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SUMMARY

Methodshave beenproposedo re-desigra clinical trial at aninterim stagein order
to increasepower. In orderto presere the type | error rate, methodsfor unplanned
design-changéave to be definedin termsof non-suficient statisticsandthis calls into
guestiortheir efficiengy andthe credibility of conclusiongeachedWe evaluateschemes
for adaptve re-designextendingthe theoreticalargumentsor useof sufficient statistics
of Tsiatis& Mehta (2003) and assessinghe possiblebenefitsof pre-plannedadaptve
designsby numericalcomputationof optimal tests;theseoptimal adaptve designsare
concreteexamplesof optimal sequentially-plannedequentiatestsproposedy Schmitz
(1993). We concludethatthe flexibility of unplannedadaptve designscomesat a price
and we recommendthat the appropriatepower for a study should be determinedas
thoroughlyas possibleat the outset. Then, standarderrorspendingtests,possiblywith
unevenly-space@nalysesprovide efficientdesignshut it is still possibleto fall backon
flexible methoddor re-desigrshouldstudyobjectveschangaunexpectedlyoncethetrial

is underway.

Somekey words: Adaptive re-design;Admissibility; Clinical trial; Conditionalpower;
Completeclasstheorem Efficiengy; Groupsequentiatest; Sufficiency.



1 Introduction

Therehasbeenmuchrecentinterestin adaptve methodsfor modifying the power, or
conditional power, of a clinical trial at an interim stage. Suchadaptationmay be in
responseo external developmentsor to information arising in the study itself. We
shall considerchangingthe alternatve at which a specifiedpower is to be attained.
This should not be confusedwith ‘re-estimating’ the samplesize neededto meeta
fixed power requirementas moreis learntabouta nuisanceparametethat governsthe
necessargamplesize;seefor exampleWittes & Brittain (1990)or, for updatingsample
sizein a groupsequentiatest,Denne& Jennison2000). Adaptive strateyieshave also
beenproposedor changingthe treatmentdefinition or the primary responseswitching
betweentestsfor superiorityandnon-inferiority, or response-depender@ndomisatiorio
reducethe numberof subjectson aninferior treatment. Many of theseadaptationgan
beaccommodateth non-adaptie groupsequentiatestsandareessentiallyorthogonato
theissueswve considerhere.

Supposée representshe improvementin efficacy offeredby a new treatmentanda
study hasbeendesignedto test Hy: # < 0 againstthe alternatve & > 0 with type |
error probability « andpower 1 — g atf§ = ¢. Motivation for re-designmay be the
withdrawal of arival treatmensothatsmallereffect sizesfor the new treatmentarenow
of interestandpower1 — (3 is desiredatanalternatve § = ¢’ where0 < ¢’ < §. A similar
conclusiommightarisefrom informationinternalto thestudybut onasecondargndpoint;
for example,goodsafetyresultscombinedwith positive efficacy atalevel below § could
justify useof the new treatment.

Theremay, instead,be completelyinternalreasongo re-designa study in view of
interim dataon the primary endpoint. It could be deemedappropriateto increasethe
remainingsamplesizeif continuingasplannedwould give low conditionalpower under
9 = 4. Alternatively, whenaninterim estimated belaw § is reported investigatoranay
realisethat,althoughd is lowerthantheeffectsizeexpectecbr hopedfor, it still represents
a worthwhile improvementand they would like to extendthe studyto ensurethat high
power is achieved undersuchan effect size. Monitoring a study by repeatedconfidence
intervals,asdescribedy Jennisor& Turnkull (1989),givesflexibility to modify criteria
for earlystopping but this approactstill assumeadherencéo a specifiedsamplingplan;
attainingpower1— 3 atanalternatve closerto thenull hypothesisiecessitategnincrease

in samplesize.



Specialmethodsare neededto presere a type | error probability of « if sample
size is changedon the basisof obsened data. Bauer& Koéhne (1994) proposetwo-
stagedesignsgn which P-valuescalculatedseparatelyrom the two stagesarecombined
throughFishers (1932)method;this allows greatflexibility in adaptingthe secondstage
to interim databut, to bevalid, the methodmustbe adoptedat the outset.More recently
Proscha& Hunsbeger(1995),Cuietal. (1999),Fisher(1998),Shen& Fisher(1999)and
Muller & Schafe(2001),amongothers have proposeda varietyof methodghatpresere
the type | error rate despitecompletelyunplanneddesignchanges.Although differing
in appearancand derivation, thesemethodsare closely relatedas eachpreseres the
conditionaltypel errorprobabilitywheneaerthedesignis modified;Jennisor& Turnkull
(2003)prove this mustbethe casefor ary unplannede-desigrthatmaintainghe overall
typel errorrate.

Several authorsexplain adaptve re-designin termsof a weighting factor for later
obsenations; thus, the responsesf different subjectsare weighted unequally and
decisionsarenot functionsof the sufficient statisticfor 6. Failureto obsenre theprinciple
of sufficiency (Cox & Hinkley, 1974, §2.3) raisesquestionsaboutboth the statistical
efficiengy of theexperimentatlesignsandthecredibility of reportedesults.In ananalysis
of selectedexamples Jennisor& Turnkull (2003)shav thatadaptve samplingrulescan
bemuchlessefficientthanstandardyroupsequentiatests.Tsiatis& Mehta(2003)givea
formal proofthatary adaptve testusinganon-suficientstatisticcanbeout-performedy
a sequentiatestusingthe sufficient statistic;however, the sequentiatestthey construct
to dothisis allowedmoreanalyseshanthe adaptve test. Proponent®f adaptve designs
have respondedo thesecriticisms: in a comparisonof certainclassesof adaptve and
non-adaptre designsPoschet al. (2003)found optimaladaptve designgo have a small
advantageover their optimal non-adaptie counterparts. Theseadaptve designsare
examplesof the ‘sequentiallyplannedsequentiadesigns’proposedoy Schmitz(1993)
and are implementedaccordingto a precisely definedset of rules, a quite different
prospecfrom theflexible schemesliscusse@bove.

The publicationof well over a hundredpaperson adaptve designsin recentyears
indicatesgreatenthusiasnior thesemethodswith potentialuseswell beyondtherescue
of underpoweredstudiesdescribedoy Cui et al. (1999). In their illustrative examples,
Lehmacher& Wassmer(1999) and Brannathet al. (2002) note the freedomgiven to
investigatorgo re-designthe remainderof a study at an interim stage. Shen& Fisher

(1999) promote‘variance-spendingestsasa meansto gainthe benefitsof low sample



sizefor givenpowerachievedby groupsequentiatests.Thach& Fisher(2002)searcHor
optimal designswithin a classof two-stagevariance-spendintgsts. In Shen& Fishers
(1999)examplesa power curve is not decidedon at the outset;instead samplesizesare
modifiedto aim for power 1 —  underthe actualeffect size,asestimatedrom interim
data. Our objectvesin this paperare to illustrate and critically appraisemethodsof

adaptve re-desigrfor power criteria,andin particulay to answeithefollowing questions.

Doesuseof non-suficient statisticsin adaptve designsautomaticallyimply
inefficiency?
How greatan improvementover non-adaptre testscan the most efficient

adaptve sequentiatestsoffer, andis this large enoughto justify their usein

practice?

We presenttheoreticalresultswhich answerthe first questionin the affirmative and
computationshawing thatthe efficiency gainsof the bestpossiblepre-plannedadaptve
designsarevery small. Our conclusionis thatthe strengthof adaptve re-designlies in
copingwith the unexpected,in particularrespondingo externalinformationthat could
not have beenanticipatedat the start of a study The efficiengy cost when adaptve
methodsareusedo rescueanunderpoweredstudyis inescapablandwerecommendhat
investigatorsvoid suchproblemsby thinking throughthe powerrequirementarefullyat
theplanningstage.

