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Abstract

We pursue an inverse approach to utility theory and consumption &
investment problems. Instead of specifying an agent’s utility function
and deriving her actions, we assume we observe her actions (i.e. her con-
sumption and investment strategies) and ask if it is possible to derive a
utility function for which the observed behaviour is optimal. We work
in continuous time both in a deterministic and stochastic setting. In a
deterministic setup, we find that there are infinitely many utility func-
tions generating a given consumption pattern. In the stochastic setting
of the Black-Scholes complete market it turns out that the consumption
and investment strategies have to satisfy a consistency condition (PDE)
if they come from a classical utility maximisation problem. We further
show that agent’s important characteristics such as attitude towards risk
(e.g. DARA) can be directly deduced from her consumption/investment
choices.

1 Introduction

arXiv:1101.3572v1 [g-fin.PM] 18 Jan 2011

The study of investment and consumption problems in finance has a long history,
and there is large literature relating to these problems. In general, however, the
set-up and solution of the problems take the following form: specify a utility
function which describes the investor’s ‘desire’ for wealth/consumption, and
then solve a stochastic optimisation problem to find the optimal investment
and consumption behaviour. Unfortunately, although we can postulate a simple
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parametric form for the utility function, and hope to deduce simple forms for the
optimal consumption/investment strategies, it is difficult to justify any claim
that such a utility function accurately represents the preferences of the agent.
Moreover, attempts to elicit utility functions directly are notoriously difficult,
and prone to paradoxes and inconsistencies.

In this work we approach consumption/investment problems from a different,
and possibly more natural, perspective. Rather than supposing that we have
previously divined an investor’s utility function, we suppose that we know their
future consumption and investment patterns, and ask whether we can compute
a corresponding utility function from the given behaviour. We believe that there
are a number of reasons why this is a natural question to ask:

e consumption and investment strategies are ‘observables’ in that they can
actually be measured from investors’ actions, are therefore they are a more
natural concept around which to build a model than the intangible utility
function;

e the framework will allow us to see how natural behaviour patterns in
the consumption/investment setting relate to properties of the underlying
utility function;

e the analysis mirrors the robust approach to pricing and hedging (cf. |Cox
and Obtoj[(2010); [Hobson (2010)) where one takes the vanilla option prices
as observables and attempts to infer information about the prices of exotics
and the dynamics of the price process of the underlying.

Our general question regarding how much information about an agent’s pref-
erences and optimality criteria we can recover from her behaviour and choices
falls under the heading of revealed preferences in Economics. It dates back (at
least) to [Samuelson| (1948)) and is sufficiently central and important that it de-
serves an entry in the New Palgrave Dictionary of Economics (Richter| (2008)).
Other related work in the economics literature include |Green and Srivastava
(1985), who consider when a given consumption may be optimal for a utility
maximising investor in a one-period, finite state model, and Mas-Colell (1977)),
where the observed quantities are the consumers demand function, and the aim
is to recover the consumers preferences. In the financial literature a similar
“reversed” point of view was adopted by |[Dybvig and Rogers (1997) who consid-
ered the recovery of an agent’s utility function from a single realisation of her
consumption path, working under the (strong) assumption of time homogeneity
of agent’s utility function.

One of our main results in the continuous time Black-Scholes market set-
ting is that consumption/investment strategies are compatible with a utility
maximisation framework if and only if they satisfy a certain PDE. We call this
Black’s PDE as it was derived by Black| (1968)) who first considered the inverse
problem. His analysis was then extended and made rigorous in a remarkable
paper of [He and Huang (1994)|H We comment on the relation of our paper to
these works in Remark below. We note also that the main result linking an
agent’s action via a PDE is similar in spirit to results in [Wang| (1993). However

1We thank Thaleia Zariphopoulou who indicated these two valuable references to us when
this article neared completion. The manuscript Black| (1968]) was published in a modified form
as [Black| (1988).



in Wang| (1993)) a full equilibrium model for a representative agent is considered
and we have a partial equilibrium for a price taking agent.

The paper is organised as follows. In the first part of the paper, Section
[2l we work in a deterministic setup. After the problem setup and a heuristic
derivation of the solution, the main theorem is given in Section [2.3] In Section
[2.4] we analyse what can be deduced from agents’ consumption about their risk
attitudes and present explicit examples. Finally, Section [2.5| comments on our
assumptions and the resulting restrictions. In the second part of the paper,
Section [3] we work in the stochastic setting of a Black-Scholes market. Sections
[3:1] and [B:2] give a heuristic derivation of the main result using the primal and
the dual approach respectively. The main theorem and its proof are then given
in Section Section discusses the implication for reading off the risk
attitudes of agents from their actions and Section focuses on the case of
time-homogenous strategies. Section [4] presents possible extensions and future
challenges.

Notation. We make the following notational assumptions: throughout, an
optimal wealth path will be denoted by ¢(¢, w), where ¢ is the current time, and
w the investors wealth at time ¢. Similarly, an optimal investment strategy (in
terms of the cash amount invested in a risky asset) will be 7 (¢, w). A general
consumption and investment process will be (C;,II;). All stochastic processes
will be denoted by capital letters. Partial derivatives will be written ¢, (¢, w)
and ¢;(t,w). There should be no confusion over subscripts ¢ since applied to a
(upper case) process it refers to a time parameter, and applied to a (lower case)
function it is a derivative.

2 Deterministic setting

2.1 Problem set-up

We begin by considering the case where there is no stochastic investment op-
portunity, so that we only observe the investor’s consumption over an infinite
horizon. More specifically, suppose we know that the investor who has wealth
w at time ¢ will consume an amount c(¢t,w)d¢ in the time interval ¢,¢t + dt,
where ¢(t,w) > 0, and suppose that we work in a situation with no interest
on savings (or equivalently, all amounts are discounted back to their time-zero
values). Then an investor with initial wealth > 0 will have time-t wealth
w(t, ) described by:

o
ot

w(0,z) = .

(t,z) = —c(t,w(t, x)) (1)

Further, we impose that the budget constraint w(¢, z) > 0 holds for all z and ¢,
or, in terms of ¢(t,w), that:

/OO c(t,w(t,z))dt < .
0

Our main concern is then the following. Suppose c(¢,w) is as above, and



suppose we are told c¢(t, w(t,z)) is optimal for the problem:

o0
v(z) = sup / u(t, Cy) dt, (2)
c,.>0, Jo
J5° Crdt<z

where the supremum is taken over processes (C)¢>0. What can we infer about
the function u?

2.2 Heuristics

By introducing a Lagrangian term into we get:

v(r) = inf sup / u(t,Cy) dt — A / Cydt —x
A20¢y>0 LJo 0

= inf sup [/Ooo(u(t,ct) — AMx)Cy) dt + x)\(x)} .

A20 ¢, >0

In the second line we write A = A(x) to emphasise that A\ will depend on the
initial wealth.
Hence, for the optimal C;, we get (supposing that u is suitably differentiable):

uc(t’c(taw(t,w))) - )\(JZ), (3)

where the optimality of A implies v, (x) = A(z). Moreover, if we differentiate
(3) again, we get:

(4)

ucc(t7c(taw(t7x))) )

where D(x) = =X\, (2) = —vg(x). To then find ue(t,c), we need to assume
that we can recover z as a function of ¢ and ¢. This will be the case if we
assume that c(¢,w) is increasing as a function of w. It seems to be a fairly
natural assumption to make in terms of investor behaviour, although note that
the assumption does then imply |w(¢, z¢) —w(t, 21)| is decreasing in ¢ — that is,
the ‘wealth paths’ corresponding to different initial wealths are ‘getting closer
together’ as time increases. Moreover, one could imagine paths corresponding
to two different initial wealths merge at some later point. To rule out such
behaviour we will also impose that %c(t, w(t,z)) > 0. Note as well that if this
is combined with the assumption that D(z) > 0 (or equivalently that the value
function is concave in z) we will have u concave — or a decreasing marginal
utility of additional consumption. Since these all seem fairly plausible economic
assumptions, we will work from this point on under these assumptions.

Finally, observe that u will necessarily be undetermined at least up to ad-
dition of a function of the form A(t) + Bc and we would not expect to fully
recover u from .

Example 2.1. CRRA: Suppose the optimal consumption strategy is: ¢(t,w) =
kw, for some kK > 0 — so the investor consumes a constant proportion of her
wealth, and that she always consumes all of her wealth. Then it follows that



w(t,z) = ze” "t and c(t,w(t,x)) = kze ", and we can invert this to see that if

she is consuming c at time ¢, then her initial wealth was %e"t. Hence we get:

K

D (<ert
Uee(S,¢) = —%.

