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0 Introduction

The moduli space Ay of principally polarised abelian g-folds is a quasi-
projective variety. It has a natural projective compactification, the Satake
compactification, which has bad singularities at infinity. By the method
of toroidal compactification we can construct other compactifications with
milder singularities, at the cost of some loss of uniqueness. Two popular
choices of toroidal compactification are the Igusa and the Voronoi compact-
ifications: these agree for g < 3 but for g = 4 they are different.

In this paper, we shall be mainly interested in the Voronoi compactification
AYer of Ay. This is a natural choice from the point of view of moduli in
view of the results of Alexeev and Nakamura ([Al], [AN]), who show that
Agor represents a functor of geometric interest. The case g = 4 is also of
particular interest as it is the first case where the Torelli map is not dominant
and where we therefore cannot use results from the moduli space of curves.
In our main result, Theorem 1.8, we describe the cones of nef divisors on
Aflgu and AY°". The proofs are inductive in the sense that they involve a
reduction to the cases ¢ = 3 and g = 2, where comparable results already
exist; but some new techniques are also necessary for the proof.

However, the Voronoi compactification for g > 4 is rather complicated and
for this reason we are not at present able to extend our results even to g = 5.
We also show (Theorem I.15) that the canonical bundle on .A}lgu(n) is ample
for n > 3.

The paper is structured as follows. Section I covers the facts we need about
the different toroidal compactifications that are available. We describe the
Voronoi compactification, in particular, in some detail, and state the main
results. In Section IT we explain what is known about the partial compact-
ification of Mumford, which we shall need later. In Section III we describe
the fine structure of the Voronoi boundary in the case ¢ = 4, which is
largely a matter of understanding the behaviour over the lowest stratum of
the Satake compactification A5%*. The methods here are toric and much is
deduced from the combinatorics of a single cone in a certain 10-dimensional
real vector space. The main technical result is that each non-exceptional



boundary divisor of AY°"(n), where n > 3 is a level structure, has a fibra-
tion over AY°T(n). This is the inductive step that allows us to deduce facts
about AY°" from the cases where g < 4. Finally, in Section IV, we assign to
a curve in AY°" an invariant called the depth, which is the stratum of A3
that it comes from, and work through the five cases 0 < depth(C') < 4 that
arise. No two of the cases turn out to be exactly alike.
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I Toroidal compactifications

The moduli space of principally polarised abelian varieties of dimension g is
given (over the complex numbers C) as the quotient

Ay = Sp(2g,7Z)\H.

We shall also consider full (symplectic) level-n structures. The correspond-
ing moduli spaces are
Ag(n) = Ty(n)\Hy

where I'g(n) is the principal congruence subgroup of level n, i.e. the set of
all matrices v € Sp(2g,7Z) that are congruent to the unit matrix 155 mod n.
The varieties A4(n) are quasi-projective, but not projective, varieties with
at most finite quotient singularities. The Satake compactification A;‘at is
the minimal compactification of Ag. It is Proj of the ring of modular forms
for Sp(2g,7Z). Set-theoretically Ag’at is the disjoint union

AT = A TT Ay T1... TT A

where A is a point.
Mumford [Mu] introduced a partial compactification

! !
Al = A 1D}

by adding the rank 1 degenerations. This is again a quasi-projective, but not
projective, variety. There are several toroidal compactifications .A?. These
depend on the choice of a fan ¥ in the cone of positive definite g X g matrices
(see below, Remark 1.2, for a more precise explanation). All of them contain
Aj,. The most important choices are:



e The perfect cone (or first Voronoi) decomposition: see [V1] or, for
instance, [Co| for definitions and details.

e The central cone decomposition Igu(g). This leads to the Igusa com-
pactification A;gu.

¢ The second Voronoi decomposition Vor(g), defined in [V2b]. This leads
to the Voronoi compactification A;for.

For g < 3 all these fans coincide. For g = 4 the perfect cone and central
cone decompositions coincide, but the second Voronoi decomposition is a
refinement of the first two: this means that there is a birational morphism
AYer — .Aflgu. For general g very little is known explicitly about the de-
compositions and their relation to each other. There is always a morphism
.AgE — A;‘at for any toroidal compactification, and Aj is the inverse image
of Ag IT Ay_1 under this morphism.

For g < 4 the above decompositions are explicitly known (see e.g. [V2b],
[ER1], [ER2]). Since the fan Vor(4) is basic the space A}°" has only finite
quotient singularities and A}°"(n) is smooth for n > 3. The spaces A" (n)
are always singular. We shall denote by D;’Of and D,I]gu the closures of D;
in A)°" and A{,gu respectively. It is well known that A{,gu is a blow-up of
the Satake compactification Agat and Alexeev [Al] has proved the same for

AJ°". In particular, D)°" and D_},gu are Q-Cartier divisors. In any case it is
clear that D)°T is Q-Cartier, since AY°" is an orbifold and thus Q-factorial.
We can see directly that Digu is Q-Cartier by exhibiting a suitable support
function: see Remark 1.4 below.

We denote by L the QQ-line bundle of modular forms of weight 1 on Ag’at,

and also its pullback to A;’Of or to A;gu.
Proposition 1.1 Pic A, ® Q = QD © QL for g > 2.

Proof. This is proved by Mumford ([Mu, p. 355]) for g > 4. It is also well
known for g = 2 and g = 3: see for instance [vdG]. ]

For what follows we shall need explicit descriptions of the perfect cone (=cen-
tral cone) and the second Voronoi decompositions in the case g = 4.
We fix generators z1,. .., 24 for a free abelian group Ly = Z*, and we denote
Sym,(Ly) by My; so My = Z!° is the space of 4 x 4 integer symmetric
matrices with respect to the basis ;. We shall use the basis of My given by
the matrices Uy, 1 <i < j <4 given by

(Uij)kt = 64 jy. k.03

Thus Uj; is the diagonal matrix with 1 in the ith place, corresponding to
the quadratic form zZ, and U;; has 1 in the ¢j- and ji-places, corresponding
to the quadratic form 2z;z; for 1 <:¢ < j < 4.



The cone Symy (Ls ® R) is defined to be the convex hull (that is, R>o-span)
of the positive semidefinite forms in My ® Q. The perfect cone decomposi-
tion and the second Voronoi decomposition are decompositions of the cone
Sym;(hl ®R) C My ® R into rational polyhedral cones; that is, polyhedral
cones with generators in My. These cones form fans Igu(4) (coming from
the perfect cone decomposition) and Vor(4), which are invariant under the
action of GL(Ly) = GL(4,Z).

Remark 1.2 Sym; (L4 ® R), or more generally SymJ (L, ® R), is defined in
terms of the lattice I, , and does not depend just on the vector space L, ® R.
The same is true of the torus embeddings Ty, emb (X) (see [Oda]) which are
defined by fans ¥ in Sym;(Lg ® R) and which are used to construct the
compactifications Agz. If there is no danger of confusion about which lat-
tice (and hence which torus) is intended, we sometimes denote Tjy, emb ()
by Xs.

In any real vector space V' (usually V = My ® R or its dual) we denote the
closed cone R>gq1+- - -+R>qqi generated by {q1,...,qx} C V by {(q1,...,qx).
In particular 7<:|:q> is the line Rq.

The perfect cone decomposition has, up to GL(I4)-equivalence, two max-
imal, i.e. 10-dimensional, cones: the principal cone II;(4) and the second
perfect cone II5(4). The principal cone is given by

H1(4) = <.’E%, s "TZ) (xl - 1‘2)2, ) (1'3 - 1‘4)2>-
This cone is basic. The second perfect cone is given by

H2(4) = <.T%, Z‘%,.’E%,.’Ei, (1‘1 - IE3)2, (1‘1 - -T4)27 (x2 - -T3)27 (.’E2 - IE4)2,

(x3 — .’E4)2, (1 + 22 — 1‘3)2, (1 + 22 — .’E4)2, (x1 + 29 — 23 — 1‘4)2> .

IT15(4) has 64 9-dimensional faces, which fall into two GL(IL4)-equivalence
classes called BF and RT: see [ER2] and the proof of Proposition III.6,
below. Representatives of the orbits are given by setting the coefficients of
z?, 22 and 3, respectively of (zo — x3)2, (v2 — 24)? and (z1 + x2 — 73 — 74)?,
equal to 0. These cones are basic. Hence Aigu has exactly one singular
point, which we denote Psing.

In order to describe the second Voronoi decomposition we have to introduce
another ray 7, generated by the sum of the primitive generators of II5(4).

The primitive generator e of i in My is given by

1

e = 3 w%+x§+x§+xi
+ (21 — 23)* + (21 — 24)* + (22 — 23)> + (x2 — 24)* + (23 — 24)?
+ (1‘1 + x9 — x3)2 + (1‘1 + x9 — .’E4)2 + (.’E1 +x9 — 3 — .’E4)2]

= 2(:0% + CB% + :U§ + CL‘Z + T1Ty — T1T3 — T1T4 — T2XT3 — ToTy4). (1)



The second Voronoi decomposition of Symj (s ® R) is the refinement of
the central cone decomposition given by adding all cones which arise as the
span of the central ray n with the 9-dimensional faces of II5(4) and the faces
of these cones, together with their GL(L4)-translates. Up to GL(L4) this
defines two new 10-dimensional cones, both of which are basic. Hence .A4}°
is an orbifold, and there is a map 7: AY°" — Aflgu given by blowing up a
certain ideal sheaf U supported at the singular point Pyng € Aigu. Let F
be the exceptional divisor of this blow-up, i.e. the divisor corresponding to
the ray n. Actually U is the maximal ideal of O Al P and the singularity
at Pgsing is the cone on E, but we do not need this fact. It can be deduced,
for instance, from [TE, Theorem 1.10].

To simplify some calculations it is also useful to consider the Voronoi trans-
formation ¥: Ly — L4, defined by

U: (21,2, 23, 24) — (1 + T2, 21 — T2, T1 — 3,1 — T4) (2)
and the induced embedding
U’ = Sym, (¥): My = Symy(Ly) — My.

Note that ¥ and ¥’ are embeddings but not isomorphisms, since det ¥ = 2.
We have
' (Ma(4)) = ({(zi £ ;)% 1<i<j<4}),

so if we put y = \Ilél(x) we may express II3(4) in the convenient form
My(4) = ((wity)’1<i<j<4)
= { > (B + ) + pis(vi — v5)?)

1<i<j<4

Bij» pij € Rzo}- (3)

The generator e of 1 is mapped to
'(e) = 2(2} + 23 + 23 + 23).
Now let 7: AY°"(n) — Aigu(n) and let E(n) be the exceptional divisor in
AY'(n). We set Dy(n) = 7* (D (n)).
Proposition 1.3 Dy(n) = 7* (D" (n)) = DY°"(n) + 4E(n).

Proof. The level structure plays no part here so we suppress it, taking n = 1
without loss of generality and writing E for E(1) and so on. We shall first
consider the toric situation. Let

Tr: My = Sym,(Z?) — Z

be the linear form given by the trace. Then Tr' = Tr o¥’ is an integral linear
form on My which is 2-divisible. The form %Tr' assumes the value 1 on all



basic generators of the 1-dimensional rays of I13(4) and the value 4 on the
My -primitive generator e of 7.
Locally (analytically) near the singular point Pyng on Aigu and near the
exceptional locus E in A}, the moduli spaces A" and A}°" are isomor-
phic to finite quotients of the toric varieties Xyg,(4) and Xy () respectively.
The finite group by which we take the quotient is the stabiliser of Pying,
respectively E. It is a subgroup of GL(L4), which acts on Symj (L4 ® R)
by M — 'Q 'MQ!. It is enough to compute the subgroup which fixes
E pointwise. A straightforward calculation shows that this is +14, which
acts trivially. Together with the above toric calculation this shows that
(D) = DY + 4E. O

Remark 1.4 Considering 2 Tt' as a support function on the fan Igu(4)
shows that the boundary Digu of Aflgu is a Q-Cartier divisor and that the
boundary of Aigu(n) for n > 3 is a Cartier divisor.

Corollary 1.5 Letn > 3. Then AIgu( ) is a Gorenstein variety with canon-
tcal singularities.

Proof. For n > 3 the group I'y(n) is neat. Hence we only have to consider
singularities which come from the toric construction. The varieties Algu( )s
n > 3 are normal varieties with finitely many singularities. Outside these
singularities the canonical divisor is given by

I
K= (5L =D M)

where Dlgu(n) is the boundary. Both L and D4gu(n) are Cartier divisors on
Algu( ) and hence

K

Aies(ny = is = 5L = Dff"(n) (4)

where 7 is the inclusion. This shows that these varieties are Gorenstein.
The varieties A)°"(n), n > 3 are smooth and the canonical divisor is

K gyor(ny = 5L — D} (n ZE (5)

where the E(n) are the irreducible exceptional divisors of the blow-up map
m: AY'(n) — A" (n). Since

7 (K gy ) = 5L = DY (n Z4E

it follows that Aflgu(n) has canonical, in fact terminal, singularities. O

We define the open set A} = AE"\ Pyng = AY°"\ E, common to both
toroidal compactifications.



Proposition 1.6 The Picard groups satisfy

PicAF'®Q = PicAJ®Q = QL oQDS",
PicA)"®Q = QL& QDY & QE.

Proof. Restricting line bundles defines maps
Pic A} — Pic.A} — Pic A}.

All the varieties involved are normal and since the codimensions of A \ A
in A9 and of Aigu \ A$ in A}lgu are at least 2, these maps are injective. Since
Pic A} = QL & QD) and since both L and D} extend to Q-line bundles on
Aflgu these maps are also surjective.

