not be both. Furthermore we recall that knowledge that an arrow
is a zig (or a zag) in a zig-zag flow, is enough to uniquely determine that zig-zag flow.
Thus every arrow is in precisely two zig-zag flows, and is a zig in one and a zag in the
other.

o1



5.1 Boundary Flows

We start by defining the ‘boundary flows’ of a zig-zag flow 7. By definition, for each
n € 7 we see that the ‘zig-zag pair’ 72, and 72,11 both lie in the boundary of a black
face f,. The other arrows in the boundary of this face form an oriented path p(™ from

hfon+1 = ta(n41) t0 then = hijan—1, i.e. a finite sequence of consecutive arrows.

p(ntl)

)

We piece these p(™ together in the obvious way, to construct a doubly infinite sequence
of arrows which we call the black boundary flow of 7. By considering pairs of arrows
Ton—1 and 72, which lie in the boundary of a white face for each n € Z, (i.e. the
‘zag-zig pairs’) we can similarly construct the white boundary flow of 7. The two
boundary flows of a zig-zag flow 7, project down to ‘boundary paths’ of the zig-zag
path n. The construction we have just described, is well defined on the quiver ) and
so the boundary paths can be constructed directly in ). Since 7 is periodic, it follows
that each boundary path is also periodic.

We recall from Section 3.3 that the image of a single period of 7 is a closed cycle
(n) € Zg, which defines a homology class [] € H;(Q). Similarly the image of a single
period of a boundary path is a closed cycle in Zg, and also defines a homology class.
Each ‘zig-zag pair’ of 7 is in the boundary of a unique black face. Summing these faces
over a single period of 7, defines an element in Zg, whose boundary, by construction
contains all the arrows in a period of 7. If we subtract the cycle (1) € Zg, from this
boundary, we obtain a cycle which is the sum of all arrows in the boundary of each
of the faces except the zig-zag pair of 1. Thus we see that by construction this cycle
is the one corresponding to the black boundary flow of 77. The same argument follows

through with white faces and zag-zig pairs. Thus we have shown:

Lemma 5.1.1. For each zig-zag flow 1, the black and white boundary flows on @ project
to boundary paths on QQ whose corresponding homology classes are both —[n] € H1(Q).
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5.2 Some Properties of zig-zag flows

It will now be useful to consider the intersections of zig-zag flows and more general
paths. We consider a path in Q to be a (finite or infinite) sequence of arrows (a,,) such
that ha, = tay+1. We will call a path simple if it contains no repeated arrows. We will
also consider ‘unoriented’ paths, where we do not have to respect the orientation of the
arrows. These can be considered as paths in the doubled quiver and where we denote

1

the opposite arrow to a by a™*. We call an unoriented path simple if it contains no

arrow which is repeated with either orientation.

Remark 5.2.1. We note that the support of a simple path does not have to be a
simple curve in the usual sense, and may intersect itself as long as the intersections

occur at vertices.

Lemma 5.2.2. Let p be a (possibly unoriented) finite simple closed path in @ and 1
be any zig-zag flow. If p and 7 intersect in an arrow a, then they must intersect in at

least two arrows.

Proof. Without loss of generality we can consider the case when the support of p is a
Jordan curve. Indeed, if the support of p is not simple, there is a path p’ containing
a whose support is a simple closed curve which is contained in the support of p. This
is true because the curve only intersects itself at vertices of the quiver. The path p’
can be constructed by considering the path starting at a, and each time a vertex is
repeated, removing all the arrows between the repeated vertices. If 7 intersects p’ in
at least two arrows, it must intersect p in at least these arrows.

Since the universal cover @ is planar we may apply the Jordan curve theorem which
implies that p is the boundary of the union of a finite number of faces. Let I’ denote
the set consisting of these faces. We observe that the arrows in the path p are those
which are contained in the boundary of precisely one face in F'. We say that an arrow
is ‘interior’ if it is contained in the boundary of two distinct faces in F. In particular
since F' contains a finite number of faces, there are a finite number of arrows in the
interior.

Since a = 7, is an arrow in p, it is in the boundary of one face f € F. Using the
zig-zag property, one of the arrows 7;_1 or 7541 in 17 must also be in the boundary of f.
Either this arrow in the path p, and we are done, or it lies in the interior. Without loss
of generality, assume that 7,41 lies in the interior. There are a finite number of arrows
in the interior, and 77 is an infinite sequence of arrows which, by geometric consistency,
never intersects itself. Therefore, there exists a first arrow 7, with k&’ > k + 1, which

is not in the interior.
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In particular the arrow 7;/_; is in the interior, and therefore is in the boundary of
two faces in F'. Using the zig-zag property, we see that 7,/ is in the boundary of one of
these faces and, because it is not in the interior, it must be an arrow in p. Finally, since

a = 1, and 7 are both in 77, which does not intersect itself, they must be distinct. O

Now let f be a face in the universal cover @, and consider the the intersections

between zig-zag flows and the boundary of f.

Lemma 5.2.3. If 7 is a zig-zag flow which intersects the boundary of f, then it inter-
sects in exactly two arrows which form a zig-zag pair of n if [ is black and a zag-zig

pair if f is white.

Proof. Let 1 be a zig-zag flow that intersects the boundary of f. We assume that f is
black, the result for white faces follows by a symmetric argument. Using the zig-zag
property we see that each intersection between 17 and the boundary of f must occur as
a pair of arrows and by definition, this is a zig-zag pair of 7.

Suppose for a contradiction that some zig-zag flow intersects the boundary of face
f in more than one pair. We choose such a flow 77 so that the number of arrows around
the boundary of f, from one zig-zag pair (7g,71) to another pair (7, Ngr1), where
k > 2, is minimal (it could be zero). We note that minimality ensures that 77 does not
intersect the part of the boundary of f between 777 and 7. The arrow 771 is a zig of a
different zig-zag flow which we call 7', and without loss of generality 7; = 7). By the
zig-zag property, 77} is also in the boundary of f.

If the number of arrows around the boundary of f, between h1j; = hiy, and t7jy, is zero
then 7] = 7 and 77 and 77’ intersect in at least two arrows, which contradicts geometric
consistency. Otherwise there are two finite oriented simple paths from hij; = hij) to
tm; the path p along the boundary of f and the path ¢ which is part of 7. Then pg—!
is a (finite) simple closed path which intersects 7’ in the arrow 7. Simplicity follows
since p and ¢ are both simple and 7 does not intersect p. Applying Lemma 5.2.2 we see

L'in another arrow. It can not intersect ¢ otherwise 77 and 7’

that 77/ must intersect pg~
intersect in at least two arrows, so it must intersect p in a second arrow. We show that
this leads to a contradiction.

First note that it can not intersect p in an arrow 7; for [ > 2, as this would
contradict the minimality condition above. Suppose it intersects in an arrow 7; for
[ < 1. Without loss of generality assume there are no other intersections of 77’ with
the boundary between 7] and 7. Then since 77 doesn’t intersect itself, the path along
the boundary from hn to t7) followed by the path along 7’ from t7j; to hij is a simple
closed path. However this intersects 7 in the single arrow 77 = 7, which contradicts

Lemma 5.2.2.
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Corollary 5.2.4. A zig-zag flow does not intersect its black (or white) boundary flow.

5.3 Right and left hand sides

Intuitively, one can see that since zig-zag flows do not intersect themselves in a geo-
metrically consistent dimer model, any given zig-zag flow 7 splits the universal cover of
the quiver into two pieces. We formalise this idea by defining an equivalence relation

on the vertices as follows.

Lemma 5.3.1. There is an equivalence relation on @0, where 1,7 € @0 are equivalent
if and only if there exists a (possibly unoriented) finite path from i to j in @ which

doesn’t intersect i in any arrows. There are exactly two equivalence classes.

Proof. 1t is trivial to check that the equivalence relation is well defined. To prove that

there are two equivalence classes we consider the following sets of vertices

R(7}) := {v € Qo | v = ha where a is a zig of 77}
L) := {v € Qo | v = ta where a is a zig of 7]}

The black and white boundary flows of 77 don’t intersect 77 in an arrow by Corollary 5.2.4.
We note that the black (white) flow is a path which passes through all the vertices of
L(n) (respectively R(7)). Thus all the vertices in L(7) (respectively R(7)) lie in a single
equivalence class. We show that these two classes are distinct.

If they were not, then for any zig a of 7, there would exist a (possibly unoriented)
finite path in Q from ha € R(7) to ta € L(ij) which doesn’t intersect 77 in an arrow.
By removing the part of the path between any repeated arrows (including the arrows
themselves if they occur with opposite orientations), we may assume the path is simple.
We prove that such a path does not exist. If p is any finite simple path from ha to
ta which doesn’t intersect 77, then in particular it doesn’t contain a, so ap is a finite
simple closed path. Then as 77 intersects this in the arrow a, by Lemma 5.2.2 it must
intersect in another distinct arrow. Thus 77 must intersect p in an arrow which is a
contradiction.

Finally we prove that the equivalence classes containing L(7) and R(7) are the only
two equivalence classes. Let v € @0 be any vertex. The quiver @ is strongly connected
so, if a is some zig in 77, there exists a finite path from v to ha. Either the path doesn’t

intersect 7 in an arrow, and we are done, or it does. Let b be the first arrow in the
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intersection. Then by construction the path from v to tb doesn’t intersect 77 and tb is
obviously in L(7) or R(7). O

Definition 5.3.2. We say a vertex v € Qo is on the left (right) of a zig-zag flow 7 if
it is in the same equivalence class as an element of L(7) (respectively R(7)) under the

equivalence relation defined above.

Corollary 5.3.3. Any path which passes from one side of a zig-zag flow to the other

side, must intersect the flow in an arrow.

Remark 5.3.4. We note here that the above definition is consistent with the usual
understanding of right and left, however it also gives a well defined notion of right or
left to vertices which actually lie on the zig-zag flow itself. We recall that the lift spine
of the corresponding train track (see the end of Section 3.2) to the universal cover of
the quad graph is a periodic path which doesn’t pass through any quiver vertices. This

splits @0 into the same two classes.

5.4 Zig-zag fans

We have seen that if a zig-zag flow intersects the boundary of a face, then it does so in
a single zig-zag pair. We now consider the collection of zig-zag flows which intersect the
boundary of a given face and construct fans in the integer homology lattice generated
by the classes of these flows. We observe that these fans encode the information about
the intersections of zig-zag flows which occur around the boundary of the face.

If f is some face of @, we define:
X(f) = {n | 1 intersects the boundary of f}.

For any zig-zag flow 7, recall (Remark 3.3.8) that [5] is a non-zero primitive homology
class in the integer homology lattice H1(Q). We consider the collection of rays in H1(Q)
generated by the classes [n] where 77 € X(f).

Lemma 5.4.1. Given a ray v generated by [n] where 77 € X(f), there exists ' € X(f)
such that the ray generated by [n'] is at an angle less than 7 in an anti-clockwise

direction from .

Proof. Since 7 € X(f), by Lemma 5.2.3 it intersects the boundary of f in a zig and a
zag. The zag of 7] is a zig of a uniquely defined zig-zag flow 1’ € X(f) which crosses 77
from right to left. This intersection contributes +1 to the intersection number [n] A [n’],

and therefore recalling Remark 3.3.9 this implies that intersection number is strictly
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positive. Therefore the ray generated by [] is at an angle less than 7 in an anti-

clockwise direction from ~. O

Definition 5.4.2. The local zig-zag fan £(f) at the face f of Q, is the complete fan
of strongly convex rational polyhedral cones in H;(Q) whose rays are generated by the

homology classes corresponding to zig-zag flows in X(f).

Since they are primitive, we note that if the homology classes corresponding to 77
and 77’ are linearly dependent, then [n] = +[n']. We say 7 and 7 are parallel if [n] = [r/],
and anti-parallel if [n] = —[n'].

Lemma 5.4.3. If 7 and 1] are distinct parallel zig-zag flows, then at most one of them

intersects the boundary of any given face.

Proof. Without loss of generality let f be a black face. Suppose 77,77 € X(f) are
parallel. Since they don’t intersect by Proposition 3.3.7, all vertices of 1 lie on the
same side of 7' and vice-versa. Both 77 and 7]’ intersect the boundary of f in a zig-zag
pair, and, by geometric consistency, these pairs of arrows are distinct. By considering
paths around the boundary of f we observe that all vertices of 7 lie on the left of 7’

and all vertices of 77’ lie on the left of 7.

] 0]
zig zag
[ J
zag zig

However, choosing any other zig-zag flow which is not parallel to 7, this intersects each
of 77 and 7 in precisely one arrow. Recalling Remark 3.3.9, we see that these arrows are
either both zigs of their respective flows, or both zags. Therefore, by considering the
path along the zig-zag flow between these two arrows, we see that if all vertices of 77 lie

on the left of 77’ then all vertices of 7’ lie on the right of 77. This is a contradiction. [

Remark 5.4.4. We have just shown that for every ray ~ of {(f), there is a unique

representative zig-zag flow which intersects the boundary of f, i.e. a unique flow which
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intersects the boundary of f and whose corresponding homology class is the generator
of v. Together with Lemma 5.2.3 this also implies that if a zig-zag path intersects a

face then it does so in a zig and a zag.

