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Lecture 22 : More matrix groups

Definitions 7.7
Suppose that A = (aij) is an m×n matrix. The transpose of A is the n×m matrix AT = (brs) where

brs = asr for each entry. Therefore AT is a n × m matrix with rows which are the columns of A, and
columns which are the rows of A.

Check the elementary properties that (AT)T = A, that (A+B)T = AT+BT and that (AB)T = BTAT,
when defined.

A square matrix A, with real coefficients, is said to be orthogonal if ATA = I. In fact, this is enough to
ensure that A is invertible, with A−1 = AT, i.e. it also follows that AAT = I, but this is not elementary.

The set of all n× n orthogonal matrices forms a group, called the orthogonal group O(n), which is a
subgroup of GL(n,R). (Please check this for yourself.) Using some key facts about determinants (to be
proved in Algebra 1B), one can show that an orthogonal matrix has detA = ±1. Those with detA = 1
form a subgroup called the special orthogonal group SO(n).

Example 7.8

Which 2× 2 matrices are orthogonal? If A =

(
a b
c d

)
, then

ATA =

(
a c
b d

)(
a b
c d

)
=

(
a2 + c2 ab+ cd
ab+ cd b2 + d2

)
Thus A is orthogonal iff a2 + c2 = 1 = b2 + d2 and ab + cd = 0. In other words, the two vectors
u1 = (a, c) = φA(e1) and u2 = (b, d) = φA(e2) have unit length and are perpendicular. There are
therefore two possibilities, namely, u2 is obtained by rotating u1 by π/2 anti-clockwise, so u2 = (−c, a),
or clockwise, so u2 = (c,−a). We may parametrise u1 by its angle θ of rotation from e1, so that
u1 = (cos θ, sin θ) and then

A =

(
cos θ − sin θ
sin θ cos θ

)
or A =

(
cos θ sin θ
sin θ − cos θ

)
In the first case, the map φA : R2 → R2 is rotation though the angle θ. In the second case, it is reflection
in a line at angle θ/2 to the horizontal. You can see this by drawing the effect of φA on the unit square,
as in the previous lecture.

In the first case, detA = cos2 θ + sin2 θ = 1 and so such rotations (or strictly rotation matrices) form
the subgroup SO(2) of the orthogonal group O(2). In the second case, detA = −1 and such reflections
form the other coset of SO(2) in O(2).

In fact, every element of SO(3) is also a rotation through some angle about some axis and we can
regard elements of SO(n) as higher dimensional rotations.



In n dimensions, the length squared of a vector v = (v1, . . . , vn) is

|v|2 =

n∑
i=1

v2i = vTv,

where v is written as a column vector for the last equality. Hence the length squared of φA(v) = Av is
equal to vTATAv and so we immediately see that orthogonal matrices preserve the lengths of vectors. In
fact, they also preserve angles as these are computed using the inner product between two vectors

u · v =
n∑

i=1

uivi = uTv.

In fact it is not hard to prove that the orthogonal group consists of precisely those matrices (or linear
maps), that preserve the inner product, i.e. lengths and angles, and indeed that preserving lengths is
sufficient, but we wont do this here (you will see a proof of this in Algebra 2A).

Definition 7.9
More generally, the so called Euclidean distance between two points x and y in Rn (still written as

vectors) is defined to be |x− y| and it is easy to see that this distance is preserved by translations, that
is, maps φv : Rn → Rn : x 7→ x + v, for v ∈ Rn. Note that this is just the action ‘from the left’ of Rn on
itself, regarded as an abelian group under addition.

It follows that distances in Rn are preserved by more general maps φ(A,v) : x 7→ Ax+v, for A ∈ O(n)
and v ∈ Rn, called Euclidean transformations. This is simply checked:∣∣(Ax + v)− (Ay + v)

∣∣ =
∣∣Ax−Ay∣∣ =

∣∣A(x− y)
∣∣ =

∣∣x− y
∣∣

The set of all such maps forms a group under composition. This is straightforward to check. First, for
any x ∈ Rn,

φ(A,v)

(
φ(B,w)(x)

)
= A(Bx + w) + v = (AB)x + (Aw + v),

so that φ(A,v) ◦ φ(B,w) = φ(AB,Aw+v), showing that Euclidean transformations are closed under compo-

sition. In addition, φ(I,0) = idRn and φ−1
(A,v) = φ(A−1,−A−1v) (check this on both sides), so Euclidean

transformations form a subgroup of Sym(Rn), called the Euclidean group.
It is in fact true that the Euclidean group consists of all transformations of Rn that preserve Euclidean

distance, but this is a little harder to prove (you may also see a proof of this in Algebra 2A).

Aside
One could also define the Euclidean group in terms of matrices, in such a way that what has been

described is a faithful action on Rn. Thus the group consists of all pairs (A,v) with A ∈ O(n) and v ∈ Rn

and group operation
(A,v)(B,w) = (AB,v +Aw).

One must then check that this forms a group, with identity (I, 0) and (A,v)−1 = (A−1,−A−1v). This is
called the semidirect product, written O(n) nRn, to distinguish it from the direct product O(n)×Rn, in
which the group operation would be (A,v)(B,w) = (AB,v + w).

Observe that the construction itself does not require A to be orthogonal, so one can equally well form
the semidirect product GL(n,R)nRn, which is called the affine group of Rn. It also acts faithfully, with
the maps φ(A,v) : x 7→ Ax+v being called affine transformations. It does not preserve distances, but does
preserve lines, planes etc. and the notion of them being parallel.


