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SUMMARY

Methodshave beenproposedto re-designa clinical trial at an interim stagein order

to increasepower. In order to preserve the type I error rate, methodsfor unplanned

design-changehave to be definedin termsof non-sufficient statisticsandthis calls into

questiontheirefficiency andthecredibility of conclusionsreached.Weevaluateschemes

for adaptive re-design,extendingthetheoreticalargumentsfor useof sufficient statistics

of Tsiatis & Mehta (2003)andassessingthe possiblebenefitsof pre-plannedadaptive

designsby numericalcomputationof optimal tests;theseoptimal adaptive designsare

concreteexamplesof optimalsequentially-plannedsequentialtestsproposedby Schmitz

(1993). We concludethat theflexibility of unplannedadaptive designscomesat a price

and we recommendthat the appropriatepower for a study should be determinedas

thoroughlyaspossibleat the outset. Then,standarderror-spendingtests,possiblywith

unevenly-spacedanalyses,provide efficient designs,but it is still possibleto fall backon

flexible methodsfor re-designshouldstudyobjectiveschangeunexpectedlyoncethetrial

is underway.

Somekey words: Adaptive re-design;Admissibility; Clinical trial; Conditionalpower;

Completeclasstheorem;Efficiency; Groupsequentialtest;Sufficiency.
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1 Introduction

Therehasbeenmuch recentinterestin adaptive methodsfor modifying the power, or

conditionalpower, of a clinical trial at an interim stage. Suchadaptationmay be in

responseto external developmentsor to information arising in the study itself. We

shall considerchangingthe alternative at which a specifiedpower is to be attained.

This should not be confusedwith ‘re-estimating’ the samplesize neededto meet a

fixed power requirementasmore is learntabouta nuisanceparameterthat governsthe

necessarysamplesize;seefor exampleWittes& Brittain (1990)or, for updatingsample

sizein a groupsequentialtest,Denne& Jennison(2000). Adaptive strategieshave also

beenproposedfor changingthe treatmentdefinition or the primary response,switching

betweentestsfor superiorityandnon-inferiority, or response-dependentrandomisationto

reducethe numberof subjectson an inferior treatment.Many of theseadaptationscan

beaccommodatedin non-adaptivegroupsequentialtestsandareessentiallyorthogonalto

theissuesweconsiderhere.

Suppose
�

representsthe improvementin efficacy offeredby a new treatmentanda

study hasbeendesignedto test ��� : �����
againstthe alternative

�	�
�
with type I

error probability � and power ���� at
��� �

. Motivation for re-designmay be the

withdrawal of a rival treatmentsothatsmallereffect sizesfor thenew treatmentarenow

of interestandpower ���� is desiredatanalternative
���	���

where
�����������

. A similar

conclusionmightarisefrom informationinternalto thestudybut onasecondaryendpoint;

for example,goodsafetyresultscombinedwith positiveefficacy at a level below
�

could

justify useof thenew treatment.

Theremay, instead,be completelyinternal reasonsto re-designa study, in view of

interim dataon the primary endpoint. It could be deemedappropriateto increasethe

remainingsamplesizeif continuingasplannedwould give low conditionalpower under�����
. Alternatively, whenan interim estimate�� below

�
is reported,investigatorsmay

realisethat,although�� is lowerthantheeffectsizeexpectedor hopedfor, it still represents

a worthwhile improvementandthey would like to extendthe studyto ensurethat high

power is achievedundersuchaneffect size. Monitoring a studyby repeatedconfidence

intervals,asdescribedby Jennison& Turnbull (1989),givesflexibility to modify criteria

for earlystopping,but thisapproachstill assumesadherenceto aspecifiedsamplingplan;

attainingpower � !� atanalternativecloserto thenull hypothesisnecessitatesanincrease

in samplesize.
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Specialmethodsare neededto preserve a type I error probability of � if sample

size is changedon the basisof observed data. Bauer& Köhne (1994) proposetwo-

stagedesignsin which " -valuescalculatedseparatelyfrom thetwo stagesarecombined

throughFisher’s (1932)method;this allows greatflexibility in adaptingthesecondstage

to interim databut, to bevalid, themethodmustbeadoptedat theoutset.More recently,

Proschan& Hunsberger(1995),Cuietal. (1999),Fisher(1998),Shen& Fisher(1999)and

Müller & Schäfer(2001),amongothers,haveproposedavarietyof methodsthatpreserve

the type I error ratedespitecompletelyunplanneddesignchanges.Although differing

in appearanceand derivation, thesemethodsare closely relatedas eachpreserves the

conditionaltypeI errorprobabilitywhenever thedesignis modified;Jennison& Turnbull

(2003)prove this mustbethecasefor any unplannedre-designthatmaintainstheoverall

typeI errorrate.

Several authorsexplain adaptive re-designin termsof a weighting factor for later

observations; thus, the responsesof different subjectsare weighted unequally and

decisionsarenot functionsof thesufficientstatisticfor
�
. Failureto observetheprinciple

of sufficiency (Cox & Hinkley, 1974, §2.3) raisesquestionsaboutboth the statistical

efficiency of theexperimentaldesignsandthecredibilityof reportedresults.In ananalysis

of selectedexamples,Jennison& Turnbull (2003)show thatadaptivesamplingrulescan

bemuchlessefficient thanstandardgroupsequentialtests.Tsiatis& Mehta(2003)givea

formalproofthatany adaptivetestusinganon-sufficientstatisticcanbeout-performedby

a sequentialtestusingthesufficient statistic;however, thesequentialtestthey construct

to do this is allowedmoreanalysesthantheadaptive test.Proponentsof adaptivedesigns

have respondedto thesecriticisms: in a comparisonof certainclassesof adaptive and

non-adaptivedesigns,Poschet al. (2003)foundoptimaladaptivedesignsto havea small

advantageover their optimal non-adaptive counterparts. Theseadaptive designsare

examplesof the ‘sequentiallyplannedsequentialdesigns’proposedby Schmitz(1993)

and are implementedaccordingto a preciselydefinedset of rules, a quite different

prospectfrom theflexible schemesdiscussedabove.

The publicationof well over a hundredpaperson adaptive designsin recentyears

indicatesgreatenthusiasmfor thesemethods,with potentialuseswell beyondtherescue

of under-poweredstudiesdescribedby Cui et al. (1999). In their illustrative examples,

Lehmacher& Wassmer(1999) and Brannathet al. (2002) note the freedomgiven to

investigatorsto re-designthe remainderof a studyat an interim stage. Shen& Fisher

(1999)promote‘variance-spending’testsasa meansto gain the benefitsof low sample
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sizefor givenpowerachievedby groupsequentialtests.Thach& Fisher(2002)searchfor

optimaldesignswithin a classof two-stagevariance-spendingtests. In Shen& Fisher’s

(1999)examples,a power curve is not decidedon at theoutset;instead,samplesizesare

modifiedto aim for power �#�� undertheactualeffect size,asestimatedfrom interim

data. Our objectives in this paperare to illustrate and critically appraisemethodsof

adaptivere-designfor powercriteria,andin particular, to answerthefollowing questions.

Doesuseof non-sufficient statisticsin adaptive designsautomaticallyimply

inefficiency?

How greatan improvementover non-adaptive testscan the most efficient

adaptive sequentialtestsoffer, andis this largeenoughto justify their usein

practice?

We presenttheoreticalresultswhich answerthe first questionin the affirmative and

computationsshowing thattheefficiency gainsof thebestpossiblepre-plannedadaptive

designsarevery small. Our conclusionis that the strengthof adaptive re-designlies in

copingwith the unexpected,in particularrespondingto external informationthat could

not have beenanticipatedat the start of a study. The efficiency cost when adaptive

methodsareusedto rescueanunder-poweredstudyis inescapableandwerecommendthat

investigatorsavoid suchproblemsby thinkingthroughthepowerrequirementcarefullyat

theplanningstage.

2 Sample size adaptation to alter power

2.1 Adaptation preserving the type I error rate

Cui et al. (1999) cite instancesin their experienceat the U. S. Food and Drug

Administrationof researchersproposingan increasein samplesize during the course

of a groupsequentialtrial basedon theobservedsamplepath. In oneexample,a Phase

III studyof a drug for preventingmyocardialinfarctionin patientsundergoingcoronary

arterybypassgraft surgery wasdesignedto have power 0.95 to detecta 50% reduction

in incidence. At an interim point, the incidencerate in the placebogroupwas in line

with expectations,but the ratefor patientsreceiving thedrugwasonly 25%lower. The

investigatorsrecognisedthata 25%reductionin incidencewasstill clinically significant,

but the study had little power to detectsuchan effect: consequentlya proposalwas
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submittedto expandthe study’s samplesize. However, no valid testingprocedurewas

availableto accountfor suchanoutcome-dependentadjustmentof samplesize.

SucheventsmotivatedCui etal. (1999)to proposeamethodfor mid-studyadaptation

of samplesizewhichpreservestypeI error. Wedescribetheirproposalin thecontext of a

generalgroupsequentialtestof a treatmenteffect
�
. Supposethatefficientscorestatistics$&%

for
�

areavailableat analyses' � �)(+*+*,*,(.- with$0/214365 �87 / ( 7 /.9 ($&%  $&%;:</=143?> � 5 7 %  7 %;:</@9 ( 7 %  7 %8:</.A (�' ��B (+*+*+*8(.-C( (1)

andthatincrements
$0/

,
$ED  $0/ (,*+*+*,( $&F  $&FG:</

areindependent.This joint distribution

for a sequenceof scorestatisticsarisesvery generally, holding exactly in normal linear

modelsandfor largesamplesin othercases;seefor exampleJennison& Turnbull (1997).

