The Moduli Space of Bilevel-6 Abelian Surfaces
G.K. Sankaran € J.G Spandaw

The moduli space AP of (1,¢)-polarised abelian surfaces with a weak bilevel structure was introduced
by S. Mukai in [Mu]. Mukai showed that AP! is rational for ¢t = 2,3,4,5. More generally, we may ask for
birational invariants, such as Kodaira dimension, of a smooth model of a compactification of AP since the
choice of model does not affect birational invariants, we refer to the Kodaira dimension, etc., of AP

From the description of AP! as a Siegel modular 3-fold TP\ H, and the fact that TP! C Sp(4,7) it
follows, by a result of L. Borisov [Bo], that k(AP!) = 3 for all sufficiently large t. For an effective result in

this direction see [Sa]. In this note we shall prove an intermediate result for the case ¢ = 6.
Theorem A. The moduli space A has geometric genus p,(AEY) > 3 and Kodaira dimension k(AR > 1.

The case t = 6 attracts attention for two reasons: it is the first case not covered by the results of [Mu];
and the image of the Humbert surface H;(1) in AP!, which in the cases 2 < t < 5 is a quadric and plays
an important role both in [Mu] and below, becomes an abelian surface (at least birationally) because the
modular curve X (6) has genus 1.

The method we use is that of Gritsenko, who proved a similar result for the moduli spaces of (1,t)-
polarised abelian surfaces with canonical level structure for certain values of ¢: see [Gr], especially Corollary 2.
We use some of the weight 3 modular forms constructed by Gritsenko and Nikulin as lifts of Jacobi forms
in [GN] to produce canonical forms having effective, nonzero, divisors on a suitable projective model Xg
of AR, A similar method was used by Gritsenko and Hulek in [GH2] to give a new proof that the Barth—
Nieto threefold is Calabi-Yau.

We also derive some information about divisors in X and linear relations among them.
Acknowledgement: We are grateful to the DAAD and the British Council for financial assistance under ARC Project 313-ARC-
XII1-99/45.

1. Compactification

According to [Mu], AP is isomorphic to the quotient ['P\H,, where Hy is the Siegel upper half-plane
{Z € Myu2(C) | Z = 7Z, ImZ > 0} and TP = ' U (T? C Sp(4,Z) acts on Hy by fractional linear

transformations. Here ¢ = diag(—1,1,—1,1) and, writing I,, for the n x n identity matrix,

17 7 tZ tZ
17 t7 t7 7
t7Z 7 tZ tZ
Z 7 7 tZ

I'={~v€eSp(4,Z) |v—1, €

We define H(Z) to be the Heisenberg group Z x Z? embedded in Sp(4,Z) as

= o O

H(Z)=< [m,n; k] = m,n,k €7

S OO
>3 ~ 3
— o oo



Lemma 1.1. I‘g is neat; that is, if A is an eigenvalue of some v € Fg which is a root of unity, then A = 1.

Any torsion element of TR has order 2 and fixes a divisor in Hs.

Proof: Suppose that v € Fg: then the characteristic polynomial of « is congruent to (1 —x)* mod 6. If some
v € I‘g has an eigenvalue A which is a nontrivial root of unity, then we may assume that A is a primitive
pth root of unity for some prime p. The minimum polynomial m(x) of A over Z divides the characteristic
polynomial of v; so p = 2,3 or 5, since degmy = p—1. But then my(z) = 1+, 1+x+2% or 1+z+22+23 +21.
The second of these does not divide (1 — x)* in Fy[z] and the other two do not divide (1 — z)* in Fs[xz].

So any torsion element of 'R is of the form v = (4 for some v € I‘g; but then the characteristic
polynomial is

det(y — z14) = det({y' — ¢?)
= (1 — 2%)(1 + 2*) mod 6.

