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Answer all questions in Section A and TWO questions from Section B.

No calculators may be brought in and used.

PLEASE FILL IN THE DETAILS ON THE FRONT OF YOUR ANSWER BOOK/COVER AND SIGN IN
THE SECTION ON THE RIGHT OF YOUR ANSWER BOOK/COVER, PEEL AWAY ADHESIVE STRIP
AND SEAL.

TAKE CARE TO ENTER THE CORRECT CANDIDATE NUMBER AS DETAILED ON YOUR DESK
LABEL.

DO NOT TURN OVER YOUR QUESTION PAPER UNTIL INSTRUCTED TO BY THE CHIEF
INVIGILATOR.




Section A

In each case, write T or F ag the statement is true or false. No Justification is required.

(a)

(b)
(c)

()
(e)
(f)

(h)

(i)
W)

(b)
(c)

(d)
(e)

Suppose that X and Y are finite sets and that there is a bijection 6 : P(X) — P(Y)
between their power sets. It follows that there is a bijection between X and Y.

There is a bijection between Z and Q.

We have an injective map f: A-— Band a surjective map g : B —s C. It follows
that their composition g-o f is bijective:

There are exactly two bijections 8 from {1,2, 3} to {1,2,3} such that 80808 is the
identity map.

Suppose that p is a prime number and both m and n are integers. If p divides mn
then p divides m and p divides n. .

‘The additive inverse of 1 is multiplicatively invertible in Zy, for all integers m > 2.
Suppose that G is a group written multiplicatively with identity element 1¢, then
theset {h|he G,h>=1g}isa subgroup of G. .
Let ¢ be Euler’s phi-function. If m and n are positive integers, then w(mn) =
p(m)p(n). A

There are exactly 8 multiplicatively invertible elements of Zyy.

3% = 1 mod 91.

[10]
Define the term injective map. ‘ [2]
Define the term surjective map. ' (2]

Suppose that f: 4 — Bisan injective map and that A4 is not the empty set. Prove
that there is a map g : B — A such that gof:A— Ais the identity map.on A.[2]

How many injective maps are there from {1,2,3} to {1,2,3,4, 5}? No justification
is required. [2]

How many surjective maps are there from {1,2,3} to {1,2}? No justifiction is
required. 2]
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(e)

Give an example of an integral domain which is not a field. (2]
Give an example of a ring which is not an integral domain. (2]
Give an example of a ring R with the property that  + 2 + x = Og for all z € R,
but R is not a field. 2]
Let G = {x + iy | 2,y € Z} be the ring of Gaussian integers. Show that 5 can be
factorized as 5 = uv here neither u nor v is a unit of G. (2]
Give an example of a ring which has infinitely many units. (2]

Let Is = {1,2,3,4,5} and let G = Ss = {f | f: s — Is, f is bijective}, a group under
composition of maps. We use the cycle notation to describe elements of G.

(2)
(b)
(©
(@)

(e)

(2)

(b)
(©)

(d)

How many elements of G have order 27 Explain your reasoning. (2]
Give an example of two elements of G which commute and have orders 2 and 3. (2]
Give an example of two elements of G which commute and have orders 2 and 4. (2]

Give examples of two subgroups Hj and Hs of G such that |Hi| = [Hs| = 6 and

|H1N Hy| = 1. [2]

Give examples of two subgroups K; and Kj of G such that |K 1! = |K>2| but K; and

K, are not isomorphic groups. 2]
Section B

Suppose that m,n € Z are integers, and at least one of them is not 0. Prove that
the greatest common divisor of m and n is the smallest positive integer which can
be written as Am + un. i)
Find integers A and p such that 23X +29u = 1. (3]

Suppose that mj, me,...,m; are positive integers and ai,as,...,a; are integers.
What condition on mi, mas, ..., M is necessary to guarantee that there is an integer
2 such that £ = a; mod m; for all integers ¢ in the range 1 <i < ¢. (2]

Prove that there are 1000 consecutive integers, each of which is divisible by the
square of a prime number. [3]
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GCS

(a)

(b)

Suppose that o : G —s J where G and H are groups. What does it mean to say
that « is a homomorphism? [1]

Let G be a group written multiplicatively, and the map 6 : G — G be defined by
0(g) = g™ for each 9 € G. Suppose that @ is a homomorphism. Prove that G is an

abelian group. (3]
Suppose that G is a finite group written multiplicatively, and g € G. What is the
order o(g) of g, and how is this related to |G]? (3]
Suppose that 8: G — H is a homomorphism of groups. Suppose that |G| and |H |
are-coprime integers. Prove that Blz) =1y forall z € G. : (3]

Suppose that S is a set with power set P(S). Prove that S and P(-S’) are not in

bijective correspondence. (5]
Suppose that T is a set. Let FIMy={X|XCTXis finite}. Prove that 7T is
uncountable if, and only if, F(T) is uncountable. [5]
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