A one-sidedgroupsequentialtestof thenull hypothesis��� : �C�H�
against

�C�I�
takes

theform
aftergroup ' � �)(+*+*+*8(.-J��

if
$&%#K�L;%

stop,reject ���
if
$&% ��M %

stop,accept���
otherwise continueto group 'ONP� ,

aftergroup -
if
$&F�K�L;F

stop,reject ���
if
$&F �QM F

stop,accept��� ,

(2)

where
M F � L;F

to ensureterminationat analysis - . Typically, testsare designed

with analysesat equally-spacedinformation levels
7 / (,*+*+*,( 7 F . Then,for given - , the

maximuminformation
7 F

andboundaryvalues
5 M % ( L8%R9 , ' � �)(+*+*,*,(.- , canbechosento

attaintypeI errorprobability � under
�!�	�

andpower �ST� at analternative
�!���

.

Supposea testof theaboveform is underwayand,basedondataobservedatanalysisU
, it is desiredto increasethesizeof theremaininggroupsof observations.Let

$ �%
, ' � U

,

denotethenew scorestatisticsand,for notationalconvenience,define
$ �V � $ V . Assume

thateachinformationincrementis increasedby a factor W sothat,for ' � U N��)(+*+*+*X(.- ,$ �%  $ �%8:</ 1Y3Z> � W 5 7 %  7 %8:</[9 (<W 5 7 %  7 %;:</@9@A
independentlyof otherincrements.For ' � U

, define

$&% � $ V N
%\]_^`Vba / W

:</dceD 5d$ �]  $ �] :</ 9 * (3)

Then,under
�f�g�

, incrementsin thenewly defined
$&%

remainindependent,
365 � ( 7 % 7 %8:</@9

and applying the boundary (2) to these statistics preserves the type I error
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probability � exactly. Meansof thenew incrementsaremultiplied by W /dceD , so if W � �
this increasespower for

�����
. Cui et al. (1999)suggestthatasinglere-designpointwill

usuallysufficebut themethodeasilyextendsto more.

A key featureof this proposalis that it givesinvestigatorsfreedomto decidehow to

modify astudyataninterimpoint. However, in orderto assessthemethod,it is necessary

to considerspecificstrategiesfor adaptivere-design.

2.2 Example 1: Re-design in response to external information

We considerthe exampleof a groupsequentialtestwith 5 analysestesting ��� : �h�i�
against

�����
with typeI errorprobability � ��� * �`B)j andpower �kh� �	� *ml at

���	�
. A

fixedsamplesizetestfor this problemrequiresinformationfor
�

7onp� 5rq+s N q,tu9 D;v � D (
where

q@w
denotesthe �x�y quantileof the standardnormal distribution. Supposethe

studyis designedasa one-sidedtestfrom the z -family of error-spendingtestsdescribed

by Jennison& Turnbull (2000,§7.3).With z setto 3, theboundaryvalues
M / (,*+*+*,( Mu{ andL,/ (+*,*+*,( L { arechosento satisfy

pr| >}$0/ � L,/
or *,*+* or

$0/�~h5 M / ( L,/@9 (,*+*+*,( $&%8:</G~T5 M %8:</ ( L8%;:</@9 ( $&% � L8%�A � 5 7 % v 7E����� 9e� ��(
pr| >}$0/ �QM /

or *,*+* or
$0/�~�5 M / ( L,/.9 (,*+*+*8( $&%8:</�~T5 M %8:</ ( L8%;:</@9 ( $&% ��M %�A � 5 7 % v 7E����� 9e� �

for ' � �)(+*+*+*8( j . At thedesignstage,equally-spacedinformationlevels
7 % � 5 ' v j 9 7E�����

are assumedand calculationsshow that a maximuminformation
7E�����	� �)* �}� l 7on is

neededfor theboundariesto meetupwith
M�{�� L {

.

Supposeexternal informationbecomesavailableat the secondanalysis,leadingthe

investigatorsto seekpower
� *ml at

�Q��� v B
ratherthan

��� �
. Sincethis decisionis

independentof dataobserved in the study, onemight argue that modificationcould be

madewithout prejudicingthe type I error rate. However, it would be difficult to prove

that thedatarevealedat interim analyseshadplayedno part in thedecisionto re-design.

We considermodificationsfollowing Cui et al.’s (1999)generalmethod. We chooseW
so that theconditionalpower under

����� v B
given the observedvalueof

$ED
is equalto�uO� �	� *�l , but truncateW to lie in therange1 to 6 sothatsamplesizeis neverreducedand

themaximumtotal informationis increasedby at mosta factorof 4. Fig. 1(a)shows that

thepower curve of theadaptive testlies well above thatof theoriginal groupsequential
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design. The power 0.78attainedat
�C�J� * j2� falls shortof the target of 0.9 becauseof

theimpossibilityof increasingconditionalpowerwhenthetesthasalreadyterminatedto

accept��� andthetruncationof W for valuesof
$ED

just above
M D

.

It is of interestto assessthecostof thedelayin learningtheultimateobjectiveof the

study. Our comparisonis with a z -family error-spendingtestwith z ��� *�� j , power0.9at� * j l � andthefirst four analysesat fractions0.1,0.2,0.45and0.7of thefinal information

level
7&{���7E�������g� *���� 7on . This choiceensuresthat thepower of thenon-adaptive test

is everywhereashigh asthatof theadaptive test,asseenin Fig. 1(a),andthe expected

informationcurvesof the two testsareof a similar shape.Fig. 1(b) shows theexpected

informationon terminationasa functionof
� v �

for thesetwo tests;theverticalaxis is in

units of
7&n

. Together, Figs 1(a) and1(b) show that the non-adaptive testdominatesthe

adaptive testin termsof bothpowerandexpectedinformationover therangeof
�

values.

Also, thenon-adaptivetest’smaximuminformationlevel of
� *���� 7on is 10%lowerthanthe

adaptive test’s
� * B��o7on .

It is useful to have a singlesummaryof relative efficiency whentwo testsdiffer in

both power andexpectedinformation. If testA with type I error rate � at
�����

has

power �p L;��5 � 9
andexpectedinformation � ��� | 5 7 9 undera particular

�C�I�
, we define

its efficiency index at
�

to be

��� ��5 � 9 � 5dq+s N q+����� |�  9 D� D �� ��� | 5 7 9 (
the ratio of the informationneededto achieve power �¡ L.�25 � 9

in a fixedsampletestto� ��� | 5 7 9 . In comparingtestsA andB, wetaketheratioof theirefficiency indicesto obtain

theefficiency ratio

�x¢ �£� ¤=5 � 9 � ��� �25 � 9��� ¤=5 � 9�¥ � �)�4� � ¤E� | 5 7 9� ��� | 5 7 9
5dq+s N q ����� |�  9 D5dq+s N q �§¦<� |�  9 D ¥ � ��� *

This can be regardedas a ratio of expectedinformation adjustedfor the differencein

attainedpower.

The plot in Fig. 1(c) of the efficiency ratio betweenthe two testsin our example

quantifiesthecostof delayin learningthestudy’s objective asanefficiency lossof over

20%athighervaluesof
�
, falling to aroundzeronear

�!���
. Valuesof theefficiency ratio

in excessof 100 just above
�¨�©�

reflectslightly higherpower of the adaptive test,not

visible to thenakedeye in Fig. 1(a).
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2.3 Example 2: Re-design in response to internal information

We startwith thesameinitial testasin Example1, but now supposethat thedecisionto

modify the designat the secondanalysisis promptedby the estimate�� D � $ED v 7 D
and

the realisationthat high power is desirableat lower valuesof
�

which wereoverlooked

originally but now appearplausible. This time we chooseW so that conditionalpower

given theobserved
$ED

, if
�

is equalto �� D , is �#�� ��� *ml . A decreasein samplesizeis

allowedif �� D is sufficiently high to imply that W � � . As in Example1, W is truncatedto

6 to restrictthemaximuminformationlevel to at most4 timesits original value;this has

theeffect thatconditionalpower under
�ª� �� D is equalto 0.9 for �� D�K � * � l � but lower

for smallervaluesof �� D .
Thepowercurvesin Fig.2(a)show thatthisadaptationhasbeeneffectivein increasing

power, with a rise from 0.37to 0.68at
�ª�g� v B

. Thereasonfor re-designarosepurely

from observing �� D anddid not dependon informationfrom externalsources.It should,

therefore,have beenpossiblefor investigatorsto considerat the designstagehow they

would respondto dataseenat thesecondanalysis.Let ussupposethattheaboveadaptive

rule is in accordwith suchconsiderationsandthatthepowercurve in Fig. 2(a)is deemed

to be satisfactory. We shall comparethis adaptive designwith a non-adaptive group

sequentialtestachieving similarpower thatcouldhavebeenchosenfor theoriginalstudy

design. Our choiceis the error-spendingtest from the z -family with z �«� *�� j , power

0.9 at
� *m¬ ��� and the first four analysesat fractions0.1, 0.2, 0.45 and 0.7 of the final

information level
7&{?�7E��������� * B � 7on . Fig. 2(a) shows that the power of this non-

adaptivetestexceedsthatof theadaptivetestatall valuesof
�

andby asubstantialmargin

at thehighest
�

values.

Fig.2(b)showsthatthenon-adaptivetesthasconsiderablylowerexpectedinformation

over a wide rangeof
�

valuesbut slightly higherexpectedinformationfor
�

above
� *�� �

wherethenon-adaptivetest’spoweradvantageis greatest.Theplot of theefficiency ratio

in Fig. 2(c) showsthat,with adjustmentfor attainedpower, theadaptive testis up to 39%

lessefficient thanthenon-adaptivealternative. Themaximuminformationof
� * B��o7on for

theadaptive testis alsosubstantiallyhigherthanthenon-adaptive test’s
� * B � 7on .

2.4 Discussion of examples

Thepositiveconclusionfrom our examplesis thatadaptive methodsdo exist for making

mid-studydesignmodificationsto meetchangesin objectivesdueto externalor internal
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factorswhile preservingthetypeI errorrate.Althoughamorecost-effectivedesigncould

havebeenchosenhadtheultimateobjectivebeenknown attheoutset,this is notanoption

in thefirst example;moreover, it wouldappearthatinstancesof under-poweredstudiesin

needof mid-courserescuecontinueto occur.