Motivated by our knowledge of the form of the solution in the CRRA case,

suppose we assume further that D(z) = —v,,(z) = yo~7~! for some positive
~. Then
—~y—1
- (Eem) - -1
ucc(tac) = /:ei—nt = —'ylﬂe ’YNtC v

Integrating this expression in ¢, we get:

ue(t,c) = ¢ VRYe 4 B(t) = (mce*”t)i’y KTe T 1 B(t)
7+ B(t),

but by , we know this expression must be independent of t, i.e. B(t) = S,
and integrating once more, we get (provided v # 1):

¢ gvem st

u(t,c): 1—~

+ A(t) + Be
where A is an unknown function of time, and 3 is a constant. Note that these will

not affect the choice of the optimal strategies derived from the utility function
(assuming that [~ A(t)dt is finite).

We remark that in the above example, we could have chosen any sensible
function D(+), and we would end up with the corresponding value function at
time 0 given by v, (z) = —D(z), with exactly the same optimal consumption
paths. This suggests we can interpret the paths (¢, ¢(¢, w(t, z))) as the contours
where the gradient of w is constant, while the function D encodes our relative
valuation of the different paths. Knowledge of consumption paths does not
reveal the relative valuations of the different paths since there is no natural way
of comparing the path with initial wealth = and the path with initial wealth
y, simply from the specification of the optimal paths. Specifying the function
D(-), however, does give an indication as to the relative valuation of the different
paths, and in order to recover wu(t,c), we would expect to need to specify this
function. We come back to this issue below in Section [2.4] and Example
Parallels in the setting where a risky asset is traded and an agent also has to
specify also her investment strategy are drawn in Remark in Section

2.3 Main results

Before we transform the above remarks into a theorem, we also note that there
may be a ‘maximal’ solution to (I]), given by w(t) = sup,>w(t,z) which may
be finite for ¢ > 0. In such a case, there is a ‘maximal’ wealth path which comes
down from infinity in finite time, and since we assume we only see behaviour from
time zero, we will not observe any behaviour at higher wealths, and therefore at
higher consumptions than ¢(¢) = sup,~, ¢(¢, w(t, x)). Thus we will not be able to
infer features of u for levels of consumption above &(t). Some thought confirms



that ¢(t) may be finite even if w(t) is equal to infinity for all t. Mathematically,
we will represent this fact by assuming the function u(t,c) is constant above
¢(t), but note that there may be other possible choices of u which produce the
same optimal choice of ¢ and w.

Theorem 2.2. Suppose we are given functions {c(t,w) : w € Ry, ¢t > 0} such
that ¢(t,0) = 0, ¢(t,w) is continuous and strictly increasing in w and suppose
that if w(t, x) is the solution to:

ow
a(ta $) - 7C(ta w(tv J?))

w(0,2) = =,

()

then

/OO c(t,w(t,z))dt = z,
0

and the function 8%c(t,w(t,av)) exists and is strictly positive. Then there exists
a function u(t, c) such that u.(t,c) > 0 and ue.(t,c) <0, for which the problem:

v(z) =  sup / u(t, Cy) dt (6)
Cy>0: 0
Jo° Crdt<z

is solved by the choice of consumption: Cy = c(t,w(t,x)) for each x > 0.

Remark 2.3. In fact, as we shall see, there is a family of solutions u for which
the choice Cy = c(t,w(t,z)) is optimal. It should also be clear from the proof
that Theorem [2.2] could be modified into an if and only if statement, albeit more
technical and complicated than the current version.

Proof. Define ¢(t) = sup,~q c(t, w(t,x)), then for 0 < ¢ < &(t), we can find a
unique x such that ¢ = c(t,w(t,x)). Write this as y(t,c), and note therefore
that y(t, c(t,w(t,z))) = =, and y(t,¢(t)) = oo. Also, by the assumption that
%c(t7 w(t, z)) exists and is strictly positive, y(t, ¢) is a differentiable function of

¢ with derivative 1

%c(t, w(t, a:))‘

Let D(z) be a positive function satisfying

yc(t7 C) =
z=y(t,c)

/ D(y)dy < oo, for every x > 0. (7)

Then we can define a function u by:

e(t) D(y(t,x)) de o<t
wnltyc) = { Ve Fottwtaa], o 4 eSO (8)
0 te>e(t)

where ensures that the integral is finite for ¢ > 0. Indeed, using the substi-



tution £ = y(t, k), we get:

[ D(y(t, x))
uc(t,c) = /C a%c(t,w(t, x))|x=y(tﬁ) dr
_ y(t,e(t))=c0 D(f) é
- /y(t,c) et w(t, o)), gz wt:2)) - de
= (€) d¢. (9)
y(t.c)

Then wu(t,¢) > 0 and ue.(t,¢) < 0 so that u(t,c) is concave in c¢. Also, writing
¢ = c(t,w(t,x)) we find

wltscltu(t.a) = [ D (10)

Now we consider a general consumption path C; satisfying fooo Cidt < .
Then, using the concavity of u(t,-), and we conclude:

/Oo[u(t,Ct)—u(t,c(t,w(t,x)))] Q< /muc(t,c(t,w(t,m)))(Ct—c(t,w(t,x))dt
0 0

([ peac) [~ cteutempar

< 0

where the budget constraint gives the final step. Hence the given ¢(t, w(t, x)) is
the optimal path as required. O

2.4 Inferring risk aversion from optimal consumption

So far, we have discussed the derivation of a utility function from an initial choice
of consumption behaviour. Can we extend this, and say something about some
other classical methods of describing investor behaviour? For example, a natural
question in this direction would be: given a set of consumption paths can we
determine whether the investor has decreasing absolute/relative risk aversion?

As already observed in Section[2.2]above, it turns out that specifying the con-
sumption paths alone is not sufficient. We present examples below of two utility
functions, one with decreasing absolute risk aversion and one with increasing
absolute risk aversion, which yield the same optimal consumptions paths. In
essence, consumption alone does not tell us how the investor compares differ-
ent wealths. This is specified by the additional function D. We can think of
D(x) (or more accurately [ D(y)dy) as determining the relative weightings of
different initial wealths: when D(x) is large, the additional utility of an agent
from a small increase in initial wealth above z is large, when D(z) is small,
the additional utility is also small. In what follows, we say that an agent with
consumption paths ¢(t,w) has relative weighting of initial wealths D(x) if D(x)
is differentiable, satisfies , and the agent’s utility is specified via .

We start with a simple observation about the role of the function D.

Note 2.4. The Inada condition — that is, that for all ¢, u.(¢, ¢) takes all values
in [0, 00), is equivalent to [ D(y)dy 1 oo as x | 0.



We now analyse in detail the risk aversion of the investor. We concentrate
on absolute risk aversion, but we should point out that similar results can be
derived for relative risk aversion.

Definition 2.5. For a utility function u, the absolute risk aversion is given by

7ucc(t, c).
uc(t, c)

p(t,c) =

We say that an investor is DARA (decreasing absolute risk aversion) if p.(¢, ¢) <
0 for all ¢,¢ > 0. Similarly, we say an investor is CARA (constant absolute risk
aversion) or IARA (increasing absolute risk aversion) if respectively p.(¢,c) = 0
or p.(t,c) <0, for all t,c > 0.

Recall that u is recovered only up to an affine function. We should note that
our normalisation u.(t,c0) = 0, or more precisely lim,_, o uc(t, c(t, w(t, z))) = 0,
which is implicit in the equation and explicit in , and follows from the use
of ¢(t) as a reference point in , has a consequence on the value of the function
p(t,c). A different reference point might change the absolute risk aversion.

Proposition 2.6. Suppose an investor has consumption paths c(t,w) and rel-
ative weighting of initial wealths D(x). Then the sign of p.(t,c) is the same as
the sign of:

Di(@) , D) Lt w(tx) _ 9 D(x)
D(x) " [“Dly)dy  Zetw(t,z) o \ 2 ’

evaluated at x = y(t,c).
Corollary 2.7. An investor is DARA if and only if:

82
B2 ta ta
Dola) D@ ¢ e cdtwlte) oy, (11)
D(x) fx D(y)dy — t20 FZc(t,w(t,z))
An investor is CARA if and only if
D, (x) D(z) %;c(t,w(t,m))

D(@) " TDwdy  Zeltw(t,2))

so that in particular, the right hand side of the equation is independent of t.
Finally an investor is IARA if and only if:

D, (z) D(z) wup Ze(t,w(t,z))
D(x) [ D(y)dy ~ >0 Zc(t,w(t,x))

Proof of Proposition[2.6 It follows from that:

, x>0. (12)

D(x)
Fe(t,w(t,2)) [ D(y) dy
Since c¢(t, w(t, x)) is increasing in x, p(t, ¢) is increasing in ¢ if and only if the

right-hand-side of the above expression is increasing in x, if and only if the
logarithm of the right-hand-side is increasing in x. O

p(t7 c(t, ’LU(t7 1‘))) =



Example 2.8. Consider the consumption function of Example so that
c(t,w) = kw and c(t,w(t,z)) = kre "t. Then:

2
Lzelt,w(t,z)

Lt w(t,x)) B
If we consider a function D(x) = yx~7~! with v > 0, then

D,(z) D(z) _ 1
Dw) T TDhdy  w

so the correszponding investor is DARA. On the other hand, for the choice
D(z) =xe™® /2

D,(x) D(z) 1 50

D(@)  [["Dy)dy =
and the investor is IARA. The case D(x) = e~¢% gives a CARA investor. Note
that in the last two cases we necessarily have u(t, 00) < 0o, whereas in the first
case the finiteness of u(¢,00) depends on the sign of (y — 1).

