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Let E = {2x | x ∈ Z} and we call this set Evenland. Notice that Evenland is
closed under addition and multiplication. We say that a positive element of Evenland
is an eprime if it cannot be factored into two smaller positive even numbers.

Here are some eprimes: 2, 6, 10, 14 and here are some elements of Evenland
which are not eprimes: 4 = 2× 2, 8 = 2× 4, 12 = 2× 6.

Consider the argument which shows that that every natural number bigger than
1 is either prime or a product of prime numbers, and modify it to show that every
even number is either an eprime, or a product of eprimes. The argument is almost
exactly the same.

However, we do not have uniqueness of factorization into eprimes. For example
36 = 2× 18 = 6× 6. It gets worse: for each natural number k, there is an element
of Evenland which has at least k different factorizations into eprimes. For example:
consider 6k for k ∈ N. Now

6k = 6× 6× · · · × 6

= 18× 6× 6× · · · × 6× 2

= 54× 6× 6× · · · × 6× 6× 2× 2

= 162× 6× 6× · · · × 6× 2× 2× 2

and so on until
6k = 2k · 3× 2× 2× · · · × 2× 2.

There are other factorizations of 6k into eprimes, but we have exhibited k different
such factorizations (and k can be as large as you like).

Here are some questions to think about:

1. Can you characterize which positive even numbers are eprimes?

2. Can you rescue a small fragment of FTA for eprimes? Specifically, suppose
that the even positive integer n is the product of u eprimes (possibly counting
repetitions). Does it follow that any factorization of n into eprimes will have
u factors (possibly counting repetitions)?

This idea is shamelessly borrowed from Mr Dominic Rowland of Winchester College.


