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MARTINGALE OPTIMAL TRANSPORT WITH STOPPING*

ERHAN BAYRAKTAR', ALEXANDER M. G. COX¥, AND YAVOR STOEV'

Abstract. We solve the martingale optimal transport problem for cost functionals represented
by optimal stopping problems. The measure-valued martingale approach developed in [A. M. G.
Cox and S. Killblad, SIAM J. Control Optim., 55 (2017), pp. 3409-3436] allows us to obtain an
equivalent infinite dimensional controller-stopper problem. We use the stochastic Perron’s method
and characterize the finite dimensional approximation as a viscosity solution to the corresponding
HJB equation. It turns out that this solution is the concave envelope of the cost function with respect
to the atoms of the terminal law. We demonstrate the results by finding explicit solutions for a class
of cost functions.
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1. Introduction. The aim of this paper is to solve a class of martingale optimal
transport problems for which the cost functional can be represented as an optimal
stopping problem of the underlying cost function. Specifically, given a continuous and
bounded cost function f : R — R, we are interested in solving the martingale optimal
transport problem

(1.1) sup PE(f) with PF(f) = sup B[f(M,)].
P, TETo

The outer supremum is taken over P,—the set of all pairs of filtered probability spaces
(Q, F, (Ft)t>0,P) and continuous martingales M = (M;);>o on them such that the
filtration (F;)¢>o is generated by a Brownian motion and the terminal law is My ~ u
under P. The inner stopping problem is over T,—the set of all (F;)-stopping times
taking values in [s, T for s € [0,T] and some fixed terminal time T > 0.

The duality between martingale optimal transport and robust pricing problems
was studied in a related setting in Dolinsky and Soner [8] for general path-dependent
European-type cost functionals (i.e., payoffs) and continuous models. Recently Bayrak-
tar and Miller [1] and Beiglbock et al. [5] obtained solutions to distribution-constrained
optimal stopping problems by using dynamic programming and martingale transport
methods, respectively. In contrast to our setting, however, the constraints in [1] and
[5] are on the distribution of the stopping times and not on the marginal distribution
at the terminal time. By using the concept of measure-valued martingales, Cox and
Kallblad [6] studied the robust pricing of Asian-type options subject to a marginal
distribution constraint. The authors cast the original problem into a control theoretic
framework and obtained a viscosity characterization of the solution.
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Here we employ the control theoretic approach of [6] and [1] to analyze optimal
martingale transport problems with cost functionals which are of American type. The
difficulty in our setting is that we have an additional optimal stopping component.
However, the fact that we optimize over continuous models allows us to prove that
the resulting value function is time-independent up to the terminal time. Since the
original problem is infinite dimensional, we use the continuity with respect to the
terminal law to restrict it only to measures with finitely many atoms. Working in a
Brownian filtration allows us to recast this finite dimensional approximation as a re-
cursive sequence of controller-stopper problems with exit-time components. We prove
that the value functions of these problems are viscosity solutions to the corresponding
sequence of elliptic obstacle problems satisfying exact Dirichlet boundary conditions.
We achieve this by applying the stochastic Perron’s approach in the spirit of Bayrak-
tar and Sirbu [4], where the obstacle problems are associated with Dynkin games,
and Rokhlin [14], where an elliptic Dirichlet boundary problem arose from exit-time
stochastic control. We circumvent the potential difficulty of proving a strong compar-
ison result for viscosity sub/supersolutions satisfying generalized boundary conditions
(see [14]) by using the recursive structure of the problem to show the exact attainment
of these boundary conditions.

The main result in this paper, Theorem 3.1, is the characterization of the value
function of the finite dimensional martingale transport problem as the concave enve-
lope of the payoff with respect to the probability weights of the terminal law’s atoms.
In this final step we use a recent result of Oberman and Ruan [11] on characterizing
convex envelopes as unique viscosity solutions to obstacle problems with appropriate
Dirichlet boundary conditions. One possible application of our results is the robust
pricing of American options. Indeed, the martingales over which we optimize can be
seen as different models for the stock price with a given marginal distribution at the
terminal time.

The rest of this paper is organized as follows: In section 2, we formulate the finite
dimensional approximation of the martingale optimal transport problem; see (2.12).
In section 3, we employ the stochastic Perron’s method to characterize the value func-
tion as the unique viscosity solution of the corresponding Dirichlet obstacle problem
and to show its concave envelope form in an appropriate phase space. Section 4 il-
lustrates how our results can be achieved in a probabilistic framework and provides
concrete examples.