Example 2.9. The purpose of this example is to show that explicit answers may
still be available beyond the CRRA case in which consumption is proportional
to wealth. Again we find that knowledge of the consumption path alone is not
sufficient to determine the attitude to risk.

Suppose we have a concave, increasing function G(z) of class C and such that
G(0) = 0,G.(0) = 1. Let w(t,x) = 1G(xt). Then it follows that w(0,2) = =
and:

ot wit, ) = —% Ec(xt)]

= %2 [G(xt) — xtG,(xt)] = % - t%Gfl(tw)Gz(Gfl(tw))

which is positive by concavity. In particular, we get:

%c(t,w(t,x)) a x Gzz(.%‘t)

One simple example of such a function is G(z) = In(1 + 2), in which case we
get c(t,w) = & (tw+ e "' — 1) and:

aa—;c(t,w(t,x)) 1 2t

Le(t,wt,z) = Cl4at

This expression is decreasing in ¢, so we can conclude that

. [1 2t} 1
= lim |— — = —

r 1+4+at T

and we see that the corresponding investor is DARA if we take D(z) = yx =7~}
for v > 0. On the other hand,

%c(t,w(tw)) . {1 2t } 1
Z———= =lim |— — =

su = .
=0 gretu(te) o le Thwt] "~ a



so the choice D(z) = ze~ | gives an IARA investor.

Another example arises by taking G(z) = 1 — e *. In this case, we have
c(t,w) =% + (1 —wt)t~?In(1 — wt), and

As before, taking e.g. D(x) = xe_’”Q, gives an IARA investor. However there

is no choice of D(x) for which the investor will be DARA. Note that in this
example, since G is bounded by 1, the investor’s wealth will be below % at time
t, no matter how large their initial wealth.

2.5 Admissible utility functions

It is natural to ask if we can recover all utility functions u (up to addition of a
function A(t) + Be) from the above setup? The answer is no.

Consider for example functions of the form: u(t,c¢) = U(c) for some increas-
ing concave function U(-). Such functions correspond to optimal paths which
are constant, but of course, these have infinite total consumption. Agents with
finite initial wealth will try to spread the total consumption as evenly as possible
across the whole time horizon, but there will be no sensible ‘optimal’ consump-
tion. There may also be cases when optimal consumptions exist but are not
covered by our framework. For example, one may construct utility functions for
which optimal consumption paths are zero for a while and then leave zero to
follow a positive path.

Our aim in Section [2] was to consider the extent to which knowledge of opti-
mal consumption paths can be used to determine the utility in the deterministic
case. To obtain a complete and coherent description we worked under plausible,
but not necessary, assumptions e.g. that consumption levels are strictly increas-
ing in current wealth. The key discovery is that in the deterministic case there
is no way to compare utilities across different optimal consumption paths. We
shall see that this situation is rather special, and that the picture is different in
the stochastic case.

3 Stochastic Setting

We now turn to a more sophisticated version of the above problem, by consider-
ing what happens when we add the possibility of investment in a stochastic asset.
Specifically, we suppose there is a risky asset P;, where P; is a Black-Scholes
asset so that it has dynamics:

dP,

St — 5(dBy + 0dt) + rdt.
Py

Here o is the asset volatility, # > 0 is the Sharpe ratio, and r is the interest rate,
which are all assumed to be constant, and B; a standard Brownian motion. The
investor now has to choose a rate of consumption C; and also an amount, IT;,
which is to be invested in the risky asset. Then her wealth at time ¢, W4, is the
solution to:

th = ’I"Wtdt — Ctdt + HtO’(dBt + 0dt)7 (13)

10



subject to Wy = 2. Where we wish to highlight the dependence on initial wealth
x or strategy (C,II) we may write this as Wf’c’n.
The investor will specify an optimal pair of investment and consumption

strategies, II; and C} which attain the supremum in:

sup  E [ /0 e dt} (14)

Ce, W E >0

subject to a budget constraint W; > 0 for all ¢ > 0. Here u is an unknown
function which we aim to find.

As usual, the above generalises to an optimal control problem, which has
value function:

o(tw) = sup [/tmu(s,Cs)ds‘Wt:w].

Cy, 11w >0

Standard theory tells us that for a general pair (Cy,II;) the process M; =

fot u(s,Cs)ds + v(t,W;) must be a supermartingale, and under the optimal
strategy will be a martingale. Applying It6 to M;, we see that the relevant
drift (dt) terms are:

1
U(t, Ct) + ’Ut(t, Wt) + ’Uw(t, Wt) [’l"Wt - Ct + HtUG] + i’l)ww(t, Wt)02H?. (15)

We assume that the optimal strategy takes the form (C; = c(t, Wy),II; =
w(t,Wy)). Then, by analysing this equation, and considering possible solution
terms v (¢, w), we prove in Theorem [3.4] that there is a function u(t, ¢) for which
the pair (c(t,w),7(t,w)) is optimal if and only if these functions satisfy:

OSSP

for some function S(t) — in particular, the left hand side is independent of w.
This consistency relationship between 7 and ¢ for them to be the solution of
an optimal consumption/investment problem of the type was first derived
by Black! (1968]) (published later in a modified form as Black| (1988))), and then
re-derived in a more rigorous fashion by |He and Huang (1994)), see Remark
below. Before stating and proving our main result, Theorem we give
heuristic derivations of using both primal and dual approach to .

3.1 Heuristics: the primal approach

To motivate the condition in (16), it turns out to be instructive to look at a
more general problem: we introduce a function ¥(t,w) and then consider

v(t,w) = sup E {/00 (u(s, Cs) + (s, Wy)) ds|W, = w| . (17)
II5,Cs t

As before our starting point is an assumption that the optimal strategy takes
the form (Cy = ¢(t, Wy),II; = w(¢t,W,)). Then, by deriving an expression for ¥
in terms of the functions 7 (¢, w), c(t, w), we will be able to recover the condition
in the special case where W is a function of time alone.

11



In the same way that we derived , we can get the martingale condition
corresponding to which is

sup {u(t, C) + v (t, W) + vy (8, We) [rWe — C + o)
IL,C

1
+ 50w (W) 12 4+ W (2, Wt)] —0.

Rearranging this expression, we get:

sup [u(t, C) — vy, (8, W1)C] + sup |Hobv,, (8, W) + %U2H2vww(t, Wt)]
II

c
+ v (8, W) + v (6, Wi )r Wy + U (¢, W) = 0. (18)
In particular, the optimal choice of II, namely 7 (¢, w), should satisfy:
Oy, (t, w)
tow) = ———w 19
m(t, w) TV (£, W) (19)

which in turn suggests we can write:

V(W) = exp {A(t) —/wmg@d@}’ (20)

where A(t) is some function of ¢ to be specified.

Suppose that u is concave and differentiable in ¢ and introduce the convex
dual, (t,§) = sup,. (u(t,c) — &c). Note that we have G (t,£) = —c*, where ¢* is
the choice of ¢ which attains the supremum.

Substituting the optimal actions c¢(t,w) and 7 (¢, w) into , we get:

1
0 = a(t, vy (t,w)) + §7r(t, W) o0y, (L, w) + v (t, w) + vy (6, w)rw + (¢, w), (21)
and differentiating with respect to w, we obtain:

1 1
0 = — vy (t, w)e(t, w)—|—§7r(t, W) OOV (t, w) + aaevw(t, W)y (B, W) + Vgqpy (£, W)

+ Vo (E, W)rw + vy (£, w)r + Uy (¢, w). (22)
If we now differentiate in the time variable, we see that we must have:
dA w 0 N
wltw) = |G+ [ Lma o) wew), @

so that becomes:

0= |:;7T(t, w)oh + rw — c(t, w)] Vo (£, W) + Wy (8, w)

| Loy (tw) + +%(t)+/wL
g TVTwL W gy . om(t,w)?
Finally, dividing through by v, (¢, w) and using (19), we have:

Uy (t,w) |1 Voo (£, W)
“onltw) = |:27T(t, w)ol + rw — c(t, w)] Tt w)

wt(t,w)dw} Voo (£, w).