Proposition 5.4.5. Two rays v and v~ span a two dimensional cone in (f) if and
only if they have representative zig-zag flows 1 and 1~ which intersect each other in
the boundary of f.

Proof. Without loss of generality we assume that f is black, as the general result follows
by symmetry. Suppose zig-zag flows 777 and 77~ intersect in arrow a contained in the
boundary of f. Without loss of generality we assume that 7™ crosses 77~ from right to
left. As in the proof of Lemma 5.4.1 we see that corresponding ray v~ is at an angle
less than 7 in a clockwise direction from . We prove that 4y and vy~ span a two
dimensional cone in £(f). If they do not, then there is a zig-zag flow 77 which intersects
the boundary of f in zig-zag pair (70,71) and whose ray in the local zig-zag fan lies
strictly between 1 and 2 (so 77 is not parallel or anti-parallel to 7% or 77~.) Therefore 77
crosses 77~ from right to left and crosses 77" from left to right. Let b be the intersection
of 7 and 1~ which we note is a zig of 7.

By considering paths around the boundary of f we see that vertex v := hijg is on
the left of both ™ and 77~. Therefore it must occur in 77 before 7] intersects 75 but after

7] intersects 7.

In particular 7] crosses 77~ before it crosses 77 and the vertex hb must be on the
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left of 7. Since 7~ crosses " from left to right, we see that b occurs before a in
7~. The path from hb to ta along 77 doesn’t intersect 77 (since geometric consistency
implies that b is the unique arrow where they intersect). Therefore ta is on the right
of 77. However there is a path around the boundary of f from hb; to ta which doesn’t
intersect 7. This implies that ta is on the left of 77. Therefore we have a contradiction

and so 1 and 7, generate a two-dimensional cone in £(f), where «; is the negative ray.
O

Remark 5.4.6. The previous two lemmas together imply that the zig-zag flows which
intersect the boundary of a face f, intersect it in pairs of arrows in such a way that
the cyclic order of these pairs around the face is (up to orientation) the same as the
cyclic order of the corresponding rays around the local zig-zag fan. In [14] Gulotta
also observes that this is an important property. He calls a dimer model where this
is satisfied at each face ‘properly ordered’ and proves that this happens if and only if
the number of quiver vertices is equal to twice the area of the polygon whose edges
are normal to the directions of the zig-zag paths. He proposes this as an alternative

‘consistency condition’.

Given a two-dimensional cone o in the local zig-zag fan of some face f, we call the
unique arrow in the boundary of f, which is the intersection of representative zig-zag

flows of the rays of o, the arrow corresponding to o.

Definition 5.4.7. The global zig-zag fan = in H1(Q) ®z R, is the fan whose rays are

generated by the homology classes corresponding to all the zig-zag flows on @

This is a refinement of each of the local zig-zag fans and is therefore a well defined

fan.

5.5 Constructing Some Perfect Matchings

In this section we use the zig-zag fans we have just introduced to construct a particular
collection of perfect matchings that will play a key role in the rest of this thesis. The
construction is a local one in the sense that the restriction of the perfect matching to
the arrows in the boundary of a quiver face is determined by the local zig-zag fan at
that face.

We start by noting that the identity map on H;(Q) is a well defined map of fans
vyt 2 — &(f) for each f € Q9. If 0 is a two dimensional cone in Z, its image in (f) is

contained in a unique two dimensional cone which we shall denote o .
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The cone oy corresponds to a unique arrow in the boundary of f. We define
Ps(o) € Z®1 to be the function which evaluates to 1 on this arrow, and zero on all

other arrows in (). Finally we define the following function:

Plo):=35 3 Pilo)
feQz

Lemma 5.5.1. The function P(o) is a perfect matching.

Proof. First we show that P(o) € N?. Any arrow a is in the boundary of precisely
two faces, one black and one white, which we denote f, and f,, respectively. Since
Py (o) is zero on all arrows which don’t lie in the boundary of f, we observe that
P(o)(a) = 3 (Py,(0)(a) + Py, (0)(a)). If 77 and 7~ are the zig-zag flows containing
a then, by Lemma 5.4.5, the cones o} in £(f;) and oy, in &(f,) dual to a, are both
spanned by the rays generated by [p*] and [p~]. Therefore the inverse image of oy,
and o, under the respective maps of fans is the same collection of cones in the global
zig-zag fan =. Thus for any cone ¢ in =, the functions Py, (o) and Py, (o) evaluate to

the same value on a. We conclude that

PO)=3 Y Pro)= Y Pilo)

€ feQa
f Q2 f is black

and evaluates to zero or one on every arrow in ). By construction Py(o) is non-zero
on a single arrow in the boundary of f, and we have just seen that P(o) is non-zero
on an arrow in the boundary of f if and only if Pf(o) is non-zero. Therefore P(o)
evaluates to one on a single arrow in the boundary of each face. Recalling that the
coboundary map d simply sums any function of the edges around each face we see that
d(P(0)) = 1. 0

We have produced an identified perfect matching P(c) € N for each two dimen-
sional cone ¢ in the global zig-zag fan Z. We now consider some properties of perfect

matchings of this form.

Definition 5.5.2. If ) is a zig-zag path, we define Zig(n) € Z?! (respectively Zag(n) €
ZR21) to be the function which evaluates to one on all zigs (zags) of 7 and zero on all
other arrows. Similarly if v is a ray in the global zig-zag fan Z, then Zig(y) € Z®
(respectively Zag(y) € Z) is the function which evaluates to one on all zigs (zags) of

every representative zig-zag path of ~, and is zero on all other arrows.
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Remark 5.5.3. We see that

Zig(v) = > Zig(n).

()=~

The functions defined in Definition 5.5.2, like perfect matchings, are functions which
evaluate to one on each arrow in their support. Therefore they can be thought of
as sets of arrows. We now show that P(c) is non-zero on the zigs or zags of certain
zig-zag paths, in other words that these zigs or zags are contained in the set of arrows
on which P(o) is supported. In the language of functions, this is equivalent to the

following lemma.

Lemma 5.5.4. Suppose o is a cone in the global zig-zag fan = spanned by rays v and
v~ (see diagram below). Then the functions P(o) — Zig(y") and P(o) — Zag(~~) are
elements of N@1,

Proof. Let f € Qo be any face. If 4T is not a ray in the local zig-zag fan £(f), then by
definition, no representative zig-zag flow intersects the boundary of f. Thus Zig(y™)
is zero on all the arrows in the boundary, and so P(c) — Zig(y™) is non-negative on
these arrows.

If 4t is a ray in the local zig-zag fan £(f), we consider the cone 7 in £(f) which is
generated by y* and the next ray around the fan in a clockwise direction (this is v~
if and only if v~ is a ray in £(f)). Since o in the global zig-zag fan is generated by v+
and ~~ which is the next ray around in the clockwise direction, the image of o under
the map of fans lies in 7. Then by definition Pf(c), and therefore P(o), evaluates
to 1 on the arrow in the boundary of f corresponding to the cone 7. This arrow is
the intersection of the two zig-zag flows in X(f) corresponding the rays of 7. Since
the anti-clockwise ray is v+, this arrow is the unique (by Lemmas 5.2.3 and 5.4.3) zig
of the representative of vt in the boundary of f. Therefore P(c) — Zig(y™) is non-
negative on all the arrows in the boundary of f. The statement holds on the arrows
in the boundary of all faces, and therefore in general. The result follows similarly for
P(0) — Zag(ii. ). O
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Corollary 5.5.5. Suppose o is a cone in = spanned by rays v+ and v~. For any
representative zig-zag paths nt of v+ and n~ of v, the functions P(c) — Zig(n™) and
P(0) — Zag(n™) are elements of N@1,

Proof. This follows from the Lemma 5.5.4 together with Remark 5.5.3. O

5.6 The Extremal Perfect Matchings

We show that the perfect matchings we have just constructed are precisely the extremal
perfect matchings of the dimer model (Definition 2.3.7).

We start by identifying an element of Mff C M, associated to every ray « of E.
We will prove that for each cone o, the perfect matching P(c) evaluates to zero on two
such elements which are linearly independent. Therefore the image of P(o) in N, lies
in a one dimensional facet of the cone N;'. In other words it is an extremal perfect
matching.

Given a zig-zag flow, we defined its black and white boundary flows in Section 5.1.

Recall that the image of a single period of a boundary path is a cycle in N, .

Definition 5.6.1. The system of boundary paths S(y) € Ng, of a ray v of Z, is the
sum of all the cycles corresponding to the boundary paths (black and white) of every

representative zig-zag path of ~.

Since S(7) is the sum of cycles it is closed and, as it is non-negative, it defines an
clement [S()]a € ME ¢ M. If o is a two dimensional cone in E spanned by rays
vt and v, then the classes [S(7)]ar and [S(y)]y are linearly independent: if they
were not, then they would have linearly dependent homology classes (see the exact
sequence (3.5.3)), however, by Lemma 5.1.1 we know that these classes are —kT[n™]
and —k~[n~] which are linearly independent, where k% > 0 is the number of boundary
paths of 4*, and nT is a representative zig-zag path of y*.

Proposition 5.6.2. Suppose o is a cone in = spanned by rays v and v~ . The perfect
matching P(c) € N@ is the unique perfect matching which evaluates to zero on the

two systems of boundary paths S(y*) and S(y7).

Proof. First we prove that P(o) evaluates to zero on the two systems of boundary
paths. Let n be a representative zig-zag path of y* or y~. Since P(o) is a perfect
matching we know that it is non-zero on precisely one arrow in the boundary of every
face. By construction, the boundary path of a zig-zag path was pieced together from
paths back around faces which have a zig-zag or zag-zig pair in the boundary. By

Corollary 5.5.5, P(0) is non-zero on either the zig or zag of 7 in the boundary of each
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of these faces and therefore it is zero on all the arrows in the boundary path. This
holds for all boundary paths of representative zig-zag paths of ¥ or v~.

Now we prove that P(o) is the unique perfect matching which evaluates to zero on
the two systems of boundary paths. Let 7 and 7~ be representative zig-zag flows of
~T and v~ respectively. Since they are not parallel or anti-parallel, the black boundary
flows of 7T and 77~ have at least one vertex in common. Let vgg € @0 be such a vertex
and let v be its image in Q.

Let the finite path par be the lift of a single period of the black boundary flow of
nT to the universal cover, starting at vgp and ending at vertex v1p. Then let p; be the
lift of a single period of the black boundary flow of n~ starting at vig. Similarly let py
be the lift of a period of the black boundary flow of 1~ starting at vgy and ending at
o1, and pf be the lift of a period of the black boundary flow of n™ starting at vo;.

The paths p1 := p{p; and ps := pyp] have the same class [pi]p = [po]ar in M.
This follows trivially as poi and pf[ project down to the same paths in (). This implies
that both paths end at the same vertex; they have the same homology class, and start
at the same vertex. Also recalling Section 3.5 we see that they are F-term equivalent.

Furthermore, since poi and pli are shifts of each other by deck transformations, i.e.
by elements in the period lattice, we see that pip, ! forms the boundary of a region
which certainly contains at least one fundamental domain of @ Therefore, for every
face in @, there is a lift f in CNQ such that the winding number, Windf(plpgl) #0.

Let go = p1,4q1, - -, qr = p2 be a sequence of paths such that ¢; and g;11 differ by a
single F-term relation for ¢ = 0,...,k — 1. Fix a face in @), and let f be the lift to @

satisfying the winding number condition above. Then since

Wind(p1p; ') # 0 = Wind ¢(pap; ')

there exists i € {1,...,k — 1} such that Wind ;(g;p; ") # Wind (gi11p5"'). As they
differ by a single F-term relation we can write ¢; = aje1ag and gj+1 = ageaa2, where
e1a and esa are the boundaries of two faces f3, fu, € @2 (one black, one white) which

meet along the arrow a. Using properties of winding numbers,
Wind ¢ (e1a) — Wind f(eza) = Wind ¢ (g;p; ') — Wind ¢ (gi41p5 ') # 0

The winding number around f of the boundary of a face, is non-zero if and only if
the face is f. Therefore either f = f, or f = f,, so all the arrows in the boundary of
f except a, lie in either ¢; or ¢;11. Let n € NT and suppose n evaluates to zero on
the element of M™ corresponding to the path p;. Since they are F-term equivalent,

p1lv = [@i)m = [giv1]ar, so n evaluates to zero on [g;]p and [gi+1]ar. Using the
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positivity, this implies that n evaluates to zero on every arrow in the image in @ of
both ¢; and ¢;41. In particular it evaluates to zero on all the arrows in the boundary
of the image of f except a. This argument holds for any face, and thus n is non-zero
on a unique arrow in the boundary of each face in Q.

Suppose there exist two perfect matchings w1 and w9 which evaluate to zero on the
both systems of boundary flows. By construction w1 + 75 € N is zero on the path p;
and therefore by the above argument, it is non-zero on a unique arrow in the boundary
of each face. Since perfect matchings are degree 1 elements of N this forces 7 and
o to evaluate to the same value on all the arrows in the boundary of each face. We

conclude that 7, = w9 and we have proved uniqueness. O

We have just proved that for each o in the global zig-zag fan, the image of the
perfect matching P(o) in N evaluates to zero on two linearly independent classes in
M. Thus the perfect matchings P(c), map to some set of extremal vertices of the
degree 1 polygon in N . Furthermore these are the unique perfect matchings to map
to any of these vertices. We now prove that every extremal vertex is the image of P(o)
for some o.