2. Problem formulation. We define the set of measures P as
Pim (€ B(R:)  plRe) = Land [ [alp(do) < oc).

and suppose that the terminal law p of the martingales in the optimal transport
problem (1.1) satisfies 4 € P. In the usual optimal transport framework we can
regard the probability measures P contained in P, as transporting the initial Dirac
measure dpg, (i.e., the law of M) to the terminal law p under the cost functional
PP—both of these laws are known at time ¢ = 0. On the other hand, notice that the
continuous martingale M satisfies

(2.1) M, = E[Mp|F] = /x{t(dm) for tel0,7],

where &; is the conditional law of My given F; under the measure P. In particular,
we have that £ = p and &7 = dpr,.. Therefore, similarly to the method proposed in



MARTINGALE OPTIMAL TRANSPORT WITH STOPPING 419

[6], we can rewrite (1.1) in its measure-valued martingale formulation as

(2.2) sup sup E[f(M.)] subject to &y = p,
(&)eETETY
where E is the set of all terminating measure-valued (i.e., P-valued) martingales (see
Definition 2.7 in [6]) such that ([ z & (dz))¢>0 is a continuous process a.s. with respect
to the filtered probability space (2, F, (F;)i>0, P) for all (§;)i>0 € E, where (F;);>0 is a
Brownian filtration. Moreover, as in [6], we fix the probability space (Q, F, (F¢)i>0,P)
which does not materially change our conclusions.
Let us write (2.2) in the Markovian form
(2.3) U(t,§) = sup sup E[f(M:)|& = ¢,
(¢&-)EETET:
and note that we have the following variant of Lemma 3.1 in [6], the proof of which
can be found in the appendix.

LEMMA 2.1. If f is nonnegative and Lipschitz, then the function U is continuous
in & (in the Wasserstein-1 topology) and independent of t fort € [0,T).

The continuity in £ allows us to apply the finite dimensional reduction from
section 3.2 in [6]. In particular, we introduce the set Xy = {zo,...,xn}, where
0<zp<z1 <-<uzxp, and let PV =P N M(Xy) and P(X,) = PN M(X,) for
any « C {0,1,..., N}, where M(Xy), resp., M(X,), denote the sets of all measures
on Xy, resp., X, := {z; : i € a}. We assume from now on that the terminal law &
(i.e., also u) is an atomic measure and satisfies ¢ € P. Since we work in a Brownian
filtration, by martingale representation for any terminating PN-valued martingale
(&)1>0 it is true that the (nonnegative) martingales &' := &, ({x,}) solve an SDE of
the form
(2.4) &y = wpdWy
for t > 0 and n = 0,..., N, where the vector of weights w; = (w,...,w}) satisfies
Zg:o wy =0, and & € {0,1} implies that w} = 0. The following result, by analogy
to Corollary 3.6 in [6], follows directly from Lemma 3.4 in [6] and allows us to work
with a bounded set of controls.

LEMMA 2.2. Under the above assumption that p € PN, the value function in
(2.3) fort € [0,T) reduces to the value function

N
(2.5) V(€ =sup swp B | f | Y ;6 . |1bo=¢],

weATET, =0
where the admissible control set A is defined as
A= {(w,)r>0 prog. meas.: w, € cl(DNT) " € {0,1} implies w? = 0},

with the disk D*tL being the intersection of the open unit ball with the hyperplane
21+ + zgr1 = 0 in R¥FL and T71 is the continuous inverse of

(2.6) T, ::/ Asds  for >0,
0

where the strictly positive time change rate process A = (A\;)r>0 satisfies

(2.7) Wl + A =1 = Ite, =5, y L1, =7}
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The role of the time change in (2.6) is to stretch/compress the original time scale so
as to bound the volatility of the state process (i.e., the control process w). Thus we
avoid technical difficulties arising from unbounded control sets later when proving the
viscosity characterization of the value function.

Now notice that the value function V' (£) can be identified with Vi (£) where for
k=1,...,N,and £ € P(X,), with |a| = k+1, we introduce the sequence of problems

weAx T€Ty

N
(2.8)  Vi(&) = sup sup E|Vi1(&) 1, <oy + f<zxj E;T—1>I{Tg>r}|§o = f],

3=0
with
(2.9) A% := {(wW,),;>0 prog. meas. : w, € cl(DVT1),
w' =0 for any i € {0,1,...,N}\ al,
(2.10) o:=1inf{s > 0: & € P(X,) for some o’ with |o/| < k or Ty = T},

and Vp(€) = f(z;) for & = 6,,. From now on we will denote the time changed filtration
as (Gt)t>o0 := (Fr, )t>0 and suppress its dependence on A for notational purposes. The
following lemma shows that we can ignore controls which are small enough and that
we can work with stopping times in the time changed filtration.

LEMMA 2.3. The value function Vi,(€) can be written as

(211)  Vi(6)= sup supE
weint(AQ) TET

N
Vk*l(é‘D’)I{UST} + f < Z T gf_) I{<7>7'} ‘50 = €‘| )

3=0
where int(AL) := {(w,),>0 € A* : w,. € DNFL & £ 6, implies ||w,|| > e} for any
e €[0,1) and T is the set of all (G;)-stopping times for an appropriately time changed
filtration (Gi)i>o-

Proof. For any time change rate A we have A\, > 0 for v > 0, and from (2.7) it
follows that ||w,|| < 1. Moreover, since X is strictly positive, we have that T} and T; !
are strictly increasing. It follows immediately that if 7 € [0,7] is an (F:)-stopping
time, then 7.-! > 0 is a (G;)-stopping time and, conversely, if 7 > 0 is a (G;)-stopping
time, then T, € [0,7] is an (F;)-stopping time. Therefore, in (2.8) we can substitute
To with T and 7 with T’.