1
+ iaﬁww(t, w)

dA v 0 N -
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and therefore:

Uy, (£, w) exp {—A(t) + /w m(fw) ddz}

1 rwf Oc(t,w) 1 dA
= _6? - L — o0y, (t,w) — 1 — — (¢
2Vt on(t,w) 7(t,w)o 277" (b w) =7 dt ®)
w 9 B B

Since we have not yet fixed the constant of integration A(t), we are free to choose
this. Because our main interest is in the case where ¥ (¢, w) is independent of w,
it follows that we are interested in cases where we can make the expression on
the right-hand side of disappear, which will occur whenever the expression

62 N réw fc(t,w) ob (t.0) /w 0 (1, @) dis
i — — —Tplt,w) —1r — —— T ,w w
2 on(t,w) on(t,w) 2" L on(t,w)? !

is independent of w. Differentiating once more in w, and rearranging, we see
that this is equivalent to 7, ¢ satisfying:
o2
m(t, w) = —?W(t,w)waw(t,w)—f—(c(t, W) —1w) Ty (t, w) =7 (t, W)y (t, w)+rr(t, w),
(25)
This is Black’s equation (Black| (1968)[Equation (9)], see also [He and Huang
(1994)[Equation (26)]). Equivalently, defining R(t, w) := <&) " we have that

(t,w)”’

R solves:

2

R (t,w) = ﬂ(;" oo ﬂ(t,lw)2 (m2(t, w) + rwme(t, w)) — %www(t,w). (26)

3.2 Heuristics: the dual approach

We now give a second derivation of Black’s equation using a dual approach to
the consumption/investment problem. We will use this approach to give our
main theorem below.

For the problem we can rewrite the budget constraint as

E |:/ Cttht:| =,
0

where (Z;):>0 is the state-price density process and is given by

92
Zy = exp (—rt —0B; — 2t> .

With this formulation the problem becomes to find

supE {/ u(t,Cy)dt — A </ CiZdt — x)]
C 0 0

for an appropriate Lagrange multiplier A\ = A(z). This expression is bounded
by Az +E[[,” a(t, AZ;)dt] and for optimality we must have that u.(t,Cy) = A\Z,

13



so that writing I(¢,-) for the inverse in space of u.(t,-) we must have that the
optimal consumption takes the form C; = I(t, A\Z;).

Now assume that the optimal strategy is a given function ¢ = ¢(¢, w) of time
and wealth so that C; = c(t, W;). It follows that we must have W; = f(¢t,\Z;)
for some f = f(t, z) which depends on the (now unknown u) through f = ¢=1ol.

Then, by It6’s formula,

AWy, = M.(t,MZ)AZ; + fi(t, MZ)dt + (1/2) fo. (8, AZ)N2A(Z),
~ONZe fodBy + {fe + (1/2)0°N° 22 f.. — rAZ f.}dt.

Comparing this with the wealth dynamics we must have

on(t, f(t,2)) = =0z fx(t, 2), (27)
rf(t,z) —c(t, f(t, 2)) +00m(t, f(t,2)) = filt,2) + (1/2)0%22 .. (L, 2) —r2f. (L, 2).
Then omy f. = —0f. — 0zf.. and om; + omy fy = —02f;. so that =
0222f.. = (0 + omy)om, (29)
fez/ fo = m /7 + T fo /7. (30)

Putting into gives
rf—c+obr = %w(é)errw) +fi+ %Tﬂ'. (31)

Differentiating wrt z, dividing by f. = —om/(#z), using and to elimi-
nate fi, and f; and multiplying by 7 we finally get

(r — cw(t,w))m(t,w) — %(ﬂ’(t, W) T (t, w) — e (t, w)

— 1y (t, w)w + 7y (¢, w)e(t, w) = 0,

(32)

which is equivalent to Black’s pde (25). Dividing by 72 and integrating we arrive
at Black’s pde in integrated form (16)

for some function 8(t), independent of w.

Remark 3.1. Our motivation so far has been the following: we have supposed
that both the consumption and investment functions have been stated for all
times and wealths, and we have derived the consistency condition as a
necessary condition that these functions must satisfy. However, the above cal-
culations also suggest an alternative way of viewing the setup. Suppose instead
our agent specifies her consumption (at all times and wealths), and her initial
investment strategies at all wealths (i.e. {7(0,w)},~,). Then, under the as-
sumption that the agent is a utility maximiser, we can solve the parabolic PDE
to deduce 7(t,w) at times ¢ > 0. Note that the utility function itself is
bypassed in the sense that we do not need to specify it to deduce 7 (¢, w). This
was one of the motivating observations for Black! (1968]).

14



3.3 Main results

Given a pair of processes (C,II) = (C,IIs)s>0 define the associated wealth
process (W2 -4 for initial wealth = by

woolm — g 4 / IL,0(dB, + fdu) + / (rwEST — ¢, du. (34)
0 0

We say that C,II is admissible if W& > 0 for all s and we write A = A(z) for
the space of admissible strategies. Note that if C,II is admissible then, writing
W for W= 1L

A(Z,W,) = Zy(oTl, — OW,)dB, — Z,Cyds. (35)

Hence (Z;W5)s>0 is a non-negative supermartingale so that if W, = 0 then, for
t > s, E[W,Z|Fs] < WsZs = 0 and hence W; = 0 almost surely. Thus zero is
absorbing for any admissible strategy.

We suppose we are given functions ¢ = ¢(t,w) and 7 = 7(t,w) and we aim
to find, where possible, u such that C; = c(t, WS 11, = =(t, W) is
optimal for . We start by defining the class of utility functions we consider
and imposing some minimal regularity assumptions on our inputs.

Definition 3.2. We say that a function u : [0,00)? — R is a regular utility
function if wu(t,-) is continuously differentiable, satisfies the Inada condition:
uc(t,0) = oo and u.(t,00) = 0, and is strictly concave and increasing on (0, ¢(¢)),
where ¢(t) = inf{c : u.(t,c) = 0}.

If a utility function u is given we denote the set of admissible strategies

for which the reward in is well defined by A%(z) = {(C,II) € A(x) :
E [ u tCt+dt<ooorEf0 u(t,Cy)~dt < oo}

Assumption 3.3 (Regularity Conditions). Assume that ¢(¢,0) = 0 = 7 (¢,0)
and c(t,w),m(t,w) are strictly positive for w > 0. Assume also that ¢ = ¢(t, w)
is jointly continuous and strictly increasing in w, and that # = 7 (¢,w) is con-
tinuously differentiable in both arguments. Finally assume that the SDE

AW = 7(t, W&)o(dB; + 0dt) + (rWE — e(t, Wi))dt, Wy =z (36)

has a strong pathwise unique solution, which we denote W?* = W#%™ depending
on the context.

Under the above regularity conditions define Y'(¢,¢) to be the inverse to
c(t,w) so that Y (¢,c(t,w)) = w. We put Y(¢, c) = oo for all ¢ > c(t 00).
Suppose further that ¢, 7 satisfy (33) and let A(t fo s)ds + (5 —r)t,
and define F(¢,w) by

F(t,w) = e*® exp {i /1w W(‘f@ } . (37)

For each t, F(t,w) is C1? and decreasing in w, so we can define its inverse
f = F~! such that f(t,F(t,w)) = w. Finally set H(t,c) = [ F(t,Y(t,b))db.
Note that we have

fz(taz)Fw(tvf(t’Z)) = ’ (38)
ft(tvz) +fz(t7Z)Ft(t7f(t’Z)) = 0 (39)
fz(ta 2)Fuww(t, f(t, Z)) + sz(t7 2)Fy(t, f(t, Z))2 = 0, (40)
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and that f is C12.

Theorem 3.4. Suppose an agent’s actions ¢, 7 satisfy Assumption [3.3 For
any x > 0, the following two are equivalent:

(i) c(t, W) and 7(t, W) achieve a finite mazimum in the problem

E t,Cy)dt 41
c,nrg%(z) [/0 ult, Ce)dtl, (41)

for a reqular utility function u, as in Definition[3.3, for which
o0
IA> 0 such that x = E/ ZyI(t, \Z;)dt, (42)
0

where u.(t,I(t,z)) = z, and such that Y (t,1(t, z)) is C? on (0, 0)?.

(it) c(t,w),m(t,w) satisfy @B3), for allt >0 F(t,0) = oo and F(t,00) =0,

E [ /0 " Zett, Wf)dt] =z, (43)

and for some 0 < xo < x, E[|H (¢, c(t, W[®))|] < oo for almost allt > 0 and
JoSEIH(t, c(t, W) — h(t)]Tdt < oo, where h(t) = E[H(t, c(t, W{°))].

Moreover, we then have u.(t,c) = H.(t,c), A*(x) = A(x) and in (i) one may
take u(t,c) = H(t,c) — h(t).

Remark 3.5. In the initial hypotheses of the theorem and in (i) it is equivalent
to use f(t, F(0,2)Z;) in place of W¥ throughout. This condition may be easier
to check.

Remark 3.6. It is interesting to observe the analogy with the deterministic
setup considered in Section [2l There, given an agent’s consumption, we recov-
ered their utility function as u.(t, ¢) = F(t,y(t,c)), where y(t, ¢) was the inverse
of consumption and F(x) = [.° D(s)ds was an arbitrary absolutely continuous
decreasing non-negative function. In Theorem above, we recover the utility
function in the same form u.(t,¢) = F(¢,Y (¢, ¢)) but now F is uniquely specified
in terms of the agent’s investment strategy coupled with the discounting term

A(t) read off from Black’s equation (33)).