2 Sample size adaptation to alter power

2.1 Adaptation preserving thetypel error rate

Cui et al. (1999) cite instancesin their experienceat the U. S. Food and Drug
Administrationof researcherproposingan increasein samplesize during the course
of a groupsequentiatrial basedon the obsered samplepath. In oneexample,a Phase
lll studyof a drugfor preventingmyocardialinfarctionin patientsundegoing coronary
arterybypassgraft sugery wasdesignedo have power 0.95to detecta 50% reduction
in incidence. At aninterim point, the incidencerate in the placebogroupwasin line
with expectationsput the ratefor patientsreceving the drugwasonly 25% lower. The
investigatorgecognisedhata 25% reductionin incidencewasstill clinically significant,
but the study had little power to detectsuchan effect: consequentlya proposalwas



submittedto expandthe study’s samplesize. However, no valid testingprocedurevas
availableto accountfor suchanoutcome-dependeatdjustmenbf samplesize.
SucheventsmotivatedCui etal. (1999)to proposea methodfor mid-studyadaptation
of samplesizewhich preserestypel error. We describeheir proposalin thecontext of a
generagroupsequentiatestof atreatmeneffectd. Supposehatefficient scorestatistics

Sy, for 6 areavailableatanalyses =1, ..., K with
SlNN(QIhIl)a (1)
Sy — Spe1 ~ N{O(Tp — To—r), Ts — Ti—n}, k=2,....K,
andthatincrementsS;, S, — S1, ..., Sk — Sk _1 areindependentThis joint distribution

for a sequencef scorestatisticsarisesvery generally holding exactly in normallinear
modelsandfor largesamplesn othercasesseefor exampleJennisor& Turnkull (1997).
A one-sidedyroupsequentiatestof the null hypothesisH,: § < 0 against) > 0 takes

theform
aftergroupk =1,..., K — 1

if S, > b, stop,rejectH,

if S, <ap stop,acceptH,

otherwise continueto groupk + 1, ()

aftergroup K

if S > by stop,rejectH,

if Sk < ag stop,acceptH,,
whereax = by to ensureterminationat analysisK. Typically, testsare designed
with analysesat equally-spacednhformationlevelsZ,, ..., Zx. Then,for given K, the
maximuminformationZ, andboundarywalues(ax,bi), k = 1, ..., K, canbechoserto
attaintypel errorprobability « underf = 0 andpower1 — § atanalternatve = 6.

Supposeatestof theabove form is underway and,basedn dataobsenedat analysis

J, it isdesiredo increasehesizeof theremaininggroupsof obsenations.Let S}, k& > 7,
denotethe new scorestatisticsand, for notationalcorveniencedefineS; = S;. Assume
thateachinformationincrements increasedy afactory sothat,fork = j +1,..., K,

lec - 512_1 ~ N{QW (Ik - Ik—1), 7 (Ik - Zk—l)}

independentlyf otherincrementsFor £ > j, define

k
Sp=S;+ > v (S| - 5i). 3)
i=j+1
Then,underf = 0, incrementsn the newly definedS;, remainindependent)N (0, Z;, —

Tx—1) and applying the boundary (2) to these statistics preseres the type | error
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probability o exactly. Meansof the new incrementsare multiplied by /2, soif v > 1
thisincreasepowerfor # > 0. Cui etal. (1999)suggesthata singlere-desigrpoint will
usuallysuffice but the methodeasilyextendsto more.

A key featureof this proposals thatit givesinvestigatordreedomto decidehow to
modify astudyataninterim point. However, in orderto assesthemethod,t is necessary

to considerspecificstratgiesfor adaptve re-design.

2.2 Example1l: Re-design in responseto external information

We considerthe exampleof a group sequentiatestwith 5 analysegdestingHy: 6 < 0
against) > 0 with typel errorprobabilitya = 0.025 andpower1 — = 0.9 atd = 4. A
fixedsamplesizetestfor this problemrequiresnformationfor 6

If = (Za + Zﬂ)2/52,

where z, denoteshe 1 — p quantileof the standardnormal distribution. Supposethe
studyis designedasa one-sidedestfrom the p-family of errorspendingestsdescribed
by Jennisor& Turnkull (2000,87.3). With p setto 3, theboundarwaluesay, . . ., a5 and
by, ..., bs arechoserto satisfy

pre{Sl > b1 or...or Sl € (al, bl), .. .,Sk,1 S (ak,l,bk,l), Sk > bk} = <Ik/Imam)3 «,

pre{Sl <a or...orS; € (al,bl), .. -;Sk—l € (ak_l,bk_l),Sk < ak} = (Ik/Imaw)36

fork =1,...,5. At thedesignstage gqually-spacethformationlevelsZ, = (k/5)Z ax
are assumedand calculationsshav that a maximuminformationZ,,,,, = 1.049Z; is
neededor theboundarieso meetup with a5 = bs.
Supposeaxternalinformationbecomesavailable at the secondanalysis,leadingthe
investigatorsto seekpower 0.9 at = 6/2 ratherthanf = . Sincethis decisionis
independenbdf dataobsened in the study one might argue that modificationcould be
madewithout prejudicingthe type | error rate. However, it would be difficult to prove
thatthe datarevealedat interim analyseiadplayedno partin the decisionto re-design.
We considermodificationsfollowing Cui et al.s (1999) generalmethod. We choosey
sothatthe conditionalpower underf = ¢/2 giventhe obseredvalueof S, is equalto
1—06 = 0.9, buttruncatey to lie in therangel to 6 sothatsamplesizeis neverreducedand
the maximumtotal informationis increasedy at mosta factorof 4. Fig. 1(a) shovs that
the power curve of the adaptve testlies well above that of the original groupsequential



design. The power 0.78 attainedat # = 0.5 ¢ falls shortof the tamget of 0.9 becausef
theimpossibility of increasingconditionalpower whenthe testhasalreadyterminatedo
acceptH, andthetruncationof ~ for valuesof S, justabove a,.

It is of interestto assesshe costof the delayin learningthe ultimateobjectve of the
study Our comparisons with a p-family errorspendingestwith p = 0.75, power 0.9 at
0.59 § andthefirst four analysestfractions0.1,0.2,0.45and0.7 of thefinal information
level Z; = Z,,.. = 3.78Z;. This choiceensureshatthe power of the non-adaptie test
is everywhereashigh asthat of the adaptve test,asseenin Fig. 1(a),andthe expected
informationcurvesof the two testsareof a similar shape.Fig. 1(b) showvs the expected
informationon terminationasa functionof /4 for thesetwo tests;the verticalaxisis in
units of Z,. Together Figs 1(a) and1(b) shov thatthe non-adaptre testdominateshe
adaptve testin termsof both power andexpectednformationovertherangeof 6 values.
Also, thenon-adaptre test’s maximuminformationlevel of 3.78 Z; is 10%lowerthanthe
adaptvetests4.20 Z;.

It is usefulto have a single summaryof relatve efficiency whentwo testsdiffer in
both power and expectedinformation. If testA with typel errorratea até = 0 has
power 1 — b, (#) andexpectedinformation E4 ¢(Z) undera particularg > 0, we define
its efficiengy index atf to be

(Za + ZbA(O))2 1

EI(0) = > L

the ratio of the informationneededo achieve power 1 — b,4(6) in afixed sampletestto
E44(Z). In comparingestsA andB, we take theratio of their efficiency indicesto obtain
theefficiengy ratio

EL(0) 109 — EBo@) (Za+20,0)°
EIB<9) EA,9<I) (Za -+ sz(G))2

x 100.

ER,p(0) =

This can be regardedas a ratio of expectedinformation adjustedfor the differencein
attainedpower.

The plot in Fig. 1(c) of the efficiency ratio betweenthe two testsin our example
guantifiesthe costof delayin learningthe study’s objective asan efficiency lossof over
20%athighervaluesof ¢, falling to aroundzeronearf = 0. Valuesof theefficiency ratio
in excessof 100justabove # = 0 reflectslightly higherpower of the adaptve test, not
visible to thenakedeyein Fig. 1(a).



2.3 Example 2. Re-design in responseto internal information

We startwith the sameinitial testasin Examplel, but now supposehatthe decisionto
modify the designat the secondanalysisis promptedby the estimated, = S, /T, and
the realisationthat high power is desirableat lower valuesof 6 which were overlooked
originally but now appearplausible. This time we choosey so that conditionalpower
giventhe obsened S,, if § is equalto 6, is1 — 8 = 0.9. A decreasén samplesizeis
allowedif 6, is sufiiciently high to imply thaty < 1. Asin Examplel, ~ is truncatedo
6 to restrictthe maximuminformationlevel to at most4 timesits original value;this has
the effect that conditionalpower under = 0, is equalto 0.9for 0, > 0.49 § but lower
for smallervaluesof 6,.