The exceptional locus F is irreducible, being the image of the closure of
a torus orbit. Hence the claim about Pic.AY°" ® Q follows from the exact
sequence of Chow groups

Ag(E) ® Q — Ag(A{™) @ Q — Ag(AD®Q — 0
(see [Full, Proposition 1.8]). O

We are now in a position to state the main results of this paper. The first
result is auxiliary and can be stated for general g > 2. Note that although
A'g is not a projective variety we can still speak about nef line bundles.
By this we mean line bundles whose restriction to each complete curve has
non-negative degree.

Proposition 1.7 The nef cone of A_ﬁ] for g > 2 is given by
Nef(Ay) = {aL —bD; | >0, a>12b}.

Igu

4

For the projective varieties A" and AY°" we obtain much better results.

Theorem 1.8 The nef cone of Aigu s given by
Nef(AF") = {aL —bD* [5>0, a > 12b}.
The nef cone of A)° is given by
Nef(AY%") = {aL — bDy — cE | a > 12b, b > 2¢ > 0} .

Remark 1.9 If we work with D}°" rather than D4 then, in view of Propo-
sition 1.3, the nef cone of the Voronoi compactification has the following
description:

Nef(AY") = {aL — BDY" —yE | 3 >0, a > 128, v > 48 > $+}.



Remark I.10 We have Galois coverings
O Igu Aflgu(n) — Aflgu, Qip, Vor : AYo(n) — AY°

given by an action of Sp(8,7Z/n). These coverings, which extend the obvi-
ous covering A4(n) — Ay, exist because the definitions of perfect cone and
Voronoi decomposition ([V1], [V2b], [Co], [ER1]) are purely lattice-theoretic
and so the collections of fans that define the Igusa and Voronoi compactifi-
cations are Sp(8, Z)-invariant. Compare [San, Proposition 5.1] for a similar
situation in the g = 2 case.

The inverse images D" (n) and DY (n) of D}¥" and D" will have several
components, as will the inverse image E(n) of E. The above Galois covers
are ramified of order n along the boundary, i.e. aj 1, (Digu) = nDigu(n)
and a:‘L’VOT(DXOT) = nD)Y%(n); it then follows from Proposition 1.3 that
o von () = n ().

The Picard groups of Aigu(n) and AY°"(n) will be much bigger than those
of Aigu and AY°", but we still obtain a description of part of the nef cone.

Corollary 1.11 A divisor aL — bDigu(n) on Aigu(n) is nef if and only if
b>0 and a > 12b/n.

A divisor aL — bDy(n) — cE(n) on A)°"(n) is nef if and only if a > 12b/n
and b > 2¢ > 0.

This also allows us to draw a conclusion about the nefness of the canonical
divisor.

Lemma 1.12 For any n € N

I
K iy = 5L =D (n),
K yyos(ny = 5L —DJ*(n) = E(n) = 5L — Da(n) + 3E(n).

Proof. For n > 3 this was shown above (equations (4) and (5)). To show
that these equalities also hold for n» = 1 and n = 2, it is enough to check
that there are no elements in Sp(8,7Z) whose fixed locus in Hy is a divisor.
This follows easily from [Tai, Lemma 4.1]: if an element v € Sp(2g,Z) of
order m fixes 7 € H, then it acts on the tangent space with eigenvalues
e2milti+t)/m where tj,ty € Zand 1 < j <k < g. If 7 is a general point
of a fixed divisor then ¢; +¢; = 0 mod m for all but one pair of indices,
say (jo, ko). But this is impossible if ¢ > 3. To see this, we consider first
the case jo = kg. We may assume jo = 1, so 2¢; #Z 0, but then ¢; = —¢5 so
2ts £ 0, and (jo, ko) is not unique. On the other hand, if jo # ko, we may
assume jo = 1 and kg = 2, so t; + t2 Z 0; but in that case t3 = —ty = —t;
so 2t3 Z 0 and again (jo, ko) is not unique. O



Corollary 1.13 If n > 3, then the canonical bundle of Aflgu(n) is nef. On
the other hand, the canonical bundle of AY°(n) is never nef.

Remark 1.14 .A}lgu(n) is a minimal model as defined in ([KM, Definition
2.13]), because the singularities are terminal; but they are not Q-factorial
because II5(4) is not simplicial, and some authors prefer to reserve the term
“minimal model” for the Mori category, whose objects are projective va-
rieties with Q-factorial terminal singularities. By toric methods, following
the argument of Fujino [Fuj], a small Q-factorialisation may be constructed,
and this will be a Q-factorial minimal model.

Theorem 1.15 If n > 3 then the canonical bundle of .A}lgu(n) is ample.

Proof. By Lemma 1.12 the canonical bundle satisfies the conditions of Corol-
lary I.11, but with strict inequalities, a > 12b/n > 0. Hence K AL () belongs
4

to the interior of Nef (Aigu(n)) N(RL + RDigu(n)). Let Hy be an ample
class on Aflgu(n) spanned by L and Dflgu(n): such an Hj exists because
Aflgu(n) is projective and RL +RD£gu(n) is the Sp(8,Z /n)-invariant part of
Pic (A" (n)) ® R, so if H is some ample line bundle class it is sufficient to
take Ho =}, cqp(s,z/n) Y (H). Now we copy the proof of Kleiman’s criterion
given in [KM, 1.39]: tK AL () H, is nef for ¢ > 0, so for any dimension d

subscheme Z C Aflgu(n) we have (tKAIgU(n))d -Z > HY-Z > 0 (this is a
4
non-trivial step in the proof of [KM, 1.38]). Therefore tK ,reu (n) is ample by
4
the Nakai-Moishezon criterion, [KM, Theorem 1.37]. O

Thus Aigu(n) is the canonical model if n > 3.

II The nef cone of the partial compactification

We shall work with the partial compactification Aj = A, U Dy, sometimes
with an additional level-n structure Ay(n) = Ag(n) U Dg(n). If n > 2, then
Dgy(n) = >2; Dy ;(n) consists of several disjoint components, each of which
has a natural fibration D, ;(n) — Ag—1(n). For n > 3 this is the universal
family over Ag_1(n), and for n = 1,2 it is a family of Kummer varieties.
Indeed

D} i(n) = (232 % Tyoy () \CI x Hyy.

To describe this action let m = (m',m") with m/,m" € Z9~! and v =

(g g) €T'g_1(n). Then

(m,v): (2,7) = ((z +nm' + nm"7)(Ct + D), (At + B)(Ct+ D) ).



If n > 3, then the fibre of the map D, ;(n) — Ag_1(n) over a point [7] is
the abelian variety A, ,r whose period matrix is given by (nly_i,n7). For
n = 1,2 we obtain the Kummer variety Ay ,,/(£1).

Let ©gg(z,7): CI71 x Hy—1 — C be the standard theta function. The au-
tomorphy factors of ©3, define a Q-line bundle on Dy, ;(n) which we shall
denote by M'(n). For n > 3, let N' = ND’g,i(n)/A’g(n) be the normal bundle

of the boundary component D ;(n) in Ag(n).
Lemma II.1 Ifn > 3 then M'(n) = —nN'+ L.

Proof. This is proved in [Hu, Proposition 2.3]. The proof consists of com-
paring the cocycles of M'(n) and N'. O

Proposition I1.2 The nef cone of A; for g > 2 is given by
Nef(Ay) = {aL —bD; | b>0,a > 12b} .

Proof. The condition b > 0 is necessary, since L is trivial on the fibres
of Dy ;(n) — Ag—1(n), whereas —Dg(n) is ample on the fibres (cf. [Mu,
Proposition 1.8]). In order to prove that a > 12b is a necessary condition we
consider curves C of the form X (1) x {A} in A where A is a fixed (g — 1)-
dimensional abelian variety and X (1) is the modular curve of level 1, i.e. we
consider a family of abelian varieties of type E, x A where E; is an elliptic
curve degenerating to a nodal curve. Such a family is indeed contained in .A;
and for general A, and C’.D; = 1. This is because the corresponding family
with a level-n structure (n > 3 as usual) meets the boundary transversally
in a smooth point. Since the degree of the Q-line bundle L on X (1) is 1/12
we find the necessary condition a > 12b.

Next we shall prove that these conditions are sufficient. Here we shall distin-
guish between curves C' which meet A, and curves C' which are contained in
the boundary D;. For curves of the first type the result was already proved
in [Hu, Proposition 1.4]. Since the argument is very short we shall repeat
it here. Assume that b > 0 and a > 12b. Since L is ample on the Satake
compactification, it follows that L.C > 0, and we can assume that b > 0.
Choose some ¢ > 0 with a/b > 12 + ¢ and some point [7] € A5 on C. By a
result of Weissauer [Wei, p. 220] there exists a modular form F' of weight &k
and vanishing order m such that F(7) # 0 and m/k > 1/(12 + ¢). In terms
of divisors this gives

kL =mD) + Dy, C ¢ Dy
where D is the closure in Aj of the divisor {F' = 0} C Ay. Hence

(£L—Dy).C=+Dp.C>0

—m

10



and since a/b > 12+ ¢ > k/m and L.C' > 0 we conclude that
(4L - D}).C > (L -D}).C >0.

Finally let C' be a curve contained in D;. Here it is slightly easier to work
with level structures: we choose some n € N and assume that C' C Dy ;(n)
for some boundary component D, ;(n) of Ag(n). By Lemma II.1

(aL = bDy;(n) Ipy , = (a—2) L+ 3 M'(n).
The condition a > 12b for level 1 now becomes a > 12b/n. In any case
a —b/n > 0 and hence it suffices to prove that M'(n).C' > 0. Fix a prime p,
and choose n so that n = 0 mod 4p2. If m',m" € QLPZ-"*1 then the functions
@%l,’m,, (z,7) define sections of M'(n), by [Hu, Proposition 2.3]: the proof
uses the theta transformation formula and the formulae (©1)-(©3) from [Ig]
to show that @fn,,m,,(z, 7) has the appropriate automorphy factor. But this
shows that M'(n) is generated by global sections and hence M'(n).C > 0.
O

IIT Structure of the Voronoi boundary

In this section we revert to the case ¢ = 4 and examine the geometry of
the Voronoi boundary in detail. Our chief purpose is to prove that the
fibration Dy ;(n) — Asz(n) extends to the closure of Dj ;(n) in the Voronoi
compactification of A4(n). This results in a fibration of each non-exceptional
boundary divisor in AY°"(n) over AY°"(n) = .A;gu(n). The proof involves
careful study of the combinatorics of the cone II3(4), and we also assemble
in this section some other results of that nature which we shall need later.

Proposition III.1 Let n > 3, and suppose DX‘i’r(n) C AY°*(n) is the clo-
sure of a boundary divisor, not contracted by m: AY°'(n) — Aigu(n). Then

there is a morphism
Pi = Pin: DY (n) — A{%(n)
ertending the fibration Dy ;(n) — As(n).

Proof. We work, without loss of generality, with DX‘{r(n), corresponding
to 711 — doo: if n > 3 then DX‘{r(n) is normal (see Remark IIL.9, be-
low). Thus we fix a rank 3 sublattice .3 = Zxo + Zxs + Zxy C 14 and set
Mz = Sym,(Lz). The projection pr;: Ly — L3 with kernel Zz; induces a
projection Sym, pry: My — Mj with kernel spanned by the Uj;, 1 <j <4.

11



Consider the matrix

* | T12 T13 Ti4
T12 | T22 T23 T24
T13 | 723 733 T34
Ti4 | T24 T34 T44

Rl
Il

Then
2 = (712, T13,714) € C*, 7 = (7ij)2<ij<4 € Hz.

and the map 7 — 7 is Sp(6, Z)-equivariant and therefore induces a rational
map pip: DXf{r(n) --» AY°"(n). The problem is to extend this map to the
cusps of AY*(n).

We first check that p; , extends over the smallest cusps, i.e. over ¢, (Ap),
where ¢,,: AY°"(n) — A5*. This is the only case which is nontrivial. Near
a component of ¢,(Ag), the boundary divisor D)ﬁr(n) is given by the
fan Star((z}), Vor(4)) with respect to the lattice My = My /Zz}; see for
example [Ful2, 3.1]. The map we are trying to extend, pip, is given on the
torus part of this toric variety by forgetting all coordinates involving ;.

More precisely, DX‘{r(n) is locally isomorphic to an analytic open set in

2
XStar<m%> = T, emb (Star ((z7), Vor(4))) .
The natural embedding M — M induces a map on the corresponding tori
Ty, = Hom(My, C*) — Ty,
which is p; 5, on the torus part of XStar<x% .
Now the result follows from Lemma III.2 below. The extension to the
lower cusps, and the compatibility of the extensions, are immediate con-
sequences of the straightforward fact that if ¢ is an Igusa (i.e. Voronoi) cone

in Symj (Z9) for g < 4 then Sym, pry (o) is an Igusa cone in Symj (Z9~1).
a

Lemma IIL.2 The map Ty;, — Thy, extends to a GL(Lg)-equivariant map
Pin: XStar<m%> — T, emb (VOI‘(3))
of the corresponding torus embeddings.

Proof. We need to check that the dual of the embedding, which may be
thought of as a projection My — M with kernel spanned by the classes of
Uy;, is a map of fans (the GL(Ls )-equivariance is automatic). To do that we

must show that the projection of any cone in Star (<:c%>, Vor(4)) lies in a cone
of Vor(3). By the definition of Star, it is enough to show that if o € Vor(4)
and o > (z7), then Sym, pr;(c) C o’ for some o’ € Vor(3). Moreover, since
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Vor(4) and Vor(3) are fans and Sym, pr; preserves the relation > among
cones, it is only necessary to check this for top-dimensional cones in Vor(4)
which have (2?) as a face. The result therefore follows from Prop IIL7 and
Prop II1.3, below. O

In verifying the assertion made in the above proof there are two cases to

be considered separately. If n < o (up to GL(L4)-equivalence) then o

corresponds to a point of the exceptional locus E C A}{"r. Otherwise o
. Igu

corresponds to a point of A,°".

