
MA10209 Algebra 1A

Sheet 4 Problems and Solutions: GCS

22-x-18

Hand in work to your tutor at the time specified by your tutor. The lat-
est possible hand in time will be 17:15, Monday Oct 29. The course diary is
http://people.bath.ac.uk/masgcs/diary.html.

1. Suppose that p is a prime number and that p > 3. Prove that there is a
natural number m such that p = 6m + 1 or p = 6m− 1.
Solution Each natural number is of the form 6m− 1, 6m, 6m + 1, 6m + 2,
6m+ 3 or 6m+ 4. Prime numbers p > 3 cannot be even, so they cannot be
of the form 6m, 6m + 2 or 6m + 4. They cannot be divisible by 3, so they
cannot be of the form 6m+ 3. The only remaining possibilities are the ones
specified.

2. Prove that there infinitely many prime numbers of the form 4n + 3, where
n is a natural number. Hint: modify Euclid’s argument (given in lectures
Monday 19th or look it up, say at http://www.hermetic.ch/pns/proof.htm)
that there are infinitely many prime numbers.
Solution We copy but modify Euclid’s proof of the existence of infinitely
many prime numbers that we mentioned in lectures. Suppose, for contra-
diction, that there are only finitely many prime numbers pi (1 ≤ i ≤ k) of
the form 4n + 3. Let N be the product of these primes. Therefore N is of
the form 4m+1 or 4m+3. In the first case, look at a prime factor q of N +2
which happens to be of the form 4q + 3 (the numbers of the form 4m + 1
are closed under multiplication, so there must be one). Now q divides N
and N + 2 and so divides 2 which is absurd. Next suppose that N is of the
form 4m+ 3. Now N + 4 is of similar form, and just as before it must have
a prime factor q of the form 4t + 3. Now q divides both N and N + 4 and
so it divides 4. This is also absurd.

3. There are n glasses, and each glass contains the same amount of water.
The glasses are big enough so that each one could hold all the water. It is
allowed to pour from any glass to any second glass exactly as much water
as the second glass held before the pouring began. For what values of n is
it possible to collect all the water in one glass? Experimenting with small
values of n should give you some useful ideas.
Solution: Let there be 1 unit of water in each glass at the outset. Let glass
i contain ai(t) units of water at time t. So a1(0) = a2(0) = . . . = an(0) = 1.



Time moves in unit steps. Let ht be the g.c.d. of a1(t), a2(t), . . . , an(t). A
pouring takes place after time t and before time t + 1 until we are stuck. It
turns out that ht+1 must be either ht or 2ht.

Here is the algebra. Suppose that x1, . . . , xn are non-negative integers with
x1 > x2 ≥ 0 and their gcd is g. Let y1 = x1 − x2, y2 = 2x2 and yi = xi for
all other i. Let h = gcd(y1, y2, . . . , yn). Clearly g | h. Also

h | gcd(2x1 − 2x2, 2x2, 2x3, . . . , 2xn)

= 2 gcd(x1 − x2, x2, x3, . . . , xn)

= 2 gcd(x1, x2, x3, . . . , xn) = 2g.

Now g | h | 2g so h = g or h = 2g.

Therefore if all the water can eventually be put into one glass, then n must
be a power of 2.

Conversely, if n = 2m is a power of 2, then all the water can be placed in one
glass by the following procedure. Label the glasses with the binary strings
from m zeros to m ones. The first round of pourings consist of emptying
the contents of each glass labelled with a string ending in a 1 into the glass
with the same label except the final digit is 0. Discard the odd labelled
glasses, relabel the remaining glasses by erasing the final zero, and repeat
the process until all the water is in one glass.

4. Let n be a natural number. Show that the sum of the largest odd divisors
of n + 1, n + 2, . . ., 2n is a perfect square.
Solution The sum of the consecutive odd integers

1 + 3 + · · ·+ (2m− 1)

is m2 by induction on m. If N is a positive integer, then N = 2ab for unique
non-negative integers a and b. We call b the odd part of N . The odd parts of
the numbers n+ 1, n+ 2, . . ., 2n must be different since if natural numbers
u and v have the same odd part, then one must divide the other. These odd
parts are therefore the odd numbers from 1 to 2n − 1, and as we observed
earlier, it is easy to show that this is n2.

5. Suppose that you have ten distinct two-digit numbers. Is it necessarily true
that one may choose two disjoint non-empty subsets so that their elements
have the same sum? Hint: 10× 99 = 990 < 1024 = 210.
Solution Select any 10 numbers in the given range. Their sum is less than
990. Consider all possible subsets of the set of 10 numbers. There are
210 = 1024 such sets, and all their sums are less than 990. By the Dirichlet
(pigeon-hole) principle, two of the sums (that of the different sets A and B)
must co-incide. If A and B are disjoint, we are done. Otherwise remove
from both A and B all their common elements, and the resulting sets will
do the job. You are guaraneeed not to end up with an empty set as one of
your pair for several reasons, one of which is that the sum of the elements
of a non-empty set of numbers is not 0.