From the classification of torsion elements of Sp(4,Z) and their characteristic polynomials [Ue], it follows
that v is conjugate in Sp(4,7Z) to either ¢ or ([0,1;0]. Both these are elements of Tt of order 2; their
fixed loci in Hy are the divisors {m» = 0} and {27 + (72 — 71 73) = 0} respectively (Humbert surfaces of

discriminants 1 and 4). m

In view of Lemma 1.1, the toroidal (Voronoi, or Igusa) compactification (Ag)* of Ag = Fg\]Hb is smooth,
cf [SC], pp. 276-7. The action of ¢ on Ag extends to (Ag)*7 and the quotient Xg is a compactification of
AP whose singularities are isolated ordinary double points or transverse A; singularities. Hence Xg has

canonical singularities. It agrees with the Voronoi compactification (AL!)* at least in codimension 1.

2. Modular forms and canonical forms

Gritsenko and Nikulin, in [GN], construct the weight 3 cusp forms

F3 = Lift (7]5(7'1)’[9(7'1,27'2)) € im?*) (Fg,vg X ldH)

F?: = Lift_; (175(T1)19(T1,2T2)) S DJI; (Fér,v,llﬁ X ldH)

Fy' = Lift (n*(11)0(m1,72)0(71,272)) € M5(T¢,0,° x idp)

for the extended paramodular group I‘g‘, with character yp induced from the characters U/? X idg of the
Jacobi group SL(2,Z) x H(Z). Recall (see [GH1], [GN]: for compatibility with [Mu] and other sources we
work with the transposes of the groups given in [GN]) that Iy is the group generated by the paramodular

group
Z 7 Z 6Z

6Z 7 67 67
Z 7 7 17

and the extra involution

1/v6

0 0
0 0 0
Vo = 0 0 6
0

0
V6
0

0 1/v/6 0



Proposition 2.1. All three of F3, F} and Fy are cusp forms, without character, of weight 3 for TR,
Proof: The character is induced from vf? x idg by the injective map j : SL(2,Z) x H(Z) — ['{ given by
a m ¢ O
(4 ) s [0 00
7o\e )t b n d O
n k -—-m 1
For v € SL(2,Z) we define j1(v) = j(v,[0,0;0]), putting + in the first and third rows and columns in Sp(4, Z);
and similarly jo(7) puts it in the second and fourth.

The character v} x idy is trivial on H(Z). In the present cases, where D =8, 16 or 12, v} is trivial on
+I'(6) = + Ker(SL(2,Z) — SL(2,Z/6)) by [GN], Lemma 1.2. Since j(—I5,[0,0;0]) = ¢, we see that

Tg! N j(SL(2,Z) x H(Z)) C j(+T(6) x H(Z)) C Kerxp

for D =8,12,16. If D = 8 or 16 then, since V5 and I = j; <(_01 é)) are in Fg and have even order and
the order of xp is 3, we know that xp(Vs) = xp(I) = 1. Therefore the element
0 0 -1 0
B o o o -6 N
Jg = IVgIVg = 10 0 0 € FG
0z 0 0

is in Keryp. If D = 12 then x12(Js) = x12(IVs)? = 1 so again Js € Keryp. Now we proceed as
in [Gr], Lemma 2.2, and show that the group generated by j(F(6) X H(Z)) and Jg includes Fg. To see
this, we work with the conjugate groups fg = vG(Fg) and Ts = v4(T), where v denotes conjugation by
Rs = diag(1,1,1,6). Note that v5(Js) = ReJsRy' = (0 I

I 0 ) If5 e f‘g then its second row s, is
2
(0,1,0,0) mod 6. Suppose first that 422 = 1 and put

I 0 0 A23/6
5 _ ~ ~ L~ 1y _ [ 21 1 23 oa
B = v6(J6[F21/6,723/6; 724 /6] J5 ) = 0 0 1 F2/6
0 0 O 1

Now (0,1, 0,0)B = Fs, so the second row of 371 € f‘g is (0,1,0,0). Such a matrix is in vg (j (F(6) X H(Z)))

It remains to reduce to the case 422, = 1. Certainly the vector s, is primitive, since det ¥ = 1, and since
5 € fg we have ged(6,21,523) = 6. In the proof of [FS], Satz 2.1 it is shown that there are integers A, u such
that 4" = Jus ([u, 0;0]Js[0, A; O]Jﬁ_l) has ged(95;,943) = 6, so the second row of 3’ is (621,622 + 1,623, 6x4)
with ged(z1,z3) = 1. But then the (2, 2)-entry of ¥'vg([m, n;0]) is 6(max; + nxs + x2) + 1 which is equal to 1

if we choose m and n suitably. m

Proposition 2.2. The differential forms & = F3dm Adm Adrs, @' = Fydn Adm Adrs and &' = F3' dry A

dry A dr3 give rise to canonical forms w,w',w" € H°(Kx,).