Remark 3.7. There are close parallels between different conditions in () and
(ii):
e The fundamental point of the theorem is the equivalence between

and optimality of ¢, 7 for the problem . If fails, ¢, m may still be
optimal but for a more general problem of the type .

e The conditions on F' correspond to the Inada condition on w. The fi-
nal condition, Y(¢,1(t,2)) is C*?, corresponds to f(t,z) € C1? which is
granted by Assumption Note that we allow wu(t,-) to be constant on
some [¢(t), 00) and this corresponds to ¢(t, 00) < oo.
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e Equations and are essentially the same and encode the budget
constraint. We show below that if E[ [ Zic(t, W{¥)dt] > & then (C,II) is
not admissible. Conversely, if E[[;° Zic(t, Wf)dt] = x — 6 for § > 0 then
¢, 7 is typically not optimal. Indeed, if ¢(¢, w) = ¢(t, w)+de~*/Z, then (by
Theorem 9.4 of Karatzas and Shreve| (1998)) there exists a process IT such
that & II is admissible, and achieves a strictly higher expected utility of
consumption over time in , with a possible exception when the utility
is constant on some interval (¢(t), 0o).

In general the assumptions of Theorem [3.4 may be non-trivial to verify. However
we provide a wide class of examples where they hold, see Lemma [3.12] below.

Remark 3.8. Theorem [3.4] above is similar to combined Theorems 1 & 3 of [Hel
land Huang (1994)) and we should comment in more detail on our contribution.
In fact, He and Huang| (1994) considered a more general setup than we do. They
allowed the stock price P; to be a generic diffusion (local volatility) process and
¢ and 7 to depend on the state (i.e. P;) as well. However, they imposed more
regularity assumptions on agents actions. Compared with our assumptions,
land Huang (1994) took m € C1'? and 7 > 0, instead of 7 € C1!, and ¢ € CM!
instead of jointly continuous. They imposed linear growth restrictions on 7 and
assumed W > 0 a.s. for all t > 0. The former corresponds to our assumptions
F(t,00) = 0 and the latter is equivalent to F'(¢,0) = co. A significant difference
between the two set-ups is that [He and Huang| (1994) considered maximisation
of utility from consumption and terminal wealth over a finite time horizon [0, T].
They comment that their analysis extends to infinite setup, as in , with the
additional condition E[Z;W;] — 0 as ¢ — oo which, under all their assumptions,
implies our budget constraint . However this does not seem to be so imme-
diate due to the restrictions on ¢ in [He and Huang| (1994)). They assume ¢ has
linear growth and further that E[fOT c(t, W;)?dt] < oo. Simply replacing T by oo
in the integral would rule out any examples considered in their paper. Finally,
the well-posedness and finiteness of the expected utility is not commented.

We believe that our approach has at least two advantages compared with
[He and Huang (1994).

Firstly, we make less restrictive assumptions. This allows us to obtain a
general class of actions for which we can verify the assumptions, see Lemma
below, which includes interesting examples. In contrast
(1994) are unable to verify their assumptions for most of the examples in the
paper.

Secondly, we present a unified if and only if statement with a straightforward
proof which should be appealing to a contemporary reader. Naturally,
remains an impressive work which, due to its more general scope
of asset dynamics, is able to address questions we can not not consider in our
framework, see also Section [4]

Proof of Theorem[3.]} We first show that (ii) = (i).

We take u(t,c) = H(t,c) —h(t). Observe that by the assumption on F', f is well
defined and C*? on (0,0)2. Let A = A(z) = F(0,) and set W; = f(t, A\(z)Z).
By construction Wy = (0, A\(z)) = 2 = W7™°. To show that W, = W,"™°, by
Assumption [3.3] it suffices to show that the two processes satisfy the same SDE
for t > 0.
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Note that by construction we have u.(s,c(s, Ws)) = F(s, Ws) = A(x)Z,. By
Ito

A(x)?
2

AWy =X(@) f. (6, A(2) Z4)dZy + fo(t, M) Z,)dt +
= —ON)Zs f.(t, \(x) Z4)d By

Foz(t, NZ4)d(Z)4

6%\ (x)?
2

+ (ft(t, MN2)Zy) — rXN(@) Zo fo (8, M) Zy) + Z2f.. (1, )\(x)Zt)> dt .

Then W, = W provided that for w = f(¢, z),
—0zf.(t,z) = on(t,w)
and
Oom(t, w) +rw — c(t,w) = fi(t,z) —rzf.(t,z) + %0222fzz(t, z).

For the first of these, using z = F(t,w) and the definition of F' and (38), we

have o
—02f.(t,2) = —eF((t"i’U))

For the second, using also and ,

=om(t,w).

fi(t,2) —rzf.(t, 2) + %92,22]“22(25, 2)

= —fz(t,z) <Ft(t7w)+TF(t,w)+0F(t’w) Fu;w(t,’d)))

2 Fu(t,w)?

_ _M / g wti r Lrg2 oom w

- Fos (A (t)+0/1 = gdé+r+ 35 (6% + oOm,, (¢, )])
_on(t,w) [, Orw  fe(t,

= (9 T ortw) m(t,w>)

= rw+Oorn(t,w) — c(t,w).

We thus conclude that W = f(¢, A(z)Z;) a.s. with A(z) = F(0, z).

For the rest of the proof, with slight abuse of notational conventions, let us
write ¢f = c(t, WT). It follows that ¢f = c(t, f(t, F(0,2)Z;)) and in particular
e < c¥ for 0 < z < y. Further, since u.(t,c(t, f(¢,2))) = F(¢t, f(t,z)) = z, we
have wu.(t,cf) = Mx)Z¢, so that ¢f = I(t, \(x)Z;) and

ﬂ‘(tv )‘(‘r)Zt) = ’U,(t, Cf) - A(x)ZtCtza (44)
where 4 is the convex dual of u. It follows that is simply .
By the assumption E[|u(t, c(t, W;"°))|] < E[|H (¢, c(t, W, ))|] + |h(t)] < oo

and
Elu(t, c(t, W;*°))] = E[H (¢, c(t, W;*°))] — h(t) = 0.

Using the hypothesis E[ [;* [u(t, c(t, W;™°))] Tdt] < co we obtain

B[ /O "l et WE))de] = 0.
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For x > xy we write
u(t, cf) < a(t, AM@o)Ze) + Mzo) Zecy = ult, ¢®) + A(zo)(cf — ;)2

and hence
E/ u(t,c)tdt < E/ u(t, cfo)Tdt + )\(xo)E/ Zycidt < oo.
0 0 0

Hence E[ [, u(t, ¢f )dt] is well defined and non-negative.
Consider now arbitrary C,II € A(z). From we have

t

t
0 S WtZt =T +/ ZS(O'HS — HWs)st —/ ZSCSdS.
0 0
It follows that

t t
0< / Z,Cyds < x —|—/ Zs(olly — 0W)dBs.
0 0

In particular fg Zs(My — OWs)dBs > —x is bounded below and hence is a su-
permartingale. We also conclude that for each ¢, E[ fot ZsCsds] < z and hence

E [/Ooo ZSCSds} <z (45)

It follows that, with A = A(z),

E [/OOO u(s,Cs)"'ds}

A+ E / (u(s,Cy) — )\ZSCS)+ds]
0

IN

IN

x)\—i-E/ ﬂ(s,)\Zs)"’ds]
0

= zA+E / (u(s,cﬁf))\Zscf)+ds]
0

< x/\—i-E/ u(s,cf)+d<9}<oo7
0

where we used (4). In consequence, A(z) = A“(z). Once we know the expec-
tations exist we proceed with a standard argument:

E [/OOO u(s,Cs)d8:| <\ +E [/OOO u(s,Cs) — )\ZSC’sds} o

<Az +E [/ ﬂ(s,)\Zs)ds} .
0

Further, from and it is immediate that there is equality throughout
for Cs = ¢* and II; = 7(s, W) which shows that these are optimal.
Finally, given that c¢(¢,0) = 0 and ¢(¢,-) is strictly increasing, we see that
uc(t,0) = F(t,Y(t,0)) = F(t,0) = oo and u.(t,00) = F(t,Y (t,00)) = F(t,00) =
0. Further, u(t,-) is C* and, with u.(¢, I(t,z)) = z, we have Y (t, I(t, 2)) = f(¢, 2)
which is C12 on (0, 00)?, as required.
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We come now to the other implication: (¢) = (44).

Take A as in and let Cs := I(s,\Zs). As observed earlier (cf. Theorem 9.4
in [Karatzas and Shreve| (1998)), there exists (II;) such that (C,II5) € A(z).
We have

u(s, )™ > (AN Zs(c? — Cy) +u(s,Cs))” > u(s,Cs)” — AZy(c? — Cy) ™,

and hence

E [/OOO u(s,CS)_ds] <E [/OOO u(s,c?)_ds} + R Moo Zy(c” + Cs)ds} < o0,

where we used and the fact that ¢? induces a finite maximum in . This
shows that (Cj,II,) € A“(z). Proceeding as in (46]), we obtain

E UOOO u(s, cg)ds} <\ +E UOOO s, /\Zs)ds} =E UOOC uls, C’s)ds} .