Proposition II1.3 Suppose that o € Vor(4) is of mazimal dimension (i.e.
dimension 10), that (2?) < o and that no GL(L4)-translate of n is a face
of 0. Then Sym, pr;(o) € Vor(3).

Proof. In this case, o is equivalent under GL(Ly) to the first perfect do-
main II;(4). (The level structure plays no role here.) More than that:
the subgroup of GL(LL4) that preserves II;(4) permutes the generating rays
transitively, so o is even equivalent to IT;(4) under the stabiliser of 23. To
see that the rays are permuted transitively, note first that the permutation
matrices are in the stabiliser of IT; (4) in GL(ILy ), so all four monomial gener-
ators x? are equivalent to one another and so are all six binomial generators
(z; — a:j)z. The element of GL(ILy) given by z; — z; — x5 for i # 2 and
xro — —xo preserves II;(4) but does not preserve the distinction between
monomial and binomial generators, so all the generators are in one orbit.
Since, for any g,

I (g) = (2f,..., 22, (w — x;)> (1<i<j<g)),

the projection of II;(g) to My_; is II;(g — 1). Since II;(g) € Vor(g) for
all g and Vor(g) is GL(L,)-invariant, we certainly have Sym, pr; (II1(g)) €
Vor(g — 1). O

This part of the argument is not restricted to ¢ = 4, but it only applies to
IT; (g). We want to mention an alternative proof, which uses the information
we have in a slightly different way.

Lemma II1.4 Let L be a lattice and l;: I — Z be linear forms such that the
quadratic form Zl? 1s positive definite. Then the Delaunay decomposition
for the quadratic form Y a;l? is independent of the choice of positive con-
stants «; if, and only if, the forms l; define a dicing; that is, the 0-skeleton
of the cell decomposition defined by the hyperplanes {l;(z) = n} forn € Z
coincides with the original lattice L.

Proof. [ABH, Lemma 3.1]. O
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Recall that it would be enough for our purposes to prove that Sym, pr; (o)
is contained in a cone of Vor(3). Every ray in Vor(4) is either a GL(Ly)-
translate of n or spanned by the square of a linear form. So if o € Vor(4)
satisfies the conditions of Proposition IIL.3, then o = ({I?}) for some linear
forms [;: I — Z. Now we can apply the following proposition.

Proposition IT1.5 Suppose o € Vor(g) is a cone of mazimal dimension
which is spanned by squares of linear forms. Then Sym, pr, (o) is contained
in a cone of Vor(g — 1).

Proof. If ¢ = ({I?}) then, since o is of maximal dimension, Y IZ is positive
definite. Therefore, by Lemma II1.4 the /; define a dicing of Lj ® R If
¢ € Ly—1 ® R is a point of the 0-skeleton of the decomposition induced by
the pr; (/;), then it is the projection of a cell in the dicing of L, ® R induced
by the l;. Any vertex ¢ of this cell is in Ly, so ¢ = pry(§) is in Ly_;.
Therefore the pr;(l;) induce a dicing of L, 1 ® R.

The projection of any positive definite form is again positive definite, so
S (pry(li))? = Symypr;(3212) is positive definite. Therefore, again by
Lemma III.4, the Delaunay decompositions induced by any two forms in
the interior of Sym, pr; (o) are the same. Hence Sym, pry (o) is contained in
a cone of Vor(g — 1). O

Now suppose that n < o, and that <x%> < 0, so that o gives rise to a cone in
Star((x%>,Vor(4)). We need only consider 10-dimensional cones up to the
action of the stabiliser G; in GL(ILy) of <x%> Such a cone is spanned by 7
and a 9-dimensional facet of the second perfect domain IT5(4). These facets
are described in [ER2]. The authors of [ER2] have kept the coordinates ;
and work with the cone ¥’ (II5(4)), but we prefer to work directly with ITy(4)
and to display the symmetry instead by using the coordinates y; = ¥~1(x;)
as in equation (3) above. Facets of II5(4) are then given by setting some of
the 3;; and p;; equal to zero.

Proposition III.6 Every 10-dimensional cone o € Vor(4) with (z3,e) < o
is equivalent under Gy to one of the following three cones:

5(4) = {B1a =B34 =p13 =0} +n;
I13(4) = {Bi3 =014 =Psa=0}+mn;
I13(4) = {B1a=0F3=paua=0}+n.

Proof. Later (Corollary III.8) we shall show that 13(4), T13(4) and TI3(4) are
inequivalent under G. For now, since we are only interested in subcones of
IT5(4), we need not consider G but only G1 = G1 N G, where G C GL(IL4)

is the subgroup that preserves II(4). Note that if o is as above, g € G
and g(o) >~ <x%,e> also, then g € G; anyway. This is because g(e) is the
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barycentre of g(II5(4)), so if g does not preserve II5(4) then e and g(e) are
in the interiors of different top-dimensional cones of Igu(4) and cannot both
be generators of g(o), since Vor(4) is a refinement of Igu(4).

The symmetry group of IT2(4) is described in [ER2]. It is a reflection group
of order 1152, isomorphic to the reflection group Fy, generated by elements
ki, (1 <i<4); s, (1 <i<j<4);and an extra transformation w. These
are given by

ki(yi) = —yi,  ki(y;) =5 (G # 9);
sij(yi) = ¥j,  sii(¥5) =¥, sij(ye) =y (K #,5);

4
1
w(y:) = —vi+ 3 ;yk-

We claim that this group is G; to show this, we must prove that it is a
subgroup of GL(ILy). Thus we need to check that the matrices ¥ 'K, ¥,
\If_lsi]-\If and U1V are all integral, where K, S;; and W are the matrices
of the above transformations and ¥ is the matrix of the Voronoi transfor-
mation defined by equation (2). Then

1 1 1 1 1 1 1 1
1 -1 0 o0 AP S S R |
U = 0 0 -1 0 , S0 20" = 0 0 -2 0 ; and
0 0 0 -1 0 0 0 -2
-1 1 1 1
1 -1 1 1
V=11 1 1 1
1 1 1 -1

so it is sufficient to check that 2¥~'K;¥ and 2\11_15'“\1! are congruent to
zero mod 2 and that 212 ¥ is congruent to zero mod 4. The first of
these is trivial since K; = 14 mod 2. For S;; it is enough to notice that any
two columns of 2¥ ! are equivalent mod 2, so 2\If_lSi]- = 20! mod 2 and
hence 201 S;;¥ = 214 = 0. The case of W is checked directly.

All these elements of G preserve 7: they must do, as it is spanned by the
barycentre of II5(4). There are 12 rays generating I13(4), spanned by (y; +
y;)?, and G permutes them transitively because k;: (y; + y;)? — (yi — y;)*
and s;7sj50t (yi+y;j)? — (yor +y;)?. Hence Gq, which is the stabiliser of one
of the rays (generated by =7 = (y1 +y2)?) has order 96. The transformations
k3, k4, kiko, s12, s34 and w’ = sy4s23w all belong to G1; and in fact they
generate a group of order 96, which is therefore the whole of G;. To see
this, note that the elements ks, k4, k1ko, s12 and s34 generate a group of
order 32, and the element k3w’ has order 3: hence the group generated has
order at least 96.

The G-orbits of 9-dimensional facets of II3(4) are also studied in [ER2].
There are exactly two such orbits, denoted RT and BF. A facet is RT if
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it is G-equivalent to the facet p1o = pag = p13 = 0, and BF if it is G-
equivalent to B12 = (13 = P14 = 0: there are 16 RT and 48 BF facets.
The names come from the following representation, which will also be useful
to us. We construct a bicoloured graph on four vertices numbered 1 to 4:
conventionally we think of these vertices as the four corners of a square,
numbered clockwise starting from the top left. We join ¢ and j with a red
edge to represent the equation p;; = 0 or with a black edge to represent
Bi; = 0. The facets are then given by graphs with three edges that are
forked (there is a vertex of valency 3) or triangular. An RT facet is G-
equivalent to a facet described by a red triangular graph, and a BF facet is
G-equivalent to a facet described by a black forked graph. The effect of k;
on the graphs is to change the colour of all edges having 7 as a vertex. s;; is
just the transposition (ij) on the vertices. w' interchanges a left black edge
with a right black edge (i.e. 314 and (323) and leaves other black edges alone:
to red edges it does the opposite, leaving the left and right edges alone but
interchanging top and bottom and the two diagonals.

We are interested in facets adjoining <:v%> up to Gi-equivalence. The coef-
ficient associated to x2 is B2, so we have (2 # 0: in other words, we look
only at graphs that do not have a black edge joining vertices 1 and 2.
There are 48 facets adjoining <x%>, of which 12 are RT and 36 are BF: this
follows because II»(4) has twelve edges, all equivalent under G, and each
facet adjoins nine of them. G preserves the property of being RT or BF,
because G does. I13(4) is RT, I13(4) and I13(4) are BF.

The rest of the proof consists of checking that every facet of IIy(4) that
adjoins <x%> occurs in one of these three orbits, which is straightforward,
using the description of the effects of the generators above. The details are
shown in Figure 1. Red edges are shown as dotted lines and the vertices are
numbered according to the above convention, clockwise starting from the
top left. Only half the facets are shown, the others being their reflections
(left-right) under s12534. O

Proposition II1.7 Each of the three cones I15(4) projects under Sym, pry
to a cone contained in a cone of Vor(3).

Proof. We simply check this for each case. (The representatives IT5(4) have
been chosen so as to keep this part of the calculation fairly simple.) Note
that the projection of e is given by Sym, pr;(e) = €, where

€= (mg—x3)2+(a:2—:v4)2+:v§+:vi. (6)
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Figure 1: Orbits of facets of the second perfect domain

17



Using this we have

Sym2 pry (H%(4)) = Sym2 pry <IL‘%, Z’%, xia (xl - 1‘3)2, (xl - -T4)27
(z2 — x3)2, (22 — 1’4)2, (z3 — 1’4)2, (1 + 22 — 303)2, €>
_ 2 .2 2 2 2 2 2
- <IE2,1‘4,1‘3,1‘4,(.’E2—1‘3) a(x2_1'4) ,($3—x4) ,
(z2 — 23)%, (22 — 23) + (22 — 24)® + 23 + 23)
= <£E%,£L‘§,£L‘Z,(CE2 _1'3)2;(372 _334)23(1'3 —CE4)2>

= TIILi(3)

and IT; (3) € Vor(3).
The first BF case is given by

Sym,pr; (I15(4)) = Sym,pry (2,23, 23, 27, (1 — x3)?, (21 — 24),
(9 — 23)%, (x9 — 24)2, (23 — 24)%, e>
= (@3, 43,2, 43, 2%, (w2 — 23)°, (w2 — 24)?, (23 — 24)?,
(1'2 - x3)2 + (x2 — .T4)2 + x% + xi>
= (23,23, 23, (v2 — 23)%, (2 — 24)?, (23 — 24)?)
Iy (3)

For the second BF case, I13(4), we have

Sym, pry (H%(4)) = <x%,x§,xi, (xy — x3)2, (x3 — x4)2, é>
which by (6) is strictly contained in IT; (3). O
Corollary IIL.8 The Gy orbits of T1}(4), TI3(4) and II3(4) are distinct.

Proof. Since I1}(4) is an RT facet it is in a different G-orbit from the
other two, by [ER2]. As we have just seen, I13(4) projects onto a maximal-
dimensional cone of Vor(3) and II3(4) does not, so they are inequivalent
under él. O

Now we want to investigate the pullbacks of line bundles on A;for under the
morphisms p;: DZ‘Z?T(n) — AY°"(n). We define

Eq(n)|; = Dyf§*(n) N Ey(n). (7)
This intersection is either empty or a divisor on DZ(Z?r(n) which is contracted

to a variety of codimension > 2 under the map Dy%(n) — DEl (n).

Remark ITI.9 The varieties E(n) do not depend on n for n > 3: more
precisely, all the Es(n) have the same normalisation (up to isomorphism),
independently of s or n; and if n > 3 they are normal. The normalisation

is O(1) C Xvor(4)- Since the edges of TIy(4) are all equivalent under G any
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two non-empty varieties Es(n)|; are mutually isomorphic as well. If n > 3
no nontrivial cone of Vor(4) has nontrivial stabiliser, since the principal
congruence subgroup of level n in GL(8,7Z) is torsion-free. This also implies

that the boundary divisors DX‘i’r(n) are normal.

We recall here some facts about the structure of toroidal compactifications.
Recall from [Naml] that any toroidal compactification of Ay is a disjoint
union of strata of the form

Zno(n) = Pg_n(n)\H, x C"01) x O(5)

where Py_p(n) is a group which acts properly discontinously, & is a cone in
some copy of Sym,(R9™") containing some positive definite form, and O(7)
is the corresponding torus orbit.

Remark II1.10 Suppose C is an irreducible curve in AY°". Then let o be
a maximal cone in Vor(4) such that C' is contained in the image in A)°" of
the closure of the torus orbit O(o) (such a o is unique up to the action of
GL(Ly)). If we assume that C' is not contained in the exceptional divisor E,
then o must be of the form <l%, . ,l,%> where the [; are linear forms on Lj,
as in the proof of Proposition III.5.

The connection with the strata Zj 5(n) is the following. Let

U= mKequMZ®]R,
qco

and set h = dimgp U and V = M} ® R/U = R*~*. Then every form q € o
defines a form ¢ on V and this defines an injective map o — & C Symj (V).

Lemma II1.11 & C Symj (V), as defined above, contains positive definite
forms.