Thepowercurvesin Fig. 2(a)show thatthisadaptatiorhasbeeneffectivein increasing
power, with arisefrom 0.37to 0.68atf = /2 . Thereasorfor re-designarosepurely
from observingd, anddid not dependon informationfrom externalsources.lt should,
therefore have beenpossiblefor investigatorg¢o considerat the designstagehow they
would respondo dataseematthesecondanalysis.Let ussupposehattheabove adaptve
ruleis in accordwith suchconsiderationandthatthe power curvein Fig. 2(a)is deemed
to be satishctory We shall comparethis adaptve designwith a non-adaptie group
sequentiatestachiezing similar power thatcouldhave beenchoserfor the original study
design. Our choiceis the errorspendingtestfrom the p-family with p = 0.75, power
0.9 at 0.64 6 andthe first four analysesat fractions0.1, 0.2, 0.45 and 0.7 of the final
informationlevel Zs = Z,,,., = 3.21Z;. Fig. 2(a) shows that the power of this non-
adaptvetestexceedghatof theadaptvetestatall valuesof § andby asubstantiamaigin
atthe highest values.

Fig. 2(b) shonsthatthenon-adaptie testhasconsiderablyowerexpectednformation
over a wide rangeof 6 valueshut slightly higherexpectedinformationfor ¢ above 0.8 ¢
wherethe non-adaptre test's power advantages greatestTheplot of theefficiencgy ratio
in Fig. 2(c) shawvsthat,with adjustmentor attainedpower, the adaptve testis up to 39%
lessefficient thanthe non-adaptie alternatve. The maximuminformationof 4.20 Z for
the adaptve testis alsosubstantiallyhigherthanthe non-adaptre test's 3.21 Z;.

2.4 Discussion of examples

The positive conclusionfrom our examplesis thatadaptve methodsdo exist for making

mid-studydesignmodificationsto meetchangesn objectvesdueto externalor internal



factorswhile preservinghetypel errorrate. Althoughamorecost-efective designcould
have beenchoserhadtheultimateobjective beenknown attheoutset thisis notanoption
in thefirst example;moreower, it would appeathatinstance®f underpoweredstudiesn
needof mid-courserescuecontinueto occut

Thenegative aspecbf flexible adaptve designss theirinefficiency relatveto designs
set up to achiese the correctpower requirementat the outset. Use of non-suficient
statisticsas a resultof the weightingby v~'/2 in (3) is a sourceof inefficiengy in both
examples.Additionallossof efficiengy in Example2 canbeattributedto over-relianceon
the highly variableinterim estimatord,. This resultsin randomvariationin samplesize
thatis in itself inefficient: seeJennison& Turnkull (2003)for further discussiorof this
pointin the contet of atwo-stagedesign.

We have carriedout mary more comparison®f adaptve designsand matchednon-
adaptve errorspendingtestswith similar qualitative conclusions.In general allowing a
greaterincreasan maximumsamplesizeleadsto higherinefficiency. The examplesof
88 2.2 and2.3follow therecommendationf mary authorsto basesamplesizerevision
on conditionalpower; theinitial testsareallowedto stopearlyto acceptH, but we chose
the stoppingrule carefully to reducethe risk of stoppingto acceptH, whend is in the
ranged/2 to 6 andthe adaptve testcould later be requiredto attain higher power. In
our experience adaptationsvhich make a noticeablechangeto a test's power curve are
liable to introduceinefficiengy at leastas greatas that seenin our two examples;the
two-stageadaptve designstudiedby Jennison& Turnkull (2003) hasa much higher
efficiengy loss. In the following sectionswe complementhis empirical evidencewith
theoryand numericalevaluationof optimal testswithin well-definedadaptve and non-
adaptve classes.

3 Theory of optimal adaptive group sequential designs

ConsidertestingHy: # < 0 against) > 0. Supposeéhereare M analysigimesto choose
from with associateihformationlevelsZ,,. .., Z,,, thestatisticS,, is sufficientfor ¢ at
the analysiswith informationZ,, andthe sequencéi, . .., Sy, hasthejoint distribution

specifiedn (1). We considemgroupsequentiatestswith amaximumof K analysesvhere
K < M. Whenthestudycontinuesataninterim analysisthetiming of the next analysis
is choserasa functionof currentlyobseneddata.The setof availableinformationlevels
{Z,,...,Z)} isto beregardedasfixed. For adaptve tests we areinterestedn M > K;



non-adaptie groupsequentiatestsarecoveredby thecaseM = K.

Denotethe indicesof the informationlevels arisingin a particularrealisationof the
experimentby my, mo, ..., So that the kth analysishasinformation level Z,,,,. An
adaptve group sequentialdesignis definedby a decisionrule specifyingthe action at
eachstage.A deterministicdecisionrule fixesm; € {1,...,M — K + 1}, andthenfor
eachk andobseneddataX;, it choosesanactionfrom the following setof possibilities:
stopandacceptH,; stopandreject Hy; continueto analysisk + 1 at informationlevel
7,

MEg41

wheremy,; € {my +1,...,M — K + k + 1}. Theoption of continuingis not
availableat analysisk. In derving theoreticakesults,we allow randomiseduleswhich
correspondo probabilitydistributionson the setof deterministiaqules. We denotethe set
of all randomisec&indnonrandomisedulesby D.

Let.4 denotethefinal decisiontaken,eitherto accepbor to rejectH,, andlet Z denote
theinformationontermination.Therisk or expectedossof decisionrule d compriseghe

typel errorfunction

Ry(0,d) = pr,(A = RejectH;), 6 <0,
thetypell errorfunction

Ry(0,d) = pry,(A = AcceptH,), 6> 0,

andthe expectedinformationfunction R;(6,d) = Ey(Z). We assumehatthe preferred
decisionis to reject Hy, wheneerd > 0 but R, and R, could be modifiedto changethis
threshold.Althougha strongemresultappearprovable,we avoid technicaldifficulties by
consideringisk on afinite set® = {6y,...,0,}, wheref; < ... < fp <0 < fpyy <

. < Bq. Thisrestrictionhaslittle practicalimpactasone cantake, say ten million
pointsovertherangeof # valuesof interest.

We combineR;, R, and R3 into asinglerisk vector
R(d) = (R(1,d),....R(2Q,d))
= (Rl(ela d)a SRR Rl(ep, d)’ R2(9P+1a d)7 s 7R2<0Q7 d)a R3<017 d)a SRR R3(9Q7 d))

A decisionruled € D is saidto beinadmissiblef thereis arule d’ with R(i,d') < R(i, d)
foralli =1,...,2Q andR(i,d') < R(i,d) for atleastonei € {1,...,2Q}. A decision

rule whichis notinadmissiblas admissible.

10



A Bayesdecisionproblemis definedby a prior distribution 7 = (7y,...,mg) on ©
andcostsfor eachelementof therisk vector R. The Bayesrisk is
Q 3
Z Tq Z quRj<6q’ d)? (4)
q=1 j=1
wherec,; is the costof rejecting Hy, ¢, is the costof acceptingH, andc,; is the cost
perunit of obsenedinformationunderf = 6,. Herec,; = 0 for ¢ > P andcg, = 0 for

g < P. We shallwrite the Bayesrisk as

2Q
w'R(d) = Y w(i)R(i,d), (5)
=1
whereeachw(i) > 0,7 = 1,...,2Q. A Bayesruleis adecisionrule d which minimises

the Bayesrisk for somew. In characterisingadmissiblerulesasBayesrules,therisk set
S = {R(d);d € D} playsacentralrole. The proofsof Theoreml andCorollary 1 belon
aregivenin Appendix1.

Theorem 1. For the problemdefinedabove, therisk setsS is closedand corvex.

Corollary 1. Eachadmissibleule d € D is aBayegule for a problemin which w(z) > 0,

1=1,...,2Q, andat leasttwo of the following hold:

(i) w(i) > 0for somei < P,
(i) w(i) > 0forsomeP +1 <i < Q,

(iii) w(i) > 0 for somei > @ + 1.