It follows we have to have equality in the above equation which is true if and
only if ¢ = Cy almost surely. In consequence, is simply . Further,
the wealth process generated by (c, ) is given as Wy = W,”" = g(t,\Z;) for
g =Y oI. Note that I(¢,0) =¢(t) = ¢(t, 0) < 0.

By assumption, g is C*? on (0,00)? and g(t, 2) > 0 for z > 0. Using It6’s formula
and equating dW,; with the wealth dynamics in we obtain 7, which
hold for all ¢,z > 0. Note that (¢, g(t, %)) > 0 and hence also g,(t,z) > 0. We
then proceed as in 7, with g instead of f, to conclude that holds.
This means F in (37)) is well defined and we may consider Wy = f(t, F(0,x)Z;),
with f = F~! as above. Proceeding as in the first part of the proof it follows
that W, = WE = g(t,\Z;) for 0 <t < 7, where

T =inf{s: Z, ¢ (F(s,00)/F(0,z), F(s,0)/F(0,2))} = inf{s : W, € {0,00}}.

However since we know that W/* does not hit zero and does not explode (because
WE = g(t,A\Z;)), it follows that 7 = oo; i.e. F(t,0) = oo and F(t,00) = 0.
Finally, from ¢ = I(t,A\Z;) and W = W, it also follows that u.(, ¢) = H(t, c)
so that u(t,c) = H(t,c) — ((t), for some function ¢. As ¢ achieves a finite
maximum in it follows that E[|H(t,c(t, W[))|] < oo for a.e. t > 0 and
Fubini’s theorem yields [, (h(t) — ¢(t))dt is well defined and finite when we
take h(t) = E[H(t, c(t, W;’))]. In consequence,

E/OO[H(t, c(t, WF)) — h(t)]Tdt < E /OO[H(t, c(t, WF)) — ¢()]Tdt
0 0 (47)

oo
+/ (C(t) — h(t))Tdt < oo.
0
Hence (4) holds when we take x = x¢. It follows from the first part of the proof
that we may take u(t,c) = H(t,c) — h(t). O

Example 3.9. Suppose c(t,w) = kw and 7(t,w) = ¢w for k,¢ > 0 with
¢ # 0/o. Then Black’s equation is satisfied, Y(¢,0) = b/k, B(t) = B =
(k—7)/¢+ 0%¢/2 and A(t) = &t where € = —08/0 + 02/2 — 7.
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Let v = 0/¢o. We have F(t,w) = e*'w™" and in particular F(¢,0) = oo,
F(t,00) = 0. Tt follows that A(z) = 277 and f(t,2) = 2z~ /7e&/7)t which is
C*? differentiable.

Further, W = f(t,\(x)Z;) = we?oBrt(0d0+r—r—0"¢*/2)t and a direct com-
putation yields

SE[(W) ] = a1 TE[Z) ) = p e (48)

It follows that
E U Ztc(t,Wf)dt] = kaE U (Zt)ll/ve@/vdt] = m/ e "dt = .
0 0 0

Also H(t,c) = ﬁegtnv[cl_”f — 1] so that, taking z¢ = 1,

1
(t) = BLH (t, ot W) = 3 (we ™ = efln?),
and
1
u(t,c) = (K7efe! ™7 — ke ")
I—x
KYeft (49)
= o (e ),

where ( = (£+k)/(1—y) =Kk —1r— %. Then, using [48)), E[u(t, c(t, W) ] <
De™** for some constant D, and hence ["E[H(t,C;) — h(t)]*dt < oo for the
optimal policy.

In the above we could take any xy > 0. So, in conclusion, for any initial cap-
ital x > 0, 7, ¢ solve the optimal consumption problem for admissible strategies
for u as given in . We note that the choice of consumption and invest-
ment which are linear in wealth and time-homogeneous necessarily implies an
exponential discounting of utility from a given wealth.

3.4 Risk aversion

We now return to similar questions as those which arose in Theorem [2.6] namely,
we investigate what we can say about an investor’s risk profile from her actions.
Recall the absolute risk aversion p(t,c) given in Definition

Proposition 3.10. An investor with investment and consumption strategies
m(t,w), c(t,w) satisfying the assumptions of (ii) of Theorem|[3.4] has decreasing
absolute risk aversion (DARA) if and only if

T (E, W) _cww(t,w)
m(t,w) —  cp(t,w)

(50)

In particular, a sufficient condition for an investor to be DARA is convexity (in
wealth) of her consumption and investment which is increasing in wealth.

Proof. From the final statement of Theorem the investor’s utility function
u satisfies u.(t,c) = H.(t,c) = F(t,Y(t,c)) and from it follows that
0

p(t,c) = WYC(LC), e < &(t) = c(t, 00).
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The absolute risk aversion is decreasing for ¢ < &(¢), i.e. p.(t,c) <0 iff:

>3 | =evi o)
= oy T
= 02"w@3$$51w3‘axgzgﬁ2wvlrym@
— 0 < my(t,w) + 7(t, w)m v .

The above has to hold for all ¢ < &(t) or equivalently for all w = Y'(¢t,¢) > 0
and all t > 0. Transforming the last inequality we arrive at the statement of
Proposition. O

In a similar manner we derive a condition equivalent to relative risk aversion.
We omit the proof for the sake of brevity.

Proposition 3.11. An investor with investment and consumption strategies
w(t,w), c(t,w) satisfying assumptions of Theorem has decreasing relative
risk aversion (DRRA) if and only if

Co (t, w)e(t, w)my (t, w)
w(t, w)

(Co(t, w)? = c(t, W) (tw) <

or equivalently iff

0 c(t, w) 0
0 [lo cw(t,w)} < —wlogﬂ(t,w).

3.5 Time-homogeneous investment and consumption

We specialise now to the important special case of 7 (t,w), ¢(t,w) which are
independent of time. Suppose first that 7 (¢, w) = w(w) is independent of time.
Equation then simplifies to

r rw o2 0 rw o2
R, (t,w) = ) — Wﬂ'w(w) - ?ﬂ'ww(w) = % <7r(w) - 27rw(w)>

which yields
rw 2

—— — Tomu(w) + B(0),

R(t,w) = )

where §(t) is taken such that R(t,w) > 0. In consequence

0.2

c(t,w) = R(t,w)m(w) = rw — 77‘(‘(711)71'11,(’(1}) + B(t)m(w) . (51)

In particular, if the agent invests a constant proportion of wealth in the risky
asset, i.e. m(w) = ¢w, ¢ > 0, then

o2
c(t,w) = (r — 7(1)2 + ﬂ(t)(b) w = R(t,1)ow
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is also linear in wealth. It is straightforward to see that for a reasonable ((t)
(e.g. continuous and bounded) agent’s choices ¢ and 7 verify the assumptions
of Theorem The case B(t) = B, a constant, was worked out explicitly in
Example 3.9 above.

We want to study in more detail the implications of representation on
the possible behaviour of admissible investment/consumption strategies. As-
sume that ¢ = ¢(w) is also time-homogenous, or equivalently that 5(t) = 3 is
a constant. Recall that we require 7(0) = ¢(0) = 0 and both 7 (w), c(w) are
non-negative and ¢(w) is increasing. Consider an investment strategy given by
m(w) = pw® with @ > 0. Then gives

212
aqﬁa 2a—1

c(w) =rw— w + Bow™. (52)

The condition ¢(0) = 0 restricts us to a > 1/2. Considering o € (0.5,1) we
see that the middle term in dominates for small w so that ¢, (0+) = —oc0
and c(w) is negative for small values of w. On the other hand, if a > 1 then
the middle term dominates for large values of w and c¢(w) becomes negative
then. We conclude that the only admissible value is the one studied above:
a = 1. This indicates that an admissible investment strategy has to have linear
behaviour near zero and infinity. For such actions we are able to verify the
assumptions in Theorem [3.4]

Lemma 3.12. Suppose ¢(t,0) = 0 = 7(t,0), 7(t,w) = w(w) is time homoge-
neous, c(t,w) is continuous and c,m are continuously differentiable in w. Fur-
ther, ¢ and 7 satisfy and there exist strictly positive constants 1,02, K1, K2
with
Tw(W) —— 01,  Tp(w) — da,
w—00 w—0 (53)
01 A 0y <y (w) < 81V da, and k1 < ¢ (t,w) < Ko, t > 0,w > 0.

Finally, assume that 61 A 6y < 0/c < 81V 0a, or fooo exp(A(t))dt < co.

Then ¢, 7 satisfy Assumption[3.5 and, for any x> 0, E[|H (¢, c(t, W}¥))]] < 0o
and [CE[H(t,c(t,W{)) — h(t)]Tdt < co. Further, F(t,0) = oo, F(t,00) = 0,
for allt > 0, and (43) holds for any x > 0. In consequence, (i) and (ii) in
Theorem hold true.