Thenegativeaspectof flexible adaptivedesignsis their inefficiency relativeto designs

set up to achieve the correctpower requirementat the outset. Use of non-sufficient

statisticsasa resultof the weightingby W :</dceD in (3) is a sourceof inefficiency in both

examples.Additional lossof efficiency in Example2 canbeattributedto over-relianceon

thehighly variableinterim estimator�� D . This resultsin randomvariationin samplesize

that is in itself inefficient: seeJennison& Turnbull (2003)for furtherdiscussionof this

point in thecontext of a two-stagedesign.

We have carriedout many morecomparisonsof adaptive designsandmatchednon-

adaptive error-spendingtestswith similar qualitative conclusions.In general,allowing a

greaterincreasein maximumsamplesizeleadsto higherinefficiency. The examplesof

§§ 2.2 and2.3 follow therecommendationof many authorsto basesamplesizerevision

onconditionalpower; theinitial testsareallowedto stopearlyto accept��� but wechose

the stoppingrule carefully to reducethe risk of stoppingto accept��� when
�

is in the

range
� v B

to
�

and the adaptive testcould later be requiredto attainhigherpower. In

our experience,adaptationswhich make a noticeablechangeto a test’s power curve are

liable to introduceinefficiency at leastas greatas that seenin our two examples;the

two-stageadaptive designstudiedby Jennison& Turnbull (2003) hasa much higher

efficiency loss. In the following sectionswe complementthis empiricalevidencewith

theoryandnumericalevaluationof optimal testswithin well-definedadaptive andnon-

adaptiveclasses.

3 Theory of optimal adaptive group sequential designs

Considertesting ��� : ���	�
against

�����
. Supposethereare ® analysistimesto choose

from with associatedinformationlevels
7 / (,*+*+*,( 7o¯ , thestatistic

$ �
is sufficient for

�
at

theanalysiswith information
7E�

andthesequence
$0/ (,*+*+*8( $ ¯ hasthe joint distribution

specifiedin (1). Weconsidergroupsequentialtestswith amaximumof - analyseswhere- � ® . Whenthestudycontinuesat aninterim analysis,thetiming of thenext analysis

is chosenasa functionof currentlyobserveddata.Thesetof availableinformationlevels> 7 / (+*+*+*8( 7o¯ A
is to beregardedasfixed.For adaptive tests,weareinterestedin ® ° - ;
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non-adaptivegroupsequentialtestsarecoveredby thecase® � - .

Denotethe indicesof the informationlevelsarisingin a particularrealisationof the

experimentby ± / (<± D (o*+*+* , so that the ' th analysishas information level
7E��²

. An

adaptive groupsequentialdesignis definedby a decisionrule specifyingthe actionat

eachstage.A deterministicdecisionrule fixes ± /#~Q> �)(+*,*+*X(.® �-©N�� A , andthenfor

each' andobserveddata ³ %
it choosesanactionfrom thefollowing setof possibilities:

stopandaccept��� ; stopandreject ��� ; continueto analysis'�NY� at informationlevel7´� ²eµ)¶
where ± % a /·~�> ± % N��)(,*+*+*,(.® �-¸N	'�NY� A . Theoptionof continuingis not

availableat analysis- . In deriving theoreticalresults,we allow randomisedruleswhich

correspondto probabilitydistributionsonthesetof deterministicrules.Wedenotetheset

of all randomisedandnonrandomisedrulesby ¹ .

Let º denotethefinal decisiontaken,eitherto acceptor to reject ��� , andlet
7

denote

theinformationontermination.Therisk or expectedlossof decisionrule » comprisesthe

typeI errorfunction

¢ /,5 � (@» 9 � pr| 5 º �
Reject ��� 9 ( �·�P� (

thetypeII errorfunction

¢ D�5 � (@» 9 � pr| 5 º �
Accept ��� 9 ( ����� (

andtheexpectedinformationfunction ¢ � 5 � (@» 9 � � | 5 7 9 . We assumethat thepreferred

decisionis to reject ��� whenever
�ª�	�

but ¢ / and ¢ D couldbemodifiedto changethis

threshold.Althoughastrongerresultappearsprovable,weavoid technicaldifficultiesby

consideringrisk on a finite set ¼ � > � / (+*+*,*,( �R½ A , where
� / � *+*+* �¾�+¿Q�À�¨���+¿ a / �

*,*+* �«�R½
. This restrictionhaslittle practicalimpactasonecan take, say, ten million

pointsover therangeof
�

valuesof interest.

We combine¢ / , ¢ D and ¢ � into asinglerisk vector,

¢ 5 » 9 � 5 ¢ 5 ��(@» 9 (+*+*,*X(.¢ 5 B�Á (@» 9[9
� 5 ¢ /X5 � / (@» 9 (+*,*+*X(@¢ /,5 �+¿ ([» 9 (=¢ D�5 �+¿ a / (@» 9 (+*+*,*,(.¢ DR5 �R½ (@» 9 (�¢ � 5 � / (@» 9 (,*+*+*8(.¢ � 5 �R½ ([» 9b9 *

A decisionrule » ~ ¹ is saidto beinadmissibleif thereis arule » � with ¢ 5§Â (@» � 9 � ¢ 5§Â (@» 9
for all

Â � ��(+*+*+*X( B�Á and ¢ 5§Â (@» � 9 � ¢ 5§Â (@» 9 for at leastone
Â�~�> �)(+*+*+*8( B�Á A

. A decision

rule which is not inadmissibleis admissible.
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A Bayesdecisionproblemis definedby a prior distribution Ã � 5 Ã / (,*+*+*8([Ã ½ 9 on ¼
andcostsfor eachelementof therisk vector ¢ . TheBayesrisk is½\Ä ^ / Ã Ä

�\V[^ /�Å Ä V ¢ V 5 � Ä (@» 9 ( (4)

where Å Ä / is the costof rejecting ��� , Å Ä D is the costof accepting��� and Å Ä � is the cost

perunit of observedinformationunder
�f�À� Ä . Here Å Ä / �H�

for Æ � " and Å Ä D �H�
for

Æ � " . Weshallwrite theBayesrisk as

Ç T ¢ 5 » 9 � D ½\ ]È^ / Ç 5rÂ�9 ¢ 5§Â (@» 9 ( (5)

whereeachÇ 5rÂ�9kK �
,
Â � �)(+*+*+*X( B�Á . A Bayesrule is a decisionrule » which minimises

theBayesrisk for someÇ . In characterisingadmissiblerulesasBayesrules,therisk setÉ � > ¢ 5 » 9.Ê » ~ ¹ A
playsacentralrole. Theproofsof Theorem1 andCorollary1 below

aregivenin Appendix1.

Theorem 1. For theproblemdefinedabove, therisk set
É

is closedandconvex.

Corollary 1. Eachadmissiblerule » ~ ¹ is aBayesrule for aproblemin which Ç 5rÂ�9�K �
,Â � ��(+*+*+*8( B�Á , andat leasttwoof thefollowinghold:

(i) Ç 5rÂ�9 ���
for some

Â � " ,

(ii) Ç 5rÂ�9 ���
for some"�N�� � Â �PÁ

,

(iii) Ç 5rÂ�9 ���
for some

Â=K Á NP� .
Let ¹xË�Ì denotethe set of ‘non-sequential’decisionrules which terminateat

7 /
with

probability1 or terminateat
7o¯

with probability1. Then,each admissiblerule in ¹ÎÍ}¹·Ë�Ì
is a Bayesrule for a problemin which all threeof theaboveconditionshold. ÏÐ

Ferguson(1967,§§7.1and7.2)andBrown etal. (1980)characteriseadmissiblerules

in thenon-adaptivecase,® � - , but combineerrorratesandexpectedsamplesizeinto

a singlerisk for each
�

value. Keepingerror ratesandexpectedinformationasseparate

elementsof the risk vector in our treatmentmeansthat whena decisionrule is shown

to be inadmissible,the dominatingrule hasboth a superiorpower function and lower

expectedinformationfunction,aswasverynearlythecasein Example1 of § 2. Again in

thenon-adaptivesetting,Chang(1996)considersarisk vectorcomprisingthetypeI error

rateatasingle
� � , poweratanalternative

� /
andexpectedsamplesizeat

�!� 5 � �&N � /.9 v B
.

Heappealsto standarddecisiontheoryargumentsto concludethatadmissibledesignsare

Bayesbut doesnotprove thattherisk setis closed.

11



Corollary 1 with - � ® characterisesadmissibleadaptive designs.If a designis

properlysequential,andsoproducesa non-degeneratedistribution of samplesizes,to be

admissibleit mustbea Bayesrule for a problemsatisfyingconditions(i) to (iii). Sincea

Bayesproblemhasa solutionbasedon sufficient statistics,this establishestheprinciple

thata sequentialtestshouldbedefinedin termsof sufficient statistics.Adaptive designs

usingnon-sufficientstatistics,asrequiredin theflexible adaptiveapproach,aredominated

by admissibleadaptivedesignsbasedonsufficientstatistics.

If the groupsizemultiplier W in Cui et al.’s (1999)methodis a one-to-onefunction

of
$ V , the adaptive rule definedthroughnon-sufficient statistics(3) canbe re-expressed

in termsof sufficient statistics.However, many proposalsfor adaptive designstruncateW to a maximumvalue,asin theexamplesof § 2, and,with thesamesequenceof future

informationlevelsarisingfor an interval of
$ V values,therule cannotbere-expressedin

termsof thesufficient statistics.Evenwhenanadaptivedesignis a functionof sufficient

statistics,it is admissibleonly if its samplingrule,stoppingruleandterminaldecisionrule

coincidewith thoseof aBayesoptimaldesign.In § 4 weexamineBayesoptimaldesigns

andnotequalitativedifferencesbetweentheirsamplingrulesandthoseof adaptivedesigns

basedonfixedconditionalpowerata pre-specifiedor estimatedeffect size.