What is left is to prove that we can take the outer supremum in (2.8) over
int(A%) C int(A%). For 0 < ¢ < 1 and any w € int(A*) \ int(A%) we can choose
w € int(AZ) defined as wi := /E;w ) where

52

[We(oll?

and ¢(s) is the right-continuous inverse of the (nonstrictly) increasing continuous

function ¢~!(s) given by
E 2
¢~ 1(s) = / Il 4,
0

2

gb(s):/ Eudu with &, =
0

From (2.4) we see that £ (corresponding to the control w) has the same distribution
as £5 1,y (corresponding to the control w). Hence, for any (G;)-stopping time 7 we
have that 7 = ¢~ (1) is a (Gg(t))-stopping time such that £ has the same law as £r.
We conclude from (2.8). d
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Before going further, we introduce some additional notation. Let «(£) be the
subset of elements in Xy to which the atomic measure ¢ € PV prescribes nonzero
probability, and notice that we have the consistency conditions

V(&) = Vi) —1(&) for k> |a(E)].

For every ¢ € PN with |a(¢)| = k + 1 it is true that ¢ = E?:o 5”(5%, where
a(é) = {xiy, ..., 25} € Xy. Hence, we can identify every & € PV with the vector
€¥ = (glo g L €) € int (AR, where a = {ig,...,ix} and Ak = {z € RkH :
>z =1} We let

(2.12) Va(€%) = Vial-1(6),  F(€7) = f(x*-£7),

where X* 1= (24, ..., ;). For any r > 0 and w = (v’,...,w") € int(A*) we also
let £V = (fio’wio’r,&l’wil”, . ,fft’“wik’TL where §f}’w1j ’T_ is the unique strong
solution to (2.4) with control w% and initial condition &if’wlj "= &b for u < 1.

Denote by 5“’ €% the PN-valued martingale corresponding to £W-"¢" i.e., V8" =
Zy of wrs . For short we let EWET = EW0LT and EWET 1= w087

3. Vlsc051ty characterization of the value function using stochastic Per-
ron’s method. We want to obtain the viscosity characterization of the value function
Vo Fix0<c<1land a C{0,...,N} with || = k + 1 > 2 for some integer k > 1.
Using (2.12) rewrite the value function from (2.11) as

(31) Va(fa) = sup sup E |:Vk l(f e )I{a<'r} + f(gw mE” )I{O'>T}:|
weint(Ag) TET

where £ € A¥*1 Our aim is to show that V,, is the unique viscosity solution (see,

e.g., Definition 7.4 in [7]) to the associated Dirichlet obstacle problem given by

weDE !

(3.2) min{ — sup 1tr(ww Dg o) Vo — f} =0 on int(AFh),

(3.3) Val(€) = g(€%) = Var(6*) on 9AFFT,

where 50" and o/ correspond to the nonzero components of ¢* and «, and D¥! := {w €
DF+L: |lw|| > ¢}. The derivative Dg is to be understood in the directional sense—
i.e., we restrict ourselves to second directional derivatives tr(ww’ Dg) with respect to
directions lying in the set DF*1.

We are now ready to state the main result of this paper—its proof relies on the
stochastic Perron’s method, and we present it in the next section.

THEOREM 3.1. The function V,, : A¥*1 — R defined in (3.1) is the unique contin-
uous viscosity solution of the obstacle problem (3.2) satisfying the Dirichlet boundary
condition (3.3). Moreover, V,, is the concave envelope of f on AFT'—i.e.. denoting
the projection of A**1 onto R’;O by A* and the projected functions Vo, f : AF — R
as

k—1
(34) VQ(ZO, ey Zk—l) = Va (Zo, ey Rk—1, 1-— Z Zz) y
i=1
B B k—1
(35) f(ZOa"'vzk1)::f<203"'7zk1a1_zzi>a
i=1
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the function V, is the concave envelope of f.

3.1. Proof of Theorem 3.1. We begin by introducing the notions of stochastic
sub- and supersolutions.

DEFINITION 3.2. The set of stochastic subsolutions to the PDE (3.2) with the
boundary condition (3.3), denoted by V™, is the set of functions v : AF*1 — R that
have the following properties:

(i) They are continuous and bounded, and satisfy the boundary condition

(3.6) v(€*) < g(€%) on OAML

(ii) For each 7 € T and & € G, with P(§ € A*Y) = 1 there exists a control
w € int(A%) such that for any p € T with p € [1,0(7, &, w)] we have a.s. that

(3.7) v(€) < Efo(€78 1G],

AT (V)
where the (G;)-stopping times o(7,€&,w) and 7.(v) are defined as

(3.8) o(r,&,w) = inf{s > 7: €7 ¢ int(AFH)},
(3.9) Te(V) = Tu(v;7, &, W) :=inf{s > 7: u(gz"’ﬂﬁ) < f(gzvmﬁ)}.

DEFINITION 3.3. The set of stochastic supersolutions to the PDE (3.2) with the
boundary condition (3.3), denoted by V7, is the set of functions v : AF*1 — R that
have the following properties:

(i) They are continuous and bounded, and satisfy the boundary condition

(3.10) v(€Y) > g(€%) on OAFTL

(ii) For each 7 € T and & € G, with P(§ € AFY) = 1, for any control w €
int(A2) and any p € T with p € [1,0(T,&, w)] we have a.s. that

(3.11) v(€) = E[v(€)"7*)|G-],

where o(,&€,w) is defined as in (3.8).