Recall from Section 2.3 that the cone N is the intersection of N, with the real
cone (NT)gr generated by the image of Nt in N, ®z R. We show that the images of
P(o) in N, for all two dimensional cones o of Z, generate (N, )r. Therefore perfect
matchings of the form P(c) map to generators of all the extremal rays of N, i.e. to
all the extremal vertices of the degree 1 polygon in N . Together with the uniqueness
property we saw above, this shows that the perfect matchings of the form P(o) are

precisely the extremal perfect matchings.

Lemma 5.6.3. The real cone (N, )r is generated over R™ by the images in N of

P(o) for all two dimensional cones o of =.

Proof. Let Cy be the real cone in N, ®z R generated by the images of P (o) for all two
dimensional cones o of =, and let Cjs be the real cone in M, ®z R generated by [S()]ar
for all rays v of Z. We claim that Cy, = Cy. Since [P(0)] € N,

o, every element of

M evaluates to a non-negative number on this class. In particular [P(o)] € C), for
every two dimensional cone o in =, so Cy C Cy;. For the converse, we restrict to the
degree 1 plane in N,. The functions [S(7)]as restrict to affine linear functions on this
plane which evaluate to zero on neighbouring points [P(¢7)] and [P(¢7)], where o are
the two, 2-dimensional cones in = containing ray v, and are non-negative on all other
points [P(0)]. These functions define a collection of half planes whose intersection is

the convex hull of the points !. Thus the cone over this intersection, namely Cy; equals

!This ‘obvious’ fact is the justification for the ‘gift wrapping algorithm’ in two dimensions [21].
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the cone over the convex hull, namely Cy.
Finally, using the fact that Cps C (M,5)g where (M )R is the real cone generated
by M,
(N e = (M) € Cip =Cw

since we also know that Cy C (IV,/)R, the result follows. O

Remark 5.6.4. Thus, the real cone (M )r = (N,)y is dual to the real cone in N,®@zR
generated by the images of perfect matchings of the form P(c) for o of Z. We have
also shown that the real cone (N;L )r is dual to the real cone in M, ®z R generated by
[S(7)]as for all rays v of =, so (Mg is generated by the classes [S(7)]as-

5.7 The External Perfect Matchings

We next see that given an extremal perfect matching constructed in the previous sec-
tion, we can alter it along a zig-zag path in such a way that we still have a perfect
matching. Furthermore the resulting perfect matchings still evaluate to zero on one of

the two systems of boundary flows and are thus external.

Lemma 5.7.1. If o is a cone in the global zig-zag fan spanned by the rays v and v,
and nt and n~ are representative zig-zag paths, then P(o) — Zig(n™) + Zag(n™) and
P(o) — Zag(n™) + Zig(n~) are perfect matchings.

Proof. By Lemma 5.5.5 we know P(c) — Zig(n*) and P(c) — Zag(n~) are elements of
N@1. Given any face f € Qs, its boundary either does not intersect n* or it intersects it
in a zig and a zag (see Lemma 5.2.3 and Lemma 5.4.3). Recalling that the coboundary
map adds up the function on the edges in the boundary of each face, we see that in

either case d(Zig(n™) — Zag(n*)) = 0. Consequently we see that:

d(P(0) — Zig(n™) + Zag(n™)) = d(P(0)) = 1
so P(o) — Zig(") + Zag(n™") is a perfect matching. Similarly we can see that P(c) —
Zag(n~) + Zig(n~) is a perfect matching. O

We will refer to such perfect matchings as those obtained by ‘resonating’ P(o) along
nt and 1~ respectively. By resonating along all representative zig-zag paths of a ray,

we can go from one extremal perfect matching to another.

Lemma 5.7.2. Let v be any ray in the global zig-zag fan =, and let o+ and o~ be the
two 2-dimensional cones containing v (see diagram below). Then P(o~) — Zig(y) =
P(o™) = Zag(v).
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Proof. Let f € Q)2 be any face. There are two cases which we consider separately. In
the first case v is a ray in the local zig-zag fan (f), i.e. there exists a representative
zig-zag flow of v intersecting the boundary of f. This intersection consists of a zig and
a zag and therefore d(Zig(v))s = d(Zag(~))s = 1. Since P(o~) and P(c") are perfect

matchings, so are of degree 1, we note that

d(P(0™) — Zig(v))y = d(P(0") — Zag(7)); =0

and together with the fact that P(o~) — Zig(y), P(c7) — Zag(y) € N@1, this implies
that P(oc~) — Zig(y) and P(c™) — Zag(~y) are both zero on all arrows in the boundary
of f.

In the second case, 7y is not a ray in the local zig-zag fan £(f). Then no representative
zig-zag flow of v intersects the boundary of f and so Zig(~y) and Zag(7y) both evaluate to
zero on all arrows in the boundary. Furthermore, in this case we observe that the images
of ot and ¢~ lie in the same cone in the local zig-zag fan £(f), so Py(c™) = Ps(c™).
Thus P(0~) — Zig(y) and P(c+) — Zag(~y) are equal on all arrows in the boundary of

f. The functions are equal on the boundary of all faces, and therefore are equal. [

Corollary 5.7.3. The perfect matching P(oc~) = P(oV)—Zag(y)+Zig(7), i.e. P(oc™)

can be obtained from P(c™m) by ‘resonating’ along all representative zig-zag flows of .

We have seen that given an extremal perfect matching we can resonate along certain
zig-zag paths. We now show that it is always possible to resonate along zig-zag paths

in an external perfect matching.

Lemma 5.7.4. Let 7 be any perfect matching which satisfies (m,S(7v)) = 0 and let n be
any representative zig-zag flow of y. Then either 1—Zig(n) € N9 or 1—Zag(n) € N1,

Proof. Using the fact that 7 € N®! and S(v) € Ng,, we observe that (m, S(7y)) = 0 if
and only if (m,a) = 0 for every arrow a in the black or white boundary path of any

representative of . Let fj, be the black or white face with 1y and 7 in its boundary.
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By construction, ever arrow in the boundary of this face except nx and ngy1, is in the
boundary path of 1. Therefore, the perfect matching 7 (which is of degree 1) must
evaluate to 1 on either 1y or 711, and to zero on all the other arrows in the boundary
of fr. Because this holds for each k € Z, we note that this forces 7 to evaluate to 1

either on all the zigs, or all the zags of 7. O

We now show that every external perfect matching, i.e. every perfect matching
which evaluates to zero on some boundary flow can be obtained by resonating the

extremal perfect matchings.

Proposition 5.7.5. Every perfect matching m which satisfies (w,S(v)) = 0 is of the

form:

m=P(o*) =) (Zag(n) - Zig(n))
nez

where Z is some set of zig-zag paths which are representatives of .

Proof. Let w be such a perfect matching. Let Z be the set of representative zig-zag
paths 7 of v for which 7— Zig(n) € N?1. We note that 7’ := T+ ez(Zag(n)—Zig(n))
is a perfect matching which satisfies (', S()) = 0 and by Lemma 5.7.4 we see that
7' — Zag(vy) € N9, Since

n=n'—3 (Zag(n) — Zig(n))

nezZ

it is sufficient to prove that any perfect matching which satisfies, (7', S(y)) = 0 and 7’ —
Zag(y) € N9 is equal to P(6F). We will be show that if 7’ is such a perfect matching,
then (7', S(y")) = 0. The result follows using the uniqueness part of Proposition 5.6.2.

Consider the elements [7/ — P(c7)] and [P(6~) — P(0")] # 0 in H(Q), embedded
as the rank 2 sublattice of N, consisting of degree zero elements (see equation 2.3.2).
We note that the class [S(v)]y € M, restricts to a linear map on H'(Q) which has
[7/ — P(0")] and [P(0~) — P(c")] in its kernel. The kernel is rank 1, so there exists
k € Q such that

(7' — P(o™)] = K{P(o™) — P(0™)

We observe that k > 0 since (P(c7),S(y")) > 0 and

0<(x',S(v") = {I=" = P(c")],[S(v")]nm)
([P(e™) = P(oT)], [S(y")]ar)

(P(e7),8(v")

k
k
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Then using Lemma 5.7.2 and the fact that 7' — Zag(y) € N® we see that

0> —k(P(c"),S(v7)) = k([P(07) = P(e ™), [S(v )lm)

so k=0 and thus (7', S(y")) = 0.
U

Finally we see that resonating a perfect matching along different parallel zig-zag

paths changes the class in N, in the same way.

Lemma 5.7.6. Letn,n' be representative zig-zag paths of v. Then Zag(n)—Zig(n) € N
and Zag(n') — Zig(n') € N project to the same class in N,.

Proof. First note that if n is any zig-zag path, then Zag(n) — Zig(n) € N and has
degree zero: given any face, 1 either does not intersect the boundary in which case the
function Zag(n) — Zig(n) is non-zero on all arrows in the boundary, or it intersects
in a pair of arrows one of which is a zig, and one a zag. In either case, the sum of
Zag(n) — Zig(n) on the arrows in the boundary is zero. Thus Zag(n) — Zig(n) defines
a class in H'(Q) considered as the degree zero sublattice of N,.

Let 1,1’ be distinct representative zig-zag paths of v. If n” is any zig-zag path, then
we observe that evaluating Zag(n) — Zig(n) on n” counts the number of intersections of
n and 1", with signs depending on whether the intersecting arrow is a zig or zag of n”.
Recalling Remark 3.3.6 we see that this is precisely the intersection number [n”] A [1].
Therefore, since [r'] = [n], the functions Zag(n)— Zig(n) and Zag(n')— Zig(n') evaluate
to the same value on each zig-zag path. The classes of zig-zag paths span a full sublattice
of H1(Q), and therefore [Zag(n) — Zig(n)] = [Zag(n') — Zig(n')] in H*(Q) considered
as the degree zero sublattice of IV,. O

Therefore the multiplicities of the external perfect matchings along the edge dual
to [S(y)]ar are binomial coefficients (]') given by choosing n zig-zag paths to resonate
out of r, the total number of representative zig-zag paths of ~.

In [14] Gulotta describes the extremal and external perfect matchings for a ‘properly
ordered’ dimer model in essentially the same way that we do. He also calculates their
multiplicities. Recall from Remark 5.4.6 that a geometrically consistent dimer model

is properly ordered. In [29] Stienstra also produces a correspondence between cones in
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a fan and perfect matchings. At first sight this looks different to the construction in

Section 5.5 but it is presumably closely related.

Remark 5.7.7. I conjecture that many of the results in this chapter can be proved in

a similar way assuming only the weaker marginal geometric consistency.
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Chapter 6

Geometric consistency implies

algebraic consistency

In this chapter we prove the following main result.

Theorem 6.1. If a dimer model on a torus is geometrically consistent, then it is

algebraically consistent.

Our proof will rely on the explicit description of extremal perfect matchings we gave
in the previous chapter, together with the knowledge of their values on the boundary
flows of certain zig-zag paths. We will actually prove the following proposition which

we shall see in Section 6.1 implies the theorem.

Proposition 6.2. For all vertices 7,5 € @0 in the universal cover there exists a path

from ¢ to j on which some extremal perfect matching evaluates to zero.

Thus we see that the extremal perfect matchings play a key role in the theory.

6.1 Proving algebraic consistency

Recall that a dimer model is algebraically consistent if the algebra map A : A — C[M ]
(4.4.1) from the path algebra of the quiver modulo F-term relations to the toric algebra,
is an isomorphism. We noted in Remark 4.4.3 that for a geometrically consistent dimer
model injectivity is equivalent to the statement of Theorem 3.5.2. It therefore remains

for us to prove that the map £ is surjective.

Lemma 6.1.1. If there exists a path on the universal cover @ from; to }, which is zero

on a perfect matching, for all;,’j € @0, then the map h: A — C[M "] is surjective.
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Proof. To prove surjectivity, we need to show that for i, € (¢ and any element
m € M:; there exists a representative path, that is, a path p from ¢ to j in @) such that
[plas = m.

First we prove that it is sufficient to show that there exists a representative path for
elements of MZT;- which lie on the boundary of the cone M ™. Recall that the cone M ™
is the dual cone of the cone N which is integrally generated by the perfect matchings.
Therefore the elements in the boundary of M ™, are precisely those which evaluate to
zero on some perfect matching.

Suppose that there exists a representative path for all elements m € M ;3— which lie
on the boundary of MT. Recall that the coboundary map d: Z9 —s Z%2 sums the
function on the edges around each face and d(7w) = 1 for any perfect matching 7. Thus
if p is a path going once around the boundary of any quiver face f € Q9 (starting at
any vertex of f) and 7 is a perfect matching, then (7, p) = 1. Define OJ := [p]as to be
the image of p in M which we note is independent of the choice of p since the 2-torus
is connected. Now let i,j € Q¢ and consider any element m € M Z‘; If we evaluate any

perfect matching = on m by definition we get an non-negative integer. Let
n = min{(m, m) | 7 is a perfect matching }

Then for each perfect matching 7, we observe that (m, (m —n)) = (r,m) —n > 0 and
by construction there exists at least one perfect matching where the equality holds. In
other words (m — n0) lies in the boundary of M*. Then by assumption, there is a
representative path g of m — nld, from ¢ to j in Q.