Let Dys denotethe set of ‘non-sequential’decisionrules which terminateat Z; with
probability 1 or terminateat Z,, with probability 1. Then,eadadmissibleule in D\Dy s
is a Bayesrule for a problemin which all threeof the above conditionshold. O

Felguson(1967,887.1and7.2)andBrown etal. (1980)characterisadmissiblerules
in thenon-adaptie case, M = K, but combineerrorratesandexpectedsamplesizeinto
a singlerisk for eachf value. Keepingerror ratesand expectedinformationasseparate
elementsof the risk vectorin our treatmentmeansthat when a decisionrule is shavn
to be inadmissible the dominatingrule hasboth a superiorpower function and lower
expectednformationfunction,aswasvery nearlythe casein Examplel of § 2. Againin
thenon-adaptie setting,Chang(1996)considersarisk vectorcomprisingthetypel error
rateatasinglef,, power atanalternatve ¢; andexpectedsamplesizeat = (6, + 61)/2.
He appealdo standardlecisiontheoryargumentdo concludethatadmissibledesignsare

Bayesbut doesnot prove thattherisk setis closed.
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Corollary 1 with K < M characteriseadmissibleadaptve designs.If a designis
properlysequentialandso producesa non-deyeneratealistribution of samplesizes,to be
admissiblat mustbe a Bayesrule for a problemsatisfyingconditions(i) to (iii). Sincea
Bayesproblemhasa solutionbasedon sufficient statistics this establisheshe principle
thata sequentiatestshouldbe definedin termsof sufficient statistics.Adaptive designs
usingnon-suficientstatisticsasrequiredn theflexible adaptve approacharedominated
by admissibleadaptve designdhasedon sufficient statistics.

If the groupsize multiplier v in Cui etal’s (1999) methodis a one-to-one€unction
of S;, the adaptve rule definedthroughnon-suficient statistics(3) canbe re-expressed
in termsof sufficient statistics. However, mary proposaldor adaptve designstruncate
~ to amaximumvalue,asin the examplesof 8§ 2, and,with the samesequencef future
informationlevelsarisingfor aninterval of S; values therule cannotbe re-expressedn
termsof the sufficient statistics.Evenwhenan adaptve designis a function of sufficient
statisticsjt is admissibleonly if its samplingrule, stoppingrule andterminaldecisionrule
coincidewith thoseof a Bayesoptimaldesign.In § 4 we examineBayesoptimaldesigns
andnotequalitatvedifferencedetweertheirsamplingrulesandthoseof adaptve designs
basedon fixed conditionalpower at a pre-specifiedr estimateceffect size.

The case K = M covers non-adaptie testsand Corollary 1 tells us that non-
adaptve group sequentialtestswith stoppingrules or decisionrules basedon non-
sufficientstatisticsaredominatedy non-adapire Bayesoptimaldesigndefinedn terms
of sufficient statistics. The variance-spendintgstsof Shen& Fisher(1999)fall in this
catagyory sincethe sequencef informationlevelsis fixed andit is the weightsfor each
group of obsenationsthat are chosenadaptvely; unequalweightingimplies departure
from a Bayesrule, andhencethe variance-spendintestis inadmissible. The papersby
Falissard& Lellouch (1991,1992,1993)proposetestswhich rejectthe null hypothesis
if a boundaryis crossedat a setnumberof successie interim analyses.In discussion
reportedin the first of thesepapers,P. Armitage notesthat this procedureusesa non-
sufficient statisticandT. Louis suggestst might be possibleto prove this will imply the
test can be dominated,as we have now done;the secondpapercontainsreferenceso
earlierproposal®of asimilar nature.

If K < M, increasinghe numberof analysesabove K addsto the availableoptions.
Thus, for a Bayesproblem, the optimal adaptve testwith K < M analysedoesno
betterthan the optimal non-adaptie designwith M analyses. It follows that any K-

analysisadaptve designusing non-suficient statisticsis dominatedby a non-adaptie

12



M-analysisdesignbasedon sufficient statistics. This conclusionis similar to the result
proved by Tsiatis& Mehta (2003), who startwith a K-analysisadaptve designusing
non-suficient statisticsand constructan M -analysisnon-adaptre testwhich increases
power andreducesxpectednformationat valuesof ¢ in the alternatve hypothesisOur
result goesfurther in shaving that error probability and expectedinformation can be
maintainedor reducedat all valuesof ¢ in a compositenull hypothesiswhereasT siatis
& Mehta(2003)consideronly a simplenull hypothesisandthe expectedinformationat
this valueof # mayincrease Also, thetestconstructedy Tsiatis& Mehta(2003)is not
necessariladmissible.

Calculationdor optimal groupsequentiatestsin Eales& Jennison(1992)shaw that
most of the achiezable reductionsin expectedsamplesize are obtainedusing5 or 10
analysessupportingTsiatis& Mehta’s (2003,p. 375) argumentthatnon-adapiie group
sequentiatestswith 5 or 10 groupsshouldbe ableto matchthe performanceof adaptve
testsfairly closely This leaves openthe questionof how greatan advantagethe best
adaptve testsmay have whenthe maximumnumberof analysess restrictedto K = 2
or 3. Adaptiity extendsthe classof group sequentialdesignsand thereare intuitive
argumentswhy, for example,one might wish to take a smallergroupsize whencurrent
datalie closeto the testingboundary If the efficiency gainsfor optimal adaptve tests
are substantial there could be a casefor using pre-plannedadaptve designs. Also,
adwantage®f adaptvity might meanthatsub-optimalkestsusingnon-suficient statistics
are competitve with the bestnon-adaptie tests. We shall explore the extent of these
possiblegainsfrom adaptvity in 8 4, wherewe solve Bayesdecisionproblemsto find

adaptve andnon-adaptre designameetingspecificoptimality criteria.

4 Computing optimal adaptive designs

The theoryof § 3 shaws the equivalencebetweenthe classof admissibleadaptve tests
and the set of Bayesoptimal adaptve designs. Eales& Jennison(1992) and Barber
& Jennison(2002) have exploited this correspondencen the non-adaptre setting to
computeoptimal frequentisttests,using backwardsinductionto solve an unconstrained
Bayesdecisionproblemandsearchingvercostsn this Bayesproblemto find theoptimal
testwith a specifictype | error rate and power. We have extendedthis computational
techniqueto find optimaladaptve tests.

Theresultsreportecherearefor testsof Hy: 6 < 0 agains¥ > 0 with typel errorrate
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a = 0.025 underd = 0 andpower1 — 5 = 0.9 atf = ¢. Designsminimisetheintegral of

Ey(T) overanormaldistributionfor 6 with meand andstandardieviation ¢ /2, reflecting
optimismthatthe effect sizemay be higherthané anda desireto stopparticularlyearly

if this is the case. We have taken M = 50 andZ,...,Zs, equally spacedbetweenO

andR Z;, assensitvity analysesndicatethereis no significantchangef A/ is increased
further Although theseresultsarefor one particularproblem,we have reachedsimilar

conclusionswith otherchoicesof « and 3 anda variety of optimisationcriteria.

To find the optimal tests, we formulate Bayes decision problemswith a prior
comprisingpoint massesat § = 0 andd mixed with a N (4, §*/4) kernel, costsc; for
rejectingH, whené = 0 andc, for acceptingH, whenf = §, anda costof oneperunit
of obsenred information underthe continuouscomponentf the prior. The backwards
inductionalgorithmfor finding Bayesoptimal adaptve rulesis similar to thatemployed
by Eales& Jennison(1992)andBarber& Jennison(2002),but now statesare indexed
by theanalysisnumberk andtheindex m, of theinformationlevel atwhichthe analysis
occurs;further detailsare givenin Appendix2. Thesecalculationsprovide the optimal
adaptve testsdescribedn abstractform, but without numericalexamples,by Schmitz
(1993).

Let f(0) denotethedensityof a N (4, 62/4) distribution. Table 1 shovsthe valueof

| Bo(@1(6)do ©)

achieved by optimal adaptve tests,expressedas a percentagef Z,. The numbersof
analysesare K = 2, 3, 4, 5, 6, 8 and 10 andthe maximumsamplesizeis R = 1.05,
1.1,1.2and1.3timesZ;. Thetablesalsoshov the minimum possiblevalueof (6) for
(a) anon-adaptietestwith K analysestinformationlevelsZ;, ..., Zx placedoptimally
betweer0 and R Z;, asproposedreviously by Eales& Jennison(1992)andBrittain &
Bailey (1993),and(b) a non-adaptie testwith K analysestinformationlevelsequally
spacedvetweer0 and R Z;. Thesearchfor optimalinformationlevelsin (a) wasby the
simplex algorithmof Nelder& Mead(1965).