The case - � ® covers non-adaptive testsand Corollary 1 tells us that non-

adaptive group sequentialtestswith stopping rules or decision rules basedon non-

sufficientstatisticsaredominatedby non-adaptiveBayesoptimaldesignsdefinedin terms

of sufficient statistics.The variance-spendingtestsof Shen& Fisher(1999)fall in this

category sincethe sequenceof informationlevels is fixed andit is the weightsfor each

groupof observationsthat arechosenadaptively; unequalweighting implies departure

from a Bayesrule, andhencethevariance-spendingtestis inadmissible.Thepapersby

Falissard& Lellouch (1991,1992,1993)proposetestswhich rejectthe null hypothesis

if a boundaryis crossedat a setnumberof successive interim analyses.In discussion

reportedin the first of thesepapers,P. Armitagenotesthat this procedureusesa non-

sufficient statisticandT. Louis suggestsit might bepossibleto prove this will imply the

test canbe dominated,aswe have now done; the secondpapercontainsreferencesto

earlierproposalsof asimilar nature.

If - � ® , increasingthenumberof analysesabove - addsto theavailableoptions.

Thus, for a Bayesproblem,the optimal adaptive test with - � ® analysesdoesno

better than the optimal non-adaptive designwith ® analyses. It follows that any - -

analysisadaptive designusing non-sufficient statisticsis dominatedby a non-adaptive

12



® -analysisdesignbasedon sufficient statistics.This conclusionis similar to the result

proved by Tsiatis& Mehta (2003),who startwith a - -analysisadaptive designusing

non-sufficient statisticsandconstructan ® -analysisnon-adaptive test which increases

power andreducesexpectedinformationat valuesof
�

in thealternativehypothesis.Our

result goesfurther in showing that error probability and expectedinformation can be

maintainedor reducedat all valuesof
�

in a compositenull hypothesis,whereasTsiatis

& Mehta(2003)consideronly a simplenull hypothesisandtheexpectedinformationat

this valueof
�

mayincrease.Also, thetestconstructedby Tsiatis& Mehta(2003)is not

necessarilyadmissible.

Calculationsfor optimalgroupsequentialtestsin Eales& Jennison(1992)show that

most of the achievable reductionsin expectedsamplesize are obtainedusing 5 or 10

analyses,supportingTsiatis& Mehta’s (2003,p. 375)argumentthatnon-adaptive group

sequentialtestswith 5 or 10 groupsshouldbeableto matchtheperformanceof adaptive

testsfairly closely. This leaves openthe questionof how greatan advantagethe best

adaptive testsmayhave whenthemaximumnumberof analysesis restrictedto - �ÑB
or 3. Adaptivity extendsthe classof group sequentialdesignsand thereare intuitive

argumentswhy, for example,onemight wish to take a smallergroupsizewhencurrent

datalie closeto the testingboundary. If the efficiency gainsfor optimal adaptive tests

are substantial,there could be a casefor using pre-plannedadaptive designs. Also,

advantagesof adaptivity might meanthatsub-optimaltestsusingnon-sufficient statistics

are competitive with the bestnon-adaptive tests. We shall explore the extent of these

possiblegainsfrom adaptivity in § 4, wherewe solve Bayesdecisionproblemsto find

adaptiveandnon-adaptivedesignsmeetingspecificoptimality criteria.

4 Computing optimal adaptive designs

The theoryof § 3 shows the equivalencebetweenthe classof admissibleadaptive tests

and the set of Bayesoptimal adaptive designs. Eales& Jennison(1992) and Barber

& Jennison(2002) have exploited this correspondencein the non-adaptive setting to

computeoptimal frequentisttests,usingbackwardsinductionto solve an unconstrained

Bayesdecisionproblemandsearchingovercostsin thisBayesproblemto find theoptimal

test with a specifictype I error rateandpower. We have extendedthis computational

techniqueto find optimaladaptive tests.

Theresultsreportedherearefor testsof ��� : �����
against

�·���
with typeI errorrate
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� �	� * �)B)j under
���	�

andpower �2C� ��� *ml at
�!�P�

. Designsminimisetheintegralof

� | 5 7 9 overanormaldistributionfor
�

with mean
�

andstandarddeviation
� v B

, reflecting

optimismthat theeffect sizemaybehigherthan
�

anda desireto stopparticularlyearly

if this is the case. We have taken ® ��j��
and

7 / (+*+*+*8( 7&{ � equallyspacedbetween0

and ¢ 7on
, assensitivity analysesindicatethereis no significantchangeif ® is increased

further. Although theseresultsarefor oneparticularproblem,we have reachedsimilar

conclusionswith otherchoicesof � and � andavarietyof optimisationcriteria.

To find the optimal tests, we formulate Bayes decision problems with a prior

comprisingpoint massesat
�h�Ò�

and
�

mixed with a
3Ó5 � ( � D v � 9 kernel, costs Å / for

rejecting ��� when
���Y�

and Å D for accepting��� when
���Y�

, anda costof oneperunit

of observed informationunderthe continuouscomponentof the prior. The backwards

inductionalgorithmfor finding Bayesoptimaladaptive rulesis similar to thatemployed

by Eales& Jennison(1992)andBarber& Jennison(2002),but now statesareindexed

by theanalysisnumber' andtheindex ± %
of theinformationlevel at which theanalysis

occurs;further detailsaregiven in Appendix2. Thesecalculationsprovide the optimal

adaptive testsdescribedin abstractform, but without numericalexamples,by Schmitz

(1993).

Let Ô 5 � 9 denotethedensityof a
365 � ( � D v � 9 distribution. Table1 showsthevalueofÕ � | 5 7 9 Ô 5 � 9 » � (6)

achieved by optimal adaptive tests,expressedas a percentageof
7on

. The numbersof

analysesare - �«B
, 3, 4, 5, 6, 8 and10 andthe maximumsamplesize is ¢ � ��* �`j ,

1.1, 1.2 and1.3 times
7on

. The tablesalsoshow the minimum possiblevalueof (6) for

(a)anon-adaptivetestwith - analysesat informationlevels
7 / (+*+*+*X( 7 F placedoptimally

between0 and ¢ 7on
, asproposedpreviously by Eales& Jennison(1992)andBrittain &

Bailey (1993),and(b) a non-adaptive testwith - analysesat informationlevelsequally

spacedbetween0 and ¢ 7on
. Thesearchfor optimal informationlevels in (a) wasby the

simplex algorithmof Nelder& Mead(1965).

The resultsshow thatadaptive testscanreduceexpectedinformationwell below
7on

.

This reductionincreaseswith the numberof analyses- and,at leastinitially, with the

factor ¢ specifyingthe maximumallowable information. However, well-chosennon-

adaptive testsarealmostasefficient. For a givennumberof analyses- andmaximum

information ¢ 7on
, the average� | 5 7 9 of the bestnon-adaptive testwith equally-spaced

informationlevelsis within 2%of
7&n

of theoptimaladaptivetest’saverage� | 5 7 9 in most
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cases:exceptionswhen - �
B
and ¢ K �)* B or - ���

and ¢ � �)* � occurbecause

thesevaluesof ¢ areunnecessarilyhigh for thesevaluesof - . Optimising
7 / (+*+*,*,( 7 F

subjectto
7 F � ¢ 7&n

givestheresultsin themiddlecolumnof Table1, noneof which is

morethan1.5%of
7on

higherthantheaverage� | 5 7 9 of theoptimaladaptive test. These

comparisonsare much tighter than the conclusionsdrawn by Tsiatis & Mehta (2003)

thatanadaptive testwith 2 or 3 analysescanbematchedby a non-adaptive testwith 10

analysessincethis is closeto continuousmonitoring.

Thesmalladvantagesof adaptivity arein keepingwith resultsof Poschet al. (2003)

for - � B
. Our resultsare more far-reachingin that we optimise over completely

generalsamplingrulesandstoppingboundaries,andconsiderhighervaluesof - . Even

if the limited benefitsof adaptive designsaredeemedworthwhile, it may be preferable

administratively to achieve thesein a non-adaptive designwith one or two additional

analyses.Thegapbetweenthebestadaptive andbestnon-adaptive testsis largeenough

thatanadaptive testbasedon non-sufficient statisticsmight not bedominatedby a non-

adaptive testwith thesame- ; however, themargin for erroris small.

Samplingrulesfor optimaladaptive testsfollow a consistentpattern.At analysis' ,

incrementsin informationaresmallerwhen
$ � ²

is closeto eitherstoppingboundaryand

larger when
$ ��²

is in the middle of the continuationregion. This is in contrastto the

monotoneincreasein information incrementsas
$ � ²

decreasesseenin samplingrules

basedon constantconditionalpower at
�h�Ò� v B

or
�6� �� , as in the examplesof § 2,

or basedon constantconditionalpower at
�¨�¸�

assuggestedby Denne(2001). Thus,

althoughconditionalpower criteriahave anintuitiveappeal,they shouldnot beexpected

to leadto efficient sequentialdesigns.