Finally we construct a representative path for m. Let f be any face which has j
as a vertex, and let p(™ be the path which starts at j and goes n times around the

boundary of f. Then the path ¢gp(™ from i to j is a well defined path, and
[ap™ s = [alar + nlplar = (m —n0) +n0 =m

Now we prove that if there exists a path on the universal cover @ from 7 to ;’, which
is zero on a perfect matching, for all ;J € @0, then there exists a representative path
for all elements m € MJ which lie on the boundary of M.

We start by fixing i,j € Qo, and let m € MZT;- be an element in the boundary of
M™. Then some perfect matching 7, evaluates to zero on m. Recall the short exact
sequence (2.3.2)

0— Z— M, L H\(T;2) — 0

where the kernel of H is spanned by the class [0 = 9[f]as for any face f € Q9. Fix
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some path p from 5 € @0 toi € @0 where i and 5 project down to ¢ and j respectively.
Since there is a path from i to every lift of j in the universal cover, there exists a path
q which is zero on some perfect matching, such that pq projects down to a closed path
with any given homology class. In particular, there exists a path ¢ which is zero on

some perfect matching 7, and has

H([pla + lalar) = H([pglar) = H([plam +m)

Therefore [g]pr — m € M, is in the kernel of H, and so [¢]py —m = kO in M,, for
some k € Z. Since every perfect matching evaluates to 1 on [, applying 7, and 7, to
[q]pr — m, we see that

—(mgm) =k = (mm; [q]nr)

Finally, since m and [g]ps are both in M, we see that k = 0 and so [g]ys = m in M,,.
O

Using this lemma we see that Proposition 6.2 implies Theorem 6.1. We shall prove

Proposition 6.2 in Section 6.3.

6.2 Flows which pass between two vertices

We fix two vertices 4, j of the universal cover of the quiver @ In this section we study
the zig-zag flows which pass between ¢ and j, i.e. they have ¢ and j on opposite sides.
These are important as they are the flows that intersect every path from ¢ to j. We
will see that the classes of these flows generate two convex cones in H1(Q)®zR. These
will be used in proof of Proposition 6.2 in the next section.

We define the two sets of zig-zag flows which pass between ¢ and j as follows:
X+ = {17 | n has i on the left and j on the right}

X_ := {1 | n has i on the right and j on the left}
First we show that there always exist flows which pass between distinct vertices:
Lemma 6.2.1. Ifi,5 € @0 are distinct vertices then X and X_ are non-empty.

Proof. We consider the collection of black faces which have ¢ as a vertex. We are
interested in zig-zag flows which intersect the boundary of one or more of these faces
and have i on the left. Any zig-zag pair in the boundary of one of these faces defines
such a flow if and only if ¢ is not the head of the zig. Let p be any path from j to a

vertex vy contained in one of these flows, say 7. We may assume that vg is the first
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such vertex in p, so p doesn’t intersect any of the flows. Since 77 intersects the boundary
of one of the black faces, there is a path p’ along 7 from vy to v, a vertex of one of
the black faces. We may also assume that this is the first such vertex along p’, so p’
does not intersect the boundary of any of the black faces in an arrow; this implies that
vy # i. We note that vy is the head of a zig 7, of a zig-zag pair in the boundary of one
of the black faces. Since vy # ¢ this defines a zig-zag flow 77’ which has 7 on the left.

By construction, the flows 7’ and 7 intersect in either 77, or 77;. Since this intersection
is unique, 77’ doesn’t intersect p’ in an arrow. Since 77’ doesn’t intersect p, the path pp’
from j to the head of a zig of 7' doesn’t intersect 77'. Therefore j is on the right of
=~
n. U

Lemma 6.2.2. If 77 and 1]’ are parallel zig-zag flows which pass between i and j then
they are both in Xy or both in X_. If 7 and 7 are anti-parallel zig-zag flows which pass

between i and j then one is in X+ and the other is in X_.

Proof. We prove the parallel case, the anti-parallel case follows using a similar argu-
ment. Without loss of generality, suppose that 7 € Xy. Then there is a path from i
to a vertex v of 77 which does not intersect 7. In particular all vertices of this path are
also on the left of 7. If 77 is on the right of 77 then this path does not intersect 7, and

so 4 is on the left of 7/'.
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Since we assume that 77 passes between i and j, we conclude that 7/ € Xy. If 77/ is on

the left of 77 then a symmetric argument works considering j instead of i. O

Consider two zig-zag flows 77,77’ which are in X;. We see by Lemma 6.2.2 that they
are not anti-parallel, and therefore their homology classes [7]], [i]'] generate a strongly
convex cone in H1(Q) ®z R. We now prove that no zig-zag flow in X_ has a homology

class which lies in this cone.

Lemma 6.2.3. Let 7,17 € Xy and denote the rays in H1(Q) ®z R generated by their
respective homology classes by v and ~'. Suppose that 7" is a zig-zag path which passes
between i and j. If "] € H1(Q) is in the cone spanned by v and ', then 1 € X,.

Proof. We first note that if [1”'] equals [7]] or [1)’] then the result follows from Lemma 6.2.2.

Otherwise suppose that v, 7" and 7" are all distinct. Without loss of generality we
assume that 7 crosses 77 from right to left. Then since [”] is in the cone spanned by
and 7/, we note that 77 crosses 77 from right to left, and 7’ from left to right. Therefore
77" intersects 7 in a zig 7, and intersects 7’ in a zag 77;,. Suppose k < n; the result for

k > n follows by a symmetric argument.
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Take any (possibly unoriented) path p; from j to the head of some zig b of 1 which
intersects neither 77 nor 77'. Such a path exists: since j is on the right of 7 there is a
path from j to the head of a zig which does not intersect 7. If this path intersects 7’
we consider instead the path up to but not including the first arrow in the intersection,
followed by part of the boundary flow of 77’.

We observe that p; does not intersect 7" since all the vertices along it are on the
right of both 77 and 77/, while all the vertices of 77 are on the left of either 77; or 7o
(using the fact that k < n, so 7 crosses 1717 from right to left before it crosses 772 from
left to right). The arrow 7, occurs before b in 7, since A7) is on the left and hb is on
the right of 7//.

Therefore the path py along 77 from A7) to hb does not contain 7} and so does not
intersect 7. Finally we see that the path pep; ' is a path from the head of a zig of 7"
to 7 which doesn’t intersect 7, so j is on the right of 77. If 7} passes between ¢ and j

then it also has i on the left, and we are done. O
We now consider the cones generated by homology classes of flows in X} and X_.

Definition 6.2.4. Let C; (resp. C_) be the cone in H1(Q) ®z R generated by the
homology classes [7] of zig-zag flows 17 € X (respectively 7 € X_).

We note that ¢y and C_ are non-empty by Lemma 6.2.1. If any set of rays

corresponding to zig-zag flows 17 € X is not contained in some half-plane, then every

()



point in H;(Q) ®z R is in the cone generated by a pair of these rays. However using
Lemma 6.2.3, this would then imply that C'_ is empty. Therefore C'; is contained in a
some half-plane. Furthermore, by Lemma 6.2.2 we see that C'y can not contain both
rays in the boundary of this half-plane, as they are anti-parallel. Therefore C'; is a
strongly convex cone. Similarly we see that C'_ is a strongly convex cone. Furthermore
we note that the intersection C'y N C_ = {0}. There exists a line ¢ separating C; and
C_ which must pass through the origin. It can be chosen such that the origin is its
only point of intersection with C'y or C_, or in fact with any ray in the global zig-zag
fan. We choose such an ¢, and let H4 and H_ be the corresponding closed half spaces
containing C; and C_ respectively.

We consider the 2-dimensional cone o in the global zig-zag fan which intersects
the line ¢, and lies between the clockwise boundary ray of C'y and the anti-clockwise
boundary ray of C_. This cone ¢ may intersect C'y or C_ in a ray, but is not contained
in either. The diagram below shows the cones C'; and C'_, and a possible choice of ¢

and o.

We denote the anti-clockwise and clockwise rays of o by ¢ and o~ respectively. Using
polar coordinates, any ray may be described by an angle in the range (—, 7], where
¢ N o has angle zero. Let a®™ € (0,7) and a~ € (—m,0) be the angles of ot and o~

respectively.

6.3 Proof of Proposition 6.2

Finally we come to the proof of Proposition 6.2 which we showed was sufficient in order

to prove Theorem 6.1.



6.3.1 Overview of proof

Fix two vertices 4, j of the universal cover of the quiver @ We will construct a path
from j to 7 which is zero on the extremal perfect matching P(o) where o is the choice
of cone in the global zig-zag fan made at the end of the previous section. First we use
an iterative procedure to construct a different path p, ending at ¢, from pieces of the
boundary flows of a sequence zig-zag flows. These zig-zag flows all have vertices ¢ and
7 on the left, and satisfy a minimality condition which will allow us to prove, using
results from Chapter 5, that P(o) evaluates to zero on p.

Similarly we construct a path ¢ ending at i, from boundary flows of zig-zag flows
which have i and j on the right. We will see that P(o) also evaluates to zero on gq.
The paths p and ¢ intersect at some vertex v # i, and we are interested in the parts
p(=") and ¢(=F) of p and ¢ respectively which go from v to i. We prove that they are

(=n) or ¢(=k) pass through j, or the closed

F-term equivalent and observe that either p
path p(gn)(q(gk))*l has a non-zero winding number around j. In this case, we show
that there exists an F-term equivalent path which passes through j. Since it is F-term
equivalent, P(c) also evaluates to zero on this path. By taking the piece of this path

from j to ¢ we have the required path.

\

/

6.3.2 The starting point

In this section we find the first zig-zag flow in our sequence. This must have the property
that its black boundary flow passes through ¢. Therefore we start by considering the
black faces which have ¢ as a vertex, and look at all the zig-zag flows which intersect

the boundary of these faces.
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Lemma 6.3.1. There exists a zig-zag flow which has the following properties:
1. It has vertices © and j on the left,
2. It intersects the boundary of a black face which has i as a verter,
3. The corresponding ray in = has angle, measured with respect to £, in the interval

(—m,0].

Proof. Consider the set of black faces which have i as a vertex, and let ))(i) be the set
of zig-zag flows which intersect the boundary of one or more of these faces and have i
on the left. If 7 € V(i) then it intersects the boundary of the black face f in a zig-zag
pair (7o, 71). Without loss of generality we may assume that ¢7y # i; otherwise we can
consider instead the zig-zag pair (7_2,7—1) which is in the boundary of a black face
which patently has i as a vertex, and ¢77_o # i since in a geometrically consistent dimer
model there are no quiver faces with just two arrows.

Arrow 79 = 17} is the zag of another zig-zag flow 7’ which has i on its left. By
Lemma 5.4.5 we see that the rays v and + corresponding to 77 and 7’ respectively, span
a convex cone in the local zig-zag fan £(f) with + the clockwise ray. Thus for any ray
in E corresponding to a flow in (i), there is a ray of such a flow at an angle less than
7 in a clockwise direction. In particular, there is a ray 7 corresponding to some zig-zag
flow 17 € Y(i), whose angle is in the interval (—m,0), so v lies in H_. We note that 7
satisfies properties 2 and 3, and claim that it satisfies 1 as well. If 77 had j on the right
then by definition, v would be in C, however the intersection of C'y with H_ is just

the origin, which gives a contradiction. U

Finally in this section we define for any face f € Q2
Z(f) :={n | 1 intersects the boundary of f and has 7, j on left}

By Lemma 6.3.1 there exists a face f, which has i as a vertex, and where Z(f) is

non-empty. We fix such a face, which we label f(!) and let v(© := .

6.3.3 A sequence of faces

We construct a sequence of black faces { £}, and vertices {v(™ 1} with the prop-
erty that for each n € N, the vertex v(™ is contained in the boundary of £ and
F 1) We do this inductively as follows:

Suppose we have a black face f( with a known vertex v 1 for which 2(f (”)) is
non-empty. Looking at the zig-zag flows in Z(f™), let 7 be the one with the max-
imum angle 8 in the interval (—m,at]. This zig-zag flow intersects the boundary

of f in a zig-zag pair (ﬁé?,ﬁéﬁll) We look at the next zig-zag pair (ﬁéZLQ,ﬁéZL3)
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which lies in the boundary of a black face which we denote by f(™*1. Note that the
vertex v(™ = hﬁéz)ﬂ is contained in the boundaries of both f( and f("+1). Further-
more, 71 has i and j on the left and intersects the boundary of f("+1) so Z (f (”H))

is non-empty.

The maximality condition and Lemma 6.3.1 imply that
—m <M <9t < oF (6.3.1)

for all n € N*. Since by Lemma 5.4.3 there is at most a unique representative zig-zag
flow of any ray which intersects the boundary of a face, we note that zig-zag flows
7 = 5+ if and only if A = ¢+ In particular if (") = ot then 7 = 7o)

for all n > nyg.