Clearly, V™ (resp., V1) is nonempty since f is bounded from below (resp., above) and
any constant which is small (large) enough belongs to V= (resp., V). Actually, we
can easily verify that f € V~. The following lemma proves an important property of
the sets V™ and V7.

LEMMA 3.4. For any two v',v? € V= we have that v* V v? € V~. For any two
v!,v? € V* we have that v' Av? € VT,

Proof. We will only prove the first part of the lemma—the second part follows
in a similar way. Denote v = v! V v? and notice that item (i) in Definition 3.2
is clearly satisfied by v. Now fix 7 € 7 and £ € G, as in item (ii) of Definition
3.2 and introduce the sequence of stopping time, control, and state process triples
(Yn, W™, €")n>_1 defined recursively as follows:

- - WO T
(-1, w L E7Y) = (70, W, €)= (1, L2y W + Liui () <oz ey w2, €7 7F),

where w91, w%2 are the controls corresponding to the stochastic subsolutions v, v?
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starting at the pair (7,&), and for n = 0,1,2,..., the following hold:
(i) Ifo(g)) < f(£,'y’ ), then we set

(7n+1a ntl £n+1) (’7717 aén)

(i) If o(&r) = v'(€r)) > f(&2,) for i € {1,2}, then we set

Tn+1 = U(Vna ;L,HWTL) A T*(vi;7n7 ;Ln’WTL)’

n+1

. n+1,i n
W — Wn+1,z gn—i—l — SW a’Yn+1a§«,n+1’

)

where w117 is the control process corresponding to the stochastic subsolu-
tion v* starting at the pair (yn11,&5, ), and 7.(v*; 7, &5, w") is defined as
n (3.9).

Define the control w by

WS = Z 1{36[77“7714»1)}“/?

n=1

and notice that by construction, £ = &V°7¢ for s € [Yn, Yni1) and any n > 0. For
any stopping time p € [r,o(7,&,w)| denote p Ay, = p,. By the definition of the
sequence (v, w™, &™) we get that

(6; ) (1{v1>v2}v + l{v <v2}V )( Pn)
S E[(l{’ul(£” )>’U2(£“ )}U + 1{1)1(&” )<'U2 £" )}v )( pn+1)‘gpn]
< E[v(€,7)1G,.].

and by iterating the above we conclude that

(3.12) v(€) < E[u(€)7))IG:] = E[o(€)775)IG-]

Pn+1 Pn+1

for any n > 0. Now we apply the same reasoning as in the proof of Lemma 2.3 in [4]
to conclude that

lim v, =o(1,&, W) A7u(v; 7,6, W)  as.

n—oo

By taking n — oo in (3.12) and using the bounded convergence theorem we finally
obtain that v satisfies (3.7) and, hence, is a stochastic subsolution. d

We introduce the following assumption.
Assumption 3.5. The boundary function g is continuous on OA*+!,

PROPOSITION 3.6. Under Assumption 3.5 the lower stochastic envelope v~ :=
SUp,ey- v < Vo is a viscosity supersolution and the upper stochastic envelope vt :=
inf,cp+ v > Vg is a viscosity subsolution of (3.2) and (3.3).

Proof. The proof uses ideas from Theorem 3.1 (and Theorem 4.1) in [3] and
Theorem 2 in [14]. We repeat the key steps for the lower stochastic envelope v™~.

Denote for short V = V,,. It is clear that v~ < V since in item (ii) of Definition
3.2 we can choose 7 = 0, a constant £ € A**! and p = o(7, £, w) for some control
w € int(A%), and use the conditions (3.6) and (3.9).

We will prove the viscosity supersolution property of v~ by contradiction. Take
a C? test function ¢ : A**! — R such that v~ — ¢ achieves a strict local minimum
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equal to 0 at some boundary point & € OAFT! (the case when & € int(AF1) is
simpler). Assume that v~ is not a viscosity supersolution and hence

max{ (= sup 27%0) (60, (o - (&) | <o

W€D§+1

where
w 1 ' M2
(L¥@)(§) = 5 tr(ww'Dgp(€))-
It follows that there exists w € D 1 such that

(3.13) (~L¥)(&) < 0.