We cannow re-considertheexamplesof § 2 in the light of thetheoryof § 3 andthe

computationalresultsof this section.In bothexamples,theadaptive testis inadmissible

sinceit is not a function of sufficient statistics. Theory implies that thereis a superior

adaptive test,not necessarilya non-adaptive one. Sinceour computationsshow that the

bestnon-adaptive testsarealmostasefficientastheir adaptivecounterparts,it shouldnot

bea surprisethatmatchednon-adaptive testscanout-performthe inadmissibleadaptive

tests.We have takenerror-spendingtestsasour matchedteststo show thereareefficient

‘off theshelf’ options,but we could have stayedcloserto the theoreticalreasoningand

useddesignsoptimisedfor appropriatelyselectedBayesdecisionproblems.
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5 Discussion

Non-adaptivegroupsequentialtestsarewell studiedandoptimaltestshave beenderived

for a variety of criteria. Barber& Jennison(2002)show that membersof the z -family

of error-spendingtestswith equally-spacedinformation levels arehighly efficient for a

rangeof criteria involving � | 5 7 9 at valuesof
�

between � v B and
�)� v B

. Jennison&

Turnbull (2005) considercriteria
> �S� 5 7 9 NI�SÖ 5 7 9 NÀ�S×�Ö 5 7 9@A v � with � � B

, 3 and

4 and demonstratethe effectivenessof the z -family as long as
7 /

is carefully chosen.

Theseerror-spendingtestsare easily implementedand provide flexibility to deal with

unpredictableinformationsequences.

Incorporatingadaptivity in pre-plannedgroup sequentialdesigns,as proposedby

Schmitz (1993), producesa small benefit. However, similar improvementsare often

achieved by non-adaptive designswith one extra analysis,avoiding the administrative

complicationsof apre-plannedadaptivedesign.

Using adaptive methodsin an unplannedmanneroffers flexibility to the organisers

of a studybut, sincethesufficiency principle is contravened,thereis an efficiency cost.

Oneargumentfor flexible adaptive designsis that they allow investigatorsto choosea

study’s power curve in responseto early estimatesof the effect size,
�
. This may be

appealingwhenthereis uncertaintyaboutthe likely effect sizeandoptimisticestimates

areconsiderablylarger thanthe minimum clinically or commerciallysignificanteffect.

Schäfer& Müller (2004)considertestsfor a rangeof detectabletreatmenteffectsand

proposeadesignin whichattentionshiftstosmallereffectsizesatsuccessiveanalyses.An

alternative solutionis simply to specifyhigh power at thesmallbut clinically significant

effectsizeandchooseagroupsequentialtestthatachievesthiswhile giving low expected

samplesizeunderlargereffects. Reducingexpectedinformationundervaluesof
�

well

above that at which power is set may require specialisedversionsof standardgroup

sequentialtests. Examplesof thesearethe z -family error-spendingtestswith a special

sequenceof informationlevelsseenin § 2, or z -family testswith anoptimisedchoiceof7 /
investigatedby Jennison& Turnbull (2005).

Thereis a substantialliteratureon samplesizemodificationin responseto estimates

of anuisanceparameter, suchasthevarianceof anormalresponse,whichdeterminesthe

samplesizeneededto achieve power at a specifiedeffect size. In the‘information-based

monitoring’ approachdescribedby Mehta& Tsiatis (2001), the maximuminformation

for an error-spendingtest is fixed but the target samplesize is adjustedin the light
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of new estimatesof the parametergoverningthe relationshipbetweensamplesizeand

information.Thisprocesshasminimaleffecton thetypeI errorrate.In principle,sample

sizeadjustmentfor anuisanceparametercanbecombinedwith modificationsto increase

power in view of theobservedtreatmenteffect; furtherstudyof suchschemeswould be

helpful to assesstheeffectof any interplaybetweenthetwo typesof update.

A key role thatremainsfor flexible adaptivemethodsis to helpinvestigatorsrespond

to unexpectedexternalevents.As Müller & Schäfer(2001)andPoschet al. (2003)point

out,it is goodpracticeto designastudyasefficientlyaspossiblegiveninitial assumptions,

sothebenefitsof thisdesignareobtainedin theusualcircumstanceswherenomid-course

changeis required.However, if theunexpectedoccurs,adaptivemethodscanbeapplied.

The approachbasedon maintainingconditionaltype I error probability put forward by

Denne(2001)andMüller & Schäfer(2001)is particularlypromisingasit hasthepotential

to be usedwith error-spendingdesignsthat alreadyadaptto unpredictableinformation

sequences.

Finally, theuseof flexible adaptivemethodsto rescueanunder-poweredstudyshould

not beoverlooked.While it is easyto becritical of a poorinitial choiceof samplesize,it

wouldbenaive to think thatsuchproblemswill ceaseto arise.
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APPENDIX 1

Proofs

Proofof Theorem1. Wereferto Chapter2 of Ferguson(1967)for proofsof thesupporting

hyperplaneandseparatinghyperplanetheoremsusedbelow, aswell asfor backgroundto

completeclasstheoremswhich show, broadlyspeaking,thatadmissiblerulesareBayes

andviceversa.

We restrictattentionto caseswith Ã Ä � � v Á , Æ � �)(+*+*+*X( Á . Then the BayesriskÇ T ¢ 5 » 9 in (5) impliescostsunder
�!��� Ä of

Á Ç 5 Æ 9 for awrongdecisionand
Á Ç 5 Á N�Æ 9 7

for observedinformation
7

. Sinceany expression(4) canbewritten in theform (5), this

doesnotreducetheclassof problemsconsidered.It is helpful to treattheBayesrisk asthe

expectation,undertheprior Ã Ä � � v Á , Æ � �)(+*+*+*X( Á , of the lossfunction Ø 5 Ç ([ºÙ( 7 ( � 9 ,
where

Ø 5 Ç (@ºÙ( 7 ( � Ä 9 � ÚÛ Ü Á Ç 5 Æ 9 � 5 º �
Reject ��� 9 N Á Ç 5 Á N�Æ 9 7 ( Æ � "Ý(Á Ç 5 Æ 9 � 5 º �
Accept ��� 9 N Á Ç 5 Á NTÆ 9 7 (YÆ � "Ý* (A1)
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Supposerisk vectors Þ / and Þ D belongto the risk set
É

and
�I� ßÑ� � . There

aredecisionrules » / and » D for which Þ / and Þ D are the risk vectors. The randomised

rule » � which mixes » / with probability
ß

and » D with probability �# ß
hasrisk vector

¢ 5 » � 9 �¾ß Þ / N 5 �S ß 9 Þ D#~àÉ
. Thus,a generallinearcombinationof pointsin

É
is also

in
É

, so
É

is convex.

We shallprove that
É

is closedby takingageneralpoint Þ / on theboundaryof
É

and

showing thatit is in
É

. Weusethesupportinghyperplaneat Þ / to defineaBayesdecision

problem,and a decisionrule solving this Bayesproblemcan be found by backwards

induction. The risk vectorof this rule is in
É

andlies in the supportinghyperplane.If

thehyperplaneintersectstheclosureof
É

in a singlepoint, this mustbe Þ / . However, if

intersectionis at asetof points,furtherwork is requiredto provethat Þ / is therisk vector

of a Bayesrule,andthereforein
É

. Thefull proof is by induction.We startby outlining

thefirst two stagesto motivatethedefinitionof theinductivehypothesis.

Let áÉ denotethe closureof
É

andtake an arbitrarypoint Þ / on the boundaryof áÉ .

By the supportinghyperplanetheorem,thereis a hyperplane" / � > Þ#â Ç T/ Þ � ' /.A for

which Ç T/ Þ / � ' / and Ç T/ Þ K ' / for all Þ ~4É
. Let

É�/ � " /=ãàÉ
and ä / � " /�ã áÉ .

If someelementsof Ç / arenegative, minimising Ç T/ ¢ 5 » 9 is an unusualBayesdecision

problem,but that is unimportant. A decisionrule, » / say, minimising Ç T/ ¢ 5 » 9 canbe

constructedby backwards induction. Since Ç T/ Þ K ' / for all Þ ~iÉ
, we know thatÇ T/ ¢ 5 » /@9!K ' / . However, therearedecisionruleswith risk vectorsapproachingÞ / , and

thereforeÇ T/ ¢ 5 » /@9 � Ç T/ Þ / � ' / . HenceÇ T/ ¢ 5 » /@9 � ' / and ¢ 5 » /@9�~CÉ�/
, showing that

É�/
is non-empty. Consideringlinearcombinationsof decisionrulesshowsthat

É�/
is convex.

If Þ /ª~YÉ�/
, we have the desiredresult that Þ /ª~YÉ

; the situationto considerfurther is

where
É�/

is a strict subsetof ä / and Þ /p~ ä / Í É�/ . We aim to show that(i)
É�/

is closed,

and(ii)
É�/ � ä / , from which it follows that Þ /¡~ÓÉ�/

. LemmaA1 provesthat(ii) holds,

given(i). Proving (i) is similar to proving theoriginal theorem,but we have madesome

progresssince
É�/

is a subsetof the
5 B}Á P� 9 -dimensional" / whereas

É
wasa subsetofå D ½

.

If we take an arbitrary Þ D on the boundaryof
É�/

, thereis a supportinghyperplane

within " / , " D � > Þ2â Ç TD Þ � ' D,Akã " / , for which Ç TD Þ D � ' D and Ç TD Þ K ' D for all Þ ~?É�/
.

Define
ÉæD � " D,ã�É and ä D � " DXã áÉ . Pointsin

ÉæD
arerisk vectorsof decisionrulessolving

thefollowing problem:first, minimise Ç T/ ¢ 5 » 9 ; then,asa secondarycriterion,minimiseÇ TD ¢ 5 » 9 amongrules minimising Ç T/ ¢ 5 » 9 . Sucha rule, » D say, can be constructedby

backwardsinductionand, following earlier reasoning,mustsatisfy Ç T/ ¢ 5 » DX9 � ' / and
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Ç TD ¢ 5 » DX9 � ' D . Thus,
ÉæD

is nonemptyand,by theusualargument,convex. We now wish

to show that(i)
ÉæD

is closedand(ii)
ÉæD � ä D , to deduceÞ Dç~�ÉæD

.

Further iterations of this processlead eventually to a nonempty, convex
Éoè

of

dimensionzero.As thisis asingletonset,it is closedandthus(i) holds.It is still necessary

to show that(ii) holdsatthis level andwork backto deducethat
É�/

is closedand
É�/ � ä / .