Remark 6.3.2. We observe that if n # k then f( % () otherwise the local zig-zag
fans at £ and f*) are the same so 60 = %) This implies that 7™ = 77*), and so
Ty, and 75

geometric consistency (in particular either Proposition 3.3.7 or Lemma 5.2.3).

are both arrows in the boundary of f(™. However this would contradict

6.3.4 The paths p and p

We now construct two paths by piecing together paths around the boundaries of these
black faces. For each n € NT define p(™ to be the shortest oriented path around the
boundary of £ from v(™ to vV and let p(™ to be the shortest oriented path around
the boundary of £ from v~V to v("),
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Since hp™ = v(»=D = ¢p("=1) we can piece the paths p(™ together to form an
infinite oriented path p which ends at vy = i. Similarly we can piece the paths p(™)

together to form an infinite oriented path p which starts at vg = 1.

Remark 6.3.3. Using the property (see Remark 5.4.6) that the intersections of zig-zag
flows with the boundary of face f occur in the same cyclic order as the rays of the local
zig-zag fan &(f), we note that the arrows in ™) are the arrows in the boundary of
f™ which are contained in zig-zag flows with angle in the closed interval [§(~1) ()],
If 00»=Y = 9 then p™ just contains the zig-zag pair ﬁgfl),ﬁgflll and p(™ is the

intersection of the black boundary flow of 77 with the boundary of f{).

Now that we have constructed the paths p and p we check that they satisfy some
properties. Most importantly we need to show that the perfect matching P(o) evaluates
to zero on p. Recalling the definition of P(o), we are interested in the image of the

cone o in the local zig-zag fan at each face. We prove the following lemma:

Lemma 6.3.4. There are no rays in the local zig-zag fan E(f(”)) with angle in the
interval (6", 0] for any n € N*.

Proof. Suppose to the contrary that this doesn’t hold and let n’ be the least value
where such a ray exists. We label this ray by v and suppose the intersection of its
representative zig-zag flow with the boundary of f(") is the zig-zag pair (7o, 71 ). Denote
the angle of ray v by 8 € (") 0]. We observe that:

e The maximality condition in the construction ensures that 77 can not have both

i and j on its left.

e If 7 had 7 on its left and j on its right then v would be in C;. However since
0 € (0™),0] we see that v lies in H_ which would be a contradiction.
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Therefore 77 must have ¢ on its right. Consider the path p(”/*l)p(”'”) ...pW) from

("'=1) to i. Since n’ is minimal, 77 does not intersect the boundary of any of the faces

v
O ('=1) " In particular it does not intersect this path. Therefore v,_; is also
on the right of 7. Since f(™) is a black face, all its vertices are on the left of 77 except
for hng = tn1, S0 V1 = tn;.

Recalling the construction of the sequence of faces (™, we see that arrow 7; is a
zig of 77" =1, Therefore 7] crosses 7,1 from left to right and, by Lemma 5.4.5, the
corresponding rays in the local zig-zag fan span a cone where « is the clockwise ray.
Then

—2r < D 1 < g < gD < g)
However, this contradicts the assumption that 8 € (), 0]. O
We now use this lemma to prove the first property we required of the path p.
Lemma 6.3.5. The perfect matching P(o) evaluates to zero on the path p.

Proof. The path p was constructed locally of paths p(™ in the boundary of the faces
) The perfect matching P(o0) was also defined locally at each face. Therefore it is
sufficient to prove the statement locally; we must show that Pf(n) (o) evaluates to zero
on p™ for each n > 1.

We recall that Pp) (o) is non-zero on a single arrow, corresponding to the cone in
£(f™) which contains the image of o. We split the proof into two cases:

If 6" £ o, it follows from Lemma 6.3.4 that v is the clockwise ray of the cone
containing the image of 0. Then using Lemma 5.4.5, the unique arrow on which P ;) (o)
is non-zero is the zag ﬁg:z)-i-l in the boundary of f(®. By construction hﬁggrl =y
and thus any oriented path around the boundary of £ from v, which contains this
arrow, must contain a complete cycle. Each p(™ was defined so that this is not the
case, so Py, (o) evaluates to zero on p,,.

If 0 = ot then 4™ is the image of o© and p(™ is part of the boundary flow of
7" a representative of ¢. By Proposition 5.6.2 we see that P(c) evaluates to zero
on this.

O

We now show that p is made up of sections of zig-zag flows that have the vertices i

and j on their left.

Lemma 6.3.6. Each arrow in p™ is contained in some zig-zag flow which has i and
j on the left.
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Proof. If an arrow of p(™ is in 7"~ or 7™, then we are done. Otherwise the arrow
is contained in a zig-zag flow 7 with angle in the open interval (#(=1) 6(")). We note
that 77 has ("~ on its left, otherwise one obtains a contradiction in the same way as
the end of the proof of Lemma 6.3.4. Using Lemma 6.3.4 directly, we see that 77 does
not intersect the boundary of f(") for any » < n — 1. Therefore considering a path
along the boundary of these faces, we see that 77 has ¢ on its left. Because of its angle,

7 can not be in X, and therefore it must have both ¢ and j on the left. U

Finally in this section we see that sufficiently far away from its starting point, the

path p looks like a representative zig-zag flow of o .

Lemma 6.3.7. There exists n' € NT such that for all n > n' we have 7™ = 7+ which

is a representative zig-zag flow of o7 .

Proof. Since the increasing sequence {6} is bounded above, and there are a finite
number of rays in =, there exists some n’ € NT such that 9 = 9(") and therefore
7 = 7 for all n > n'/. Thus it is sufficient to prove that 77") is a representative
zig-zag flow of oT.

Suppose it is not. Then 77(”,) intersects every representative zig-zag flows of o™
from left to right, and an infinite number of these intersections must occur after v(™)
in 7" (so v(™) is on their left). The path p()p' =1 pM) from v(™) to i has a finite
number of arrows and therefore intersects at most a finite number of these. Therefore
there are an infinite number of representative zig-zag flows of ot which intersect 7
after v(™) | so intersect the boundary of f(™ for some n > n’, and have i on their left.
Only a finite number of zig-zag flows have ¢ on their left and j on their right; such a
flow must intersect every path from i to j. Thus there exists a representative zig-zag
flows of ¢ which intersects the boundary of f(™ for some n > n’, and has i and j on

its left. This contradicts the maximality assumption. O

In an analogous way to the construction of p and p, we construct a paths ¢ and ¢ by
piecing together sequences of paths q®) and g%) respectively, around the boundaries
of a sequence of white faces {g*)} with a distinguished set of vertices {w*)}. This is
constructed by considering zig-zag flows E(k) which have both ¢ and j on the right and
whose ray in the global zig-zag fan has minimal angle w®*) which lies in the interval
[-a~,m). Certain corresponding properties hold, which can be proved by symmetric
arguments:

1. The path g ends at the vertex 3.

2. The perfect matching P(c) evaluates to zero on q.

3. Each arrow in ¢(™ is contained in some zig-zag flow which has i and j on the

right.
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4. There exists k' € N* such that for all k& > &’ we have 3%) = 3~ which is a

representative zig-zag flow of o~.

6.3.5 p and ¢ intersect

We now find a vertex (other than ¢) which is in both p and ¢. This will be a vertex of
the zig-zag paths 77+ and 5.

Lemma 6.3.8. Let n' and k' be be the least integers such that 7™) = 7+ and B*) =
B*. Then B* does not intersect the boundary of f™ for any n < n' and 57+ does not
intersect the boundary of g®) for any k < k'.

Proof. First consider the case when n < n/ so 0™ < a~. If §,, = a~ then 7" and
B‘ are parallel zig-zag flows which are distinct; 7 is on the left of 7™ but on the right
of B*. By definition ﬁ(”) intersects the boundary of ™ g0 by Lemma 5.4.3, B* does
not. If A, < o~ then by Lemma 6.3.4 there are no rays of £(f(™) with angle in the
interval (0,,,0) and therefore B* does not intersect the boundary of f(.

Now consider the case when n = n’. We have just shown that B, does not intersect
the path p(",*l)p(",’Z) ...p® from v,s_1 to i. Therefore v,_; is on the right of B_.
As we have noted before, since it is a black face, there is only one zig-zag flow which
intersects the boundary of f(») and has v(~1 on the right. However, this crosses
7)(”/_1) from left to right and so can not be 5, since —m < 6,y_1 < a” < 0. Therefore
B_ does not intersect the boundary of f,..

The proof of the other statement follows similarly. O

Corollary 6.3.9. Let a = 'ﬁ;n = B;kﬂ be the unique arrow where B* and " intersect.

Then ta occurs after v) in 7t and after w*) in B‘.

Proof. Using the lemma we see that B* does not intersect the path p)p' =1 pd)
from v~ to i. Therefore v(®) is on the right of B,. We know that B, crosses 74

from right to left, so v, occurs in 774 before the intersection. O

Using this result we see that the paths p and ¢ both contain the vertex ta: the
arrow a = ﬁ;’n is a zig of 4 and by Corollary 6.3.9 we know that ta occurs after v,
in 7. Therefore ta = v(™ for some n > n', and by construction v(™ is a vertex of p.
Similarly we note that ta = w® for some k > k' and so ta is a vertex of g.

We define paths p(=7) = p(Mp=1)  p(1) and ¢(=k) .= ¢®gt=1) ¢ from ta
to i. These are finite pieces of the paths p and ¢ respectively. We note that since P(o)
evaluates to zero on p and g, it must also evaluate to zero on p(=™ and ¢(=k).

Similarly we may define paths p(=") := p(p(n=1 51 and g=k) .= gWgk-1)  gM

from 7 to ta.
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6.3.6 The path from j to i

We want to be able to use F-term relations on the path p(=™) to change it into a path
which passes through the vertex j. We start by showing that the paths p(=™ and ¢(<*)

are F-term equivalent.

Lemma 6.3.10. The elements [p=™]y and [¢(SF)]y are equal, i.e. the paths p(=™)

and ¢'=F) are homologous.

Proof. Recall the short exact sequence (2.3.2):
0— 72— M, H(T;2) — 0

where the kernel of H is spanned by the class 0 = 9[f]as for any face f € Q2. Since

(<k) start and finish at the same vertices in the universal cover @, the element

p=™ and ¢
[P ar — [¢S]ar € M, is in the kernel of H. Therefore it is some multiple of class O.
The perfect matching P(o), by definition, evaluates to 1 on the boundary of every face,
and therefore it evaluates to 1 on [l. Since it evaluates to zero on [p(=™]y; — [¢(SF)]yy,

we conclude that this multiple of O is zero, and so [p(=™]y; = [¢(SF)],,. O

Consider the paths p=™ and g{=F). These are constructed out of sections of zig-
zag flows which have the vertex j on the left and right respectively. Then the path
pEM (=R~ s constructed of sections of zig-zag flows that have j consistently on
the left. Thus this path either passes through j or has a non-zero winding number
around j. We note that the ‘boundary path’ p(gn)(q(g"’))*1 has the same property.
If j is a vertex of p=™)(@(=*))~1 then it is a vertex of one of the faces f() or g(*).
Neighbouring zig-zag flows in the boundary of this face which pass through j, have j
on different sides. This forces j to be one of the distinguished vertices on the face, and

<k))=1 as well. Finally, since the boundary of a face either

so it is a vertex of p(=™)(¢(
contains a vertex, or has zero winding number about that vertex, we note that either
p(E™ (=) =1 passes through j or the winding number of p(=™ (¢(=F))~1 around j is
non-zero.

To complete the proof of Proposition 6.2, it is sufficient to show that there exists a

<k)_ and which passes through vertex

path which is F-term equivalent to p(=™ and ¢
j. F-term equivalence implies that P(c) evaluates to zero on this path as well, and we

obtain the required path from j to ¢ by looking at the appropriate piece.

Lemma 6.3.11. Suppose p,q are F-term equivalent oriented paths in @ from vertex
vy to va, which do not pass through vertex v. If Wind,(pg~!) is non-zero, then there

exists an oriented path p’ which is F-term equivalent to p and q and passes through v.
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Proof. Since p and q are F-term equivalent, there exists a sequence of paths pg =
D,P1,-..,Psr = q such that ps and ps41 differ by a single F-term relation for s =
0,...,8 —1.

Suppose that neither p,g~! nor ps,1¢~! pass through v for some s € {0,...,s' —1},
i.e. Wind,(psq~!) and Wind, (ps;1¢~!) are well defined. Since ps and p,; differ by a
single F-term relation we can write ps = a1rsas and psy1 = 754109, where rsrsH_I
is the boundary of the union D of the two faces which meet along the arrow dual to

the relation. Since Wind, (psq~!) and Wind,(ps;1¢~') are well defined, then
Windy (pag™") — Wind, (ps19™") = Windy (psps1™') = Windy (rarspr ™) =0
as there are no vertices in the interior of D. However
Wind, (pg~"') # 0 = Wind, (¢ ")

and so there must exist s € {0,...,s" — 1} such that p,g~! passes through v. Then

p’ := ps is F-term equivalent to p and ¢ and passes through v.
O
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Chapter 7

Calabi-Yau Algebras from

Algebraically Consistent dimers

In this chapter we prove one of the main theorems of this thesis:

Theorem 7.1. If a dimer model on a torus is algebraically consistent then the algebra
A obtained from it is CY3.

This gives a whole class of superpotential algebras which are Calabi-Yau and which
can be written down explicitly. We start by recalling Ginzburg’s definition of a Calabi-
Yau algebra [13]. A theorem due to Ginzburg shows that superpotential algebras are
CY3 if a particular sequence of maps gives a bimodule resolution of the algebra. We
formulate this for algebras coming from dimer models and show that, because they are
graded, it is sufficient to prove that a one sided complex of right A modules is exact.
We then prove that this is the case for algebras obtained from algebraically consistent

dimer models.

