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1. Introduction 

 

Let DEF and LMN be the Cevian triangles of distinct points S and T, with D, L on BC, E, M on 

CA and F, N on AB. It is presumed that S and T do not lie on a sideline of triangle ABC nor on a 

line parallel to a sideline through an opposite vertex. We introduce the nine intersections of these 

two triangles: 

                                            P = EF^MN, Q = FD^NL, R = DE^LM; 

                                            X = DE^NL,  Y = EF^LM, Z = FD^MN; 

                                            U = FD^LM, V = DE^MN, W = EF^NL. 
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See the figure above for an illustration in which S and T are internal points, but the following 

results are true whether or not S and T are internal. We have four triangles ABC, PQR, XYZ, 

UVW and together with the two Cevian triangles they exhibit a number of properties, some of 

which are quite striking. 

 

These properties, which we establish in the following sections using areal (barycentric) co-

ordinates - see [1], [2], are as follows: 

(i) A, Q, R are collinear as are B, R, P and  C, P, Q;  

(ii) BC, EN, YZ are concurrent at a point A', CA, FL, ZX are concurrent at a point B' and 

AB, DM, XY are concurrent at a point C'; 

(iii) BC, MF, VW are concurrent at a point A'', CA, ND, WU are concurrent at a point B'',  

and AB, LE, UV are concurrent at a point C''; 

(iv) A', B', C' are collinear, A'', B'', C'' are collinear and these two lines are concurrent 

with ST at a point O; 

(v) A, X, U are collinear as are B, Y, V, and C, Z, W. 

(vi) (v) implies that triangles ABC, XYZ, UVW are mutually in perspective having a 

common perspector J; 

(vii) In fact each of these triangles is also in perspective with triangle PQR.  Triangles 

ABC and PQR with perspector H (off the page of the figure), triangles PQR and XYZ 

with perspector I and triangles PQR and UVW with perspector K; 

(viii) The perspectors I, J, K are collinear. 

 

2. Setting the scene 

 

Let the Cevian points S and T have co-ordinates (d, e, f) and (l, m, n) respectively. The equations 

of their sides are straightforward to obtain and the co-ordinates of the nine points of intersection 

introduced in Section 1 are as follows: 
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3. Result (i):  Triangle ABC is inscribed in triangle PQR 
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Since the y- co-ordinates of Q and R are identical, as are also their z- co-ordinates it follows that 

the line QR passes through A. Similarly the line RP passes through B and the line PQ passes 

through C. 

 

4. Results (ii) and (iii):  Pairs of lines concurrent at points on the sides of triangle ABC 

 

The equation of the line YZ is 

                                 .                         (4.1) 

 

The equation of the line EN is 

                                                        (4.2)  

 

These meet at the point A' with co-ordinates (0, – dm, fl) and A' lies on BC. Similarly ZX and FL 

meet at a point B'(dm, 0, – en) on CA, and XY and DM meet at a point C'(– fl, en, 0) on AB. 

 

Likewise the equation of VW is  

                          (4.3) 

 

The equation of MF is 

                                                                                                               (4.4)  

 

These meet at the point A'' with co-ordinates (0, – el, dn) and A'' lies on BC. Similarly WU and 

ND meet at a point B''(el, 0, – fm) on CA, and UV and LE meet at a point C''(– dn, fm, 0) on AB. 

 

5. Result (iv):   Three concurrent lines 

 

Points A', B', C' are collinear on the line with equation 

                                                                                                              (5.1) 

 

Points A'', B'', C'' are collinear on the line with equation 

                                                                                                              (5.2) 

 

These meet at the point O with co-ordinates  

    

 

The equation of ST, the line joining the Cevian points, is 

                                      (5.3) 

 

It may now be checked that O lies on the line ST. 
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6. Results (v) and (vi): Three perspectives with the same perspector 

 

The lines AUX, BVY, CWZ have equations 

                                           (6.1)            

                                          (6.2)                           

                                           (6.3) 

 

respectively. These lines are concurrent at the point J with co-ordinates 

 

 

It follows that triangles ABC, UVW, XYZ are mutually in perspective with J as the common 

perspector. 

 

7. Result (vii): Triangle PQR is in perspective with all of ABC, UVW, XYZ 

 

First consider the pair of triangles ABC and PQR. The equations of AP, BQ, CR are 

(7.1) 

                                          (7.2)  

                                                                                              (7.3)                                                     

 

respectively. These lines are concurrent at the point H with co-ordinates 

                                      

 

Thus triangles ABC and PQR are in perspective with H as perspector. Note that as triangle ABC 

is inscribed in triangle PQR (Result (i)), it follows that H is a Cevian point of triangle PQR with 

ABC as its Cevian triangle. This point has recently featured in a paper by Pohoata and Yiu [3], 

who also show that the corresponding sidelines of three Cevian triangles are concurrent if and 

only if the three Cevian points are coconic with the vertices of triangle ABC. They call H the 

anticevian point of S and T. 

 

Next consider the pair of triangles PQR and XYZ. The equations of PX, QY, RZ are 

                             (7.4) 

                                                            (7.5)                       

                          (7.6) 

 

respectively. These meet at the point I with co-ordinates (x, y, z), where  
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Thus triangles PQR and XYZ are in perspective with perspector I.          

 

Next consider the pair of triangles PQR and UVW.  The equations of PU, QV, RW are 

                            (7.7)                                     

                                                         (7.8)     

                              (7.9)     

 

respectively. These meet at the point K whose co-ordinates are (x, y, z), where 

                          

                         , 

                           

 

Thus triangles PQR and UVW are in perspective with perspector K. 

 

8. Result (viii):  The perspectors I, J, K are collinear 

 

It may now be checked that the three perspectors I, J, K lie on the line with equation 

.       (8.1) 

 

9. An alternative construction for the anticevian point H 

 

As is well known the harmonic conjugates of the feet of the Cevians of a point are collinear on a 

transversal associated with the point. The equation of the transversal associated with S(d, e, f) is                                                                      

                                                          x/d + y/e + z/f = 0,                                                              (21) 

and it is easily checked that this line contains the point     

                              H  

In fact H lies on the transversal associated with any point on the circumconic ABCST, and as 

shown in [3] the triangle PQR is also invariant for all pairs of Cevian triangles involving pairs of 

points lying on this circumconic.   
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