Proof. Let 61 := 61 A 0y and 89 := &1 V 0. It is immediate that fol dé/n(€) =
[77d¢/m(€) = oo and hence F(t,0) = oo and F(t,00) = 0. Fix z > 0 for
the rest of the proof. Equation implies global Lipschitz behaviour of ¢, 7
which guarantees the existence of a strong unique solution to . Let Q be
the risk neutral measure under which BY := B; + 0t is a Brownian motion and
put W, := e~ "'W,. We then have

t
Wy=xz+ocM; — / e (s, Ws)ds, (54)

0
where M; := fot e "1 (W,)dB? is a Q-local martingale. In particular, W, is a
non-negative super-martingale under Q and hence converges, a.s. as t — oco. It

follows that M; also converges a.s. which is equivalent to (M); converging (cf.
(Revuz and Yor, 2001} Proposition V.1.8)). However

t t t
/5%W3ds < (M)t:/ e 2 (W,)%ds < /5§W3ds
0 0 0
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and it follows that W, — 0 a.s. Finally, from classical estimates (e.g. (Friedman,
1975, Theorem 5.2.3)), we have that EQ[(1;)™] < oo for all m > 1. Tt follows
that EQ[(M);] < oo and hence M; is a Q-martingale with E®M; = 0. In
particular

o) t
E/ Zsc(s,Ws)ds = lim E@/ e (s, Wy)ds = z — lim EQ[IW].
0 t—o00 0 t—o00
To show 7 it remains to argue that lim; EQ [Wt] = 0. It follows from the
above representation that EQ[IW;] is decreasing in t. By , and EQM, = 0,

we have: .

EOW, =z — EQ/ e_rsc(s,e”WS)ds.
0

Using the fact that ¢(s,w) > k1w, and applying Fubini’s theorem, we get:

t
EQWt <x—K / E@Ws ds.
0

The desired conclusion follows immediately. It remains to show the integrability
properties of H. From we get instantly that

uf% < e_A(t)F(t,w) < wf%, 0<w<l1

0 0 (55)
w o Se_A(t)F(t,w) <w %2, w>1
from which it follows that
ADTE =T < (1 2) < ADTE TR )< 2 < AW 0

eA(t)%z*% < flt,2) < eA(t)Tz*T, 2> Al

The integrability properties we need to establish are invariant under a shift of
H by a constant so we are free to redefine H as

H(t,z):= /(Zt y F(t,Y(t,0))db, so that H(¢,c(t,w)) = /1w F(t, 8)cw(t, s)ds.

In consequence
wV1 wV1 0
H(t,c(t,w))" = / F(t, s)cw(t, s)ds < rpet® / s 7ads (57)
1 1
and similarly

1 1
H(t, ot w))~ = / F(t, 5)cw (1, 5)ds < raeA® / swhds  (58)

wAl Al

Suppose first that od; < 8 < gde. Then H(t,c(t,w))" < eA(t)%wl_%

and H(t,c(t,w))” < eA(t)ﬁlT”(ﬁwk%,
Using Wy = f(t, A(x)Z;) and the estimates in (56]), we have

02K __0_
BH(,o(t, Wi))* < o' Z25B [ FEA @) 20! Lz cono

(59)

009K D) _ody
B gy
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and it follows that EH (¢, c(t, W;))™ < oco. Similarly, using and reasoning
as in we obtain

0 _ e
EH(t, C(t, Wt))_ < eA®) ME f(t7 )\(,’L‘)Zt)l ag'l 1)\(m)Z1>CA(t):|
60— 0'52 o (60)

(7(51&2 51

b1 _ody
= 9—0526A(t)T]E[(A(ff)Zt) 7

and it follows that EH (¢, c(t, W:))™ < oo, giving also E|H (¢, c(t, Wh))| < oo.

To estimate the expectation of the integral in time we need a more careful
analysis. From Black’s equation , given that m is time-homogeneous, we
know that

; (61)

is a function of ¢ only. Now, depending on whether §, = 5~2 or 0y = 6~1, we let
w — 0 or w — oo on the RHS. We detail the case o = 5~2. The first term in
then converges to 0285/2, the second term converges by 1’'Hopital’s rule to 7/d>
and hence also the third term converges to some r3(t)/d2, where k3(t) > k1 > 0.
We conclude that B(t) = 0202/2 + k3(t) /62 — r/2 and

2 [ (51

(—( 282/2 + K1 /09 — 1/82) + ? — r) t

D)

Using this last estimate in (59)) we recover the situation in (48]). Since by assump-

A(t)

IN

tion € < 0ds, and using the representatlon Zy = e t—0B—07t/2 iy . we have
EH((t,c(t, W)™ < Ce™*1! for a constant C, and hence E [~ H(t, c(t, W;))Tdt <
0. To estimate E [~ H(t,c(t, W;))~dt we use similar arguments but consider
the asymptotics of when w — oo (respectively w — 0 if §; = 52) Using
the assumption that 8 > ¢d;, and proceeding analogously to the above, we
obtain EH(t c(t,Wy))~ < Ce™"! for a (possibly different) constant C, so that
E [y° H(t,c(t,W;))~dt < co. It follows that E [ |H(t,c(t,W;))|dt < co and
E [T [H(t, c(t,W;)) — h(t)]dt is well defined (and equal to zero).

Now suppose that 6§ = ¢d; for some 7. We detail the case § = 0ds, the other
being similar, but relies on a new estimate of H(¢,c(t,W;))~. Then, for z <
e f(t, 2) § eAW 21 and yields H (t, c(t, W)t = roe® (In f(t, M) Z;)) T
But, from (62), and using 6 = ob; we have A(t) < —rit. It follows that
I E[H(t, ct (t, Wy)t]dt < [;7(Cr + Cot)e ™1'dt < oco. Note that if 6; < &
then 0 > o6y and [ E[H(t,c(t, W;))"]dt < oo exactly as before. Otherwise, if
d1 = 02, a modification of the above argument works for H (¢, c(¢t, W;)) ™.

Finally suppose that 6 > gds but fooo eAdt < oco. (Again, the case with
§ < 061 but [, e®dt < oo is similar.) Then yields H(t,c(t, W;))*"
Ce*™ which is integrable by hypothesis, and [ E[H (¢, c(t, W;))"]dt < oo as
before.

O
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Remark 3.13. Recall that inequality in also holds with §; in place of Js.
It follows that sufficient conditions for fooo eAdt < 0o are either

k1> (1 —0dy/0)(r 4 0065/2), or k1 > (1 — 061/0)(r + 056, /2).

This is automatic if § < o (&1 V 52), when r > 0. Note that this final conclusion
would allow us to simplify the statement of Lemma [3.12] by ignoring the case
where 0; A 09 < 0o < 5V (527 however it does not appear that this would
simplify the proof, and since this condition is generally simpler to check, we
leave the statement as given.

Remark 3.14. From the proof it is clear that we do not need to assume time-
homogeneity of 7. Instead we take 7(t,w) € C'! and assume and .
Then it follows that

e ctw) Yo (t, €) e c(tw) Yo (t,€)
)= i T, Feds =8t S [ e

are well defined. It is then enough to assume that either [ exp(A(t))dt < oo or
61 A by < 0/ < 61V 6 and further fooo exp(— fo k3(u)du)dt < oo and likewise
for k4(t). In the time-homogeneous case above, the 1ntegra1 term disappears
and implies that r3(t), ka(t) > k1 > 0 which is a stronger condition.

Lemma 3.12]is particularly useful as it allows us to construct a wealth of ex-
amples of non-linear consumption and investment pairs with prescribed desired
behaviour. We explore now a method to obtain convex/concave investment and
consumptions pairs and then present a simple parametric family of examples.

Assume that m : Ry — R, is a thrice differentiable, strictly increasing,
concave function such that 7(0) = 0 and

0 < my(00—) <y (w) < Ty (0+) < 00, w € (0,00). (63)

Further, let x(w) = (77 )w (W) = T (w)? + 7(w) Ty (w) and assume that there
exists € > 0 such that

2

—elt< %X(w) <r—e we (0,00). (64)
The optimal consumption is given by and we assume that it is time ho-
mogenous with 5(t) = f > 0. We then have ¢(0) = 0 and

2

€ < e+ By (00—) < e (w) =1+ By (w) — %X(w) <7+ By (04) + €t

In particular, holds. Provided r > 0 and the Sharpe ratio satisfies 6 <
o7, (0+), by Remark [3.13] we can apply Lemma [3.12] and conclude that (i) and
(i) in Theorem [3.4] hold true.

By hypothesis 7 is concave: the concavity/convexity of ¢ will depend on the
sigh of Cypw = BTww — 02Xw(w)/2. Noting that 7., < 0 we have that if

CTrypw (W) < xw(w) <0, w € (0,00), (65)

for some positive constant C' then the choice 5 = 0 gives that ¢ is strictly convex,
whereas the choice 3 = 02C/2 gives that c is strictly concave.
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Similarly, we can produce examples with 7 convex. Suppose that 7 is a
thrice differentiable, strictly increasing, convex function such that 7(0) = 0 and
0 < mp(04) < my(w) < myp(o0o—) < oco. Then, if we assume again that
holds, we have ¢ such that ¢(0) = 0 and

€ < e+ Bmy(04) < cw(w) <7+ Bry(oco—) +e L.