7.1 Calabi-Yau Algebras

The notion of a Calabi-Yau algebra we use here was introduced by Ginzburg in [13].
Consider the contravariant functor M — M' := RHom4_pgimed(M, A ® A) on the
‘perfect’ derived category of bounded complexes of finitely generated projective A-
bimodules. We use the outer bimodule structure on A ® A when taking RHom and the

result M' is an A-bimodule using the inner structure.

Definition 7.1.1. An algebra A is said to be a Calabi-Yau algebra of dimension d > 1

if it is homologically smooth, and there exists an A-module quasi-isomorphism
f: A= A'd] such that f = f'[d]
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In [13] Ginzburg gives a way of proving that superpotential algebras are CY3 by
checking that a particular sequence of maps is a resolution of the algebra. He gives an
explicit description of this sequence of maps which we follow here.

Let @ be a finite quiver with path algebra CQ. As in Section 2.1.3, let [CQ,CQ]
be the complex vector space in C@) spanned by commutators and denote by CQ ¢y :=
CQR/[CQ,CQ)] the quotient space. This space has a basis of elements corresponding to

cyclic paths in the quiver. For each arrow a € ()1 there is a linear map

0
0x,

1 CQeye — CQ

which is a (formal) cyclic derivative. The image of a cyclic path is obtained by taking
all the representatives of the path in CQ which starts with x,, removing this and then
summing. We can write this map in a different way using a formal left derivative

O/ CQ — CQ defined as follows:

O Tq
Every monomial is of the form xx for some b € (1. Then we define:

TpX (=
Nia 0 otherwise.

We extend this to the whole of CQ by linearity. The formal right derivative 8?;a is

defined similarly. Then we have

0 . 8l /. 81“ /
axa(x)— Z 81%33 = Z 8r$ax (7.1.1)

z'€CQ z'€CQ
(z")=(=) (z')=(=)

where as before () denotes the cyclic element in CQy. corresponding to z € CQ.

For each arrow a € Q1 there is another linear map which we denote by:

0 oz \’ oz \”
axa'CQ_)CQ@CQ xr—><axa> ®<8xa>

This is defined on monomials as follows: for each occurrence of z, in a monomial, the
monomial can be written in the form zx,y. This defines an element z ® y € CQ ® CQ
and the sum of these elements over each occurrence of x, in the monomial is the
image of the monomial. We extend this linearly for general elements of CQ. Following
Ginzburg we use the same notation for both the cyclic derivative and this map.

The algebra S := @ier Ce; is semi-simple and is the sub-algebra of CQ generated
by paths of length zero. We define T} := @bte Cap with the natural structure of an
S, S-bimodule. For each arrow b € 1, there is a relation Ry := %W which is the
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cyclic derivative of the superpotential W. Let T5 := @bte CRy be the S, S-bimodule

generated by these. For each vertex v € (Qg, we obtain from the super-potential W a

Syzygy
Wv = Z xbRb = Z beb
beT, beH,

Finally we define T3 := @UEQO CW,, which is isomorphic to S and has an S, S-bimodule

structure. We consider the following maps:
o A®Rg A— A TRY — 1Y
is given by the multiplication in A.

11 ARs T ®gA— ARg A
TRLaRY =TT @Y — T QLY

o ARsTh g A — ARgTI ®g A

OR,\' OR,\"
x®Ra®y'—>Zx< )®xb®< ) y
beQs 8%‘1, 63:;,

3 ARsTs ®g A — ARgsTo®g A

r@W,0y — Y wn,@R@y— > 2@ R, @y
beTy beH,

Piecing these maps together we can write down the following sequence of maps:
06— AL ARgA & A@sTi®sA ¢4 ARsTh®sA < A®sTy®gA «— 0 (7.1.2)

which is the complex in Proposition 5.1.9 of [13]. Then Corollary 5.3.3 of [13] includes

the following result:

Theorem 7.1.2. A is a Calabi- Yau algebra of dimension 3 if and only if the complex
(7.1.2) is a resolution of A.

Remark 7.1.3. It is not actually necessary to check that the complex is exact every-
where as the first part of it is always exact. By Theorem 5.3.1 of [13] we see that it is
sufficient to check exactness at A ®gTo ®g A and A Rg T3 g A.
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7.2 The one sided complex

Recall from Section 2.3 that any element in the interior of the perfect matching cone
N defines a (positive) Z-grading of A. We define the graded radical of A by Rad A :=
D, A™) and note that S = A© where A™ denotes the nth graded piece. Algebra
S is_also the quotient of A by the graded radical, and we can use the quotient map
A — A/Rad A= S to consider S as an A, A-bimodule. Using this bimodule structure
we consider the functor F = S ® 4 — from the category of A, A-bimodules to itself. We
apply this to the complex (7.1.2) and get the following complex:

) F(ps)

0— S AT oo 472

We usually forget the left A-module structure, and treat this as a complex of right

A-modules. We call this the one sided complex. The maps are:

F() Th®sA— A

Ta @Y — —Taly

Flpe) Th s A— Ty ®s A

O R,
R,®@y — E fb‘b®<l )Z/
81.1‘1,
be@1

Flus) Tz s A — Thes A

Wy Ry — — Z Ry ® xpy
beH,

Something stronger is actually true. There is a natural transformation of functors
from the identity functor on the category of A, A-bimodules to F. In particular we

have the following commutative diagram, where o : t — 1g ® 4 t.

A ARgA e ARsTI®s A 22— A@sT®s A «— A®sT3@5A
| | | | |

g Zwl g JW pgea 2 pgea I meoa

We define a grading on all the objects in this diagram. Since the super-potential

W is a homogeneous element of CQ, it can be seen that the syzygies {W, | v € Qo}
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are homogeneous elements, and furthermore the relations {R, | a € @1} are also
homogeneous. Therefore we can extend the grading to a grading of A ®g Te ®g A
where the grade of a product of homogeneous elements is given by the sum of the
grades in each of the three positions. We call this the total grading of A ® g T ®g A.
Similarly we can define a total grading of Ty ®5 A. We note that the maps u, F(u)
and « in the commutative diagram above all respect the total grading.

Finally, using the diagram, we show that F(u) is the ‘leading term’ of u. For any
u € Ty ®g A, we note that

u.:1®ur—>1®v+2x®w
for some v, w € Ty_1 ®g A and x € Rad A. Then
v=o(pe(l®@u)) = F(pe)(a(l ®u)) = F(pe)(u)

Using the fact that ue is an A, A-bimodule map we see that for y € A:

,u.:y®u»—>y®}'(u.)(u)+2y3:®w (7.2.2)
for some w € Ty_1 ®g A and x € Rad A.

Proposition 7.2.1. The full complex 7.1.2 is exact if and only if the one-sided complex

7.2.1 1s exact.

Proof. First we suppose the one-sided complex is exact and prove that the full complex
is exact. Since the total grading is respected by all the maps we need only look at the
dth graded pieces of each space. Let ¢y € (A ®g T, Qg A)(d) be closed with respect to
w, where n € {0,1,2,3} and Tp = S. We can write ¢¢ in the form

Z Y ® u, + {terms with higher grade in the first position}
yey

where Y is a linearly independent set of monomials in the graded piece A(%) with least
possible grade, and u, € (T;, ®g A)@=),
Applying the differential x4 and using (7.2.2), we see that closedness translates into

the condition:

0= Z y @ F(u)(uy) + {terms with higher grade in the first position}
y
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Since the monomials y € Y are linearly independent this implies that for all y € Y

F(p)(uy) =0

Using the exactness of the one-sided complex, we conclude that there exist elements
vy € (Tny1 ®g A)@=D) (where Ty := 0) such that F(u)(v,) = u, for each y € Y. We

construct an element:

Pri=> y@uvy € (ARQg Thpy @5 A)Y
yey

and apply the differential u to get

= Z Y ® uy + {terms with higher grade in the first position}
yey

We observe that ¢1 := ¢9 — p)1 is in the kernel of p and has been constructed such
that its terms have strictly higher grade in the first position than ¢o. We iterate
the procedure, noting that the grade in the first position is strictly increasing but is
bounded above by the total grade d. Therefore after a finite number of iterations we
must get ¢, = ¢po—> .y ptp; = 0. We conclude that ¢g = p(d " ¥;) and the complex
is exact at A ®g T, Rg A.

Conversely, we note that full complex 7.1.2 is a projective A, A-bimodule resolution
of A, and that A itself has the structure of a projective left A module. Therefore it is
an exact sequence of projective left modules and so is split exact. As a consequence it

remains exact when we tensor with S on the left, i.e. when we apply the functor F.
O

7.3 Key Lemma

The following lemma is going to play an important part in the proof of the main
theorem. We recall from Section 3.5 that the lattice M is a quotient of Zg, and that
the boundary map we get by considering the quiver as a cellular decomposition of the
torus, descends to a well defined map 0 : M — Zg,. Furthermore, by summing the
arrows, every path p in Q determines a class [p]ys € M, which lies in M;; = 071(j — i)
where tp = ¢ and hp = j.

Lemma 7.3.1. Let v,j € Qo be quiver vertices, and consider an element m € M,;.
Suppose that for all arrows b € Q1 with hb = v, we have m + [b]pr € Mj]' where © = tb.
Then m € M;;
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Proof. We consider the vertex v, and label the outgoing arrows ai,...,a; and the
incoming arrows by, ..., b around v as below. We also label the paths completing the

boundary of each face p; and ¢; as below.

q2 p1

al

b2 b
b !

q1

a2

(7.3.1)

Pk

Let m; := m + [bj]a € MtJI;j' We start by noting that p;b; = ¢;+1b;1+1 is the F-term
relation dual to a;, so [pi|v + [bilm = [gi+1]m + [bi+1]m in M. Adding m to both sides
we see that:

m; + il = miv1 + [gira1]m (7.3.2)
Since m; € Mt'ltij,
for all i. We lift each path y; to a path in the universal cover Q). From equation (7.3.2),

using algebraic consistency, there exist paths y; such that [y;|ar = m;

again using algebraic consistency, we observe that the two paths p;y; and g;11y;41 are
F-term equivalent.

We seek a path o which is F-term equivalent to p,y, for some o € {1,...,k}, and
which passes through the vertex v. Either there exists some « such that y, passes
through v, in which case we define o := p,y., or we can consider the closed curves
Vi =Y, 1p;1qi+1yi+1 which have well defined winding numbers Wind, (y;) around v for

all 7. In this case

k

> [ Windy(yi)| > | Windy(v1 ... )| = | Windo(py g2 .. pj, 1) = 1
=1

since the path pl_lqg e pglql is the boundary of the union of all faces containing v,
which is homeomorphic to a disc in the plane with v an interior point. Therefore
there exists a € {1,...,k} such that Wind,(v,) is well defined and nonzero. Thus we
may apply Corollary 6.3.11 to the paths pay, and ¢a+1ya+1 and we obtain an F-term
equivalent oriented path ¢ which passes through v.

To prove the result we need to show that (mw,m) > 0 for every perfect matching .
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Let 7 be a perfect matching and suppose that (m, [b;]as) = 0 for some 7. Then
(m,m) = (m,m;i — [bi]ar) = (m,ms) 2 0

since m; € M, and we are done. Otherwise (m, [b;]as) = 1 for all i = 1,...,k. Since
the path o passes through v then by construction it must contain an arrow b; for some
i, and

(m,[olar)y = (7, [bilar) =1 (7.3.3)

Since o and pyy, are F-term equivalent,

[o]m = [Payalmr = [Palm + [balar +m (7.3.4)

Now pabaae is the boundary of a face in the quiver, so perfect matching 7 is non-zero
on a single arrow of pabaaq. We know that (7, [ba]ar) = 1, so (7, [pa]ar) = 0. We apply
our perfect matching 7 to (7.3.4) and use (7.3.3) to see that

1<Amolpm) =1+ (m,m)

Thus we have shown that (m,m) > 0 as required. O

7.4 The main result

We are now in the position to prove the main theorem of this chapter.

Theorem 7.4.1. If we have an algebraically consistent dimer model on a torus then

the sequence of maps

) )

T 0 A7) 706 A 1o A (7.4.1)

is exact, and hence A is a C'Y3 algebra.

Proof. First we prove exactness at T ®g A. Consider any element ¢ € Th ®g A which

is closed. We can write ¢ in the form

¢ = ZR{,@U},

beQ1

We need to show that ¢ is in the image of the differential. We can write any ¢ € T5®g A
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in the form ¢ := )" W, ® ¢, € T3 ®s A and we note that

= Z Z Ry ® xpey

’UEQO bEHv

vEQo

Therefore ¢ is in the image of the differential if and only if the following statement
holds. For each vertex v € Qg there is an element ¢, € A such that upy = wpc, for all
arrows b € H,.

We now prove this statement. Applying the differential to ¢ we observe that

O R
Z:z:a@)lb Zxa®8$b

a,beQ Ta a,beQ

By construction the set {z, | a € @1} is linearly independent in T4, so

Z =0 VYaeQ (7.4.2)
e, 6 .I‘b

The algebra A = @ e, Aej naturally splits into pieces using the idempotents. With-
out loss of generality we assume u;, € Ae; for some j € Qq, so for each b € ()1 we have
up € e Ae;.