Proof. If C' C E then e € o and since e is positive definite there is nothing to
prove. Otherwise we prove this by induction on the number m of generators
m
of 0. Suppose C ¢ E and 0 = (q1,...,qm). We have U = () Kerg;,
i=1
since if ¢ = Y a;¢; € o and ¢;(z) = 0 € My ® R for all ¢ then g(x) = 0.
Thus [\ Kerg; = 0. Suppose 0 # z € Ker(q; + tg2) for some ¢ > 0. Then,
evaluating at * € V, we get gi(z) + tg2(z) = 0, and since both forms
are positive semidefinite this implies ¢;(z) = g2(z) = 0 € R. But since
g; is semidefinite, g;(z) = 0 if and only if z € Kerg;, so x € Kerg N
Ker . So Ker(q; + tg2) = Ker @ N Ker g, and this reduces to the case of
(@1 +1t92,q3,- -, qm)- 0

C is then contained in a stratum of the form Py_p,(n)\Hj x CM=R) x O(5).
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Proposition II1.12 Under the morphism p; of Proposition III.1

p; (Ds(n)) =Y DY%¥(n) ) pyer( w+4Y  Ei(n)li
J# s

Proof. The behaviour away from ¢,,(Ay) is clear and gives the coefficient 1
for the boundary components DV"‘r It is necessary to check the coefficient

of E4(n). The bundle p}(D3(n)) is given on X,

tion 13 o Sym, pry, where 3 is the support function on Vor(3) that takes
the value 1 on each primitive generator of a ray. Hence the coefficient of E
is ¥3(€) = 4, by equation (6). O

by the support func-

Star(a:%>

We insert here some further details about the orbits of cones of Vor(4) that
will be useful to us later on.

Lemma II1.13 The dimension 2 faces of II3(4) fall into two orbits under
the action of G, the symmetry group of Ilo(4). Representatives for these
orbits are (z3,23) and (z},23).

Proof. Any such face is equivalent under G to a face spanned by z? and one
other generator of II5(4). So we are interested in the G;-orbits of the other
eleven generators. We can represent such a generator by a bicoloured graph
as we did for facets, only it is easier to use the complementary graph, so that
a red (respectively black) edge joining vertices i and j represents p;; # 0
(respectively B;; # 0). A generator of II5(4) is thus represented by a single
edge. The generators of G; listed together with their action on the graphs
in the proof of Proposition III.6 all preserve the property of an edge being
horizontal. It is easy to see that the horizontal and non-horizontal edges
each form a Gi-orbit: see Figure 2. The representatives given are defined
by the non-vanishing of p12 and pi3 respectively. O

Corollary II1.14 Any cone of Vor(4) spanned by two rank 1 forms and a
form of mazimal rank is GL(ILy) equivalent to one of the cones

o3 = <:v%,:v%,e> and of = <:v%,:v%,e'>
where

e = 2(:13% + CL‘% + :E% + :Bi + X123 — T1T9 — T1T4 — T2T3 — T3T4).

Proof. Any such cone is equivalent to a cone spanned by e and a dimension 2
face of I13(4), so we can apply Lemma II1.13. However <a:%, r3, e> = 03, and
<x%, z3, e> is equivalent under GL(L4) to o%; the element of GL(L4) involved
is simply the transposition z2 <> x3. Applying this to e gives the result. O
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Figure 2: Orbits of dimension 2 faces of the second perfect domain

Lemma II1.15 The dimension 3 faces of II2(4) fall into four orbits under
the action of G, the symmetry group of My(4). These orbits are to be re-
ferred to as string, BF*, RT* and disconnected: they are represented by the
cones <x%,x%,x§>, <:v%,:v§,a:z>, <:r:%,:vi, (z1 — :v4)2> and <:v%,:v%, (x3 — :v4)2>
respectively.

Proof. Such a face o is determined by three generators, i.e. by a bicoloured
graph with three edges. It is always possible to draw a forked or triangu-
lar graph on the complement of such a graph. Therefore any collection of
three generators of II3(4) spans a 3-dimensional face of II5(4), since if we
draw a triangular or forked graph on the complement we specify, according
to [ER2], a facet containing all those generators; and the facets, again ac-
cording to [ER2], are simplicial. (Note that the edges in the graphs in [ER2]
represent a condition 3;; = 0 or p;; = 0, whereas for us here they represent
Bij # 0 or pij #0.)

If the graph representing o is itself triangular or forked, then we may appeal
directly to the argument of [ER2]. We conclude that there are two orbits
of these types, which we may call RT* and BF*, represented by the same
graphs as the facets of types RT and BF. Examples are <w%, r3 (2 — w4)2>
for RT* and (2%, 2%,23) for BF*. (A forked or triangular graph is RT if is
triangular and has an even number of red sides: otherwise it is BF.)

So suppose that the graph is neither forked nor triangular (this means that
the rays not spanning o do not span a facet of IIs(4)). Then the vertices
must have valencies 0, 1 or 2, and at least one of them has valency 1. The
possibilities are that all four vertices have valency 1; one has valency 0, one
has valency 1, and the other two have valency 2; or two have valency 1 and
two have valency 2. These possibilities are illustrated in Figure 3.
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We claim that the first two of these cases together form one G-orbit, and
that the third forms another. In the first case, of valencies all equal to 1, the
graph is a string. By applying s;; we may assume that the string consists
of edges joining 1 to 2, 2 to 3 and 3 to 4. We may change the colour of the
outside edges by applying k1 or k4, and we may change the colour of the
central edge by applying ksks4, in each case without changing anything else.
Any graph of the second type (valencies 0, 1, 2, 2) may be converted to a
string by moving the double edge to join 1 to 2 and then applying w'. So
the first two types form a single orbit. In the last type, where the graph is
disconnected, we may always move the double edge to join 1 and 2 and we
may change the colour of the remaining edge (necessarily joining 3 and 4)
by applying k3. It is also easy to see that this type cannot be converted into

a string.

Examples of these two possibilities, which we call “string” and “discon-
nected”, are <x%,x%,m§> and <a:%,:v%, (z3 — :r:4)2> respectively. O
—e— —aK
String BF*

: .
RT* Disconnected

Figure 3: Orbits of dimension 3 faces of the second perfect domain

Lemma II1.16 Suppose o < II3(4) and that o = <l%,l%,l§,li,l§,l§>, and
suppose that the l; span a subspace of dimension 3. Then o is G-equivalent
to <x%,x§,xi, (1 — 303)2, (1 — 1’4)2, (w3 — 1’4)2>-

Proof. Without loss of generality we may assume that Iy, l> and [3 are
linearly independent. Since every face of IIy(4) is simplicial, (I%,13,13) <
I15(4), so according to Lemma IIL.15 it is equivalent to either <x%,:v%,:c§>
or <w%, x%, x?1> Type RT* is excluded by the linear independence condition,
and disconnected type is excluded because for any other generator I3 of
IT(4) the linear forms x1, x2, 3 — x4 and l4 span a space of dimension 4.
We prefer to replace <w%, x%,x§> by the equivalent face <w%, x%, (x3 — w4)2>
(also of string type — apply w' followed by s12s34).

Now the result follows from the observation that any seven linear forms

whose squares are generators of II3(4) span a linear space of dimension 4.
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Therefore the six [; are all the linear forms whose squares are generators of
IT5(4) and which lie in the linear span of l1, I and I3. In both cases this
gives <$%, .’E%, xia (1‘1 - IE3)2, (1‘1 - IE4)2, (.1'3 - $4)2>- O

Figure 4: An orbit of faces of the second perfect domain spanned by six
generators

Remark ITI.17 The graph corresponding to this example is a coloured
complete graph, as shown on the left of Figure 4. Applying w’ gives a graph
which is a bicoloured triangle. Notice that each edge of this graph has a
distinguished opposite edge, which shares an even number of vertices with
it but is of the opposite colour: this will be used below in Proposition IV.29.

IV Proof of the main result

Recall that D;’O‘f(n) denotes the closure in Agor(n) of the boundary Dy(n).
We refer to the irreducible components of D;’O‘f(n) as D;’fgr(n), or simply as
Dgi(n) if g < 3 (when there is only one toroidal compactification we need
consider). On D;’fz?r we define the line bundle

Mg,i(n) = —nND;/fzr(n)/A;/or(n) + L. (8)

Clearly, in view of Lemma IL.1, Mg ;(n) is an extension of the line bundle
M'(n) introduced in section II.
In the case g = 4 the boundary of AY°"(n) decomposes as

A (n) \ As(n) = D{*(n) + E(n) = Z D{%(n) + ) Bi(n).

We define the line bundle on DY?"

57

Ja(n) = Jui(n) = Mai(n) = Y nEy(n);. (9)

The proof of Proposition II.2 shows that certain theta functions define sec-
tions of M, iz(n) The first technical result of this section, Proposition IV.1,
is that these sections extend to sections of Jy(n).

The following notation will be used throughout the rest of the paper: if [ is

a set of indices then we write D;’f}r(n) for .ﬂl D;’:‘Z?r(n), and if F is a bundle
1€
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(or sheaf, etc.) on some variety containing D;’O‘f( n) we denote the restriction
F| DYor(n) TROTE simply by F|;. We have already used this convention above

(equatlon (7)): as we did there, we normally abuse notation by writing

DX‘Z’;( n) and F|;; rather than DZ‘%‘;,j}(n) and F|; j1, etc.

n

Proposition IV.1 Let p be a prime and n = 0 mod 4p>. If the character-
istics m',m" m' m" e ng L then the functions ©py i (2, T)Omr o (2,T)
define sectzons of the line bundle Ja(n).

Proof. Since the group Sp(8,Z/n) acts transitively on the boundary com-
ponents Dvor( ) we can again restrict ourselves to the standard boundary
component DV‘”( ), given by the line Qe; in Q® = Qe; @ --- ® Qeg. We
write DY$"(n) N Aj(n) = D} ;(n). We have already observed that the func-
tions © (2,7)Ommn (2, 7) have the correct transformation behaviour.
We shall have to study how the sections defined by these functions extend
to the generic point of the intersections DX‘{;( n) = DV‘”( )N DV‘”( ),j#1
and to the generic point of the divisors Eg(n)|;.

A standard calculation shows that Sp(8,7Z/n) acts transitively on pairs
(ng?r(n), DX(]’-r(n)) with DX(Z’;(n) # (). Hence we can work with the standard
cusp corresponding to the isotropic subspace Q(e; A ez A e3 A e4) and we
can, moreover, take j = 2 and assume that Dvor( ) and Dvor( ) correspond
to the rays (z}) and (23) in My ® R. The cone (z3,23) € Vor(4) has dual
cone given by

<x%,$§>v = (U1, Uaa, £Uss, £Us4, £U;5 (i # j)),

where {U;;} is the dual basis to {U};}.
We have the partial quotient

Hy — CxCx(C")®=Tyyemb ((z],23))

2mwiTi1/n 2mwiTo2 /0 2mwiTi; /n
(rig) > (tn = 7T/ by = 2T/ gy = 2T /M),

in which DVOT( ) corresponds to {t11 = 0} and DX({E( ) corresponds to
{tin =to2 = 0}-

We now have to study the theta functions O, (z,7) where m',m" €
(1/2p)Z9~1. The transformation of these functions with respect to Sp(8,Z)
is given by the theta transformation formula [Ig, pp. 84, 85]. Note that
characteristics of the form (m',m") with m’,m" € Q%DZ-‘J*1 are transformed
to characteristics of the same type.

The connection between the variables (z,7) € C* x Hz and Hj is the fol-
lowing. Recall that Dvor(n) corresponds to 73 — i0o. In terms of the
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coordinates t;; = €?™7ii/™ we have
@mlmll(z, 7‘) =
l( 12 1 12 1 1\2
3 (@21tm5)°n 5 (gs+mb)?n 5 (qa+my)’n
Z t22 t3s tiq . (10)
q€eZ3
H t(qﬁmg)(qj+m})ntgz+m'2)nt§%3+m3) t(q4+m4)n 2mit (q+m')m
ij
2<i<j<4

The claim that the sections of Mj;(n) defined by the products of theta
functions © /i (2, T)O sy (2, T) can be extended over DX({E( ) now follows
from the observation that the exponent of ¢t in ©py mu(z T) is equal to
(g2 + m4)?n/2 and, in particular, non-negative.

Next we study the extension to the generic point of a divisor Fg(n)|;. Again
we claim that Sp(8,Z /n) acts transitively on the pairs (Dvor( ), Es(n)]i). By
the action of the group GL(IL4) on My we can assume that E,(n) corresponds
to the central ray n in the second perfect cone. The transitivity now follows
from the observation at the start of the proof of Proposition III.6 that G, the
stabiliser of IT5(4) in GL(4,Z), permutes the generators of II5(4) transitively
and preserves 7.

We can, therefore, restrict our attention to the 2-dimensional cone <:v%, e>.
But

e = 2Uf1 + 2U;2 + 2U§3 + 2UZ4 + U1*2 - Uik3 - Uik4 - U;3 — U;4

and, using this, a straightforward calculation shows that the dual cone is
given by
(a, €>v = ((Ui1 — 2U12),Ur2, £(Uzz — Us3z), =(Uaz — Usa)
+(Uz4 + Ur2), £(Uza — Uss), £(Uza — Ur4), £(U2a — Us3)
ﬂ:(QUlg — U22), :|:U34> .

Hence Tiy,emb ((2%,e)) = C* x (C*)® and the torus embedding is given by
T, — Tigemb ((23,e)) =2 C x C x (C*)®
(tij) — (t11t12 yt12, t22tss ,t22t241, t24t12, t24t1_31, t24t1_41, t24t2_31, t%2t2_21a t34).