By the continuity of ¢, g and the lower semicontinuity of v~ we can find a small
enough open ball B(&p,¢) and a small enough 6 > 0 such that

(—L¥9)(§) <0, &€ B(§,e)n A,

@ <g on B(&,e)NoAFTT

p(6) <vT (&), €€ B(&,e)NAMI\ {&},

v" —6>¢ on (B(&,e)\ B(&,e/2)) N AFFL
Using Proposition 4.1 in [2] together with Lemma 3.4 above, we obtain an increasing
sequence of stochastic subsolutions v,, € V~ with v,, /" v~. In particular, since ¢ and

the v,,’s are continuous we can use an argument identical to the one in Lemma 2.4 in
[4] to obtain for any fixed ¢’ € (0,6) a corresponding v = v,, € YV~ such that

v—08>¢ on (B(&,e)\ B(é,e/2)) N AFL
Now we can choose 1 € (0,0") small enough such that ¢" := ¢ + n satisfies

(=L¥p")(€) <0, &€ B(&,e) N AR
e <g on B(&,e)NOAFTT
¢ <v on (B(&,e)\ Bléo,e/2)) N AR,

We define

o= 4V @ on B(&,e) NAFL
e otherwise

and notice that v" is continuous and v" (&) = v~ (&) + 1 > v~ (§o). Since condition
(3.6) clearly also holds, we see that v” satisfies item (i) of Definition 3.2. What is
left is to check item (ii) in Definition 3.2 and obtain v7 € V= which will lead to a
contradiction since v"(&y) > v (&).

Choose 7 € T and & € G, with P(§ € A**1) = 1, and, similarly to the proof of
Lemma 3.4 above, introduce the sequence of stopping time, control, and state process
triples (vn, W™, £€")n>_1 defined recursively as follows:

~ _ 0
(vo1, w L €Y = (70, w2, €°) == (1, Wla + WOl &Y %),
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where w¥ is the control corresponding to the stochastic subsolution v starting at the
pair (7, &), the event A is given by

A= A(§) = {€ € B(6,¢/2) N A* and ¢"(€) > v(€)},
and for n =0,1,2,..., the following hold:
(i) Ifo"(&7 ) < f(&€7,), then we set
(Y1, WL EMTY) = (o, W, €7,
(ii) If A(&7,) holds, then we set

Tn+1 = U(’an :nawn)/\Tl(’Y’nv :nawn)/\T*(gpn;’YTH :nawn)7

n+1

g n
W = \X/', £~n+1 — éw”y"’+1’€7n+1’

where the (G;)-stopping time 7 is defined by
71(1, &, w) == inf{s > 7: &7 € OB(&,2/2)},

and 7, is defined as in (3.9).
(iii) Otherwise we set

Tn+1 = J(Wna :ryzn’wn) A T*((U;Pyna :ryznvwn)’

nt1 n
£n+1 = sw 77’7l+17£'y"+1 ,

where w”*! is the control process corresponding to the stochastic subsolution
v starting at the pair (541, £,’yln+1).
By construction we have that 7, < 7.(v7;7,&,w) where the control w € int(A%) is
defined as

o0
W o= Z 1{36[771,7’Yn+1)}wg'

n=1

Introduce the event
B:={y, <7(v";71,&, W) ANo(1,€w) forall n € N},

and notice that for each w € B there exists ng(w) such that

(3.14)  (ERrER) < FERIAN)

if T*(ipn;'7n0+2la£:::+22llawn0+2l) < (W’no+2l,£2,?j+22llvwno+21)7
(8.15) (€A = v(€ L)

if 7o (075 g 21, €50 20 W) 2 1 (g s, €507 w0,
(316)  w(EnrAT) < fERR)

for I > 0. Denoting 7o, := lim,, ,, and noticing that £&¥7¢ = &7 for s € [y, Yni1)
we take the limit in (3.16) to obtain

(3.17) v(€E) < FENTS).

Yoo Yoo
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Now assume there exists C' C B such that for each w € C' we have

P(EYTE) > FETF),

and conclude from (3.14)—(3.15) that there exists large enough positive integer M (w)
such that for all n > M we have

(€L = v(En).

By taking n — oo above we get v”({f;’of“ﬁ) = U(Q‘;T’g) on C. Hence, by using (3.17)
we see that

vT(€7) < F(ET)
on C. On the other hand, on B\ C' we have

PI(ENTE) < FETF)

IN

and again from (3.17) we get
VI(EYTE) < FETF)

on B\ C. It follows that vo, > 7 (v";7,&,w) on B, and from the definition of B we
conclude that v = 7 (V" 7,&, W) Ao (T,&,W).

Now take any p € T with p € [r,0(7,&,w)], let p Ay, = pn, and notice that, by
1t6’s formula applied to ¢" and the subsolution property of v, we have

(€, ) = (Lap" +1acv)(§,))
<E[(Lagn )¢ + Lagen 1e0)(€570)1G,,] < ER"(€11)1G,,],

and by iterating the above we conclude that

(3.18) v(€) <E[(E,1),)IG:] = ElET0)Ig-]-

By taking n — oo in (3.18) and using the bounded convergence theorem, we ob-
tain that v" satisfies item (ii) in Definition 3.2. Hence v”7 € V~ and we obtain a
contradiction and, consequently, the supersolution property of v—. ]

Assumption 3.7. The boundary function ¢ is the concave envelope of f on the
simplex faces {z € A*1: 2, =0} forall j =0,...,k+ 1.