Proof: By Proposition 2.1, @, &' and &" are all [b-invariant, so they give rise to forms w, w’, w"” on ARM.
Since F3, F} and Fy' are cusp forms, if any of w, w’ and w” are holomorphic on AR they extend holomorphi-
cally to the cusps of (AR1)*. Since Xg agrees with (AR!)* in codimension 1 and has canonical singularities it
follows that these forms can be thought of as 3-forms on X4 holomorphic at infinity. We need to check that

w, w' and w" are holomorphic everywhere. But this is a well-known result of Freitag([Fr], Satz I1.2.6). m



3. Divisors in the moduli spaces.

In this section we shall describe the canonical divisors Divx,(w), Divx,(w’) and Divx,(w") in Xs and give
some detail about the branching locus in Xg arising from torsion in il

It is a subgroup both of the paramodular group I's and of I'f. Hence there is a finite morphism
o AR — AF. We denote the projection map Hy — AR by 72! and similarly 76, 73, etc.

For discriminant A = 1, 4 we put

Ha(k) = {(g Z) € Hy ‘ LK = A)ry + k7o +6Tg} =0
where k € Z is chosen so that 2 (k? — A) € Z. The irreducible components of the Humbert surfaces H;
and Hy of discriminants 1 and 4 in Ag are m(Hi(k)) and mg(Ha(k)) for 0 < k < 6: the statements of
[vdG], Theorem IX.2.4 and of [GH1], Corollary 3.3 are wrong because Ha(—k) is I';-equivalent to Ha (k).
Nevertheless the irreducible components of the Humbert surfaces of discriminants 1 and 4 in A7 are as
stated in [GN], namely 77 (H1(1)) and 7& (H,(5)) for discriminant 1 and 7d (H4(1)) for discriminant 4.
The calculation of the divisors uses the product expansion of the modular forms F3, Fi and F3' given

in [GN]. We have chosen to work with the transposes of the matrices given in [GN], so we have to write

q = 627\'1‘7’1 r = e27ri7'2/6
= , =

diag(1,t,1,t=1)T; diag(1,t71,1,t) (for any t € N), and diag(1,¢,1,t71) : (11, 72,73) — (71,t1,t273). A

similar correction is needed in [GH2].

and s = e2™73/36 for these expansions to be correct. This is because 'I; =

By [GN], equations (4.12)—(4.14), correcting a minor misprint, we have

F3 = Exp—Lift(5¢5 5 — 460,2¢00,4) = Exp—Lift(¢3)
Fj = Exp-Lift(¢] 5) = Exp—Lift(¢})
Fy = Exp—Lift(3¢g73 — 260,200,4) = Exp—Lift(¢3).

(¢3, ¢ and @Y are defined by these formulae.)
By [GN], Example 2.3 and Lemma 2.5, we have

b0 = (rh 4+ 4) + q(r™® —8rE2 — rE 1 16) + O(¢?)
B0z = (r*1 +2) + q(=2rF — 2rF 4 2% 1+ 4) + O(¢?)
boa = (rF + 1)+ q(—rF —rF £ 1 2) + O(4%),

+k

where the notation r** means r* + r—*

Proposition 3.1. The divisors in Hy of the cusp forms are
6+ 1(7(;(7'[1 +5H1 )+H4(1 )),
Div(Fy) = (rd) ™" (zd (5Ha (1) + Hi(5) + Ha(1))) .
(md )" (md (BHL(1) + 3H1(5) + Ha(1))) .

)
)

Remark. This corrects the coefficients given in [GN], Example 4.6: for instance, it is easy to see, by
considering the effect of an element of order 2 fixing an Humbert surface, that the coefficients of #; (1),
H1(5) and H4(1) must be odd.