Let T1,...,Ti be the obvious coordinates on C? x (C*)®, corresponding to
U1 — 2Ui2,U12, Uy — Uss, ..., 2U12 — Us2,Uss. The hyperplane {T} = 0}
describes Dvor(n) and {T} = T» = 0} defines E5(n)|;. A straightforward
calculation shows

tn =TTy, tio=Ts, ti3=T, TsTy", tia=T, 'TsT; ",
oo = T22T971, oz = T271T5T871: tag = T271T5’ (11)
tss =T5Ty 'Ty ', tsg=Tio, ta=ToT, Ty".
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Combining this with formula (10), we can write the function O, (2, 7)
in terms of these new coordinates Ti,...,T19. We are interested in the
exponent of Th. If

wy = (g2 +my), ws = (g3 + my3), wy = (g4 +my)
then this exponent is given by
(we, w3, wq) = n(wy — wowy — w3 — wWg — wWaws + w% + wg + wZ).

Another straightforward calculation shows that this function assumes its
minimum for we = 0, ws = wg = 1/2, where we find that £(0,1/2,1/2) =
—n/2. Altogether for products of the form ©,,/ (2, 7)Ommy (2, T) we pick
up poles of order at most n. On the other hand ¢; = T1T22 shows that we
have a zero of order 2n and this means that, in total, we have a zero of order
at least n. O

Before we give the proof of the main theorem we want to introduce the
notion of depth of an irreducible curve C. Recall that we have a morphism

bn: AV (n) — AYT — A = A4 TT A3 IT Ay IT A, 1T Ap.
The depth of an irreducible curve C' C AY°"(n) is defined by
depth(C) := min{k | ¢,(C) N Ay_j # 0}.

Obviously 0 < depth(C) < 4 and depth(C') = 0 if and only if C is not
contained in the boundary. In the rest of the paper we shall treat each case
in turn, starting with depth 4 (subsection IV.1) and then going on to depth 0
in subsection IV.2, depth 1 in subsection IV.3, depth 2 in subsection IV.4
and finally depth 3 in subsection IV.5.

IV.1 Curves of depth 4

For a depth 4 curve, the question of whether it meets a given divisor nega-
tively is a purely toric one, depending only on facts about Vor(4).

Proposition IV.2 A divisor aL — bD4 — cE on AXOf has non-negative in-
tersection with all irreducible curves C' of depth 4 if and only if b > 2¢ > 0.

Proof. Since C'is mapped to a point in the Satake compactification it follows
that L.C' = 0. First we suppose that C' = Cg is a curve in E. It is known
that A)°T is projective: this was proved by Alexeev in [Al] for all A;’Of but
seems to have been known for much longer for g = 4; see for instance [Nam2].
Therefore there is an ample line bundle on E which is the restriction of a line
bundle on AY°". But we saw in Proposition 1.6 that Pic(.A}°") is generated
by L, DY°" and F; and the first two of these are pulled back from A}lgu and
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hence zero on E. So either E|g or —E|g is ample, and it is easy to see that in
fact —E|g is ample. This follows because II3(4) is contained in a half-space.
Hence on the toric variety Thg, emb (Vor(4) NII>(4)) got by subdividing the
second perfect domain into Voronoi cones, with torus-invariant divisors E =
O(n) (this is an abuse of notation as it is the normalisation of E C A}°F)
and D1, ..., D12 given by the generators, there is a linear relation involving
E and all the D; with positive coefficients. So, on the toric variety, —FE|g is
effective; and this remains true on .AXOT. So H.C' > 0 if and only if ¢ > 0.
Actually we can do better. If we work instead with ¥'(II5(4)) and use the
linear relation induced by the linear form ) Uj;, we see that on the toric
variety —4E|g = K|, so that E C Xy (4) is a toric Fano variety.

Next we consider the case of a curve C of depth 4 that does not meet E. Then
C is contained in the boundary Digu of Aigu, and the same considerations
as above, applied to A}lgu — A3 show that —Digu| ple is ample.

We remark that the morphism AY°" — A is a normalised blow-up of some
sheaf of ideals, (see [Ch] and [SC, Section IV]), and this is also sufficient for
our purposes.

For other curves of depth 4, it is convenient to work on AY°'(n) for some
n > 3: pulling back by ap, vor, we must show that (bD4(n) + cE(n)).C <0
for every irreducible curve C of depth 4 if and only if b > 2¢ > 0. Notice
that this will also prove that these conditions b > 2¢ > 0 are necessary for
aL — bD4 — cE to be nef, as claimed in Theorem I.8.

It is enough to consider the curves C corresponding to codimension 1 cones
o € Vor(4). This is because we need only consider irreducible curves, and
any such curve in E(n) lifts to a single irreducible component E of the
boundary of Xy,r(4). But such a component is a toric variety, and the curves
corresponding to codimension 1 cones generate the cone of effective curves
in E. Indeed, such curves generate the whole of A;(E), by for instance [Dan,
Proposition 10.3], and rational equivalence implies numerical equivalence.
We have already dealt with such curves in the case where o > (g(e)) for
some g € GL(Ly), because they are contained in E(n). So it remains to
deal with o < II2(4). Up to GL(L4)-action there are two such cones (RT
and BF facets in the notation of [ER2]). We choose to work with the cones
09 = {P13 = B1a = p34 = 0} and o1 = {B13 = Pia = P34 = 0}. Each of
these is a 9-dimensional face of the second perfect cone II5(4) and defines a
rational curve C' = P! in Xvor(4)-

Let T13(4)" be the 10-dimensional cone (og,e). In the language of [ER2],
I11(4)" is a type III domain: in the classification of Proposition IIL6 it is
equivalent to IT3(4). The facet o is an RT facet of II3(4). The transforma-
tion z1 <> x3, T2 ¢ x4 leaves o invariant, but maps 7 to a ray n’ = (¢’) and
13(4)" to another 10-dimensional cone, a part of a translate of II(4), which
is again a type III domain.
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The geometric situation is this: the curve Cp C Xyor(4) corresponding to
0y is contained in nine boundary components, which we call ngr, . ,DX%
(here 10 means ‘ten’, not {1,0}: the reason for the indexing will appear
below), out of the twelve boundary components DX‘{T, . DXH correspond-
ing to 1-dimensional faces of II5(4). These are the ones belonglng to the
1-dimensional faces of og. It is met (transversely) by two exceptional divi-
sors E, E' corresponding to the rays n and n’. No other invariant divisors
meet C, and because of the level structure F and E' give distinct disjoint
components of E(n).

The form % Tr’ which we introduced in the proof of Proposition 1.3 takes the
value 1 on each primitive generator of o, while  Tr'(e) = 4 and 1 Tv'(¢/) =
5. This shows that

DYy +...+ Dy +4E+5E' + R~0
where R is a divisor in Xy (4) which does not meet Cp. This implies
D4(n).Co = (DY + ...+ DY) + 4E + 4E').Co = —E'.Cy = —
We also have L.Cy = 0 and E(n).Cy = (E + E').Cy = 2. Hence
(= bD4(n) — cE(n)).Co = b—2c >0,

which is the desired inequality.

Finally we do the same calculation for o;. This cone has (o1,e) = I13(4)
which is a type II domain: o7 itself is a BF facet, since w(o1) = {f12 =
B23 = P24 = 0}. It forms the boundary between II3(4) and II; (4) and shares
an 8-dimensional face with oy.

Choosing the numbering suitably, we have the following geometric pic-
ture: the curve Cj lies in the intersection of the nine boundary divisors
DX‘{T, DX%T, .. ngr, and is met transversely by E and another boundary
component DVor corresponding to ((z1 — z2)?). (With this choice of index-
ing the 1- dimensional faces of I1,(4) correspond to ngr, . DV"‘r ) Now
%TI‘, ((561 — 502)2) =25s0

DY+ + DYy +4E +2D)§ + R~ 0
for some R not meeting C; and hence
Dy(n).Cy = (DY + DVor . DVor +4E).C; = —DYo.0, =
We also have E(n).C; = E.C; =1 so
(= bD4(n) — cE(n)).C1 =b—c>b—2c >0,

which completes the proof. O

28



IV.2 Curves of depth 0

The method we use in this case, of curves that are not contained in the
boundary of AY°F, is analogous to the proof of Proposition I1.2, but rather
more complicated. We have to produce a modular form vanishing to suffi-
ciently high order along each boundary component of AY°". Tt is relatively
easy to supply the modular form: our proof that it does indeed have the
required vanishing is neither simple nor elegant.

Proposition IV.3 Let C be a depth 0 curve and let H = aL —bD4—cE be
a divisor on A}for with a >0, a—12b >0 and b > 2¢ > 0. Then H.C > 0.

Proof. Tt is simpler to work this time with D}° rather than Dy, so we
write H = aL — BD)°" — vE (as in Remark 1.9) and assume that 3 > 0,
a—12520and724ﬁ23'y.

We note that L.C' > 0 since C maps to a curve in the Satake compactification
and L is ample on A3, Tt is enough to prove that H.C' > 0 if a — 12b > 0.
Choose some ¢ > 0 with a/b > 12 + ¢, and let F' be a modular form of
weight k, with F|c # 0, vanishing of order m > k/(12 + ¢) on D}°" and
order r > 9m/2 on E: such a form exists by Proposition IV.4, below.

Now we can write

kL =mD)* +rE+ Dp, C ¢ Dp

where D is the zero divisor of F on A)°" (that is, the closure in A)°" of
the set {F =0} C A4). So

(L - DYy —LE).C=21Dp.C>0.

Since a/b > 12+ ¢ > k/m and r/m > 9/2, and E.C > 0 since C is not of
depth 4, it follows that

(2 - DY~ 3E) .C > (51— DI — LE) C > 0.

It remains to establish that the modular form F exists.

Proposition IV.4 Given an irreducible curve C C AY°" of depth 0, There
exists a k € N and a modular form F for Sp(8,7) of weight k with F|c # 0,
such that F vanishes of order m on D)°" and order r on E, and m/k >
1/(12+¢) and r > 9m/2.

Proof. Apart from the inequality r > 9m/2 this is the result of Weissauer
[Wei, p. 220] that we used in the proof of Proposition II.2. We shall prove
that the forms that Weissauer constructs also fulfill the inequality r» > 9m/2.
For this purpose we need to recall his construction.
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Let [ = 2p with p prime and consider the set M of all characteristics in
(Z/Z)® of the form

m = (m(), M) € (3Z/2)° ® (3Z/Z)%, m) # 0.

For a characteristic m = (m',m") with m/,m" € R* the associated theta
constant is defined by

§ : e27rz % g+m")1t(g+m')+(g+m')tm'"]

q€eZ9

For M C M, define

and

F(r)= Y. Oy )M
MeTly/Ty(l)

where © ,, (7)"|M denotes the usual slash operator and M runs through
a set of representatives of I'y/T'4(2]). Weissauer then shows that for given
e >0 and 7 € Hy there is a subset M C M such that O x1(7) # 0 and
such that the resulting form F, has the property that m/k > 1/(12 + ¢).
We have to compare the vanishing order of such a form F, on D)°" with
its vanishing order on E. In order to do this, we consider the 2-dimensional
cone <x%, e>. The dual cone was computed in subsection IV.1 above, equa-
tion (11). We write m' = (mq, mg, m3, m4) and assume that we have nor-
malised in such a way that —1/2 < m; < 1/2. In order to compute the
vanishing order of F,.(7) we have to compute the Fourier expansions of the
theta constants

o(T E :th (mi+a:)(m;+4;) omi(g+m')tm"
m ) .

qeZ iy
We can rewrite this in terms of the coordinates Ty, T5, ..., T1g. The vanishing
order of ©,, (7, 0) along the divisor corresponding to z7 is then the minimum
1 2
5 (q1+mz1)

of the exponent of T}’ for q; € Z and equals m?/2.

The divisor E is given by T, = 0, so the vanishing order of F.(7) along E is
the minimum over all ¢ € Z* of the exponents of T, in the summand given
by q. For fixed q this order can easily be computed to be %e(q + m), where
e is the familiar quadratic form given in Section I, equation (1). That is,

%e(q +m) = Z(Qz +m;i)® + (q1 +m1)(ga + ma)
— (g1 +m1)(g3 + m3) — (g1 + m1)(ga + m4)
— (g2 + m2)(g3 + m3) — (g2 + m2)(qa + ma).
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For z = (21,2, 23,24) € R* we define

émin(Z) = min e(q + z);
qceZ4

then F,(7) will have the required vanishing as long as

Z (emin(m) — %m%) >0.

meM\M

We claim that this is true for [ large enough. Given ¢ > 0 we have #M <
e#M for [ > 0, so (cf. [Wei, pp. 218-219])

L Y (emn(m) — 3md)

lim —————
B BMA\NM) | A

— 9.2
= ////_ll emm ) 2.’E1) dm1d$2d$3dm4
29 2
1 1
_5 5

The integral is not easy to evaluate, even though its value is rational. The
region of R* for which the minimum is achieved by some particular value of ¢
is a Delaunay cell for the quadratic form e, but these are complicated: there
is a complete description in [V2a]. Instead of attempting to evaluate the

integral precisely, we chose to estimate it by calculating - M’ > emin(m)
meM’

using a computer, for a suitable set of points M'. Taking M’ to be the set

of points with coordinates of the form 2{CT+81 gave us the estimate

1

YVl > emin(m) ~ 0.2166667

meM'

and by bounding the derivatives of the piecewise differentiable continuous
function epi, one easily checks that the difference between this and the

actual value of the integral is less than 0.025. Therefore f €min > 1 gx%,
and this proves the result. O
Remark IV.5 The numerical evidence is overwhelming that f €min = %,
so that 1 .
1' —_———= i — 22 = —.
Jim ZM\ KD Z ) (emin(m) — 3m7) 540
meM\M

IV.3 Curves of depth 1

In this subsection we want to prove a result (Proposition IV.7) giving con-
ditions for a divisor to have non-negative intersection with every curve of
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depth 1. If C C A)°" is a curve of depth 1 we denote the irreducible compo-
nents of o, VOr( ) C AY°"(n) by Cj(n). Since C is of depth 1 it is contained

in DY°": any component C;(n) is therefore contained in a boundary compo-
nent ng?r(n).
The crucial point of the proof is the following lemma.