Theresultsshov thatadaptve testscanreduceexpectedinformationwell belov Z;.
This reductionincreasesith the numberof analysesk” and, at leastinitially, with the
factor R specifyingthe maximumallowable information. However, well-chosennon-
adaptve testsarealmostasefficient. For a given numberof analyses and maximum
information RZ;, the averageEy(Z) of the bestnon-adaptre testwith equally-spaced
informationlevelsis within 2% of Z; of theoptimaladaptve tests averageE,(Z) in most
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cases:exceptionswhen K = 2 andR > 1.2 or K = 3 and R = 1.3 occurbecause
thesevaluesof R areunnecessarilyigh for thesevaluesof K. OptimisingZi, ..., Zx
subjectto 7y < RZ; givestheresultsin the middle columnof Table1, noneof whichis
morethan1.5%of Z, higherthanthe averageE,(Z) of the optimaladaptve test. These
comparisonsare much tighter than the conclusionsdravn by Tsiatis & Mehta (2003)
thatan adaptve testwith 2 or 3 analysecanbe matchedoy a non-adaptie testwith 10
analysesincethisis closeto continuousmonitoring.

The smalladvantageof adaptvity arein keepingwith resultsof Poschet al. (2003)
for K = 2. Our resultsare more farreachingin that we optimise over completely
generalsamplingrulesandstoppingboundariesandconsiderhighervaluesof K. Even
if the limited benefitsof adaptve designsare deemedworthwhile, it may be preferable
administratvely to achiese thesein a non-adaptre designwith one or two additional
analyses.The gapbetweenthe bestadaptve andbestnon-adaptie testsis large enough
thatan adaptve testbasedon non-suficient statisticsmight not be dominatedoy a non-
adaptve testwith the samek’; however, themaigin for erroris small.

Samplingrulesfor optimal adaptve testsfollow a consistenpattern. At analysisk,
incrementsn informationaresmallerwhenS,,,, is closeto eitherstoppingboundaryand
larger when S,,,, is in the middle of the continuationregion. This is in contrastto the
monotoneincreasein informationincrementsas S,,,, decreaseseenin samplingrules
basedon constantconditionalpower atd = §/2 or = 0, asin the examplesof § 2,
or basedon constantconditionalpower at ¢ = ¢ assuggestedy Denne(2001). Thus,
althoughconditionalpower criteriahave anintuitive appeal they shouldnot be expected
to leadto efficient sequentiatlesigns.

We cannow re-considethe examplesof § 2 in the light of thetheoryof § 3 andthe
computationatesultsof this section.In both examples the adaptve testis inadmissible
sinceit is not a function of sufficient statistics. Theoryimplies that thereis a superior
adaptve test,not necessarilya non-adaptie one. Sinceour computationshaowv thatthe
bestnon-adaptie testsarealmostasefficient astheir adaptve counterpartsit shouldnot
be a surprisethat matchednon-adaptie testscanout-performthe inadmissibleadaptve
tests.We have takenerrorspendingestsasour matchedeststo shawv thereareefficient
‘off the shelf options,but we could have stayedcloserto the theoreticalreasoningand

useddesignoptimisedfor appropriatelyselectedBayesdecisionproblems.
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5 Discussion

Non-adaptre groupsequentiatestsarewell studiedandoptimaltestshave beenderived
for a variety of criteria. Barber& Jennison(2002) shov that membersof the p-family
of errorspendingtestswith equally-spacedformationlevels are highly efficient for a
rangeof criteriainvolving E,(Z) at valuesof ¢ between—¢/2 and36/2. Jennison&
Turnkull (2005) considercriteria { Ey(Z) + Es(Z) + Eys(Z)}/3 with H = 2, 3 and
4 and demonstratehe effectivenessof the p-family aslong asZ; is carefully chosen.
Theseerrorspendingtestsare easily implementedand provide flexibility to deal with
unpredictablenformationsequences.

Incorporatingadaptvity in pre-plannedgroup sequentialdesigns,as proposedby
Schmitz (1993), producesa small benefit. However, similar improvementsare often
achieved by non-adaptie designswith one extra analysis,avoiding the administratve
complicationsof a pre-planneddaptve design.

Using adaptve methodsin an unplannedmanneroffers flexibility to the organisers
of a studybut, sincethe sufficiency principleis contravened,thereis an efficiengy cost.
One armgumentfor flexible adaptve designsis that they allow investigatorso choosea
study’s power curve in responsedo early estimatesof the effect size, . This may be
appealingwhenthereis uncertaintyaboutthe lik ely effect size and optimistic estimates
are considerablylarger thanthe minimum clinically or commerciallysignificanteffect.
Schafer& Miller (2004) considertestsfor a rangeof detectablareatmenteffects and
proposeadesignin whichattentionshiftsto smallereffectsizesatsuccessieanalysesAn
alternatve solutionis simply to specifyhigh power at the smallbut clinically significant
effectsizeandchoosea groupsequentiatestthatachiesesthis while giving low expected
samplesize underlarger effects. Reducingexpectedinformationundervaluesof 6 well
above that at which power is set may require specialisedversionsof standardgroup
sequentiatests. Examplesof thesearethe p-family errorspendingtestswith a special
sequencef informationlevelsseenin § 2, or p-family testswith anoptimisedchoiceof
7, investigatedy Jennisor& Turnkull (2005).

Thereis a substantialiteratureon samplesize modificationin responsdo estimates
of anuisancearametersuchasthevarianceof a normalresponsewhich determineghe
samplesizeneededo achiare power at a specifiedeffect size. In the ‘information-based
monitoring’ approachdescribedoy Mehta& Tsiatis(2001), the maximuminformation

for an errorspendingtestis fixed but the target samplesize is adjustedin the light
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of new estimatesf the parameteigoverningthe relationshipbetweensamplesize and

information. This processiasminimal effectonthetypel errorrate.In principle,sample
sizeadjustmentor a nuisanceparametecanbe combinedwith modificationgto increase
power in view of the obsenedtreatmenteffect; further studyof suchschemesvould be

helpful to assessheeffect of ary interplaybetweerthetwo typesof update.

A key role thatremainsfor flexible adaptve methodss to helpinvestigatorgespond
to unexpectedexternalevents.As Miller & Schafer(2001)andPoschetal. (2003)point
out, it is goodpracticeto designastudyasefficiently aspossiblegiveninitial assumptions,
sothebenefitof this designareobtainedn theusualcircumstancewherenomid-course
changds required.However, if the unexpectedoccurs,adaptve methodscanbeapplied.
The approachbasedon maintainingconditionaltype | error probability put forward by
Denneg(2001)andMuller & Schafe(2001)is particularlypromisingasit hasthe potential
to be usedwith errorspendingdesignsthat alreadyadaptto unpredictableanformation
sequences.

Finally, theuseof flexible adaptve methoddo rescueanunderpoweredstudyshould
notbeoverlooked. While it is easyto becritical of a poorinitial choiceof samplesize, it

would be nawe to think thatsuchproblemswill ceasdo arise.
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APPENDIX 1

Proofs

Proofof Theoeml. Wereferto Chapter2 of Feiguson(1967)for proofsof thesupporting
hyperplaneandseparatindiyperplangheoremsisedbelow, aswell asfor backgroundo
completeclasstheoremswhich show, broadlyspeaking thatadmissiblerulesare Bayes
andvice versa.

We restrictattentionto caseswith 7, = 1/Q, ¢ = 1,...,Q. Thenthe Bayesrisk
w'R(d) in (5) impliescostsunderd = ¢, of Qw(q) for awrongdecisionandQw(Q +¢q)Z
for obseredinformationZ. Sinceary expression4) canbewritten in theform (5), this
doesnotreduceheclassof problemsconsideredlt is helpfulto treattheBayesrisk asthe
expectationunderthepriorr, = 1/Q, ¢ = 1, ..., Q, of thelossfunction L(w, A, Z, ),
where

Quw(q) I(A=RejectHy) + Quw(@+q)Z, ¢<P,
L(w,AZ,0,) = (A1)
Quw(q) I(A= AcceptH,) + Quw(Q+q)Z, q¢> P.
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Supposerisk vectorsr; and ry belongto therisk setS and0 < A < 1. There
aredecisionrulesd; andd, for which r; andr, arethe risk vectors. The randomised
rule dz which mixesd; with probability A andd, with probability1 — A\ hasrisk vector
R(d3) = Ar1 + (1 — A\)ry € S. Thus,ageneralinearcombinationof pointsin S is also
in S, sOS is corvex.