Thesequenceof hyperplanesandsubsetsof
É

arisingin this processis definedbelow.

For notationalconsistency, let
É � � É

and "0� �éå D ½
. We shall considersequences> 5 Þ,ê�( Ç ê 9.Ê[ë � �)(,*+*+*8( B�Á A

suchthat,for
ë � �)(+*+*,*,( B�Á ,

Þ,ê is apoint on theboundaryof
É ê :</ ,

"0ê � > Þ2â Ç Tê Þ � ')ê AÝã "0ê :</ is a supportinghyperplaneto
É ê :</ within "0ê :</ at the

point Þ,ê , for which Ç Tê Þ,ê � '�ê and Ç Tê Þ K '�ê for all Þ ~CÉ ê :</ ,
É ê � "æê ãìÉ

is non-emptyand äSê � "0ê ã áÉ . (A2)

Note that arbitrary choiceof the boundarypoint Þ,ê is allowed in (A2). A supporting

hyperplane"æê exists since
É � is convex and, hence,so is

É ê :</ ; if thereis more than

one supportinghyperplane,any defining vector Ç ê may be chosen. Each
É ê is non-

emptysincebackwardsinductioncanbeusedto constructa decisionrule »`ê minimisingÇ T/ ¢ 5 » 9 first, thenminimising Ç TD ¢ 5 » 9 amongrulesthatminimise Ç T/ ¢ 5 » 9 , andsoforth.

Argumentsoutlined above andgiven more fully in the proof of LemmaA1 show thatÇ T/ ¢ 5 »`ê 9 � Ç T/ Þ / � ' / , etc.,so that ¢ 5 »`ê 9 lies in eachhyperplane" / (+*+*+*X(."0ê aswell as

in
É

, andtherefore¢ 5 »`ê 9G~¨É ê .
LemmaA1 statesthat if, for any � � ë �gB�Á

,
É ê is closedthen

É ê � äSê . In other

words,property(i) impliesproperty(ii) ateachlevel
ë
. Weusethis lemmain aninductive

argumentcombiningresultsover levels
ë

to prove thetheorem.Theinductivehypothesis

to beprovedfor
���Pí��PB�Á

is asfollows:

if thedimensionof "0ê �	í
, then

É ê is closed. (A3)

This hypothesisis satisfiedfor
í��î�

since
É ê is a singletonset. Inductively, suppose

that (A3) is true for
íI� ïí

, where
�P� ïíð��B�Á I� . Considera general

É ê :</ in a

hyperplane"æê :</ of dimension
ïí N�� . For Þ,ê on theboundaryof

É ê :</ , take a supporting

hyperplane"æê anddefine
É ê � "æê ãCÉ

and äSê � "æê ã áÉ . Thedimensionof "æê is
ïí

so,

by the inductive hypothesis,
É ê is closed.Therefore,by LemmaA1,

É ê � äSê . Now, Þ,ê
is in áÉ and "0ê , andhenceÞ,ê ~ äSê©ñ Þ,ê ~�É ê�ñ Þ,ê ~TÉ ñ Þ,ê ~TÉ ê :</ . As Þ,ê is
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ageneralboundarypoint of
É ê :</ , weseethat

É ê :</ is closedandthis establishes(A3) foríì� ïí N�� . With
ë �P�

and
í��	B�Á

in (A3) weseethat
É � � É

is closed,completingthe

proof of thetheorem. ÏÐ
The proof of Theorem1 is complicatedby the possibility that a Bayesdecision

problemhasmultiple solutions. An alternative strategy would be to prove directly that

the Bayesproblem definedby Ç / has a unique solution up to setsof measurezero.

Exceptionalcaseswherewholesectionsof Ç / arezerodo have multiple Bayessolutions

andneedspecialtreatment.For othercases,apossiblerouteis offeredby thepropertiesof

analyticfunctionsusedby Brown et al. (1980)in proving their Theorem3.3. Extending

this argumentto our settingwould be nontrivial. Moreover, our proof generalisesto

discretedistributionswhereBayesproblemsmaynothaveuniquesolutions.

Lemma A1. In the settingdefinedat (A2), for any � � ë �îB}Á
, if

É ê is closed,thenÉ ê � äSê .
Proof of LemmaA1. As notedin theproof of the theorem,

É ê is nonemptyandconvex.

Supposethat
É ê is closedbut

É êTò� äSê . Thenthereis a point ó ~ äSê,Í É ê and,by the

separatinghyperplanetheorem,a vector
L

and ô �©�
suchthat

L
T ó � L

T Þ��ô for all

Þ ~QÉ ê . Since ó ~ áÉ , therearedecisionrules
> » ] A with õ÷öùø ]_úkû ¢ 5 » ] 9 � ó . We prove

the lemmaby constructinga decisionrule
ï» for which ¢ 5 ï» 9�~¾É ê and

L
T ¢ 5 ï» 9 � L

T ó ,

contradictingtheassumptionsaboutó . Therule
ï» is definedby thefollowing criteria:

�)* Minimise Ç T/ ¢ 5 » 9 .
B * Subjectto satisfyingcondition1, minimise Ç TD ¢ 5 » 9 .
...

ë * Subjectto satisfyingconditions1 to
ë �� , minimise Ç Tê ¢ 5 » 9 .

ë NÙ�)* Subjectto satisfyingconditions1 to
ë
, minimise

L
T ¢ 5 » 9 .

ë N B * Subjectto satisfyingconditions1 to
ë N�� , take thefirst actionin list ü .

Here,ü is thefollowingorderedlist: (1) Stop,accept��� ; (2) Stop,reject ��� ; (3) Continue

to an analysisat information level
7 /

; *+*,* ; ( ® N B
) Continueto an analysisat

7&¯
.

Condition
ë N B

ensuresthat rule
ï» is preciselyspecified,up to variationson a setof

measurezero. The particularorderingof actionsis not significantbut the labellingwill

beof uselater.
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A rule satisfyingtheabove criteriacanbeconstructedby finding theoptimalactions

to be taken at analyses- , - g�)(o*+*+*o( � in succession.The action at analysiszero

refersto the choiceof ± /
. Writing ý % for

5ÿþ � ¶ (+*+*+*X( þ ��² Ê ± / (+*+*,*,(@± %+9
, let Ô |�� 5 ý %R9 be

the probability densityfor
�Q��� Ä of the path

5dþ � ¶ (,*+*+*,( þ � ²+9 underfixed information

levels
7E� ¶ (+*+*,*X( 7´��² , anddenoteby � 5 »£([ý %+9 the conditionalprobability underrule » of

takingthesequenceof actionsto continuesamplingatstage
�
with next informationlevel7´��� µ)¶

,
� �4� (+*+*+*8(;'��� , asthesamplepath

5dþ � ¶ (,*+*+*,( þ ��² 9 unfolds.For thelossfunction

definedby (A1) with a given valueof Ç , we write the conditionalexpectedlossunder

rule » , when
�ª��� Ä andoutcomes

$ � ¶ � þ � ¶ (+*+*,*,( $ ��²�� þ ��²
have beenobserved,as

� |�� > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê » A . Thus,thecontributionto Ç T ¢ 5 » 9 from samplepathsfollowed

up to at leastanalysis' canbewritten as

\� � ¶ ������� � � ²  
Õ �
	�� ¶ ������� � 	�� ²  

½\Ä ^ / �Á Ô | � 5 ý %�9 � 5 »£([ý %,9 � | � > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê » A » þ � ¶ *,*+*[» þ � ² *
(A4)

Denotethedensityof thepath
5dþ � ¶ (,*+*+*,( þ � ²+9 for fixed informationlevels

7E� ¶ (+*,*+*,( 7´� ²
undertheassumeduniformprior distributionon

�
by

Ô� 5 ý %R9 � ½\Ä ^ / �Á Ô | � 5 ý %�9 *
Theposteriordistributionof

�
given ý % is Ã 5 � Ä � ý %+9 �	Á :</ Ô | � 5 ý %R9 v Ô�� 5 ý %�9 . Letting � �&»`ý %

denotethesumover
5 ± / (+*+*+*X(@± %R9

followedby integrationover
5ÿþ � ¶ (+*+*+*8( þ ��² 9 , we can

re-write(A4) as

Õ � Ô� 5 ý %R9 � 5 »£([ý %+9
½\Ä ^ / Ã 5 � Ä � ý %+9 � |�� > Ø 5 Ç ([ºÙ( 7 ( � Ä 9�� ý %�Ê » A »�ý % * (A5)

In the backwards induction process,the optimal decisionsat analyses'?NJ�)(,*+*+*,(@-
are known when analysis ' is considered. A Bayes optimal procedure must

minimise the expectedconditional loss under the posterior distribution of
�
. Let

� |�� > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê U ( ï» A denotethe conditionalexpectationof loss Ø 5 Ç ([ºÙ( 7 ( � Ä 9
when

�f�ð� Ä , path ý % hasbeenobserved,action
U

is takenat analysis' andtheoptimal

rule
ï» is followedat analysis'ONP� andbeyond. If we follow thelist of

ë N B
criteria,the

optimalchoicewhenin stateý % at analysis' is theaction
U

minimising½\Ä ^ / Ã 5 � Ä � ý %R9 � |�� > Ø 5 Ç / (@ºÙ( 7 ( � Ä 9�� ý %�Ê U ( ï» A *
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If two or more actionsattain this minimum, the secondcriterion is applied, so we

minimise ½\Ä ^ / Ã 5 � Ä � ý %R9 � |�� > Ø 5 Ç D ([ºÙ( 7 ( � Ä 9�� ý %�Ê U ( ï» A
amongthecontendingactions,andsoforth. Thefinal criterionensuresauniquelydefined

decisionrule. Continuingthis processbackto ' �P�
, where± /

is chosen,determines
ï» .