Lemma IV.6 For any curve C as above, given € > 0, there exist integers k
and n and a boundary component DVOT( ), for which we can find a section
s € H(kJa(n)) and a component Cj(n) C DX‘Z?T such that

(i) slc;m) 0
(i) s vanishes on p;, (D3(n)) to order X, with A\/k > n/(12 +¢).
Proof. The proof of this lemma is a version of the argument of Weissauer

which we have already used for curves of depth 0. The argument given in
[Hu, Proposition 4.1] for g = 2 is valid verbatim for all g > 2. O

Proposition IV.7 Let C' be a depth 1 curve and let H = aL — bDy — cE
be a divisor on AXOT witha >0,a—120 >0 and b > c> 0. Then H.C > 0.

Proof. It is sufficient to prove the result with the stronger condition a—12b >
0, since we can then take the limit as a — 12b — 0. Furthermore, because
the cover ap vor is Galois, it is enough to prove that «aj, v, (H).Cj(n) > 0
for some n and some component C;(n). We first of all choose some & > 0
such that

12
—12b) = b (1 — ——
(a b) b< 1 €>>0

We also choose a point (z,7) € C* x Hz whose image
[(z,7)] € Dy = ((Z* x Z*) x Sp(6,Z))\C* x Hs

lies on the curve C. Choose a boundary component Dj ;(n) and consider
the point

[(2,7)]n,1 € Diyy1(n) = ((nZ® x nZ?) x T3(n))\C* x H;.

It lies on some component C;(n) of the preimage of C in DV‘”( ). We shall
prove that oy v, (H) Cj(n) > 0 for this component.
Recall from ( ) and (9 )that

~DYY () pygm = DY = EMia(n) - AL
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where E(n)|1 = >, Es(n)li. It follows (see Remark I1.10 and Proposi-
tion II1.12) that

o vor(H)i = aL =D (n)li —bn)_ Di¥(n)h
i1
—bnE(n)|y —enE(n)|y
= (a—0b)L +bJy(n) — bnpj , (bD3(n)) + n(b— ¢)E(n)|1.

In terms of divisors, Lemma IV.6 means that for some divisor B 2 C

Ja(n) ~ 5B+ 30in(D3(n)).

Taking also into account that the divisor L on DX‘{r(n) is a pullback from

AY°"(n) we find that
* oon(H)|w = pt —bL—-b(n—2)D Ly b—c¢)E
o vor(H)t = Pl ((a = B)L = b(n = 2) Dy(n)) + LB + (b - ) E(n)h1.

By construction B.Cj;(n) > 0 and since C is a curve of depth 1 and b >
c we also have n(b — ¢)E(n)|;.C > 0. The result now follows from the
corresponding result, [Hu, Theorem 0.2], on AY°"(n), provided

a—b> 12é (n—é>
n k

Since Ak/n > 1/(12 + ¢) this follows from our choice of ¢. O

IV.4 Curves of depth 2

Let C C A)°" be a curve of depth > 2 which is not contained in the excep-
tional divisor E. Then (see Remark III.10) there are at least two different
linear forms [ # !’ such that C is contained in the divisors corresponding
to the rays <l2> and <l' 2>. This leads us to study the intersection of two
boundary divisors in AY°*(n). Assume that n > 3 and that DX‘Z’;(n) # 0.
We have seen that each of the boundary components admits a fibration

pit DY (n) — A3 (n).

Recall also (see e.g. [Hu]) that each boundary component Ds x(n) of AY°"(n)
admits a fibration
gr: Dy g(n) = A3 (n).

Indeed, this is the universal family over AY°"(n). Since DZ;’;(n) is mapped

to the boundary of A)°"(n) this gives rise to the following situation, for
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some k = k(7,j) determined by the ordered pair (i, 7):

D}%(n) C D{¥(n)

[ps |m

D3 (n) C A:Y‘”(n)

|

AYr (n).
Let r;; = g o p;|;. By Proposition III.12 we have that

—Dy(n)li; = —Dy¥(n)li; — pil} (Ds(n))
= —DY¥(n)|ij — pil} (D3 p(n)[x) — ri;(Da(n))

where D(n) is the boundary of AY°"(n), since
Dg(n) = Dg,k(n) + q}; (Dz(n)) (12)

Lemma IV.8 For H = aL —bDy4(n) — cE(n) we have

Hi;; = (a-— 2£) L+ ﬁpz‘|;M3 k(n) + 2p;[f Ms 1 (n) — br; (D2(n))
—br}; ) +b > DY + (4b — ) E(n)l;.
m#i,j

Proof. Tt follows from Proposition II1.12 that

pz|g Ds(n ZDvor )i +4E(n)|i
I#t
and hence
Dvor( )ij = p1|g Ds(n ZDvor )ij +4E(n)]i;.
I#i,j

Again using equation (12), this implies

—DY%(n)li; = —pil; (Dsr(n)lk) — )+ > DY¢r(n)li; + 4B(n)|i;.
I#1,5
Using
—Dsk(n)|k = tMs(n) — 1L
we find that
—DY¥(n)lij = #pilj(Ms(n)) — L —r};(D2(n))
+ ) DY (n)lij + 4E(n)]i; (13)
l#1,5
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Applying this formula also with ¢ and j interchanged, and using the fact
that —D4(n) = — > D)% (n) — 4E(n), we obtain
l b

—Da(n)lij = 5pil; (Ma(n)) + 50l (Msk(n)) — 2L — r};(D2(n))
r5i(D2(n)) + Y Digi(n)lsj +4E(n)]y;.
m#i,j

(There is a minor abuse of notation here, since the ks are not the same; but
this does not matter.) The result follows from this immediately. a

We need to understand the last term in the expression in Lemma IV.8. A
component Fg(n)|;; of the restriction of E(n) to DX‘;;(n) corresponds to a
3-dimensional Voronoi cell <lz~2,l]2-,es> € Vor(4) where [; and [; are linear
forms and e, is GL(L4)-equivalent to e. These were classified up to GL(Ly)-
equivalence in Corollary IIT.14.

Let E and E’ be the components of the exceptional divisor corresponding
to the elements e and e’ of My of Corollary IT1.14. As usual we assume that
DY$*(n) and Dy%(n) correspond to #7 and x3 respectively. Note that the

divisor D3 j(n) C AY°"(n), the image of pi |, corresponds to z2 € M.

Proposition IV.9 Let Es(n)|; be a component of the restriction of E(n) to
some divisor ng?r(n). Then p;(Es(n)l;) is contained in ezactly four bound-
ary components of AY°(n).

Proof. Since we now have only one non-exceptional boundary component
to consider, it is enough to do this for the standard exceptional divisor E,
corresponding to n. This is because the stabiliser of II5(4) fixes n and per-
mutes the generators. But € = Sym, pry(e) is a sum of four forms of rank 1
in M, by equation (6) in the proof of Proposition III.7. These rank 1 forms
together span a cone of Vor(3) and p;(E) is contained in the intersection of
the four corresponding boundary components. O

Remark IV.10 In the two cases E and E’ above we find two different kinds
of behaviour after projecting twice. The image pi(E|;) is not contained in
Ds 1(n), but pi(E'|;) is. This is because

&= (xs—3)* + (x2 — x4)* + 23 + 23

does not have x3 as a summand. In this case r12(FE|12) is contained in two

boundary components of AY°(n).
On the other hand

g = (g — 5133)2 + (z3 — :r:4)2 + :c% + :UZ

does have 3 as a summand, so p1 (E'|1) C Ds 1 (n). Sori2(E'|12) is contained

in three different boundary components of AY°"(n). In other words, E'|15 is
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mapped under r» to a deepest point in AY°T(n), whereas E|;2 is mapped
to the intersection of two boundary components, i.e. to a P! in AY°*(n)
if n > 3.

Corollary IV.11 Let Es(n)|;; be a component of E(n)|;;. Then the coeffi-
cient of Es(n)|ij in r} (Dz( )) is equal to 3 if Eg(n) is mapped under r;; to
a deepest point in Avor( ) and equal to 4 otherwise.

Proof. D2(n) is given by the support function 15 on Vor(2) that takes the
value 1 on the primitive generator of every ray. In toric terms, g is given
by the projection Sym, pry: Ms — My, which maps é to 2(z% + z3) and &
to x5 + x5 + (z3 — z4)®. So ¥2(&) = 2(¢2(23) + Y2(z])) = 4 and similarly
P2(€') = 3. O

We are now in a position to begin checking nefness for depth 2 curves. Let
C be such a curve. We choose a maximal cone o such that C is contained
in the closure of (the image in the moduli space) of O(c). Since C is a
depth 2 curve, it is not contained in the exceptional divisor and hence o
must be of the form <l%, e ,l,%>, where the [; are linear forms on Iy and
where {l; = --- = = 0} is a plane in [y ® R. In particular, we may assume
that [; and l» are linearly independent and that the other linear forms I,
k > 3 are linear combinations of [; and l5. Up to GL(IL4 )-equivalence we may
assume that Dvor( ) and DVOT( ) are DVOT( ) and Dvor( ), corresponding
<l%> = <x%> and <l2> = <x§> respectively. We may regard o as a cone
in Vor(2) and from the known description of Vor(2) it follows that we need
only consider the cases o = (z},23) or o = (22,23, (z1 — 22)?).
In particular C' is in either two or three (necessarily non-exceptional, since
depth(C) # 4) irreducible components of the boundary of AY°"(n). For
any curve C' with 0 < depth(C) < 4 we define the boundary multiplicity of
C to be the number u(C) of irreducible components of the boundary that
contain C: it is the multiplicity of the generic point of C' as a point of Dy(n).
First suppose that depth(C) = 2 and u(C) = 2: that is, there are just two
such components, which with the assumptions above are DVor and DVO‘r
We shall use the expression for H|;; which we derived in Lemma IV.8.
Notice (see Remark IV.10) that if a component of E(n)|;2 is contracted
to a (deepest) point by ris then it is also contracted to a point by ;.
Correspondingly we decompose E(n)|12 as

B(n)i2 = B+ (n) + E_(n),

where E (n) consists of all the components that are not contracted to points.

Lemma IV.12 Suppose n > 3 and C C DX‘l’rQ( ) is a depth 2 curve of
boundary multiplicity 2. Then, given € > 0, we can write

s (Ms (m) ~ By + Xiry (Da(m) + B (n)
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where Ry is an effective Q-divisor with C' ¢ Supp R1 and A1 > 1/(12 + ¢).
A similar statement holds for Lps|t(Msk(n)).

Proof. We have already explained that one can construct suitable sections
of some power of Mj ;(n) by taking products of theta functions of the form
®m’m" (Z, 7'), where

T= <T33 T34> € Hy and z = (21, 22) = (723, T24).
T34 T44

The claim about the vanishing along r, (D2 (n)) follows by Weissauer’s ar-
gument as in [Hu, Proposition 4.1]. To check the contribution along the
exceptional divisors it is sufficient to check the divisors given by the rays #:
the terms corresponding to n' = (e’) (see Lemma II1.14) can be absorbed
into R;. This works as in the proof of Proposition IV.1. The Fourier expan-
sion, for ¢ = (g3,q4) € Z?, reads

Omm (Z T) =
Z 2 q3+m3 n (‘14+m4) t(q3+m3)(44+m2)nt(q3+m’3)nt(44+mﬁ)n62wi(q+m’)fm”
33 34 :
qcZ2
Let ws = (g3 + mj) and wg = (g4 + m}). A computation analogous to that
in the proof of Proposition IV.1 shows that the vanishing order along E (n)
is equal to the minimum value of 2 + 2(w3 + w} — w3 — wy) for these values

of ws and wyg. The real function wg + wi — w3 — w4 assumes its minimum
at ws = wy = 1/2 where its value is —1/2 and this gives the result. O

Proposition IV.13 Let C be a depth 2 curve of boundary multiplicity 2,
and let H = aL—bDy(n)—cE(n) be a divisor on AY°*(n) with a—12b/n > 0,
b>e¢>0. Then HC > 0.

Proof. Using Proposition IV.8 and Lemma IV.12 we find that
H|12 = (a — 2%)[4 + b(Rl + RQ) + b)\lrfz (Dg(n)) + b)\gré‘l (Dg(n))
+2bE(n) — briy (Dg(n)) —bryy (Dz(n))

+b > DY¥l2+ (4b — ) B(n))12.
i1#1,2

We can rewrite this in the form

Hp = ¥ r;‘i,((%—%)L—b(%—Ai) Ds(n)) +b(By + Ry)
1=1,2
_ Z 3 zz, D2 —l—b Z l)VOr |12
i=1,2 i1#1,2

+2bE(n) + (4b — ¢)E(n)|12,
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where ¢/ = 3 —i. As before (Proposition IV.7), we may assume that in fact
a—12b/n > 0. The first two summands then have non-negative intersection
with C. This follows by induction from our knowledge of the nef cone of
AY°T(n) ([Hu, Theorem 0.2]) and the inequality \; > 1/(12 + ¢), where we
can assume ¢ > 0 arbitrarily small.

By construction also (R; + R2).C > 0. By Corollary IV.11 we have

ria(Da(n Z DY¥*(n)|12 +4E4.(n) + 3E_(n)

where ng?r(n) runs through all components such that r12|; is not dominant,
and a similar formula for r3;. Altogether we see that the coefficients of
ngr(n)hz for i # 1, 2 and those of E;(n) and E_(n) are all non-negative.
Since C is not contained in any of these divisors we have proved the assertion.