Using algebraic consistency we work on the toric algebra side. For b € )1, the

element corresponding to wuy is of the form

Z aytz™ e C[M™]

+
mEMtb]

where o' € C. Because Mth ; C M where subtraction is well defined, we can write

each element in the form m = (m — [b]as) + [b]ar. Therefore we can re-write up as

~ [b}]\/[ m+[b]1W m
Up = 2 Z Oéb z

mGMU]-

b
where am+[ ar

is take to be zero where it was not previously defined, i.e. when m +
[blar ¢ M, tbg We need to show that ZmeM aZH[b]Mzm is the same for all b € @
which have the same head, and that it is a Well defined element of C[M *].

Let v € Qg be any vertex and consider the following diagram, for any arrow a with
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(7.4.3)

In the diagram we have drawn u4 := up, as if they were paths, however it should be
remembered that they are elements in the algebra and don’t necessarily correspond
to actual paths in the quiver. The relation dual to a is R, = xpxp_ — 24Tp, , and on

substitution into (7.4.2), we get
Tpu_ — Tquqy =0 (7.4.4)

in A. Under the isomorphism to the toric algebra, and using the relation [p]ar+[b_]a =
[q]ar + [b4]ar we obtain:

0= Py _ Z[Q}Mﬁjr — Slplat[b-]m Z (agiJr[b—}M _ azfr[bHM)zm
mGMuj

The set {zmHPlu+b-la | 1 € M,;} is independent, and so we can see that

o/briﬂb’m = aZTL[b*]M =: " for all m € M,;

Then

@:Z[bi}M 2: amm

mGMuj

We have shown that this formula holds for a pair of arrows by with head at v. However,
recalling that the arrows around v fit together as in 7.3.1, and considering the arrows

pairwise, we observe that for any arrow b € H,.

UNbIZ[b}M § : amm
mEMvj

Furthermore o™ = 0 unless m+[b]ys € M,} ;forallb € H,. It follows from Lemma 7.3.1
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that o™ can only be non-zero when m € M ;; Thus we see that for each b € H,,

= 2P, where ¢, = g amz™m

mEM:rj

which is a well defined element of C[M™]. Using algebraic consistency again, there
exists element ¢, € A such that u, = x3,¢,, and we are done.

To show that the complex is exact at T3 ®g A, suppose that ¢ € T3 ®g A is closed.
We may write ¢ in the form ¢ = >

that >, co,
over C in T, this implies that xpu, = 0 for all v € Qg and b € H,,. Because of algebraic

ve@o Wo ® uy. Applying the differential we observe
> be i, By ® xpu, = 0 and since the relations Ry are linearly independent

consistency we can use the given isomorphism and work in the toric algebra C[M *].

Let ZmeM+_ B™z™ be the image of uyej, where g™ € C. Then since xyu,e; = 0, for
vj

each j € Qg we see that

LY Z B ™ = ()

mGM{)‘}

The set {z™+Vlm | m € M,;} is independent, therefore 3™ = 0 for all m € M,;.
Mapping back to the quiver algebra, this implies u,e; = 0, for each j € Q¢ and v € Q,
so u, = 0 for any v € QQg. We conclude that ¢ = 0. U
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Appendix A

Cohomology of line bundles on a
toric variety and constructible

sheaves on its polytope

This is a pre-print written earlier in my PhD. We include it here for completeness.

A.1 Introduction

Let X be a toric variety (not necessarily smooth) over an algebraically closed field
of characteristic zero, with T the embedded torus and let D be a torus-invariant
Cartier divisor on X. It is a well known result (see [8, 12]) that the cohomology
HP(X,0(D)) splits into a direct sum of weight spaces indexed by the character lattice
M = Hom(T, C*),
HP(X,0(D)) = € H?(X,0(D))m (A.1.1)
meM
There is a theorem of Demazure (see [8]) which says that each weight space can be
written as a local cohomology group, calculated on the fan of X,
H(X,0(D))n = HY, (1AL, C)

where Z(¢,m) .= {v € |A| | (m,v) > ¢ (v)} and ¢ = 9p as defined in section A.2.

In this article we show that when X is projective, each weight space can also be
written in terms of the cohomology of certain constructible sheaves on the polytope

Px corresponding to X.
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Theorem A.1.1. For all p > 0 there are canonical isomorphisms:
HP(X,0(D))m = H(Px, jiCy) (A.1.2)

where W = W (m, D) is the complement of Z(m, D), a union of closed maximal dimen-
sional faces of Px, j is the open inclusion of W (m, D) into Px and Cyy is the constant
sheaf on W.

Furthermore there is a short exact sequence of constructible sheaves (see [18, 20]),
0— 51j"Cp, — Cp, — ixi"Cp, — 0 (A.1.3)

where 7 is the inclusion of Z(m, D) into Px, which induces a long exact sequence of
cohomology. Since j*Cp = Cy, and i*Cp, = C,, we can see that the long exact

sequence is:
. — HP"Y(Z(m,D),C) — HP(Px,jCy) — HP(Px,C) — ...

from which we can calculate HP(Px,51Cy,) in terms of the complex cohomology on
Z(m, D).

Finally we remark that although the above has been stated in the projective case, if
Y is a quasi-projective toric variety with a given embedding as an open subset of some
projective toric variety X, then there is a corresponding open subset Py of the polytope

Px and, restricting to Y and Py respectively, the proof works as in the projective case.

A.2 Definitions and notation

In this section we define the objects and notation used in the proof. Let X = X(A)
be an n-dimensional projective toric variety corresponding to some complete fan A in
a lattice N = Z". We write A(r) for the set of r-dimensional cones in A, and label
the set of generators in N of the 1-dimensional cones by {e; | ¢ € I'}. It is well known
(see [12]) that there is a 1-1 correspondence between prime torus invariant divisors and
the elements of A(1), whence we shall denote these divisors {E; | ¢ € I} respectively.
Let M := Hom(N,Z) = Z™ be the dual lattice to N, with dual pairing (-,-), and let
Mg := M ®z R = R". Choose a divisor A = ) . ;a;E; which is Cartier and ample.
There is a polytope in MR associated to A, given by:

Py:={ue Mg | (u,e)>—a; i}
— {ue M |u>¢aon|A| = Na)
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where the A-linear support function 4 : |A| — R is determined by the property
Ya(e;) = —a; for all i € I. For any cone o € A we define:

Ty :={u e Mgr| (u,e;) = —a; Ve; € |o], and (u, e;) > —a; otherwise}
={uc Mg [u=1aonlof, u>taon|A]\|of}

This is open in its closure T, = {u € Mg | u =14 on |o|, u > 14 on |A[\|o|} and is
thus locally closed. It can be seen that this defines a stratification {7}, },ea of P4 by
locally closed sets indexed by the cones 0 € A. Since A is ample, each of these T, is

non-empty. There is a natural partial order on the strata given by:

T.<T, — T,CT;

Lemma A.2.1.
T.<T, < 7Co

Proof. By definition 7 C ¢ trivially implies T,, C T,. Conversely suppose u € T, C T;.
Then u > 14 on |A|\|o| and also u =14 on || whence |7| C |o]|. O

A very similar argument shows that T, can be written as a union of the strata:

T, = U T. (A.2.1)

TO0

Note: As a topological object with a stratification by locally closed subsets, P4 is
actually independent of the choice of ample divisor A on X and depends only on A(X)
(ie. on X). Thus in general we write Px for this object when we don’t want to specify
a particular ample divisor and we treat the strata {7, },ca as well defined subsets of
this. From equation (A.2.1) we see that any closed maximal dimensional face m is a
union of strata depending only on the fan and is therefore also well defined in Px. We

denote it by F, C Px.
Lemma A.2.2. There exists a cover of Px by open sets of the form V,, := UTQO‘ T,
The proof of this is straightforward and left to the reader.

Lemma A.2.3. For any o € A, V, is a contractible space.

Proof. V5 is convex: Let a,b € V; so a € T, and b € T, for some 7,7 C 0. Let e € |A],
then
(ta+ (1 —t)b,e) =t(a,e) + (1 —t)(b,e) > ale)
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for t € (0,1), since (a,e) > a(e), and (b,e) > 4(e), with equality if and only if
ec|rnyl. Thus ta+ (1 —t)b € Trny C V. O

Let D = Zie ;diE; be a torus invariant divisor which is Cartier and fix some
m € M. We define a (closed) subset of Px by:

Z(m, D) == U F,,
{iel|(m,e;)<—d;}

a union of closed maximal dimensional faces of Px and we define
W(m, D) := Px\Z(m, D)
the complementary open subset of Pyx. Let
j:W(m,D)— Px

be the open inclusion of W (m, D) into Px.
Lemma A.2.4. For any 0 € A, V, N Z(m, D) is either empty or it is contractible.

Proof. : Suppose Vo N Z(m, D) = Ugeerjpm,e)<—d.} (Fe N Vo) is non-empty. Then each

non-empty set Fe NV, in the union contains T, since

FenVe={JTonJTs

TSe 0Co

and the {7, }aea partition Py. They are also convex as F. and V, are both convex
subsets. If s € Ty, then the constant map f : V, N Z(m,D) — {s} is a homotopy

equivalence since f ot = id, where v : {s} — V; N Z(m, D) is the inclusion and

F:(VoNZ(m,D))x[0,1] — (V, N Z(m, D))
(a,t) —tm+ (1 —t)a

is a well defined continuous map such that F'(—,0) = idy, nz(m,p) and F(—,1) =co f
so Lo f ~idy,nz(m,p)- Thus Vo N Z(m, D) =~ {s}. O

A.3 Proof of Theorem A.1.1

We begin with a lemma.
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Lemma A.3.1. Let ¢ € A and j, : V, — Px be the inclusion. Then:
H'(Vy,j55Cw) =0 Yi>0
Proof. First note that j, ~'(W) = W NV, and we have the commutative diagram

WAV, —— v,

| Js

174 _J Py
where j7 : W NV, — V, is the inclusion. Then using equation 6.13 on page 111 of

Iversen [20]
(Jo) " Cw = §71(jo) Co

We note that (jo)*Cyr = Cyry, = (57)°Cy, so we have (j,) 5i1Cyr = 791(57)"Cy, .
Since j? is the inclusion of an open set in V, and letting i : V, N Z — V, denote
the inclusion of its complement, there is a well known short exact sequence of sheaves
(see [18, 20]):

0 — j%(j7)'Cy, — Cy, — i7.(i7)"Cy, — 0 (A.3.1)

This induces a long exact sequence of cohomology:
.— HY(V,NZ,C) — H*Y(V,,°(°)'Cy,) — HT(V,,C) — ...

Using this and applying Lemmas A.2.3 and A.2.4 the result follows. O

The rest of the proof follows the same strategy as the proof of Demazure’s Theorem
given in [8]. We start by considering the left hand side of equation (A.1.2). There is
a natural covering of X (A) by affine open sets U, with ¢ € A and intersections of
such sets are of the same form. By Serre’s Theorem this covering is acyclic, and thus
the cohomology H'(X,O(D)) is the same as the i-dimensional cohomology of the Cech

complex with this covering:

C*({Us}oen,O(D) = (- -5 P HO(U,,0(D)) - - ) (A.3.2)

There is a natural M-grading on each term of the complex and this grading is
preserved by the differentials. The m-th piece of the cohomology, H'(X, O(D)),, equals
the i-dimensional cohomology of the complex of m-th pieces.

Now we look at the right hand side of (A.1.2). From Lemma A.2.2 there is an open
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covering of Px by the sets {V, }sca, and by Lemma A.3.1 this cover is acyclic. Therefore
by Leray’s theorem, the cohomology H®(Px, jiCyy) is the i-dimensional cohomology of
the Cech complex

C*({Vooen, jiCy) = ---—@H Vo, iCyy) =5 ) (A.3.3)

Finally we show that the two spaces H%(U,, O(D)),, and H°(V,, jiCy;,) are both iso-
morphic to either C or 0 for given o and m. Then since the open covers for the two
Cech complexes are indexed by the same set and the differentials are defined in terms
of restriction maps which in both cases correspond to the identity map on C or zero,
it can be seen that the cohomology of the complexes is the same.

We know (from [8, 12]) that H°(U,,O(D)), = C when m belongs to the set
{u € Mg | u > vp on |o|} and is 0 otherwise. On the other hand consider again the
first part of the long exact sequence induced by equation (A.3.1):

0 — H°(V,,j i Cy) — H°(V,,C) — H(Z(m,D)NV,,C) —

Obviously H®(V,, jiCy) is isomorphic to C when Z(m, D) NV, is empty and is 0

otherwise. However

Z(m,D)NV, =@
= FnV,=JTn|JTh=2 Vee{e|(me)<—d}
TSe 0Co
< <m,ei> > —d; Ve; € |(T’

< me{u€ Mr|u>1ponlol}

Remark A.3.1. We can extend the result to cases where the toric variety is quasi-
projective. Suppose Y =Y (X) is a quasi-projective toric variety embedded via a toric
morphism as an open subset of a projective toric variety X. There is a natural cover
of Y by affine open pieces {U, | 0 € ¥}. On the polytope Px there is a corresponding
open cover {V, | 0 € ¥} of an open subset Py of Px. Restricting to Y and Py, the
rest of the proof follows through; these covers are both acyclic as before, there are
two corresponding Cech complexes (which are sub-complexes of the graded version of
(A.3.2), and (A.3.3)) and by the computation above it can be seen that they are the

samme.
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A.4 Example

As a proof of concept we do a calculation. Any toric quiver variety comes with a
natural collection of line bundles, the universal bundles. It was shown by Altmann
and Hille (Theorem 3.6 of [1]) that for any smooth Fano toric quiver variety the uni-
versal bundles form a strongly exceptional collection. The example here is not Fano
and was constructed so that neither the Kawamata-Viehweg vanishing theorem nor
Theorem 2.4(ii) from [27] is sufficient to prove the vanishing of the Ext’s between all
the universal bundles. Thus these vanishing theorems can not be used to show that
the collection of universal bundles is strongly exceptional. We show here by direct
calculation that it is, and furthermore extend the collection to produce a full strongly

exceptional collection.