PROPOSITION 3.8. Under Assumption 3.7 we have that v~ = vt = g on OAFFL,

Proof. Let T be the concave envelope of f on the whole of A¥+1. From Assumption
3.7 it follows that 7 = g on JA**! and ¥ satisfies item (i) of Definition 3.3. Now
take any 7 € T, € € G, with P(§¢ € A*1) = 1, w € int(A2), and p € T with
p € [r,0(r,& w)], and notice that, by the It6—Tanaka formula (see, e.g., Theorem
VI.1.5 in [13]) applied to the concave function ¥ we have

p
E[u<ay»7f>|gr}=za[v<s>+ [werraierres [ e, <o),

k+1

where ¥ is the left derivative, the second derivative 7" is understood in the sense of a
negative measure, and L? is the local time at a of the process €% ™¢. Hence, item (ii)
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of Definition 3.3 is also satisfied and 7 is a stochastic supersolution. Since v1 satisfies
(3.10) and vt < v it follows that v* = g on GAFHL.
Fix a constant control w € int(.A%) and define the function v : A*1 — R by

(3.19) Y(€*) = supE Vi1 (€ o <ry + FE M ionry | -

The continuity of v(£<) follows from the boundedness of the control w and standard
results on optimal stopping problems (see, e.g., Theorem 3.1.5 in [9]). We have that
0(EY) = Vo (£%) = g(£?) for €2 € OAFH!| and we obtain that item (i) of Definition
3.2 is satisfied. Moreover, the optimal stopping time in (3.19) exists and is equal
to 7 = o A 1 (v;0,€% w), and it follows that v( Xfa) is a martingale (see, e.g.,
Theorems 1.2.4 and 1.2.7 in [12]). This means that (3.7) is satisfied with equality
and v is a stochastic subsolution. By definition we know that v~ < g on JAF+! and
v <wv~. Hence, we conclude that v~ = g on OAFTL, 0

Proof of Theorem 3.1. Tt is clear that if |a| = 1, then V,(£%) = f(£%), where £ =
0y, for some i and £“ = 1. We continue by induction and assume that we have proven
the statement for all ¥’ < k. By the induction hypothesis, V,, (5“/) is the concave
envelope of f on the corresponding to o’ simplex face and hence Assumption 3.7 is
satisfied. Moreover, value functions coincide on the intersection of their corresponding

simplex faces, and therefore, Assumpton 3.5 is also satisfied. Define the Hamiltonian
H as

1
H(A):=— sup =tr(ww'A) for A€ RO *(k+1)

WEJD}ZJrl

and notice that for small enough ¢ the set D¥*! contains all directions in R¥. On the
other hand, V,, is a viscosity solution to (3.2) on int(A**1) if and only if the projected
function V,, defined in (3.4) is a viscosity solution of

1 o
(3.20) min{ — sup = tr(ww'DgVy), Vo — f} =0

webk

on int(Ak)7 where ]f))’c’c is the projection of D¥+1 onto Rk Hence, the function V,
is a viscosity solution to H (DgVa) > 0 if and only if V,, is a viscosity solution to

—)\k[f/a] > 0, where )\k[Va] is the largest eigenvalue of the Hessian Dgf/a. Therefore,
we can apply Theorem 1 in [10] to obtain that any continuous viscosity solution to
(3.20) is concave. Moreover, uniqueness of the solution to (3.20), together with the
projected boundary condition
(3.21) Va(€%) = Var (6%,
follows from the comparison principle for Dirichlet problems stated in Theorem 2.10 of
[11]. This leads to uniqueness and the comparison principle for our original problem
(3.2)—(3.3). In particular, by Propositions 3.6 and 3.8 we have that v < v~ on
int(A**1). On the other hand, by Proposition 3.6 we also have v~ < V,, < vt on
AF+1 Therefore, we can conclude that v~ = V,, = vT on A**! and that V, is the
unique viscosity solution of (3.2) with the boundary condition (3.3), and the same is
true for the projected versions.

Finally, from Theorem 2 in [10] we have that the concave envelope of the projected
cost function f solves (3.20), and since it also clearly satisfies (3.21), we conclude from
the uniqueness that V,, is the concave envelope of f . 0
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Remark 3.9. The value function V,, can be regarded as the concave envelope on
the simplex AF*! of the modified cost function f. Indeed, we can ignore one direction
in the state space vector & due to the fact that A**! is a k-dimensional simplex and
any concave function on a k-dimensional simplex in RF*! is concave in any k of its
variables (and vice versa). Note that the optimal control weight vector w* may not
be unique. It is determined by the direction on the simplex A**! for which the second
directional derivative of the value function V,, is zero—if the value function is linear
at a point, then clearly many directions satisfy this condition.

Remark 3.10. When applying the stochastic Perron’s method to controlled exit-
time problems, one needs a comparison result for the corresponding PDE in order
to characterize the value function as a viscosity solution (see, e.g., Definition 2 and
Remark 1 in [14]). These comparison results are of a slightly different nature than
the standard ones of, e.g., Theorems 7.9 and 8.2 in [7]—the latter requires an a priori
knowledge of the behavior of the stochastic semisolutions at the boundary. We were
able to exploit the specific structure of our exit-time problem in Proposition 3.8 to
obtain the behavior at the boundary of the stochastic semisolutions. This allowed the
application of the comparison result in [11].

4. Examples. Let us first provide some intuition behind the choice of optimal
controls and stopping times. We will consider a general class of cost functions—namely
all bounded, nonnegative Lipschitz continuous functions f : R — R. This is the class
for which Theorem 3.1 holds. We will use our concave envelope characterization to
choose the optimal controls and verify that Brownian exit times are optimal.