O

We now move on to the case where the curve C' has depth 2 and boundary
multiplicity 3. Such a curve is contained in the closure of the image in
AY°T(n) of O(c) where o has dimension 3, and thus in D)9 (n) for some set
I of three indices. For convenience we take I = {1,2,3}, and we denote by

G3 the symmetric group on three elements acting as the symmetry group
of I.
For each ¢ € G3 we define the bundles

Mg = (pety i) (Msstemen)) lec

and

D¢ = (7’2(1)g(2) (D2(n))) le(3)
on DX‘}r(n).
Lemma IV.14 With the above notation

—4Dy(n |1_1ZM 51— ZD§+2ZDV‘” )1 + 8E(n)|s.
i1

Proof. Apply equation (13) in the proof of Lemma IV.8 with i = £(1) and

7 = &(2) and restrict to DX%‘E3) (n). Rearranging this gives

DY, (m)lz — DY) (n)lr = SMg — 1L —De + 37 DY (n)1 + 4B ()]
iZ1

taking the sum over £ € G3 gives

~4%" DYo(n) ZM -8r - ZD§+62DV°r )1 + 24E(n)|1.

iel iZ1
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Since D4(n)|r = Z DVOT( )1 +4E(n)|; we have the formula stated. O

In this case we again decompose E(n)|r as E;(n) + E_(n) by assigning a
component to E_ if it is contracted to a deepest point by the r;;. Again a
component is either contracted by all of the r;; or by none of them. This is
easy to see, since o is GL(ILy)-equivalent to (3,23, (z1 — 22)?) and hence
ri; corresponds to the linear map Iy — L, with kernel spanned by z; and
x2, independently of 7 and j.

Lemma IV.15 For any & € B3, given € > 0 we can write
7 Mg ~ Re + A\¢D¢ + By (n)

where R¢ is an effective Q-divisor on Dvor( ) such that C € Supp Rg, and
)\5 > 1/(12 + 8)

Proof. Immediately from Lemma IV.12. a

Note that, by Corollary IV.11, the coefficient of E(n) in D¢ is equal to 4
and the coefficient of E_(n) is equal to 3.

Proposition IV.16 Let C be a curve of depth 2 and boundary multiplic-
ity 3, and let H — aL — bDy(n) — cE(n) be a divisor on AY°*(n) such that
a—12b/n >0 and b >2¢ > 0. Then H.C > 0.

Proof. As usual we may assume a — 12b/n > 0. By Lemma IV.14 and
Lemma IV.15 we have

Hi = (a—2) L+"’ZR§— N 1= 2)De + 1> DY (n)
13 1ZI
T 2bE(n); + 3bE+(n) — cE()l;
* a b b A b
= Z”g()g()((a—m)L—§(§—7§)D2( ))|§ ~15) D
£
+8 ZRg + 5> DY ()1 + (2b— ) E_(n) + (5b— ) B (n).
i¢I
Furthermore
Z DY (n)|1 + 4E+ (n) + 3E_(n),
leJ(¢
where ( ) runs through all boundary components such that the image
Te(1)€(2 )( l (n)|1) is contained in the boundary of AY°'(n). Note that
InJ) =
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Using this we get

Moreover the coefficients d; are non-negative. By induction, i.e. by our
knowledge of the nef cone of AY°*(n) from [Hu], we can assume that the

divisor (% - E) - b(— - —)DQ( ) is nef and therefore that its pullback

has non-negative intersection with C'. Also 25663 R¢.C > 0. Since C is not
contained in any of the divisors DX?r(n) for i € I, nor in any component of
E(n)|r, and since d; > 0 and the coefficients of the components of E_(n)
and E, (n) are all non-negative, the result follows. O

IV.5 Curves of depth 3

Supppose C' is an irreducible depth 3 curve of boundary multiplicity u =
1(C). Then 3 < pu < 6 and C' is contained in DVOT( ) if and only ifi € T
for some index set I of size p(C). We assume without loss of generality
that I = {1,2,...,u}, and denote by &, the symmetric group on p symbols
acting as the symmetry group of I. For any { € &, we have the following
diagram:
Vi V V
Dy (n) € Dignyee () © Digny(n)

Peuylr lpg(n\g(z) lpﬁ(l)
Ds ke)(n)  CDspe(n) C Ay (n)
an(e) k(&) lqk(ﬁ)
Dy msen(m) € A (n)
Sm(k (&)
A (n).

Here the index k(&) and the set of indices K (§) are all determined by the
choice of {¢ € &,: we define K(§) to be the set of indices k such that

1)|1(DX‘}r(n)) C D3 j(n). In fact k(§) depends only on £(1) and £(2), and
K(¢) only on £(1). For any k € K(¢), we define m(k) so that gi|x(¢) maps
D3 g (¢)(n) to Dy miy(n). Tt is not quite immediate that m(k) is well defined:
in principle the image of gy| K (¢) could be in the intersection of two boundary

components of AY°"(n). However, this does not happen: see Corollary IV.19
below.

To reduce the amount of notation we write pg = pe(1)le(2), Te = Te()e(2) =
Qr(e) © Pe(n)le(2), and relr = qr(e)lx () © Pe(rylr- Note that p¢ and r¢ depend
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only on £(1) and £(2). As in the case of depth 2 and boundary multiplicity 3
we define bundles

D¢ = (rg(Da(n))) |1
on DZ‘}r(n). We also write
Se = (PE(Ds k(e (n)) Ir

Lemma IV.17 If H = aL—bD4(n)—cE(n) and a > 12b/n > 0, then there
is a nef Q-divisor Ay, such that

Hl; = A - —(M_bl)ﬂ! > D

£€6,
ey O Set ik > DiY(n |1+( —C)E(n)|1.
£e6, iZI

Proof. Replacing &3 by &, in the proof of Lemma IV.14, we see that

—(p—=1)(up — 1)! Dy(n)|r =
=3 8= > De+(p—1IY_ DY¥(n)|r+ 4 — DIE(n)|;.

€6, €6, igI

From this it follows that

_ b b
Hlr = al— gty D Se— gty D De

£c6, £e6,
T (8-
iZI
= Z rE (%L — ﬁDz(")) Ir— (ﬂ_b1)u! Z D¢
§EG,
oG D Set ity 2 DI (—1_6) Bl
(e, iZI

which gives the formula required. The first term is nef because it is the

pullback of a nef bundle from AY°". 0
For any boundary component D3 j(n) of AY°"(n) we have as before (equa-
tion (12))

n)) k= Ds;(n)lk, (14)

J#k
S0
|I = Z pg DB,J )|
J#k(€)

41



Lemma IV.18 For any £ € S, (with 3 < p < 6) we have #K(§) = 2 or

#K(E)=3. If u =3 then #K(§) =2; if u =6 then #K () =3. If p =4
or u =5 then both cases can occur, depending on o and €.

Proof. The cone o is of the form <l%, e ,lz> and has three special properties:
it is a Voronoi cone, o € Vor(4); it contains no rank 4 forms (otherwise
depth(C) = 1); and the linear span of the [; is of dimension 3. Then

K(§) = {Symy prey (L) [ o = (hs -5 lu)s @7 €(1)}-

By using the GL(L4)-action we may assume that o < II;(4), that is, that
the generators of o are z? or (z; — z;)?; and we may assume that z4 does
not occur at all, so that o < IT;(3).

If 4 = 3 then the /; are linearly independent, so the projections of l;(5) and
l¢(3) are also linearly independent. So #K (§) = 2.

If 4 = 4, there are two possibilities. If three of the [; are linearly dependent
then #K(¢) = 2 if £(1) is one of those three, since the projection identifies
the other two; but #K(€) = 3 if £(1) is the fourth generator. On the other
hand, if no three of the I; are linearly dependent, then any two projections
are distinct, so #K (&) = 3.

We remark that both these cases occur: examples are <x%, 3, (1 — 22)2, x%)
and (i, (z1 — 22)%, 23, (z2 — 23)%).

If 4 = 5 then o is a codimension 1 face of II;(3) and thus equivalent to
(22,23, 23, (v1 — z2)?, (x1 — x3)?). There are two linear relations involving
three of the /; and one generator (namely I3 = x2) occurs in both of them.
Each linear relation involving l¢(;) reduces #K (€) by 1, starting from pu — 1
(i.e. if there were no relations all the other generators would give different
elements of K(£), so we should have #K () = u — 1); so #K(§) = 2 if
€(1) =1 and #K (&) = 3 otherwise.

If = 6 then o = I1;(3) and because GL(I3) permutes the generators we
have #K () = #K(id) = 3 for all £. O

Corollary IV.19 If k € K (&) then m(k) is unique: that is, the image of
G|k (¢) 15 contained in exactly one boundary component Dy ) of AYor(n).

Proof. The linear span of K (&) has dimension 2, since it is the projection of
the linear span of the /;. Projecting again from an element of K (&) therefore
gives a space of dimension 1. a

We can characterise m(k) by saying that it gives the unique boundary com-
ponent that contains the image of C. We denote the elements of K(§) by

k(£), K'(§) and (if #K () = 3) K"(£).

We also know from the case g = 2 that — Dy (k) (n)|m(x) is nef. We write

Ds(n) = Dy mr)(n) + Dz (k) (n),
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80 Dy m(k)(n) is the union of all the boundary components except for the
unique one that contains the image of C.

Lemma IV.20 Let D3;(n) and D32(n) be two boundary components of
DY°t(n). Suppose g1: D31(n) — AY*(n) and g2: D3a(n) — AY°(n) are
the associated projection maps, and write Dy 1, (1) for the image g1 (D3712(n))
and similarly Dy 2) = @2 (D3,12(n)). Then

(i) @3 Dagm(2)(n) = @i D2 (1) (n),
(i) D31(n)l12 = D32(n)|12 + ¢5D2m2) ()12 — 45 D2 m(1) ()12

Proof. (i) We may assume that D3 1(n) and D3 2(n) correspond to (z}) and
<:132> in Vor(3). Then ¢; is given by Sym, pr; so boundary components of the
image of ¢; (which is abstractly .AY°"(n)) may be thought of as cones in the
Voronoi decomposition of quadratic forms in the variables x5 and z3, while
for go one should consider quadratic forms in #1 and x3. In particular m(1) is
<x2> and m(2) is <x%> Conside an arbitrary boundary component given by
<(a1:v1 + aszo + a3:v3)2> € Vor(3). Under ¢; it maps to <(a2:v2 + a3:v3)2>,
which is different from m(1) = <x%> if and only if ag # 0. Similarly the
image under ¢ is different from m(2) if and only if ag # 0.

(ii) Applying (i) and using the equation (compare equation (12))

—D3y(n) = Y Dsi(n)ha — i D2(n)|12
1#1,2
= ZDBz n)l12 — q1 Do m(1)(n) 12 — @1 D1y (n) |12
1#1,2

and the same equation with the indices interchanged, we obtain

(= Dsa(n) + g1 Dojmy) 12 = Y Dsi(n)i2 — ¢i Danuy iz
i1#1,2

= ZDsz )12 = @3 D2 m(2) |12
i1#1,2

= (= D31(n) + ¢5Dam(2)) 12
as required. O

Proposition IV.21 There is a nef Q-divisor Ay such that the following
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expression for H|; holds:

H|I = Ay — (p—bl)u! Z rgDva(k)(n)h
§€6,

b *
— Y. ERE GG D2t (W)
£e6,

+ D FEE- ulul'p§<ZD3l >

(€6, I¢K (¢

i Yo DY)+ (72— e) Bl

i1

Proof. From equation (14) we have

—Ds |k (e) = — e D2(n)| k(¢ (15)

I¢K (¢

if #K =2 and

—Dsp|x(e) — Dawrlre) = O, Dsilr(e) — GiD2(n)lxe) (16)
IgK(€)

if #K = 3. We also have, by Lemma IV.20

D3kl (¢) = Daw i) + G Doymy (n) K (6) — GDoymry (0) [k (e)  (17)

and similarly for k" in place of k' if #K = 3. In the latter case we add the
two equations to obtain

D3ilre = %Ds,k'h{(g) + %Ds,k"|K(§) + %QZ’DZm(k’)(n”K(f)
+ 35 Do ey (0) |k (¢) — T Dom(ie) (0) | k() - (18)

We use these equations to eliminate S¢ from the formula in Lemma IV.17.
From (15) and (17) we have

-y pgDs (M) |k e) + De + Pe@ir D2,mk'y — PR D2,mi(k)
1K (¢

if #K = 2, and from (16) and (18) we have
= —3 Zpngl )+ 'Dg
leK
+ pg (qusz,m(k') + 35 Doy — GoDom(r)) -
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The term ﬁ >igr DX‘Z?r(n)h + (% - c) E(n)|r plays no role at this point
and we temporarily denote it by *. So for #K = 2 we have

Hlp = Ai+x— ulu'zpf ulul ZDf

£€G, €€6,
Rr= =i DD PgD:fl () (19)
£cG, IZK (¢
+ Z 9§ (% Doy — QkD2,m(k))
£e6,
and for #K =3
b b 1
Hr = A+ gtya D Pe— gonty D 30
£€6, (€6,
ey 2L Y 3PeDsi()lke (20)
geeu I¢K(€)

- (M_1)(M—_1)! > ¢ (395 Do) + 3G Da,m(iry — G D2.m(r)) -
=y

Since —Dj rn(k)(1)|m(x) is nef we may add those terms to A, obtaining a
nef Q-divisor Ay where

Az = A1 = Gyt D TED2am(v(e) (M) lm(k(e))-

In view of Lemma IV.20 this allows us to replace D¢ by r{ Dy ) (n)|r. This
gives the desired coefficients for the Dy ) (n) and Dj3;(n) terms Finally,
the terms

> (PEg Doy — PEGEDam(r))
=P

and

> (30Ek Do)y + 3PEG Dam(ier) — PEGE D))
=

vanish. Indeed, if we fix £(1) = a say, and take &,_1 = {{ € 6, | £(1) = a}

then
> (Pali@ i Domesr) = Paliz @i Domy) =0
£e6y—1

and similarly for #K = 3. O

In fact only the part of H|; supported on the exceptional divisors could have
negative intersection with C. We have

< Z D3 ,(n >|1— Z DVOr |1+Z%(§)Es(n) (21)

I¢K (¢ JEL(E
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and

1Dy iy (n)|1 = Z DYF(n)r+ Y 8,(&)Eq(n), (22)

JEM(E

where L(§) D M(¢), L(§)N1T = (Z) and s and d; depend on the cone o, the
permutation £ and the component Eg(n) of the exceptional divisor.

