
Compositional Square Roots of Doubling

GCS

In MA10209 Sheet 1 5(d) it was asked if there is a map k:Z → Z such
that (k ◦ k)(x) = 2x ∀x ∈ Z.

Arrange the odd integers in a sequence. It does not matter how this is
done, but we will use perhaps the most natural such sequence:

1,−1, 3,−3, 5,−5, . . .

We form two new sequences (ai) and (bi) by selecting alternate terms, so
ai = 2i− 1 and bi = 1− 2i for each i ∈ N.

Define a map k:Z → Z by ai2
j 7→ bi2

j and bi2
j 7→ ai2

j+1 for all i ∈ N
and for all j ≥ 0. Then k ◦ k doubles integers.

We can tinker with this k to produce rivals. For each i ∈ N we can
decide either to keep the definition as it is, or we could replace it (for that
particular value of i) with the definitions bi2

j 7→ ai2
j and ai2

j 7→ bi2
j+1 for

all j ≥ 0. There are infinitely many choices to be made, one for each i.
We can describe each such map by an infinite binary string (consisting

of 0s and 1s). Write 0 in the i-th position in the string if you use the first
definition (for that i) and write 1 in the i-th position in the string if you use
the second definition (for that i).

The original map k is then described by an infinite string of 0s. We have
a different compositional square root of doubling for each infinite binary
string.

We can “count” the maps we have made by “counting” these binary
strings. Now, we can put the set of binary strings into bijective correspon-
dence with P (N) (the power set of the natural numbers) by taking each
binary string, and associating to it the set of natural numbers consisting
of those natural numbers i for which the sequence contains a 1 in the i-th
position.

Thus 00000 . . . corresponds to the empty set, 100000 . . . corresponds to
{1}, 010000 . . . corresponds to {2}, 1010101010 . . . corresponds to the odd
positive integers, 0101010101 . . . corresponds to the even positive integers
and 01101010001 . . . corresponds to the set of prime nuumbers.
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Thus we have made as many compositional square roots of doubling as
there are subsets of N. However, we have proved that the power set of the
natural numbers is not in bijective correspondence with the natural numbers,
and so is uncountable. Therefore we have manufactured uncountably many
compositional square roots of doubling.
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