We shallprovethats is closedby takinga generalpointr; ontheboundaryof S and
shaving thatit isin S. We usethe supportinghyperplaneatr; to definea Bayesdecision
problem, and a decisionrule solving this Bayesproblemcan be found by backwards
induction. Therisk vectorof thisrule is in S andlies in the supportinghyperplane.If
the hyperplanantersectghe closureof S in a singlepoint, this mustbe ;. However, if
intersections atasetof points,furtherwork is requiredto prove thatr, is therisk vector
of aBayesrule, andthereforein S. Thefull proofis by induction. We startby outlining
thefirst two stagego motivatethe definition of theinductive hypothesis.

Let S denotethe closureof S andtake an arbitrary point 7, on the boundaryof S.
By the supportinghyperplaneheorem thereis a hyperplaneP, = {r: wjr = k;} for
which wlr; = k; andwir > k; forallr € S. LetS, = PPnSandQ, = P nS.
If someelementsof w; are negative, minimising wj R(d) is an unusualBayesdecision
problem, but that is unimportant. A decisionrule, d; say minimising wj R(d) canbe
constructedby backwardsinduction. Sincewjr > k; for all » € S, we know that
wiR(dy) > ki. However, therearedecisionruleswith risk vectorsapproaching-;, and
thereforew] R(d;) < wir; = ki. Hencew{R(d;) = k; andR(d,) € S, shaving thatS;
is non-empty Considerindinear combination®f decisionrulesshavsthatsS; is corvex.
If ~, € S;, we have the desiredresultthatr; € S; the situationto considerfurtheris
wheresS; is astrict subsebf Q; andr; € Q;\S;. We aimto show that(i) S; is closed,
and(ii) S§; = 9y, fromwhichit followsthatr; € S;. LemmaAl provesthat(ii) holds,
given(i). Proving (i) is similar to proving the original theorem but we have madesome
progresssinces; is a subsebf the (2QQ — 1)-dimensionalP; whereasS wasa subsebf
R,

If we take an arbitraryr, on the boundaryof S;, thereis a supportinghyperplane
within Py, P, = {r: wir = ko} N Py, for whichwiry = ky andwir > k, for all r € S;.
DefineS, = P,nS andQ, = P,NS. Pointsin S, arerisk vectorsof decisionrulessolving
the following problem:first, minimisew] R(d); then,asa secondangriterion, minimise
w4 R(d) amongrules minimising w{ R(d). Sucha rule, d, say can be constructedoy

backwardsinductionand, following earlierreasoningmustsatisfy wj R(d;) = k; and

18



wyR(dy) = ko. Thus,S, is nonemptyand,by the usualagument,corvex. We now wish
to shaw that(i) S, is closedand(ii) S, = Qs, to deducer; € S,.

Further iterations of this processlead eventually to a nonempty corvex S, of
dimensioreero.Asthisis asingletonset,it is closedandthus(i) holds.It is still necessary
to shaw that(ii) holdsatthislevel andwork backto deducedhats; is closedandsS; = Q;.
Thesequencef hyperplanesindsubset®f S arisingin this processs definedbelow.

For notationalconsisteng, let S, = S and Py, = R??. We shall considersequences
{(ry,wy);v=1,...,2Q} suchthat,forv =1,...,2Q,

r, ISapointontheboundaryof S,_1,

P, ={r: wlr =k,} N P,_; isasupportinghyperplandgo S,_; within P,_; atthe
pointr,, for whichw,r, = k, andw)r > k, forallr € §,_4,

S, = P,nSisnon-emptyandQ, = P, N S. (A2)

Note that arbitrary choice of the boundarypoint r, is allowed in (A2). A supporting
hyperplaneP, exists sinceS; is corvex and, hence,sois S,_1; if thereis more than
one supportinghyperplane,ary defining vector w, may be chosen. Each S, is non-
emptysincebackwardsinductioncanbe usedto constructa decisionrule d,, minimising
w] R(d) first, thenminimising wj R(d) amongrulesthat minimisew] R(d), andsoforth.
Argumentsoutlined above and given more fully in the proof of LemmaAl shov that
wiR(d,) = wiry = ky, etc.,sothat R(d,) liesin eachhyperplane?, ..., P, aswell as
in S, andthereforeR(d,) € S,.

LemmaAl stateghatif, forany 1 < v < 2Q, S, is closedthenS, = Q,. In other
words,property(i) impliesproperty(ii) ateachlevel v. We usethislemmain aninductive
argumentcombiningresultsover levelsv to prove thetheorem.Theinductive hypothesis

to beprovedfor 0 < h < 2Q is asfollows:
if thedimensionof P, < h, thens, is closed. (A3)

This hypothesiss satisfiedfor h = 0 sincesS, is a singletonset. Inductively, suppose
that (A3) is truefor h < h, where0 < h < 2Q — 1. Considera generalS,_; in a
hyperplaneP,_; of dimensioni + 1. For r,, onthe boundaryof S,_;, take a supporting
hyperplaneP, anddefineS, = P,N S andQ, = P, N S. Thedimensionof P, is h so,
by the inductive hypothesissS, is closed. Therefore by LemmaAl, S, = Q,. Now, r,
isin S andP,, andhencer, € Q, = r, €S, = R €S = r, €S, ;. Asr, is
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ageneraboundarypointof S,_, we seethatS,_, is closedandthis establishe$A3) for
h < h+ 1. With v = 0 andh = 2Q in (A3) we seethatS, = S is closed completingthe
proof of thetheorem. O
The proof of Theorem1 is complicatedby the possibility that a Bayesdecision
problemhasmultiple solutions. An alternatve strateyy would be to prove directly that
the Bayesproblemdefinedby w; hasa unigue solution up to setsof measurezero.
Exceptionalcasesvherewhole sectionsof w, arezerodo have multiple Bayessolutions
andneedspeciakreatmentFor othercasesapossiblerouteis offeredby thepropertieof
analyticfunctionsusedby Brown et al. (1980)in proving their Theorem3.3. Extending
this agumentto our settingwould be nontrivial. Moreover, our proof generalisego

discretedistributionswhereBayesproblemsmay not have uniquesolutions.

Lemma Al. In the settingdefinedat (A2), for any1l < v < 2Q, if S, is closed,then
Sy = Q.

Proof of LemmaAl. As notedin the proof of the theorem S, is nonemptyand corvex.
Supposehat S, is closedbut S, # Q,. Thenthereis apointy € Q,\S, and,by the
separatinghyperplaneheorem,a vectorb ande > 0 suchthatbd™y < b'r — e for all
r € S,. Sincey € S, therearedecisionrules{d;} with lim,_,., R(d;) = y. We prove
the lemmaby constructinga decisionrule d for which R(d) € S, andb"R(d) < by,
contradictingthe assumptionsbouty. Therule d is definedby thefollowing criteria:

1. Minimise wiR(d).

2. Subjectto satisfyingcondition1, minimisew; R(d).

v. Subjectto satisfyingconditionsl to v — 1, minimisew, R(d).
v+1. Subjectto satisfyingconditionsl to v, minimiseb' R(d).
v+2. Subjectto satisfyingconditionsl to v + 1, take thefirst actionin list £.

