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Entertainments

1. Three cyclists cycle round a circuit consisting of three straight line segments AB, BC
and CA. The speeds of the first cyclist on these segments are 12, 10 and 15 kph re-
spectively. The speeds of the second cyclist on these segments are 15, 15 and 10 kph
respectively. The speeds of the first cyclist on these segments are 10, 20 and 12 kph
respectively. Given that the three cyclists finish simultaneously, find angle ABC.
Solution Let the three specified sides have lengths c, a and b respectively (in kilome-
tres). We are given the equations
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Multiply through by 60 to obtain the equivalent system

5c + 6a + 4b = 4c + 4a + 6b = 6c + 3a + 5b.

Subtract the second from the first and the third from the second to obtain two equations:

c + 2a− 2b = 0

and
−2c + a + b = 0.

Double the final equation and add so

−3c + 4a = 0.

Therefore a = 3x and c = 4x for some x > 0. Now b = 2c − a = 5x. Observe that
b2 = (5x)2 = (3x)2 + (4x)2 = a2 + c2, so by the converse of the theorem of Pythagoras,
triangle ABC has a right angle at B.

2. Prime numbers p, q and r satisfy

(a) p + q < 111 and

(b) (p + q)/r = p− q + r.



Find the largest possible value of pqr.
Solution Suppose that prime numbers p, q and r satisfy these conditions. Condition
(b) is equivalent to q(r + 1) − p(r − 1) = r2. If r > 2, then the prime r is odd and this
leads to a parity violation (the left-hand side is even but the right-hand side is odd).
Therefore r = 2 and 3q − p = 4 so p = 3q − 4. If q increases, so does p, so the product
pqr = 2pq is maximized when q is as large as possible. Now p = 3q− 4 and p + q < 111
together force q < 29. Therefore q is a prime number and at most 23. When we try
q = 23, then p = 65 is not prime. Next try q = 19, then p = 53 is prime. The largest
value of pqr is therefore 2 · 53 · 19 = 2014 (which is when this problem was posed in a
Balarussian competition).

3. You have an unlimited supply of the digit 3, but only one digit 4. You wish to use
these digits to create a (base 10) number which is divisible by as many of the numbers
from 1 to 9 as possible. What is the smallest number you can make which satisfies this
condition?
Solution If both 3 and 4 must be used, then you cannot make numbers divisible by 3
(by digit sum consideration), nor 4 (since multiples of 100 are divisible by 4, but neither
neither 33, 43 nor 34 is divisible by 4), nor 5 (since the last digit cannot be 0 or 5),
nor 6 (because 3 is not a divisor) nor 8 (since the number is not divisible by 8), nor 9
(since 3 is not a divisor). The remaining candidates for possible divisors are 1, 2 and 7.
To achieve the divisor 2, the last digit must be 4. The shortest number consisting of a
string of 3s followed by a 4 which is divisible by 7 is 33334.

If it is possible not to use any 3, then 4 is divisible by 1, 2 and 4. If it is possible to use
only the digit 3, then no even divisors are possible, nor is 5, but the shortest number
divisible by 1, 3, 7 and 9 is 333333. ‘

4. A car journey takes more than one hour. During any period of one hour during the
journey, the average speed of the car is 80kph. Is it possible that the average speed for
the whole journey is 100kph? This happens on a private road, so speed limits do not
apply.
Solution This is possible. Suppose that the journey takes 90 minutes, and during the
first and last half hours, the speed is f kph (f for fast) and during the central 30 minutes
the spped is s (s for slow). Any coniuous period of 30 minutes involves 30 minutes of
slow driving and thirty minutes of fast driving, so will give rise to the same average
speed over that hour. We want
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or equivalently f + s = 160 and 300 = 2f + s. These conditions are achieved when
f = 140 and s = 20.

5. Is it possible to put the numbers from 1 to 15 into the cells of a 3× 5 rectangular table
(3 rows, 5 columns) so that either

(i) Each column sum is the same and each row sum is the same?

(ii) Each row sum is the same as each column sum?



Solution The total of all the numbers is 120 so if roow sums are equal they must all
be 40 and if column sums are equal they must all be 24. This shows that the answer
to (ii) is no. An arrangement of the type specified in (i) is possible. For example, first
row: 1, 11, 5, 14, 9. Second row 8, 3, 12, 4, 13. Third row 15, 10 7, 6, 2.

6. A ten digit positive integer is Bathonian when each of its digits is 1, 2 or 3 and every
pair of consecutive digits differ by 1.

(a) How many Bathonian numbers exist?

(b) Prove that the sum of all Bathonian numbers is divisible by 1408.

Solution Alternate digits nmust be 2s, and other digits must be odd. Bathonian
numbers are of two types: this beginning with 2 and those ending in a 2. There are
therefore 26 = 64 Bathonian numbers (each type gives rise to 25 possibilities, from
choosing 1 or 3 on five occasions.

Bathonian numbers come in pairs where the twos are in the same places and they differ
in all other positions. The sum of a pair is

4444444444 = 4 × 1111111111 = 4 × 101010101 × 11.

and there are 25 such pairs. Thus the total of all Bathonian numbers is divisible by 27

and also by 11 and so by 11 × 27 = 1408.