6. Suppose that we have a set S of 15 positive integers x in the range 1 < x ≤
2011. Suppose also that each pair of elements of S is coprime. Prove that
S contains a prime number.
Solution Suppose, for contradiction, that S contains no prime number. For
each s ∈ S let ps denote the smallest prime divisor of s. Coprimality ensures
that the primes ps are distinct. The 15th smallest prime is 47. Thus there
is t ∈ S with pt ≥ 47. Now t is not prime and its smallest prime divisor is
at least 47, so t ≥ 472 > 2011. This is absurd.

7. Let n be a natural number. Prove that there are natural numbers a1, a2, . . . , an
and natural numbers b1, . . . , bn such that the following conditions are satis-
fied.

(a) If i 6= j, then ai and aj are coprime.

(b) If i 6= j, then bi and bj are coprime.

(c) The numbers ai and bj are not coprime for all i and for all j.

Solution Choose n2 different prime numbers and write them in an n by n
square. There is an infinite supply of prime numbers, thanks to Euclid, so
this can be done. Let ai denote the product of the numbers in the i-th row,
and let bj denote the product of the numbers in the j-th column. That does
it.

If you would like to be a touch more formal, for i = 1 . . . n and j = 1 . . . n
let pij be a different prime number. Let ai =

∏n
j=1 pij and bj =

∏n
i=1 pij .

Then for each i and for each j, gcd(ai, bj) = pij 6= 1.

8. (Interesting) Suppose that n is a positive integer. Show that f(n) = 22
n

+
22

n−1
+ 1 has at least n different prime factors. Hint: the polynomial x4 +

x2 + 1 has a non-trivial factorization.
Solution Observe that f(1) = 7 and so the result holds when n = 1. We
now seek on induction argument, and we may assume that n > 1.

Observe the polynomial factorization

x4 + x2 + 1 = x4 + 2x2 + 1− x2 = (x2 + 1)2− x2 = (x2− x+ 1)(x2 + x+ 1).

Put x = 22
n−2

so

22
n

+ 22
n−1

+ 1 = (22
n−1 − 22

n−2
+ 1)(22

n−1
+ 22

n−2
+ 1).

The factors in the right are coprime. This is because they are odd, and any
common factor would have to divide their difference which is a power of 2.
Choose a prime factor of 22

n−1 − 22
n−2

+ 1 (which therefore cannot be a
prime factor of 22

n−1
+ 22

n−2
+ 1) and finish by induction on n.

9. Let F0 = 0 and F1 = 1. Let Fn = Fn−1 + Fn−2 for all integers n > 1. This
is the Fibonacci sequence. Prove that gcd(Fn, Fn−1) = 1 for all n ∈ N.
Solution Suppose that m is a natural number and m divides Fn and Fn−1



for some positive integer n. Then m divides Fn − Fn−1 = Fn−2. Repeating
this argument finitely many times (if you like, a finite reverse induction) we
discover that m divides F1 − F0 = 1. Therefore gcd(Fm, Fm−1) = 1.

10. (Harder) Using the Fibonacci sequence defined in Question 9, prove that

gcd(Fm, Fn) = Fgcd(m,n)

for all m,n ∈ N.
Solution There are all sorts of identities relating Fibonacci numbers. This
one is quite well known:

Fm+n = Fm+1Fn + FmFn−1 (∗)

for all integers m,n ≥ 0. We address the main result by induction on m+n.
The result holds by inspection when m = n = 1, because

gcd(F1, F1) = gcd(1, 1) = 1 = F1 = Fgcd(1,1).

Assume that m + n > 2. The result holds by inspection when m = n, and
without loss of generality we may assume that m > n.

Replace m by m− n in (∗) to obtain Fm = Fm−n+1Fn + Fm−nFn−1. Recall
that Fn−1 is coprime to Fn (Sheet 4, Problem 9), so any integer which is a
common divisor of Fm and Fn must divide Fm−n (we are invoking the result
of Problem 5(a)). Conversely any integer which is a common divisor of
Fn and Fm−n will divide Fm. Therefore the pairs (Fm, Fn) and (Fm−n, Fn)
have the same common divisors, and hence the same gcds. Now by induction
gcd(Fm−n, Fn) = Fgcd(m−n,n). However, the pairs (m,n) and (m−n, n) have
the same common divisors and hence the same gcds. Therefore

gcd(Fm, Fn) = Fgcd(m,n).

It remains to establish the equation (∗). This is an easy matter by induction
on m while holding n fixed, using Fm+n = F(m−1)+n + F(m−2)+n for all
m ≥ 2.