Here,L isthefollowing orderedist: (1) Stop,acceptH,; (2) Stop,rejectH,; (3) Continue
to an analysisat informationlevel Z;; ... ; (M + 2) Continueto an analysisat Z,,.
Conditionv + 2 ensureghatrule d is preciselyspecified,up to variationson a setof
measurezero. The particularorderingof actionsis not significantbut the labelling will

beof uselater.
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A rule satisfyingthe above criteria canbe constructedy finding the optimal actions
to be taken at analysesk’, K — 1, ... ,0 in succession.The action at analysiszero
refersto the choiceof m;. Writing x;, for (sm,, ..., Sm,;ma, ..., m), let fo (zr) be
the probability densityfor 6 = 6, of the path (s.,,, ..., sm,) underfixed information
levelsZ,,,,...,Z,,, anddenoteby a(d, x\) the conditionalprobability underrule d of
takingthe sequencef actionsto continuesamplingat stagel with next informationlevel
7

mi41?

l=0,...,k—1, asthesamplepath(s,,,, . . ., sm, ) unfolds.For thelossfunction
definedby (A1) with a givenvalue of w, we write the conditionalexpectedlossunder
rule d, whenf = 6, andoutcomesS,,, = s, -..,5m, = Sm, have beenobsered,as
Eo {L(w, A, Z,0,) | zx; d}. Thus,thecontritutionto w™R(d) from samplepathsfollowed

upto atleastanalysisk canbewritten as

> Z fg vr) ofd, xx) Eg {L(w, A, Z,0,) | xk; d} dsm, - . . dSpm,, -
(m1,....my) (SmyseeySmy)
(Ad)
Denotethe densityof the path (s,y,,, . . ., sm, ) for fixedinformationlevelsZ,,,,, ..., Z,,

underthe assumediniform prior distributionon 6 by

Z feq l“k

Theposteriordistribution of 6 givenzy, is w(0, | xx) = Q™" fo, (xx)/ fx (k). Letting § dxy,
denotethe sumover (my, ..., m;) followed by integrationover (s,,,, ..., Sm, ), We can
re-write (A4) as

Q

?5 o) ald,z) S 70, | 20) Bo {L(w, A, T, 0,) | 24 d} day. (A5)
q=1
In the backwards induction process,the optimal decisionsat analysesk + 1,..., K

are known when analysis & is considered. A Bayes optimal procedure must
minimise the expected conditional loss under the posterior distribution of 6. Let
Eg {L(w, A, ZL,0,) | xk; j, cZ} denotethe conditional expectationof loss L(w, A, Z, 6,)
whenf = §,, pathz, hasbeenobsered,actionj is takenat analysisk andthe optimal
rule d is followedatanalysisk + 1 andbeyond. If we follow thelist of v + 2 criteria, the

optimalchoicewhenin statex, atanalysisk is theactionj minimising

Q .
> w0, | wr) Eo, {L(w1, A, L, 0,) | z; j, d}.
g=1
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If two or more actions attain this minimum, the secondcriterion is applied, so we
minimise o
Z 7r<9<1 | l‘k) Eeq{L<w25 Aa Ia eq) ‘ L5 ja CZ}

g=1
amongthecontendingactions,andsoforth. Thefinal criterionensuresuniquelydefined
decisionrule. Continuingthis processackto & = 0, wherem; is chosendeterminesl.

SinceR(d) € S, the definition of w, andk; impliesthatw]R(d) > k;. However,
wiry = ky for r; ontheboundaryof S, sotherearerisk vectors in S with wir arbitrarily
closeto k. As d minimisesw] R(d) over R(d) € S, we concludethatw] R(d) = k;, and
henceR(d) € P, andR(d) € S,. Similarly, R(d) € S; impliesthatw]R(d) > k,, but
therearerisk vectorsr in S; with wir arbitrarily closeto wir, = ks and,asd minimises
wiR(d) over R(d) € S;, we have w]R(d) = k,, R(d) € P, andR(d) € S,. Repeating
this agumentshows, ultimately, that R(d) € S,.

We wish to shav that bTR(J) < by = b'lim; o R(d;). To comparerule d; with
d, definerulesd’, k = 0,..., K, whered* behaesasd; atanalysed) to k andasd at
analyses: + 1 to K. By thisdefinition,d” = d; andfor notationalconsisteng we set
d;' =d. Then

R() - RU) = R = R = 3 R@) - RE@).  (A6)

k=0

Thetermk in this suminvolvesrulesd® andd?~' whichdiffer only atanalysisk andboth
proceedptimally, asrule d, atanalysisk + 1 andbeyond.

Supposehat, for samplepathzy, = (Smy,-- -, Sm,; M1, - - -, My ), Stoppingdoesnot
occurbeforeanalysist. Then,atanalysist, theconditionalexpectatiorof L(w, A, Z, §,)

underrule d, andthereforeunderrule df, is

Q .

Z (04| 21) Eo {L(w, A, T,0,) | vx;d}.

g=1
Ruled* maytake a differentaction, j, atanalysisk, andthenproceedasd, in which case
we write the conditionalexpectedossunderd = 0, asE, {L(w, A, Z, 0,) | zx; j, d}. Let

Q - -
Gw,0,) = 3 (60, | 21) [Eo {L(w, A, Z,0,) | 215, d} — Bo,{L(w, A, Z,0,) | 4; d}).

q=1
(A7)
Define 5(d;,zx,j) to be the probability that rule d; takes action j when in state
xy, indexing actionsby j € {1,..., M + 2} accordingto the ordering £. Then,
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combining(A5), (A6) and(A7), we obtain

w'R(d;) — w'R(d) = > w'R(df) —w'R(dS ) =

K M+2
Z Z fﬂ' .Tk dhxk) ﬁ(dhxka )G(w’xk’j) dxk
k=0 j=1

)

Define A; = {(z,J
define

G(wy, g, j) > 0} and,letting A denotethe complemenbf A,

Ay ={(z1,)): Glwy,x,7) >0} NAL, t=2,...,v

For pairs(xy, j) in A, actionj is optimalfor minimisingeachof w]R(d), . .., w;_, R(d)
in order but notthenoptimalfor minimisingw; R(d). ThefunctionsG(w, =y, j) aresuch
that G(w, z, j) > 0 for (xy, 7) in A; andG(ws, xx, j) = 0 for (z, 7) in A andthen,
for eacht = 2,...,v, G(w, zx,j) canbe positive or negative on (A; U ... U A, 1),
G(wy, zg, 7) > 0for (zg, 7) in Ay, andG(wy, x, j) = 0 for remainingpairs(zy, j).

Recall that {d;} is a sequenceof decisionrules with R(d;) — y € Q,\S,
wherew]y = wlR(d) fort = 1,...,v andb’y < b'r — e forall r € S. Since
wlR(d;) — wIR(d) — 0

K M+2

Z Z %fﬂ xk dzaxk) ﬁ(dzaxk’ )G(wbxk’j)d‘rk:

k=0 j=1
K M+2
Z Z %I{ -Tka EAl}fw(xk) (d’nllk)ﬁ(d’nxkv )G(wlvxkvj)dxk — 0.
k=0 j=1

As $f.(xy) is finite, a(d;, z) < 1, B(di,xr,j) < 1 and G(w,xg,j) > 0 on Ay, it

follows that
K M+2

S Y F H(@ed) € A} fulw) alds, ze) Bds,ax, ) dog. = 0

k=0 j=1
and,sinceall thefunctionsG(wy, zx, ) andG (b, zx, j) arebounded,

K M+2

Z Z %I{ ‘rk? EAl}fW(xk) (dzaxk) ﬂ(dzaxka )G<wtaxk7j)dxk — 07 (A8)

k=0 j=1
fort=2,...,v,and

K M+2

> > }[I{ T, j) € A1} frlzk) aldi, ) B(d;, xx, ) G(b, Tk, J) dxg, — 0.

k=0 j=1

At thenext level, thefactthatw] R(d;) — wiR(d) — 0 and(A8) for t = 2 imply that

K M+42

> 3 f H(@ed) € s} falwn) alds,mn) B(ds, 31,§) Glwa, a1, ) day. — 0,

k=0 j=1

23



from which we deducehat

K M+2

D ?f[{(xk,j) € Ao} fulan) alds, zp) B(ds, zx, §) Glws, xx, §) dzp — O

k=0 j=1
fort=3,...,v,and

K M+2

>y ?ff{(xk,j) € Ao} fr(ar) aldi, z1) B(di, 2w, 7) G(b, vk, j) dxy — 0.

k=0 j=1
Continuingthis processup to t = v shows that, in the limit, thereis no contribution to
b"R(d;) — b"R(d) from setsA; to A,. For (zy,j) € (A; U...U A,), actionj is optimal
for eachof wi{R(d), ..., w] R(d) in orderand,wherethis leavesa choiceof actions,rule
d is definedto minimisethe expectedcontritution to 6" R(d), sothatG (b, z, j) > 0. In
consequence,

by — b'R(d) = lim b"R(d;) — b'R(d) =

71— 00
K M+2

k=0 j=1
This contradictehe assumegbropertieof y andthelemmais proved. O
Proof of Corollary 1. GiventhatsS is closed,agumentsof Feguson(1967,Ch. 2) show
thattherisk vectorof anadmissibleest,d, liesonthelowerboundaryof S. Thispointcan
be separatedrom the origin by a supportinghyperplanavhich definesa Bayesproblem
with w(i) > 0foralli = 1,...,2Q andatleastonew(i) > 0. Theruled is aBayesrule
for this problem.