Proof: Write ¢3 = Y f(n,l)¢™r!, and similarly for ¢} and ¢§. By [GN], Theorem 2.1, the coefficient of
i (Ha(®)) in AF is
may =Y f(d*a,db)
d>0

where b? — 24a = A. So to calculate m1,; we may take b = 1 and a = 0, so my 1 = Y, f(0,d). From the
d>0
formulae above, ¢3 = (r*? 4+ 6) + O(q), so my1 = £(0,2) = 1. Similarly we have ¢4 = (r*2 + 4r*! + 6) so
m}, =5 and ¢f = (r*? + 2r 4+ 6) somy; = 3.
To calculate the coefficients of w7 (H4(1)) we note that Ha(1) is T'§-equivalent to H4(2), so we may
as well work with that and calculate my4 . For this purpose we can take b = 2 and a = 0; so my =

dzof(07 2d) =1, and mjy , = mj , = 1 also.
>

To calculate my 5 we take b = 5 and @ = 1, so my 5 = Y. f(d?,5d). The Fourier coefficient f(n,[)
d>0
depends only on 24n — [? and on the residue class of I mod 12 (see [GN]); that is, in our case, on d? and

on d mod 12. If d # £1 mod 6 then 5d = +d mod 12, so f(d?,5d) = f(0,+d) which is zero unless d = +2
or d = 0. Since we are only interested in d > 0 the only contribution for d Z £1 mod 6 arises from d = 2,
when f(4,10) = f(0,-2) = 1. If d = £5 mod 12 then f(d?,5d) = f(’;jl,il) which vanishes because
f(n,1) = 0 for n < 0. If d = +1 mod 12 then f(d?,5d) = f(_d;1'25,ﬂ:5) which vanishes except possibly
when d = 1. Somy 5 =1+ f(1,5) and from the expansions of ¢g 2, ¢o,3 and ¢o 4 we calculate f(1,5) = 4.

Similarly m} 5 =1+ f'(1,5) =1 and m{ ; =1+ f"(1,5) = 3. m

Brasch [Br] has studied the branch locus of 7¢¥ : Hy — Al*Y for all ¢: for t = 2 mod 4 the divisorial
part has five irreducible components. They are ¥ (H,) for 0 < i < 4, where H¢, C Hy is the fixed locus of
Ci and

-7 4 0 0
B IUCTON -2 7 0 0
CO - Cv Cl — C [ 67070]7 C? - 0 0 -7 —12 5

0 0 4 7

-1 -1 0 6

0 1 -6 0

C3 _4[17070]7 C4 = 0 0 -1 0

0 0 -1 1

These are all elements of [El. Their fixed loci are
Heo = {m2 =0}, He, = {6m — 21 =0}, He, = {6m1 — T2 + 273 = 0},

Hey = {21 + 73 =0}, He, = {212+ 13 —6 =0},

of discriminants 1,4, 1,4, 4 respectively. Thus three of the components have discriminant 4 and therefore
map to 73§ Ha4(1) C AF (they correspond to bielliptic abelian surfaces). H¢, = H;(1) corresponds to product
surfaces E x E' with polarisation given by Ox(1) K Og (6), and H¢, maps to g (7—[1 (5)), corresponding to
abelian surfaces E x E' with polarisation Og(2) K Og (3).



Proposition 3.2. The branch Iocus of w" : Hy — AR has seven irreducible components, each with
branching of order 2. They are ng' (Hc,) and two other components ng" (M1 ), 75" (Hcr ), which are equivalent

to wpil (He,) in Alev,

Proof: Tt follows from Lemma 1.1 that the branch locus consists of divisors only and that the branching is
of order 2.