In conclusion, holds and if 6 < o7, (0c0o—) the assumptions of Lemma
are satisfied and (i) and (ii) in Theorem follow. If, instead of (65)), we have

CTrpw(w) > xw(w) >0, w € (0,00), (66)

then the choice of 8 = 0 gives a concave consumption while 3 = 02C/2 generates
a convex c.

Example 3.15. As an example, take in the above 7m(w) = (pw+¢((14+w)P—1))
with ¢,% > 0 and 0 < p < 1. Then 7 is concave, m,(c0o—) = ¢ and 7, (0+) =
¢ + py. Furthermore,

Yoo (W) = T(W) T (W) + 370 (W) T (W) = —1h(1 + w)P3p(1 — p)A(w)

where
Aw) = (1+p)ow + (2 — p) + 3¢ + 2(1 4+ w)Pep(2p — 1).

Suppose that the parameters are such that A(w) is positive, a simple sufficient
condition for which is that p > 1/2. Since ¢ > 0 it follows that x is decreasing
and

¢* = x(00) < x(w) < x(0) = (¢ + pp)°

so that follows provided (¢ + p)? < 2r/0?, a condition we now impose.
We already have y,, < 0 so for it suffices to look at the sign of

CTww = Xw = ¥p(1 = p)(1 +w)P[=C(1 + w) + Aw)]. (67)

Since A is bounded above by an affine function of w it follows easily that this
expression can be made negative on (0,00) by choosing C sufficiently large.
Choose the parameters such that A(w) > 0, (¢ + p)? < 2r/o? and 6 < o(¢ +
py). Taking 8 = 0 we obtain an example for which 7 is concave and ¢ is convex,
and conversely, taking § sufficiently large, we obtain an example with both
and c concave.

To obtain examples with convex 7 consider now ¢ > 0, 0 < p < 1 but ¢ < 0.
Assume also that ¢+py > 0 and ¢? < 2r/c?. Then 7 is increasing, convex with
D+ pY =7y (04) < Ty (w) < 7y (00o—) = ¢. Suppose again that the parameters
are such that A(w) is positive. In fact, given A(0) = 3(¢p + pyp) >0, p < 1/2is
a simple sufficient condition. It follows that x(w) is increasing with

(¢ + p)? = x(0) < x(w) < x(00) = ¢?

so that holds under the condition ¢? < 2r/c?. Further, (67) can be made
uniformly positive for large C' and hence holds. Lemma applies with

e.g. 8 < o¢p. We conclude that if we take f = 0 we obtain an example with
convex investment and a concave consumption. Conversely, if we take 8 suffi-
ciently large we get an example with both 7 and ¢ convex. A numerical example
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Figure 1: Graphs for Example [3.15| when 7y, > 0. Top panes: The investment
strategy 7(w) (left) and the corresponding optimal consumption ¢(w) (right)
for parameters: r = 0.3, § = 0.5, 0 = 0.25, 3 = 10, p = 1/30, ¢ = 2.1 and
1 = —60. Bottom panes: The absolute risk aversion p(1,c) (left) inferred from
these actions and a compatible utility function u(1,c¢) (right).

is given in Figure [I] which also presents graphs for the case of m and ¢ convex.
Note that convexity of ¢ implies DARA by Proposition

Our general approach easily allows us to obtain admissible sets of parameters
with additional convexity and concavity properties. Note, however, that even
when the arguments for the convexity/concavity fail, it is still straightforward
to write down expressions for ¢,,, and to see that ¢, is bounded above. Provided
parameters are chosen such that ¢, (w) > k1 > 0, and 6 is sufficiently small,
the hypotheses of Lemma are satisfied and (i) and (ii) of Theorem
hold. A numerical example which satisfies these conditions but for which A(w)
goes negative is given in Figure [2| It also features a risk aversion which is first
decreasing, then increasing and then decreasing again.

Example 3.16. We present another example where consumption has a simple
convex expresion in wealth. Consider

ﬂ(w)Q\/Tﬁw2+aw+Z(eaw1), (68)

where we take r > k > 0, o,a > 0 with k > aa. Clearly 7(w) is an increasing
function of w and

o= m0) = 2w g an, &= mloo) = L2 Vi

g

From , with §(t) = 0, we recover the optimal consumption as

c(w) = kw + o (e7* — 1) (69)
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Figure 2: Graphs for Example [3.15| when 7y, < 0. Top panes: The investment
strategy m(w) (left) and the corresponding optimal consumption c(w) (right)
for parameters: r = 0.05, 6 = 0.5, 0 = 0.25, 3 = 10, p = 1/5, ¢ = 0.5 and
1 = 60. Bottom panes: The absolute risk aversion p(1,c) (left) inferred from
these actions and a compatible utility function u(1,c¢) (right).

which is an increasing convex function with c,y,(w) = a?ae™ . Sufficient
conditions for 7, ¢ to satisfy the assumptions of Lemma [3.12] are then concavity
of 7 (from which we deduce §; < 7, (w) < &) and 6 < v/2r (which implies
Jo7 exp(A(t)) dt < o). We will verify the concavity condition numerically for
the cases of interest presented in Figure[3] Note that in this example c is convex
and 7 is increasing so Proposition [3:10] implies that the agent employing these
actions necessarily has a decreasing absolute risk aversion.

Example 3.17. Finally, we compute explicitly an example in which ¢ is bounded.

Consider
2ve [r 1 1
m(w) = —w? —w— —e"W 4 — 70
(w) o 2¢ «a @ (70)
where we take r > «¢ with «,¢ > 0. A simple computation shows that 2%102 —
w — é(e*aw — 1) is a non-negative and strictly increasing function of w for

w > 0. Further we have m(w)m,(w)o?/2 = rw — &1 — e~ ) and there exist
two constants 01,02 > 0 such that §; < my,(w) < 2, w > 0. From 7 with
B(t) = 0, we recover the optimal consumption as

c(w) =¢c(1—e "), (71)

which increases, as w — 0o, to the upper bound ¢, see Figure [d While it
is clear that ¢, satisfy Assumption [3.3]it is does not seem easy to verify that
assumptions in (ii) of Theorem hold. In this example the proposed recovered
utility function is constant on [¢, 00) so consumption Cy = ¢, if admissible, has
to be optimal. For x > ¢/r, taking IT; = 0 the wealth dynamics become

AWy = (@rWF —o)dt, W§ ==z,
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Figure 3: Graphs for Example Top panes: The investment strategy m(w)
(left) in and the corresponding optimal consumption ¢(w) (right) in
for parameters: Kk = 0.4,0 = 0.25,r = 0.6, = 0.1,a = 1.25,0 = 0.95. Bottom
panes: The absolute risk aversion p(1,c¢) (left) inferred from these actions and
a compatible utility function u(1,c) (right).
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Figure 4: Graphs for Example Top panes: The investment strategy 7(w)
(left) in and the corresponding optimal consumption ¢(w) (right) in
for parameters: r = 11, 8 = 0.5, 0 = 0.25, ¢ = 10, « = 1. Bottom panes: The
absolute risk aversion p(1,¢) (left) inferred from these actions and a compatible
utility function u(1,c) (right).
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so that W = wexp(rt) — ¢ is an increasing process and (II;,C;) = (0,¢)
is admissible and optimal. In consequence, Theorem [3.4] may only hold for
x < ¢/r. Even then this example is not covered by Lemma and verification

of appears challenging.

4 Extensions and further research

The work presented in this paper may be seen as the first step which motivates
exploration of a set of wider related questions. Our underpinning principle is
to start with those actions which may be observed in an investor’s behaviour,
and then attempt to determine whether their actions are consistent with utility
maximisation. In this paper, we have considered two cases: a deterministic
setup and a stochastic complete market setup. In the deterministic case, our
fundamental conclusion is that observing investor’s actions for any given wealth
is not enough to fully specify their utility. Risk aversion remains unspecified. In
the stochastic case, we suppose we observe both consumption and investment.
Then the assumption that the investor is maximising utility implies that the
consistency constraint holds. These two studies would have natural, and
interesting, analogues in other markets such as one period models (where the
investor can choose to consume now or in the subsequent period), or, at the other
extreme in terms of complexity, continuous-time models which are incomplete
(e.g. a stochastic factor model). The questions parallel to those which we have
answered here would include:

e is specifying an investor’s consumption and investment strategies sufficient
to determine their utility function (up to constants)?

e If it is not, is the system over-specified or underspecified?

In the case where the system is over-specified, we might expect a consistency
condition such as Black’s equation, , and it is interesting to ask whether
there is a more general optimisation problem such as which may correspond
to the general choice of consumption and investment.

A further achievement of the paper is that we have been able to go beyond
simply recovering the utility function, and have also been able to provide char-
acterisations of certain aspects of the agent’s behaviour (absolute and relative
risk aversion) in terms of the given data. In more complex situations, where
it may not be possible to fully recover an agent’s utility function, it may still
be possible to deduce some of these related properties from the given data. We
hope to pursue some of these questions in subsequent work.
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