Since ¢ 5 ï» 9�~	É
, the definition of Ç / and ' / implies that Ç T/ ¢ 5 ï» 9ÎK ' / . However,Ç T/ Þ / � ' / for Þ / ontheboundaryof

É
, sotherearerisk vectorsÞ in

É
with Ç T/ Þ arbitrarily

closeto ' / . As
ï» minimisesÇ T/ ¢ 5 » 9 over ¢ 5 » 9�~ É

, we concludethat Ç T/ ¢ 5 ï» 9 � ' / , and

hence¢ 5 ï» 9O~ " / and ¢ 5 ï» 9O~�É�/
. Similarly, ¢ 5 ï» 9O~�É�/

implies that Ç TD ¢ 5 ï» 9OK ' D , but

therearerisk vectorsÞ in
É�/

with Ç TD Þ arbitrarily closeto Ç TD Þ D � ' D and,as
ï» minimisesÇ TD ¢ 5 » 9 over ¢ 5 » 9p~TÉ�/

, we have Ç TD ¢ 5 ï» 9 � ' D , ¢ 5 ï» 9#~ " D and ¢ 5 ï» 9p~hÉæD
. Repeating

this argumentshows,ultimately, that ¢ 5 ï» 9G~¨É ê .
We wish to show that

L
T ¢ 5 ï» 9 � L

T ó � L
T õùöùø ]_úkû ¢ 5 » ] 9 . To comparerule » ] withï» , definerules » %] , ' �Ñ� (+*+*,*X(.- , where » %] behavesas » ] at analyses

�
to ' andas

ï» at

analyses'�N�� to - . By this definition, » F] � » ] andfor notationalconsistency we set

» :</] � ï» . Then

¢ 5 » ] 9 T¢ 5 ï» 9 � ¢ 5 » F] 9 T¢ 5 » :</] 9 � F\% ^ � ¢ 5 » %] 9 T¢ 5 » %8:</] 9 * (A6)

Theterm ' in thissuminvolvesrules » %] and » %;:</] whichdiffer only atanalysis' andboth

proceedoptimally, asrule
ï» , at analysis'ONP� andbeyond.

Supposethat, for samplepath ý % � 5ÿþ � ¶ (+*+*,*X( þ � ²}Ê ± / (+*+*+*X(@± %�9
, stoppingdoesnot

occurbeforeanalysis' . Then,atanalysis' , theconditionalexpectationof Ø 5 Ç ([ºÙ( 7 ( � Ä 9
underrule

ï» , andthereforeunderrule » %8:</] , is½\Ä ^ / Ã 5 � Ä � ý %�9 � | � > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê ï» A *
Rule » %] maytakeadifferentaction,

U
, at analysis' , andthenproceedas

ï» , in whichcase

wewrite theconditionalexpectedlossunder
�!�P� Ä as � | � > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê U ( ï» A . Let

�Î5 Ç ([ý % ( U 9 �
½\Ä ^ / Ã 5 � Ä � ý %�9�� � | � > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê U ( ï» A ì� | � > Ø 5 Ç (@ºÙ( 7 ( � Ä 9�� ý %�Ê ï» A�� *

(A7)

Define � 5 » ] ([ý % ( U 9 to be the probability that rule » ] takes action
U

when in state

ý % , indexing actionsby
U ~ > �)(,*+*+*8(;® N B A

accordingto the ordering ü . Then,
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combining(A5), (A6) and(A7), weobtain

Ç T ¢ 5 » ] 9  Ç T ¢ 5 ï» 9 � F\% ^ � Ç T ¢ 5 » %] 9  Ç T ¢ 5 » %8:</] 9 �
F\% ^ �

¯ a D\Vb^ /
Õ � Ô�� 5 ý %�9 � 5 » ] ([ý %R9 � 5 » ] (bý % ( U 9��Î5 Ç (bý % ( U 9 »`ý % *

Define � / � > 5 ý % ( U 9 â �Î5 Ç / (bý % ( U 9 �ð� A
and,letting ��� denotethe complementof � ,

define

��� � > 5 ý % ( U 9 â �f5 Ç � ([ý % ( U 9 �Q� A�ã � �� :</�� �	B (+*+*+*X( ë *
For pairs

5 ý % ( U 9 in ��� , action
U

is optimalfor minimisingeachof Ç T/ ¢ 5 » 9 (+*+*+*X( Ç T� :</ ¢ 5 » 9
in order, but not thenoptimalfor minimising Ç T� ¢ 5 » 9 . Thefunctions

�Î5 Ç ([ý % ( U 9 aresuch

that
�f5 Ç / ([ý % ( U 9 �H�

for
5 ý % ( U 9 in � / and

�f5 Ç / ([ý % ( U 9 �é�
for

5 ý % ( U 9 in ��� / andthen,

for each
� ��B (+*+*,*,( ë ,

�Î5 Ç � (bý % ( U 9 can be positive or negative on
5 � / � *,*+* � ��� :</.9 ,�Î5 Ç �e([ý % ( U 9 ���

for
5 ý % ( U 9 in �!� , and

�Î5 Ç � ([ý % ( U 9 ���
for remainingpairs

5 ý % ( U 9 .
Recall that

> » ] A is a sequenceof decision rules with ¢ 5 » ] 9#" ó ~ äSê,Í É ê
where Ç T� ó � Ç T� ¢ 5 ï» 9 for

� � �)(+*+*+*8( ë and
L

T ó � L
T Þ�Iô for all Þ ~
É

. SinceÇ T/ ¢ 5 » ] 9  Ç T/ ¢ 5 ï» 9�" �
,F\% ^ �

¯ a D\Vb^ /
Õ � Ô�� 5 ý %�9 � 5 » ] (bý %�9 � 5 » ] ([ý % ( U 9��Î5 Ç / ([ý % ( U 9 »`ý % �

F\% ^ �
¯ a D\Vb^ /

Õ � � > 5 ý % ( U 9G~ � /@A Ô�� 5 ý %�9 � 5 » ] ([ý %R9 � 5 » ] (bý % ( U 9��Î5 Ç / (bý % ( U 9 »`ý %$" � *
As � �,Ô� 5 ý %�9 is finite, � 5 » ] ([ý %R9 � � , � 5 » ] ([ý % ( U 9 � � and

�f5 Ç / ([ý % ( U 9 ���
on � / , it

follows thatF\% ^ �
¯ a D\V[^ /

Õ � � > 5 ý % ( U 9�~ � /;A Ô�� 5 ý %�9 � 5 » ] (bý %R9 � 5 » ] ([ý % ( U 9 »`ý %%" �
and,sinceall thefunctions

�Î5 Ç ��(bý % ( U 9 and
�f5rL ([ý % ( U 9 arebounded,F\% ^ �

¯ a D\V[^ /
Õ � � > 5 ý % ( U 9G~ � /.A Ô� 5 ý %R9 � 5 » ] ([ý %R9 � 5 » ] ([ý % ( U 9��Î5 Ç � ([ý % ( U 9 »`ý %$" � ( (A8)

for
� �4B (+*+*,*X( ë , andF\% ^ �

¯ a D\Vb^ /
Õ � � > 5 ý % ( U 9G~ � /.A Ô�� 5 ý %�9 � 5 » ] (bý %�9 � 5 » ] ([ý % ( U 9��Î5dL ([ý % ( U 9 »`ý %$" � *

At thenext level, thefactthat Ç TD ¢ 5 » ] 9  Ç TD ¢ 5 ï» 9�" �
and(A8) for

� �	B
imply thatF\% ^ �

¯ a D\Vb^ /
Õ � � > 5 ý % ( U 9G~ � DXA Ô�� 5 ý %�9 � 5 » ] ([ý %R9 � 5 » ] (bý % ( U 9��Î5 Ç D (bý % ( U 9 »`ý %$" � (
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from whichwededucethatF\% ^ �
¯ a D\V[^ /

Õ � � > 5 ý % ( U 9�~ � D+A Ô�� 5 ý %�9 � 5 » ] ([ý %�9 � 5 » ] ([ý % ( U 9��Î5 Ç �ÿ([ý % ( U 9 »`ý %$" �
for

� ��� (+*+*,*X( ë , andF\% ^ �
¯ a D\Vb^ /

Õ � � > 5 ý % ( U 9G~ � D,A Ô�� 5 ý %�9 � 5 » ] (bý %�9 � 5 » ] ([ý % ( U 9��Î5dL ([ý % ( U 9 »`ý %$" � *
Continuingthis processup to

� � ë
shows that, in the limit, thereis no contribution toL

T ¢ 5 » ] 9  L
T ¢ 5 ï» 9 from sets� / to �Sê . For

5 ý % ( U 9G~�5 � /&� *,*+* � �Sê 9 � , action
U

is optimal

for eachof Ç T/ ¢ 5 » 9 (+*+*+*X( Ç Tê ¢ 5 » 9 in orderand,wherethis leavesa choiceof actions,ruleï» is definedto minimisetheexpectedcontribution to
L

T ¢ 5 » 9 , so that
�Î5dL ([ý % ( U 9¡K �

. In

consequence, L
T óx L

T ¢ 5 ï» 9 � õùöùø]ÈúSû L
T ¢ 5 » ] 9  L

T ¢ 5 ï» 9 �F\% ^ �
¯ a D\V[^ /

Õ � Ô� 5 ý %R9 � 5 » ] ([ý %�9 � 5 » ] ([ý % ( U 9��f5rL (bý % ( U 9 »`ý %	K � *
Thiscontradictstheassumedpropertiesof ó andthelemmais proved. ÏÐ
Proof of Corollary 1. Giventhat

É
is closed,argumentsof Ferguson(1967,Ch.2) show

thattherisk vectorof anadmissibletest,» , liesonthelowerboundaryof
É

. Thispointcan

beseparatedfrom theorigin by a supportinghyperplanewhich definesa Bayesproblem

with Ç 5§Â�9�K �
for all

Â � �)(,*+*+*8( B�Á andat leastone Ç 5rÂ�9 �P�
. Therule » is a Bayesrule

for this problem.