Write G = TV > H = 'R and let G act on Q = G/H = PSL(2,Z/6). By [Br], Corollary 1.3, the
number of irreducible divisors in A mapping to sV (Hc,), which is equal to the number of H-conjugacy
classes in the G-conjugacy class of (;, is |G : H.Cx((;)|. (If € € G for some group G then C(€) denotes the
centraliser of ¢ in G.) Moreover, for fixed 7, these divisors are permuted transitively by Q so they all have
the same branching behaviour: 75 is branched of order 2 above each one.

|G : HCq(G)| = |G/H : Cq(¢)/(H N Cq(G))], which is the index of the image of C(¢) in €. For
i =0,1,2,3 the centraliser Cgp(4,0)(¢;) is described in [Br], Lemma 2.1, and C¢((;) = Csp(a,0)(G:) N G-

For (p, if v € PSL(2,Z/6) = Q and 4 € SL(2,Z) is some lift of v then j(%,[0,0;0]) € Ca(¢o) so the

index is 1.

For (1, if v = <i 2) € PSL(2,Z/6) and b is even then
a 0o b 3
3(a-1) 1 3 0
¢ 0 d 3@d-1 | %@
0 0 0 1

for a lift 4; and this is a necessary condition for such an element to exist since if 5 = 3;; € Cg(¢1) then
3B13 = 0 mod 6. So C;(¢1)/(C(G)NH) C PSL(2,7Z/6) is the reduction mod 6 of "I'g(2), i.e. the preimage

of { (Z 2) € SL(2, Z/2)}7 which is of index 3 because it is the stabiliser of (1,0) when SL(2,7Z/2) acts as

the symmetric group on the nonzero vectors in IF%
For (3, any two elements v, v* € SL(2, Q) determine an element 3(v,7*) € Csp(4,0) (see [Br], Lemma 2.1

and the preceding discussion), namely

4y =371 2y +297 42+ 6712 + 277

6711 — 6717 =371+ 4y 672+ 27 Iz +H49q,
B(v, v ) = 4v21+975  —2921— 695 4y22 — 375 622 — 675y

=291 =673 Y21 +4751 272+ 275 —3722 + 495,

In particular we choose
—18 14 25 42
B=3 3 4 10 9 | —42 31 42 72
o 2 3)’\11 10 | 107 —-70 —18 —42
—-70 46 -14 31

and
23 -8 25 42

3 =3 11 4 79 _ 24 -5 42 72
8 3)'\3 4 59 —-34 0 -6
-34 20 -6 7



1 0 -1 0
elements generate PSL(2,7/6) because their lifts generate SL(2,Z), so the index we want is 1.

For (3, as for (o, j(7,]0,0;0]) € Cx((3) so the index is 1.
For C4, note that C4 = T[O,O;G]Cg(T[O,O;G])il SO CSp(4,Q) (C4) = T[O,O;G]CSP(ALQ) (C3)(T[0,0,6])71 It
happens that ' [0,0;6]5(7, [0, 0;0])(T[0,0;6])~* = j(7,[0,0;0]), so again the index is 1. m

B and B’ both belong to I''fV, and their images in PSL(2,7%/6) are <_0 1) and (_1 1). These two

Next we look at the boundary divisors of Xg. These correspond to 1-dimensional subspaces of Q* up
to the action of IR, We may think of such a space as being given by a unique, up to sign, primitive
vector v = (vi,v2,v3,v4) € Z% It is shown in [FS], Satz 2.1, that the [g-orbit of v is determined by
r = ged(6,v1,v3), so Ag has four corank 1 cusps (or boundary divisors in the toroidal compactification).
However, the cusps r = 1 and r = 6 are interchanged by Vs, as are the cusps r = 2 and r = 3, so Aé" has just
two corank 1 cusps. Since F3, Fj and Fj' are modular forms (with character) for I, the order of vanishing
of any of them at a cusp of X given by v depends only on which cusp of A7 it lies over, i.e. on whether r
is or is not a proper divisor of 6.

We write D for the divisor in Xg which is the sum of all the boundary components with r = 1 or r = 6,
and D5 for the sum of all the components with » = 2 or r = 3. By modifying the argument of [FS, Satz 2.1]
as in [Sa], it can be shown that D; has 28 irreducible components and Ds has 12, but we shall not make any

use of this.

Theorem 3.3. The divisors of w, w' and w'" in Xg are

Divy,(w) = 4mg" (He,) + Dy + Do,
Divx, (w') = 4nf (H¢,) + 3(D1 + D2),
Divx, (w") = 218" (He,) + 27" (Hey) + 2(D1 + Ds).