We abuse notation and regard f as a function on the projected set of probability
vectors AN = {z € RY, : 3" 2; < 1}. Denote by conc(f) the concave envelope of f

on AN. For any initial probability vector z € AN corresponding to some terminal
law p, e.g.,

N N
)
=1 =1

we will find a candidate optimal control weight process (w,),>o taking values in the
projected admissible set ]13)?’ (i.e., the projection of DY*1 onto RY) and a candidate
optimal stopping time 7, such that the resulting value function will be conc(f).

The usual characterization of optimal stopping times leads us to choose the can-

didate 7. as

(1) .= inf{r > 0 cone(F)(€) = F&)}.

In particular, if the initial probability vector z is such that conc(f)(z) = f(z), we
can simply set 7, = 0. Assume now that conc(f)(z) > f(z) and note that the point
(z,conc(f)(z)) belongs to a planar region of the graph of conc(f)(z) that contains
a point (2™ conc(f)(2(M)) such that conc(f)(z()) = f(2(M). In other words, all
points on the line between (z,conc(f)(z)) and (2(M), conc(f)(2(1))) are also part of
the graph of conc(f). We choose the control weight process as a constant vector in
the direction of z — 2, ie., w, = c1(z — z(l)), where the constant c; is such that
w is admissible. Therefore, the probability vector process (£Y*),>¢ evolves along
the direction z — z(!) and either hits the point z(!) or hits the boundary of AN at
some point z(?). The point 2(?) can be regarded as belonging to a lower dimensional

projected set AN := {z ¢ Rg’o 3z < 1} where N < N. If conc(f)(2) > f(2?),
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we repeat the same procedure when choosing a control on this lower dimensional
set—clearly this can happen at most N times.

For simplicity’s sake assume that conc(f)(2(?)) = f(2®). In other words, by
looking at (2.4) and (4.1), we get that 7. is the first exit time of a Brownian motion

COII .
m m USlng the formula
for the Brownian exit times from an interval, we obtain that the projected value

function as defined in (3.4) satisfies

Zéz) —Z0

from the interval with endpoints v, = and vy =

Vo(z) = —=—f(zV 7
() = 2 W) + L
Vo (2)) lies on the line going through (z, conc(f)(z)) and (z', conc(f)
= conc(f)(z). Similar calculation is valid for the case conc(f)(2(?)

and the point (z,

(2)); hence V,(2)

> f(2®).
Finally, by application of the It6—Tanaka formula as in the proof of Proposition

3.8, we conclude that conc(f) bounds the value function from above, and therefore,
the two coincide.

Remark 4.1 (generalized put options). In fact, if the cost function is of the form

f(s) = (g())",

for some concave function g, by direct calculation we can check that the candidate
control and stopping time described above are optimal among those controls that
follow a fixed direction and those stopping times that are Brownian exit times from
an interval. By applying Theorem 3.1, we see that optimization over this class is
sufficient.

In what follows, using the observations above, we will construct the optimal con-
trols and stopping times explicitly for a piecewise linear cost function which can be
thought of as a call option spread.

4.1. Call option spread. We let f take the form
f(s) = (s — K1)* — (s — K2)*

for K7 € (—1,1), K3 € (0,1), and K; < Ko, which can be seen as a bull call spread.
Set N =2, Xy ={-1,0,1}, and assume that the law of M7 is given by

p=(1—~—p)d_1+ Bd + o1
for 0 < 7, < 1 such that 0 < v+ 8 < 1. Therefore, the initial probability vector is
£ = (£0,6,80) = (1=~ = B,8,7) € int(A?),
where ao = {0,1,2}. From the definition of the process M in (2.1) it follows that
(4.2) My = yp—1 — (1- VYoot — ﬁTt—l) =2y + BTt—l -1 for t€l0,7],

where 3, = ¢! and v, = &2 for r > 0. We introduce the constants s 7101 = 2y + 3 1,

501 = 715, s' =1, and s” = 0 corresponding to the value of M taking various atoms

of Xy into account. We use the notation V,,(3,7) := Vo (&%) and f(3,7) := f(£%).
We will now describe how to obtain a guess for the value function which, as
expected, will turn out to be the concave envelope of the modified cost function
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f. Notice that f is nondecreasing and achieves its maximum for any s > K, and
its minimum for any s < K;. Therefore, for the martingale state process €%:¢" (or,
equivalently, the law process 5""’5&), we want to offset any decrease of probability mass
on the interval (K3, 00) with a corresponding decrease on the interval (—oo, K7). We
consider the following cases:

1.

2.

Assume My = s719" > K,. Then it is optimal to stop immediately, i.e.,
choose an optimal stopping time 7, = 0 and obtain V,(53,v) = Ky — K;.
Assume s > Ky > 5719 and let the constant n € [0,1—~ — 3) be such that
% = K5. Then it is optimal to choose a stopping time 7, and a control
process w, = (w2, wl, w?) = (—c; — gcl, B¢y ey) for any r € [0,7.], where
the constant ¢; > 0 is such that w is an agmissible control and the optimal
stopping time 7, is the first exit time of 4, from the interval (0 . Note
that this choice of w is not unique.