Supposev(i) > 0 only for someindicesi € {1,..., P}. As thereis no penaltyfor
acceptingH, whend is positive, a Bayesrule acceptsH, with probability 1 underall
6. This canbe achiered by stoppingwith Z = 7Z;, andsinced is admissibleit mustdo
this. Henced is alsoa Bayesrule for problemswherew(i) > 0 foralli =1,..., P and
i=Q+1,...,2Q. Similarly, if w(i) > 0 only for indicesi € {P+1,...,Q},thendisa
Bayesrule for problemswherew(i) > 0foralli=P+1,...,Qandi=Q +1...,20Q.

Now supposew(i) > 0 only for someindices: € {Q + 1,...,2Q}. Thesew(i)
imply a cost for samplingbut not for wrong decisions,so d muststopatZ = 7;
with probability 1. As d is admissible,it is alsoadmissibleamongrulesfor the fixed
sampleproblemwith dataS; ~ N(0Z;, Z,), which hasrisk setS’ = S N T, where
T = {R(d): R(i,d) = Z;,i = Q + 1,...,2Q}. Standardagumentsshawv thatS’ is
a closedcorvex set,and R(d) is on the boundaryand lies on a supportinghyperplane

within 7~ which definesa Bayesproblemfor the fixed sampletestwith w(i) > 0 for at
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leastone: € {1,...,Q}. It follows thatd is Bayesfor the sequentiaproblemwhich
combinesw(i), i = 1...,Q, from this fixed sampleproblemand w(i) = H for all
i€ {Q+1,...,2Q}, for sufiiciently large H. 0

APPENDIX 2

Thebadkwarndsinductionalgorithm

The Bayesdecisionproblemof § 4 is solved by backwardsinduction. The prior on
6 comprisespoint probability massest § = 0 andé, which we write as7(0) = 1/3
andm(0) = 1/3, plusadensitymy(8) = f(0)/3 for 8 € R, where f(0) is the density
of a N (8, §?/4) randomvariable.We mustchoosebetweendecisions4, = ‘AcceptHy'
and.A; = ‘Reject Hy' with costfunctionC(A;,0) = ¢4, C(Ap, ) = c2 andC(A,0) = 0
otherwise . Thesamplingcostis oneperunit of obseredinformationunderthecontinuous
part of the prior distribution; asthis assigngprobability zeroto # = 0 andf = 4§, we
cansaythatsamplingcostis oneper unit of informationfor 6 € {0, §} andO otherwise.
Up to K analysesareallowed at anincreasingsequencef informationlevels from the
set{Z,,...,Zy}. Denotetheinformationlevel at analysisk by Z,,,, the teststatistic
by S,., andthe posteriordistribution for & by p¥)(8|my, S,., ), comprisingpoint masses
" (0lm, S, ) andpt™ (8)my,, S, ) plusacontinuousdensityps” (0my, S, )-

The minimum additional expectedloss incurred by stopping at analysisk with

informationZ,,, andstatisticS,,, is
¢® (mi, Sme) = min {e1 i (O, Sy ), 2Pt (81, S, )}

Foranalyse¢ =1,..., K—1,my € {k,..., M—K+k}andmy, € {mp+1,..., M —
K + k + 1}, defineé® (my, S,,.., mey1) to be the expectedadditional cost when the

obsered statisticis S,,, of continuingto analysisk + 1 atinformationlevel Z,,, ., and

k41

proceedingoptimally thereafter The minimum additionalexpectedcostgiven m,, and
Spm, I1Sthus

U(k) (mka Smk) = min K(k)(mka STYLk)’ WI%I_E {‘g(k) (mka Smka mk—l—l)}]'

Denoting by F*+V(S,,. ., |mk, Sm,,mis+1) the conditional cumulatie distribution
functionof S,

Mek41

givenmy, Sy, andmy 1, we have
f(K*I) (mK—la SmK—U mK) = (ImK - ImK—l) L 1 'pgK_l) (0|mK_1’ SmK—l) do
b [ s Sun) APE S 1, Sy k)
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andfork=1,..., K — 2,

€8 (m, Sy Mis1) = (T — Tome) / 1.9 (0m, S, ) d

— 00

+ w/—oo 77(k+1) (mk+17 Smk+1) dF(k+1) (Smk+1 |mk7 Smka mk—l—l)-

Proceedingthroughk = K — 1,...,2 and all permissiblepairs m; and my.1,
the above expressiongor ¢*)(my, Sy Mi+1) are calculatednumerically In the case
k = K — 1, we apply knowledgeof () (mg, S,,,. ), andfor k < K — 2 we usevalues
for n(k+1)(mk+1, Sm,.,) alreadycomputedon a grid of valuesof S,,,, . We divide the
rangeof valuesfor S,,, into intervalswithin whichn®) (m,,, S, ) is attainedoy oneof the
following actions:stopnow andacceptH,, stopnow andrejectH,, continueto Z,,,, 11,
..., continueto Zy;_xx41. Then,within eachintenval, n*) (m, Sm,) Is calculatedat a
grid of pointssuitablefor numericalintegration over the distribution of S,,, . Jennison

& Turnkull (2000, Ch. 19) provide further details of this type of recursve numerical

integration.
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Fig. 1. Examplel. (a) Power of theoriginaltest(p = 3), Cui etal’s adaptve designwith
samplesizerevisedto attainpoweratf = 0.5 ¢, andmatchechon-adaptretest(p = 0.75)
with power 0.9 atd = 0.59 6. (b) E4(Z) of theCui etal. adaptve designandthe matched
non-adaptie design,expressedn unitsof Z;. (c) Efficiency ratio betweerthe Cui et al.
adaptve designandthe matchedhon-adaptie design.
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Fig. 2. Example2. (a) Pawer of theoriginaltest(p = 3), Cui etal’s adaptve designwith

samplesizerevisedto attainpower at = 6,, andmatchechon-adaptie test(p = 0.75)

with power 0.9 atd = 0.64 6. (b) E»(Z) of theCui etal. adaptve designandthe matched
non-adaptie design,expressedn unitsof Z;. (c) Efficiency ratio betweerthe Cui et al.

adaptve designandthe matchedhon-adaptie design.
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Tablel: Minimum possiblevaluesof [ E,(Z) f(6) df for adaptve andnon-adaptie tests
with typel errorratea = 0.025, power1 — § = 0.9 atf = §, K analyseandmaximum
informationlevel RZ;. Valuesareexpressedisa percentagef Z;.

Numberof Adaptve Non-adaptietests Non-adaptie
analyseskK tests with optimised testswith
Ti,..., Tg Ti = (k/K)RI;

R=1.05
2 74.7 74.7 74.7
3 68.0 68.8 69.0
4 64.9 66.2 66.5
5 63.3 64.7 65.1
6 62.3 63.7 64.1
8 61.1 62.5 62.8
10 60.5 61.8 62.1
R=11
2 73.2 73.3 73.8
3 66.0 66.8 67.0
4 62.8 63.9 64.2
5 61.0 62.3 62.7
6 59.9 61.3 61.6
8 58.6 60.0 60.3
10 58.0 59.3 59.5
R=1.2
2 72.5 73.2 74.8
3 64.8 65.6 66.1
4 61.2 62.4 62.7
5 59.2 60.5 60.9
6 58.0 59.4 59.8
8 56.6 58.0 58.3
10 55.9 57.2 57.5
R=13
2 72.4 73.0 77.1
3 64.5 65.5 66.6
4 60.8 61.9 62.5
5 58.6 60.0 60.5
6 57.3 58.7 59.2
8 55.8 57.2 57.6
10 55.0 56.3 56.7
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