Proof: If wf'! is branched along the irreducible divisors B, with ramification index e,, then dr A dr3 A d73

acquires poles of order e, /2 along B,. So by Proposition 3.1

1

Divx,(w) = o~ 'md (Ha (1) + 5H1(5) + Ha(1)) — 3 > eaBa +D,
1

Divy, (w') = o~ md (5H1(1) + Hi(5) + Ha(1)) — 3 > eaBo+ D,

1
Divyx,(w”) = o7 md (3H1(1) + 3H1(5) + Ha(1)) — 5 > eaBo + D",

where D, D' and D" are effective divisors supported on the boundary Xg \ AR!. The form of the branch
locus part of the divisors follows now from Proposition 3.2 and the discriminants of H,.

It remains to calculate the vanishing orders of the forms at each boundary divisor. For each form, we
need only consider two boundary components, one from D; and one from Ds. We use the components D(vy,
D(v2) corresponding to vi = (0,0,1,0) and vy = (0,0,2,1). The first step in constructing the toroidal
compactification near D(vy) is to take a quotient by the lattice P, (I't") (see for instance [GH2], pp.925-926
or for a full explanation [HKW], Section 1.3D). As in [HKW], Proposition 1.3.98, P, (I't") is generated by

01
the values of f(0,[) calculated above and the Fourier expansion given in [GN], Theorem 2.1, we see that the

. 1 . .. ; .
J1 ( 6)); so a local equation for D(v;) at a general point is t; = 0, where t; = >™7/6 = ¢'/6 Using



expansions of F3, Fj and Fy begin ¢*/3rs?, ¢*/?rs* and ¢'/?r?s® respectively, so their orders of vanishing
along D; are 2, 4 and 3. The form dm Adme Adrs contributes a simple pole at the boundary so the coefficients

of Dy in the divisors of w, w' and w" are 1, 3 and 2.

We put
1 -1 0 0
-1 2 00
0= 0 o0 2 11€ Sp(4,7Z),
0 0 1 1

so that vy = vif. Then Py, = 071Py, 0 (where, as in [HKW], Py denotes the stabiliser of v in Sp(4, Q)),

and from this one readily calculates that

1 0 4n 2n
P, (B = 8 é 21” g n =0 mod 36
0 0 O 1
So the cusp Ds is given by t, = 0, where ty = 2™H(71/144+72/72475/36) — (1/144,1/12 5 The number of times

this term divides the expressions for F3, Fi and F3' is in fact equal to the power of s that occurs, namely 2,

4 and 3 respectively; so we get the same orders of vanishing along D, as along D;. m

This calculation shows directly (without appealing to Freitag’s result in [Fr]) that w, w' and w" are all
holomorphic.
Remark. Notice that Divx,(w) + Divx,(w') = 2Div x, (w"), reflecting the fact (easily seen from [GN]) that
F3Fy = (Fy)?.

Theorem A now follows at once from the following observation.
Proposition 3.4. w, w’ and w" are linearly independent elements of H°(K x).

Proof: Suppose that \w + Nw' + X'w” = 0. At a general point of 75'(H¢,), w' and w” vanish but w does
not. Therefore A = 0. Similarly A’ = 0, considering a general point of 75" (#,,). Finally, " # 0 because Fj’

is not identically zero. m

We want to remark that x(AE") > 1 can be deduced from the existence of w' alone. The divisor
Divx, (') is effective and w5 (H) C Supp Divx, (w'). Since X has canonical singularities, K is effective
on any smooth model of X, and hence also on any minimal model X§ of Xg. Any surfaces contracted
by the birational map X -+~ X{ must be birationally ruled. But m§i!(H,) is not birationally ruled: it is
isomorphic to X (6) x X (6), since H, is isomorphic to H x H and is preserved by the subgroup I'(6) x I'(6)
embedded in TR by (ji,j2). Thus its closure is birationally an abelian surface, since X (6) has genus 1.
So the canonical divisor of X} is effective and nontrivial; so, by abundance, some multiple of it moves and

therefore x(ARM) > 1.
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