SupposeÇ 5rÂ�9 �À�
only for someindices

Âp~P> �)(+*+*,*X(." A
. As thereis no penaltyfor

accepting��� when
�

is positive, a Bayesrule accepts��� with probability 1 underall�
. This canbe achievedby stoppingwith

7I�¾7 /
, andsince » is admissibleit mustdo

this. Hence,» is alsoa Bayesrule for problemswhere Ç 5§Â�9 �P�
for all

Â � ��(+*+*+*8(." andÂ ��Á NÓ�)(,*+*+*;( B�Á . Similarly, if Ç 5rÂ�9 ���
only for indices

Â=~Ó> "?NÓ�)(,*+*+*8( Á A
, then » is a

Bayesrule for problemswhereÇ 5rÂ�9 ���
for all

Â � "�NQ�)(+*+*,*X( Á and
Â �PÁ NQ�=*+*+*X( B�Á .

Now supposeÇ 5rÂ�9 ��
only for someindices

Âì~�> Á NH�)(,*+*+*,( B�Á A
. TheseÇ 5§Â�9

imply a cost for samplingbut not for wrong decisions,so » must stop at
7 � 7 /

with probability 1. As » is admissible,it is alsoadmissibleamongrules for the fixed

sampleproblemwith data
$0/¨1 365 �X7 / ( 7 /.9 , which hasrisk set

É �!� ÉPã%'
, where' � > ¢ 5 » 9 â=¢ 5rÂ ([» 9 �é7 / ( Â �îÁ NÀ�)(+*,*+*X( B�Á A

. Standardargumentsshow that
É �

is

a closedconvex set,and ¢ 5 » 9 is on the boundaryand lies on a supportinghyperplane

within
'

which definesa Bayesproblemfor thefixed sampletestwith Ç 5rÂ�9 �ð�
for at
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leastone
Âf~�> �)(,*+*+*8( Á A

. It follows that » is Bayesfor the sequentialproblemwhich

combinesÇ 5rÂ�9
,
Â � �=*+*+*8( Á , from this fixed sampleproblemand Ç 5§Â�9 � � for allÂ=~Ó> Á NP�)(+*,*+*,( B}Á A

, for sufficiently large � . ÏÐ
APPENDIX 2

Thebackwards inductionalgorithm

The Bayesdecisionproblemof § 4 is solvedby backwardsinduction. The prior on�
comprisespoint probability massesat

�à��
and

�
, which we write as Ã /X5 � 9 � � v �

and Ã /,5 � 9 � � v � , plus a density Ã D�5 � 9 � Ô 5 � 9 v � for
� ~ å

, where Ô 5 � 9 is the density

of a
3Ó5 � ( � D v � 9 randomvariable.We mustchoosebetweendecisionsº�� � ‘Accept ��� ’

and º / �
‘Reject ��� ’ with costfunction ( 5 º / ( � 9 � Å / , ( 5 º��+( � 9 � Å D and ( 5 ºÙ( � 9 �À�

otherwise.Thesamplingcostis oneperunit of observedinformationunderthecontinuous

part of the prior distribution; as this assignsprobability zero to
�Ó�
�

and
�h�«�

, we

cansaythatsamplingcostis oneperunit of informationfor
� ~ v > � ( � A and0 otherwise.

Up to - analysesareallowed at an increasingsequenceof informationlevels from the

set
> 7 / (,*+*+*,( 7o¯ A

. Denotethe information level at analysis ' by
7E��²

, the test statistic

by
$ ��²

andtheposteriordistribution for
�

by y � %   5 � � ± % ( $ ��² 9 , comprisingpoint masses

y � %  / 5 � � ± % ( $ � ²+9 andy � %  / 5 � � ± % ( $ � ²+9 plusacontinuousdensityy � %  D 5 � � ± % ( $ � ²+9 .
The minimum additional expected loss incurred by stopping at analysis ' with

information
7´� ²

andstatistic
$ � ²

is

) � %   5 ± % ( $ ��² 9 � ø�ö+* > Å / y � %  / 5 � � ± % ( $ ��² 9 ( Å D y � %  / 5 � � ± % ( $ ��² 9[A *
For analyses' � �)(,*+*+*,(@-P�� , ± %p~à> '´(+*+*+*X(;®©�-�Nf' A and ± % a /G~Ó> ± % Nª�)(+*+*,*X(;®©
- NI'ªN�� A , define ,

� %   5 ± % ( $ ��² (@± % a /[9 to be the expectedadditionalcost when the

observedstatisticis
$ ��²

of continuingto analysis'�N¾� at informationlevel
7E��²eµ`¶

and

proceedingoptimally thereafter. The minimum additionalexpectedcostgiven ± %
and$ � ²

is thus

- � %  �5 ± % ( $ ��² 9 � ø�ö.* �/) � %  �5 ± % ( $ ��² 9 (�ø�ö.*� ²eµ)¶ > , � %   5 ± % ( $ ��² (@± % a /@9[A�� *
Denoting by 0 � % a /   5ÿ$ ��²eµ)¶ � ± % ( $ ��² (@± % a /b9 the conditional cumulative distribution

functionof
$ � ²eµ)¶

given ± %
,
$ � ²

and ± % a / , wehave

,
� FG:</   5 ± FG:</ ( $ ��132 ¶ (@± FS9 � 5 7E��1  7E��132 ¶ 9 Õ û: û �=*ÿy � FG:</  D 5 � � ± FG:</ ( $ �4152 ¶ 9 » �

N Õ û: û ) � F   5 ± F ( $ ��1 9 »60 � F   5ÿ$ ��1 � ± FG:</ ( $ ��132 ¶ (@± Fk9
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and,for ' � ��(+*+*+*X(.-¸ B
,

,
� %   5 ± % ( $ � ² (@± % a /[9 � 5 7´� ²eµ)¶  7E� ²�9 Õ û: û �=*ÿy � %  D 5 � � ± % ( $ � ²+9 » �
N Õ û: û - � % a /   5 ± % a / ( $ � ²eµ)¶[9 »60 � % a /   5d$ � ²eµ)¶7� ± % ( $ � ² (@± % a /@9 *

Proceedingthrough ' � - ©�)(+*+*,*,( B and all permissiblepairs ± %
and ± % a / ,

the above expressionsfor , � %   5 ± % ( $ � ² (@± % a /@9 are calculatednumerically. In the case

' � -	� , we applyknowledgeof
) � F   5 ± F ( $ ��1 9 , andfor ' � - B

we usevalues

for -
� % a /   5 ± % a / ( $ � ²ÿµ`¶b9 alreadycomputedon a grid of valuesof

$ � ²ÿµ`¶
. We divide the

rangeof valuesfor
$ ��²

into intervalswithin which - � %   5 ± % ( $ ��² 9 is attainedby oneof the

following actions:stopnow andaccept��� , stopnow andreject ��� , continueto
7E� ² a / ,

*,*+* , continueto
7&¯ : F a % a / . Then,within eachinterval, - � %   5 ± % ( $ ��² 9 is calculatedat a

grid of pointssuitablefor numericalintegrationover the distribution of
$ � ²

. Jennison

& Turnbull (2000, Ch. 19) provide further detailsof this type of recursive numerical

integration.
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Fig. 1. Example1. (a)Powerof theoriginal test( z ���
), Cui etal.’sadaptivedesignwith

samplesizerevisedto attainpowerat
�!��� * j2� , andmatchednon-adaptivetest( z ��� *�� j )

with power
� *ml at

���	� * j l � . (b) � | 5 7 9 of theCui et al. adaptivedesignandthematched

non-adaptive design,expressedin unitsof
7on

. (c) Efficiency ratio betweentheCui et al.

adaptivedesignandthematchednon-adaptivedesign.
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(c)
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Fig. 2. Example2. (a)Powerof theoriginal test( z ���
), Cui etal.’sadaptivedesignwith

samplesizerevisedto attainpower at
��� �� D , andmatchednon-adaptive test( z �I� *�� j )

with power
� *ml at

���	� *�¬ �G� . (b) � | 5 7 9 of theCui et al. adaptivedesignandthematched

non-adaptive design,expressedin unitsof
7on

. (c) Efficiency ratio betweentheCui et al.

adaptivedesignandthematchednon-adaptivedesign.
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(c)
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Table1: Minimum possiblevaluesof �ç� | 5 7 9 Ô 5 � 9 » � for adaptiveandnon-adaptive tests
with typeI errorrate � �4� * �`B�j , power �kT� �4� *ml at

�x�4�
, - analysesandmaximum

informationlevel ¢ 7on
. Valuesareexpressedasapercentageof

7on
.

Numberof Adaptive Non-adaptive tests Non-adaptive
analyses,- tests with optimised testswith7 / (+*+*+*X( 7 F 7 % � 5 ' v - 9 ¢ 7&n

¢ � ��* �`j
2 74.7 74.7 74.7
3 68.0 68.8 69.0
4 64.9 66.2 66.5
5 63.3 64.7 65.1
6 62.3 63.7 64.1
8 61.1 62.5 62.8
10 60.5 61.8 62.1¢ � ��*÷�
2 73.2 73.3 73.8
3 66.0 66.8 67.0
4 62.8 63.9 64.2
5 61.0 62.3 62.7
6 59.9 61.3 61.6
8 58.6 60.0 60.3
10 58.0 59.3 59.5¢ � ��* B
2 72.5 73.2 74.8
3 64.8 65.6 66.1
4 61.2 62.4 62.7
5 59.2 60.5 60.9
6 58.0 59.4 59.8
8 56.6 58.0 58.3
10 55.9 57.2 57.5¢ � ��* �
2 72.4 73.0 77.1
3 64.5 65.5 66.6
4 60.8 61.9 62.5
5 58.6 60.0 60.5
6 57.3 58.7 59.2
8 55.8 57.2 57.6
10 55.0 56.3 56.7
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