A.4.1 Calculation of Cohomology

Consider the following quiver ) with weights at the vertices as labelled.

Let Qo be the set of vertices and @) the set of arrows. There are two maps h,t :
@1 — Qo taking an arrow to its head and tail respectively. The corresponding toric
quiver variety X (see [19]), is smooth and complete and has rays generated by {e; =
(es + e4),e9 = —(e3 + e4),€3,e4,65,6 = —(eq + €5),e7 = (e4 + e5)}. There is a
correspondence between the prime torus invariant divisors on X and elements of ().
The universal bundles {£, | v € Qo} satisfy the property that L, @ L}, = O(E,) for
all @ € Q1 and are unique up to a twist. Let {e¥, ey, e’} be the dual basis of {e3, e4, €5}
and then M is the integer lattice generated by {e¥, ey, e’ }. The polytope Px is three

dimensional, the stereographic projection of which is shown below.
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S

Consider again the long exact sequence of cohomology induced by the short exact

sequence (A.1.3):
T Hi(Z(va)ﬂ(C) - HH—I(Pij!QW) — HH—I(PX,C) — ...

where Z(m, D) is some collection of closed faces of the polytope Px. Looking at
all possible unions of closed faces we see that up to homotopy equivalence, there are
five possibilities. From the long exact sequence above it can be seen which of these
contributes to each non-zero cohomology, and the table below lists all of these. Thus
H'(Px, jiCy,) = C for all Z in the row H* =2 C and H*(Px, jiCy ) = 0 for all other Z.
We use the notation

Fy=JF

jeJ

and let

J = {{17 2}7 {3> 4}> {37 7}7 {47 5}7 {57 6}7 {6¢ 7}7
{3,4,7},{3,4,5},{4,5,6},{5,6,7},{3,6,7} }

contain those sets J such that F; has two connected components. We denote the
complement of J in [ := {1,2,3,4,5,6,7} by J¢ and observe that F7 is the boundary
of P X -

HY~(C Z(m,D)~ o =0
H'2>C Z(m,D) ~{pt}U{pt} | Z=FjforJed
H?=~=C Z(m,D) ~ S1 Z=FjforJceld
H3=C Z(m, D) ~ S2 Z =Fy

Let O(D) be any invertible line bundle on X. We can choose D to be of the form
D :=d1E1 +doEs + dgEg + d7E7, a torus-invariant Weil divisor which is Cartier, since
Pic(X) is rank 4 and generated by {E1, Eo, Fg, E7}. Then from the table above, using
the decomposition in equation (A.1.1) and applying Theorem A.1.1, it can be seen that
HY(X,0(D)) # 0 if and only if there exists m € M such that Z(m,D) = @. This
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holds if and only if

Im = mge3” +maes” +mses’ € M such that (m,e;) > —d; Vi
<= dmy,mg, m3g € Z where m; > 0, —d; < mg + my < do,

<—0< (dl—i—dg),(] < (d6+d7),d2 >0,dg >0

—d7 <my +ms < dg

Similarly H'(X,O(D)) # 0 if and only if there exists m € M such that Z(m, D) = F;
for some J¢ € J. Treating each case separately, we obtain a list of all the regions in
Pic(X) where H!(X, O(D)) is nonzero. We can then produce a complete list of regions

in Pic(X) where each cohomology group is nonzero either by continuing the process or

applying Serre Duality. The list of these 24 regions is given in tabular form below.

HY#£0 |1 |0<(di+ds), 0<(dg+d7), 0<ds, 0<ds
HY'#0 |2 | —2>(d1 +dg), 0< (dg +d7), —1>dy, 0<ds
3 |0 (di+d2), 0< (dg +dr), 2<dy1, 1 <(dy+dg)
4 |0 (dy+dg), 0<dg, —1>dr, 1 < (dy +ds), 2 < (dy —dy)
5 | 0< (di+d2), 0<(de +dr), 2<dyr, 1 <(d2+dr)
6 | 0<(di+da), 1< (da+dy), 0<dy, 2<(d2—dg)
7 | 0<(d1+dg), 2> (dg+dr), 0<dy, —12>dy
8 | 0<(di+da), 1< (dy+dg), 2<d1, 2<(dy —dr)
9 | 0<(d1+d2), 0<(de +dr), 2<dy, 2<dy
10 | 0 < (d1 +d2), 1 < (d2+d7), =3 >ds, 2 <d7, 2 < (d2 — dg)
11| 0 < (di+dz), =2 2> (dg +d7), 0 < dz, 2 < (d2 — dg)
12 | 0 < (dy +dz), 2> (dg +dr), —1>d7, 2 < (dy —dy)
H?2#0 |13 | 0<(dy +da), —2> (dg +d7), 2 <dy, —3 > dg
14 | =2 > (d1 +dz), =2 > (dg +d7), =1 > dy, —3 > (d1 + ds)
15 | =2 > (di +d3), =3 >ds, 2 < d7, =3 > (d1 +dg), =2 > (dy — d7)
16 | =2 > (d1 +d2), —2 > (d¢ + d7), —1 > d7, =3 > (da + dr)
17 | =2>(d1 +d2), =3 > (d2 +d7), =3 > da, —2 > (d2 — dp)
18 | =2 > (dy +d2), 0 < (dg +d7), =3 >ds, 2<dy
19 | =2>(dy +d2), =3 > (d1 +ds), =1 > dy, =2 > (dy — dr)
20 | =2 > (d1 +dz2), =2 > (d¢ +d7), =1 >d1, =1 >dy
21 | =2 > (dy +d2), =3 2> (da+dy7), 0 <ds, —1>d7, =2 > (d2 — ds)
22 | =2 > (dy +d2), 0< (ds +d7), =3 > da, —2 > (d2 — ds)
23 | =2 > (dy + dg), 0 < (dg +d7), 2 <d7, —2> (dy — d7)
H?#0 |24 | =2> (di +da), =2 > (dg +dr), =3 >dp, =3 >ds
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Using this table it can easily be confirmed that the universal bundles form an excep-
tional collection. For each pair of line bundles £, and £, in the collection we wish to cal-
culate the cohomology of £, L} = O(D), where D is chosen so that it is a linear combi-
nation of the generators {E'y, Ea, Eg, E7} of Pic(X). For example, if p is the vertex with
weight 8 and ¢ is the vertex with weight -2, then £,®L}, = O(—FE1+FEa+FEg—E7). Look-
ing at the table, the only region which contains the point (d1, ds,dg,d7) = (—1,1,1,—1)
is region 1 and so there is no higher cohomology. Similarly there is no higher coho-
mology for all other pairs of line bundles in the universal collection. Thus the Ext’s
between all pairs of line bundles in the collection are zero and the universal bundles

form a strongly exceptional collection.

A.4.2 An Extended Collection

We describe a generalised Koszul complex called the Buchsbaum-Rim complex, see [28]
Appendix C. We then use this in our example to construct a collection of line bundles
which extends the collection of universal bundles {£, | v € Qp} on X and which by con-
struction spans the derived category D?(X). Finally, using the cohomology calculation
above once more, we show that this collection is actually strongly exceptional.

Let V,W be vector bundles of ranks m,n over an arbitrary base, and let f: W — V
be a bundle map. Then the Buchsbaum-Rim complex (K, d,) is as follows: Kq =V,
K1 =W with di = f and then for r > 1

Kpp1 = A" (W)@ S™(V*) @ det V*

For n > 2, the maps d,, are defined to be interior product with f : W — V regarded
as a section of W* @ V and dy : A" (W) ® det V* — W is interior product with
A" (f) : A™M(W) — A™(V) regarded as a section of A™(W*) ® A™(V). The complex
(K, dy) is exact away from the support of coker f, and in particular since it has length
n —m+ 1, if the support of coker f is in codimension n — m + 1, then the complex is a
resolution of cokerf ([6]).

Any toric quiver variety X comes with a presentation of the diagonal in X x X:

P curs, — P LR

acQ1 vEQo

where the components of this map are ¢, X1 —1X¢?. The ranks of these bundles are
n = |@Q1] and m = |Qo| respectively, and the support of the cokernel of this map (i.e.
the diagonal in X x X) has codimension equal to the dimension of X, namely n—m—+1.

Therefore from above we can see that Buchsbaum-Rim complex for this presentation
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is a resolution of the diagonal Oa in X x X. Each term of the complex consists of a
product of line bundles on each side of the XK. Taking all the line bundles that appear
on either one side or the other gives a collection which spans D?(X) ([25]). We have:

SV ) edet(V) = @D R ;70 | m [ ® cro

P:Qp—{1,2,... } VEQQ vEQQ
|P|l=m+r
+r41 _ R(a) —R(a)
v - @ (@) s (@
R:Q1—{0,1} \a€@ a€Q1
|R|=m+r+1

where [P| := 3 o, P(v) and |R| := 3,0, R(a). Thus by considering the duals of
the line bundles on the right hand side of the X we have shown:

Proposition A.4.1. Let X be a smooth toric quiver variety with associated quiver
Q. The following line bundles on X extend the universal bundles {£, | v € Qo}, to a
collection which spans the derived category D®(X):

R e Q £,7 (A41)

acQ1 vEQo

for every P: Qo — {1,2,... } and R : Q1 — {0, 1} such that |Qo|+1 < |P|+1=|R| <
|Q1l-

Note that if we replace ha by ta in (A.4.1) this gives another collection extending the
universal bundles and spanning the derived category, which is the collection obtained
by taking all the line bundles on the left hand side of the X.

Calculating the first of these collections in the example above, we obtain ten line
bundles corresponding to the vertices in the quiver below. The arrows which correspond
to Hom’s between the bundles are decorated with the labels of the corresponding divi-
sors, i.e. an arrow from L, to £, is labelled 14+5+7 when £, ® £} = O(E1 + E5 + E7).
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144+

+4+47

Again for each pair of line bundles £, and £, in the collection we wish to calculate
the cohomology of £, ® L3 = O(D). By looking at the table above it can be seen that
for each such pair, the divisor D does not lie in any of the regions of Pic(X) where
H(O(D)) # 0 for i > 0. Hence there is no higher cohomology, so the Ext’s between all
pairs of line bundles in the collection are zero. Thus we have a full strongly exceptional

collection of line bundles on our toric variety.

A.4.3 Bondal’s Collection

Given any smooth toric variety X, Bondal has described a method to produce a can-
didate collection of line bundles on X, which for a certain class of Fano varieties is
expected to be strongly exceptional. In this section we determine this collection in
the case of our non-Fano example from section A.4, and show that it is not strongly
exceptional. This is not unexpected but gives another illustration of the method.

For any toric variety X and [ € N, there is a well-defined toric morphism
T X — X
which restricts, on the torus 7', to the map
T —T, t—t

In the case when X is smooth then the direct image,

(m)+Ox = @ Ly
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is a direct sum of line bundles indexed by the characters of the I-torsion subgroup of
T. This is because the map m; is the quotient of X by this group. The set B of line
bundles which occur as summands of this direct sum for all sufficiently large [ exists

and is given by

d
B={O(D)|D:=-> {{e;,m)}E;, m € Mg}

=1

d n
={O(D) | D:=>|{e;,m)] Ei, m=> mey € Mg, 0 <m; <1}
i=1 i=1
where Mg = M ®7z Q and {a} = o — [a]| > 0 is the fractional part of a, for o € Q.
(For a more general construction one can instead consider (7;).Ox (D) for some divisor
D.) In the example this produces a collection of 12 line bundles corresponding to the

vertices of the quiver below, where the top vertex corresponds to Ox:
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Note that the quiver:

is a subquiver. This subquiver is also contained in the quiver corresponding to the
full strongly exceptional collection on X which we produced above. It can be seen
that, up to a twist, the duals of the universal bundles are contained in B. There are
however Ext!’s between some of the line bundles in the collection. Consider Ly and L,
where p and ¢ are labelled on the quiver above. It can be seen from the quiver that
L,® Ly = O(—FE1 4+ 2E5), so dy = —1,dy = 2,dg = d7 = 0. Then looking back at
the table from the cohomology calculation, we see that these satisfy the sixth set of
inequalities, so

Ext!(L,,Ly) = H' (Lq® L) # 0.

We find that there are no Ext?’s between any of the line bundles. All the Ext!’s are

shown below:

'V‘
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One may check that no subcollection containing any ten of these line bundles is strongly

exceptional and thus there is no full strongly exceptional subcollection of B.
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