Corollary IV.22 H.C > 0 provided that

b b
0 = ;6: (_(ufl)u!‘ss(f)_ FEE D e 10 (©)
€6u

b 4b
+ rE () + i —e

for every component Es(n) such that Es(n) N C # (.

Proof. Away from the exceptional divisors F4(n), by Proposition IV.21 and
equations (21) and (22) we can write

—=m D TeD2miy ()1 + 3 D DI ()l =) eiDyE(n)
{EGH g1 g1
and

= 2 wErRE-nEnmEn e Dem (Ml
§€6,

+ Z (#K (€ H 1)(u— 1|p§( Z D3l > ZﬁzDvor

£e6, 12K (¢ il

with a; > 0 and §; > 0. Hence

Hlp = A+ Z a; + Bi) DY (n) |1
iZ1

> < > < i ds(8) — EErREDGnE s ©)

s NEeo,

+(#K(g)—l)f’u_l)(u_l)!%(é)) T c) E,(n).

Since Ao is nef and DV"‘r C >0 for 7 ¢ I we have the result claimed. O

We shall fix s so that E; = E, the component corresponding to the ray 7,
and drop the suffix s from the notation v(§), ds(£). Since we may assume
that C N E # 0, we can take o to be a face of II3(4). Obviously we need
only consider the faces up to G-equivalence.

Unfortunately the inequality of Corollary IV.22 does not always hold. We
shall need an extra argument, applied in Proposition IV.26 and Proposi-
tion IV.29, to handle the cases where it fails.
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We begin by calculating the values of v(§) and §(§) for three of the four
cases of Lemma II[.15. We shall work with the representatives given in
Proposition II1.15, and with the generators in the order given there. Note
that the values of v(£) and §(¢) do depend on &, not just o.

Proposition IV.23 If o is a 3-dimensional face of II3(4), not of type RT*,
and & € G3 then the values of y(€) and §(§) are:

Y€)= 3, §(§) =2 if o is of type string and £(1) # 3;
v€) =2, 6(&§) =2 if o is of type string and £(1) = 3;
Y€) =2, 6(§) =2 if o 1s of type BF*;

v€) =4, 6(§) =4 if o is of type disconnected.

Proof. We consider the support functions 1., and 15 on (suitable copies of)
Vor(3) and Vor(2) respectively that determine the divisors } sk ¢y D3,(n)
and Dj ;x)(n): namely, ¥, (respectively t5) takes the value 0 on a gen-
erator v of a ray in Vor(3) (respectively Vor(2)) if v € K(§) (respectively
v =m(§)) and 1 otherwise. Observe in particular that v(£) depends only on
&(1), since that determines K (£), but §(¢) depends on the unordered pair
EONE)

String type: <x%,x%,m§> Since #? and z2 are interchanged by k3 € G,
which preserves o, we need only consider the cases £(1) = 1 and £(1) = 3.
If £(1) = 1 then the projection gives, as in (6)

&= (zo —3)° + (2 — 24)% + 22 + 23. (23)

In this case K (&) = {23, 23} so y(£) = 3. Taking the further projection from
£(2) we get either & = 222 + 223, if £(2) = 2, or & = 23 + (z2 — 24)? + 23, if
£(2) = 3. In the first case m(¢) = 22 and in the second case m(£) = z3: in
either case §(&) = ¥s(e) = 2.

On the other hand, if £(1) = 3 then the projection Sym, pry gives

e=at + a3+ 2]+ (21 + 22— x4)%

K (&) = {2%,23} so v(£) = (&) = 2. Applying k; if necessary we may take
£(2) =1,50 & =22+ 23+ (z2 — v4)? and m(¢) = 22 s0 §(¢) =2

BF* type: <x%,x§,xi>. In this case the subgroup of G that preserves o
acts transitively on the generators (sq3koks interchanges :c% and :v%; Soskoky
interchanges z? and 22 — more simply, consider the symmetries of a genuinely
black forked graph), so we need only consider ¢ = id. Then € is as in (23)
and and K(¢) = {22,723}, and & = 23 + (22 — 24)? + 23 m(£) = 23 so
2(€) = 8(¢) = 2.

Disconnected type: (z%,23,(z3 — z4)?). In this case z} and z} are in-
terchanged by k1 and z? and (w3 — 24)? are interchanged by w’, both of
which preserve o, so it is enough to consider £ = id. Then € is as in (23)
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and K(¢) = {23, (z3 — z4)?}, and & = 223 + 223: m(§) = (z3 — z4)? so

V(§) =0(§) =4 O

Corollary IV.24 IfC is a depth 3 curve with i = 3 contained in the closure
of the image of the orbit of o, and o is not of type disconnected, suppose
H = aL — bDy(n) — cE(n) is a divisor on AY°"(n) with a — 12b/n > 0,
b>2c>0. Then H.C > 0.

Proof. Note first that o is not of type RT*, since the linear forms whose
squares span o then span a space of dimension 2, not 3. Since y = 3 we
have #K (£) = 2 always, by Lemma IV.18. According to Corollary IV.22 we
need to show that if b > 2¢ then

> (50 — 86(8) + 5v(9) +20—c>0.

IJS(CE

If o is of string type then > .o, 0(§) =12 and } ;. g, V() = 16, so we get
2b—c > 0; if o is of type BF* then } . . 0(§) = X ece, 7(§) = 12, s0 we
get b—c>0. a

If o is of disconnected type then ..o, 0(§) = > ece, 7(€) = 24 and we get
—c which will not be positive. We need to deal with this case separately.
We do this by examining the contribution from Dj y,x)(n). If n > 3 then
the boundary component Dj (1) (n) of AY°T(n) is isomorphic to the Shioda
modular surface (or universal elliptic curve) of level n, which we call S(n):
the projection to the modular curve is (k) : Do (k) () = AY"(n) = X(n).

Lemma IV.25 Let Ny = —Djmk)(n)|D,,, ) (7) be the normal bundle of
Dy iy () in A3 (n). Then

where the L;; are the sections of S(n).
Proof. This was proved in [Hu, p. 271]. O

Proposition IV.26 Assume C is a depth 3 curve with p = 3 contained
in the closure of the tmage of the orbit of o, and o is of disconnected type.
Suppose H = aL—bDy(n)—cE(n) is a divisor on AY°*(n) with a—12b/n > 0,
b>2c>0. Then HC > 0.

Proof. We may take o = <x%,x%, (z3 — x4)2> and as in the proof of Propo-
sition IV.23 we may assume that £ = id. Then the exceptional divisor is
mapped by r¢ to the line E given by <x§, xZ) and DQ,m(k)(n) intersects this
line transversally. If r¢(C) C Dy px)(n) is a curve that intersects E then
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it does so at a singular point of a fibre of s,,(), since the two components
containing the image of E also meet there. In particular, r¢(C) cannot be a
section of sp1)-

We now have to remember that the term A, in Proposition IV.21 contains
copies of the nef line bundle —Dj ;1) (n)|D, (1, (?)- In fact in view of the
explicit description of this line bundle given in Lemma IV.25 we know that it
is represented by an effective Q-divisor, namely %(Z Li;) + %sfn(k)L X(n) =
2(3" Lyj) +Spk) (3Xoo(n)), where Xo(n) is the set of cusps on the modular
curve X(n) = AY°"(n). In particular, it follows that this line bundle has
positive degree on all curves that are not sections. In view of equation (19)
and the subsequent reasoning, it will be enough to prove that

(_ 15 D "EDom(e)(n) = § D 1iDamie)(n) CE(n)gu)g(z)) .C >0,
= =

where E(n)¢(1)¢(2) denotes the union of those components of E(n) that map
to E. This simplifies to

( —% Z 7 Do.m(e) (n) — CE(”)&(l)g(z)) .C>0.
£€6,

A priori the curve C' can meet several components of E(n)g(1)g(2) and each
of these in several points. Let P be some such point of intersection and let
Cp be the curve germ defined by C at P.

Since r¢(C) is not a section it follows that (3 L;;).r¢(C) > 0. Now
as we have said before the curve r¢(C') must intersect a singular fibre of
Dy m(e)(n) = S(n) in a singular point over some cusp. Denote the fibre of
Dy m(¢)(n) over this cusp by Fy. Note that Dy s ¢)(n) intersects Dy pe)(n)

in two lines which are contained in Fy and which meet E. Pulling back
=Dy i (¢)(n) and using § = 4, we obtain

ri(§F0).Cp = §7{(Dame))-Cp > 3E.Cp.
But now the claim follows since

—g Z T‘;Dzm(g)(n).Cp Z Z %TEFO-CP Z %ECP
tes, tes,

So here b > %c is enough. a

Lemma IV.27 If 3 < u < 6 and o is a cone such that the image of the
closure of its orbit contains a depth 3 curve, then y(&) > 6(§) = 2 for all
§€6,.
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Proof. Symy, pre(5) maps K (§) to m(§). If € = Sympr, ) e = [B4H12+12+1F
then (&) = ) is equal to the number of the I? that are not in K({)

Py(e
ButlfIQGK()sowy(z) thenl2 (pr ()l_) (§)SO¢6(Z)

=0,
30 15(€) < 1hy(€). Hence y(£) > 5(¢).
But 4(¢) is determined by £(1) and £(2) only, since these determine m(¢&)

and hence s as well as €. Choose a non-RT* face 7 of o spanned by
€(1) = 2, £(2) = 2 and some other generator of 0. These exist, since
the third generator of an RT* face is in the linear span of I; and [s, but
the generators of o span a rank 3 space. Moreover, such a non-RT* face
cannot be of disconnected type, because any cone having a proper face of
disconnected type contains forms of rank 4. The choice of £(1), £(2) and T
determines an element m({;) € My, namely m(§;) = Sym, pre(r)¢(2)(7); and
since 7 is not RT* it is non-zero. Therefore m(¢;) = m(§), since both of
them are the square of a generator of the same 1-dimensional space (namely,
the projection of the linear space spanned by the generators of o).

Now 4(€) is calculated exactly as one calculates ¢ for the cone (£(1),£(2),7)
with the generators in that order. This is a non-RT* cone with u = 3 so by
Lemma IV.23 that value of § is equal to 2. a

Proposition IV.28 Suppose C is a depth 3 curve with u = 4 or p = 5
and H = aL — bDy(n) — cE(n) is a divisor on AY°*(n) with a —12b/n > 0,
b>2c>0. Then HC > 0.

Proof. Since (&) > §(£) we need only check that

§€6,

But 6(¢) =2 so

b 4b _ 2b
Z _(p—l)u!(ss(f) + 1 ¢= 1 ¢ > 0.
G,

This is always fulfilled for 4 =4 or p =5 and b > 2c. a

Proposition IV.29 Let C be a depth 3 curve with p = 6 and let H =
alL—bDy4 — cFE be a dwisor on AX“ with a >0, a—12b >0 and b > 2¢ > 0.
Then H.C > 0.

Proof. In this case, by Lemma III.16, we can always work with the cone o =
(22,23, 23, (x1 — 23)?, (x1 — 4)?, (3 — z4)*). However, we cannot restrict
ourselves to & =

There are two essentially different cases, depending on whether the edges
€(1) and £(2) in the bicoloured graphs given in the proof of Lemma II1.16
(Figure 4) are opposites (3 cases) or not (12 cases): see Remark IT1.17. A
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representative of the non-opposite case is (£(1),£(2)) = (2%, 23), of the other
(€(1),£(2)) = (22, (v3 — 24)?). The geometry of these cases is as follows. In
the non-opposite case we obtain

&= (zo —3)° + (2 — 24)% + 22 + 23,
& =22+ (z — x4)% + 23,
m(§) = zf.
In this case the exceptional divisor is mapped to a point E whichisa singular

point of a singular fibre of Dy ;,(¢)(n) and if C meets this divisor then r¢(C)
cannot be a section. In the opposite case we have

€= (z2 — 5133)2 + (29 — :104)2 + :c§ + :L'Z,

m(§) = zi.
In this case E is a line which is contained in Dy m(e)(n) and we cannot a
priori exclude that 7¢(C) is a section.
It is straightforward to check by hand that this distinction coincides with
the distinction in terms of opposite and non-opposite edges above, and to
verify directly that there are 12 non-opposite cases.
We shall now argue as in the case p = 3 of disconnected type (Proposi-
tion IV.26), but taking into account only the contribution from the non-
opposite cases. The other contributions are non-negative. Using the same
notation as in the proof of Proposition IV.26 and using that § = 2 gives us
—7¢ Dy m(e)(n)-Cp > r{(§Fy)-Cp > $E.Cp. In view of formula (20) it will
be enough to prove that

<_ 56 Z i Dym(e)(n) — 1051 Z rEDs me)(n) + (2 — c)E(n)) .Cp >0,
= =

where Glu is the set of ¢ giving rise to the non-opposite case, so #GL = %6!.
This simplifies to

— 5> 1EDs (e (n).Cp + (30— ¢)E.Cp > 0.
e,

This leads to b > %c, and % < 2 so we are done. O

Proposition IV.30 Let C' be a depth 3 curve and let H = aL. — bD4 — cE
be a divisor on AXOT with a >0, a—12b >0 and b > 2¢ > 0. Then H.C > 0.

Proof. This follows from the cases dealt with above, in Propositions IV.24,
V.26, TV.28 and IV.29. |

Theorem I.8 now follows from Propositions IV.2, IV.3, IV.7, IV.13, IV.16
and IV.30.
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