Equivalently, by using (4.2), we see that 7, is the first exit time of My from
the interval (—1, K5). This corresponds to letting the law £%:¢” evolve until

the stopping time 7, when it separates into two measures of the form

#)
7 y+B+n

34 y+B8+n

wee | B with probability v + 3 + 1,
R with probability 1 — (y + 8+ n).

+8 and therefore, Va(B,7) =

By the definition of  we have that v+8+n = ?ﬁl ,

A (K — K1),

. Assume K, > s%!, and let the constant 7 € (0, 3) be such that 4 = Ko

Then we choose a stopping time R; and a control process w, = (w?, w}, w?) =
(—cp — n=B0y+n) . n=pl+mn)

G T A=y () P L o ;
c1 > 0 is such that w is an admissible control and the stopping time R; is the

first exit time of ~,. from the interval (0, ’Y’YTT]) Equivalently, by using (4.2), we

see that R; is the first exit time of My, from the interval (— %7 Kg). This
corresponds to letting the law %" evolve until time R; when it separates

into two measures of the form

c1,¢1) for any r € [0, Ry], where the constant

gwﬁga _ % with probability v + 7,
o B 0B with probability 1— (v + 7).

In addition, if s° < K7, we choose the optimal stopping time as 7, = R; and
we have Vi (8,7) = £ (K2 — K1). This is due to the fact that if vz, =0 (i.e.,
the atom {1} dies), it is not worth evolving the law &%-¢" further because
the cost function f will be 0 under any combination of the atoms {0, —1}. In
other words we gain nothing from transferring probability mass between the
atoms 0 and —1.

On the other hand, if we also have that s° > K7, on the event A := {yr, = 0}
we let the control process be w, = (—w}%l,w}{l,O) for r € (Ry, Ro] and set
the optimal stopping time

Te = R11ge + Rola,

where the stopping time Ry is the first exit time of 3, from the interval (0, 1)
for u > R;. Equivalently, by using (4.2), we see that Ry is the first exit
time of My, from the interval (—1,0) for » > R;. This corresponds to further
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evolving the law £%-€” until at the stopping time Ry > Ry it splits into three

measures of the form

a
o
S S
+
S Q —~
e )
= 5D
L Q9 Q9
s = =
QL Q9 Q9
© © ©
— — —
o o &
= <9 g
B B B
j=!
S
S <
t 1,
B
d S
—_———
Il
b
L3S
o

Therefore we have

7(1 - Kl) - BK;.

T
=
!

NS
l_l
B
_

N
=

Va(B,7) =

The modified cost function f(B,7) on the left plotted together with the projected value

Fic. 1.
function Vo (B,7) on the right for K

0.5. The three triangular planar regions

—0.1 and K>

(B,7) is the concave envelope of f(B,7).

correspond to the three cases above. It is evident that Vo

) is given by

)

Va(B

1011

The candidate value funct

3

571()1 > K.

(i)

KQ*Kl

o4
=X
TV
“ o
A
2 %
AlA
[a\}
—
8 X
=g
IR
—
—
<3
[
b
<.
o
+l.n“(2
S o<

(iv) Kz > s s> K,

Y(1 = Ky) - BK,

|

o(B57)

V.

and it is the concave envelope of f(3,7) (see Figure 1).}

Appendix A. Proof of Lemma 2.1.

Proof. In order to prove the independence in the t variable we choose 0 < t; <
to < T and notice that U(t1,£) > U(t2,£). Indeed, the supremum in (2.3) correspond-

ing

s than the one correspond

ing time

to U(t1,&) is taken over a larger set of stoppi

ing

11t turns out that the value function in this example is the same as in the Asian option setting
of [6]; see the example in section 4.2 therein. This is because under their optimal model the stock
price is a fixed random variable which is given by the average of our measure-valued martingale at

7* using (2.1).
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to Ults,€). Conversely, for any £ € = and 7 € T;, we can choose £ € Z and 7 € T,
such that

T =ar +b, éat—&-b =&,

with a = Z=%2 and b = T(Tt%fl) This choice leads to

T—ty
[atotan) = [wéotan,

which allows us to conclude that U(t2,£) > U(t1,€) and hence U(ts, &) = U(t1,§),
and we have independence in t for ¢t € [0,T).

To prove the continuity in £ we first observe (e.g., see Lemma 3.1 in [6]) that if
(& )r>0 € E with & = £ and dw, (&,&’) < e (here dyy, is the Wasserstein-1 metric),
then there is (£.),>0 € E with & = ¢ such that E[| [ &, (dz) — [z & (dz)||F] < e
for all 7 € T; with some fixed A € A. Indeed, we know that & = E[¢r|Fs], and we
can define

€ (dy) = E [ / §T<dx>m<a:,dy>|fs] Csxn

where the Borel family of probability measures m(z, dy) is obtained by the disintegra-
tion of the transport plan I'(dz, dy) = &(dz)m(z, dy) such that T(R,dy) = &' (dy),
I(dz,Ry) = & (dx), and [ [ |z —y|T(dz,dy) < e. By optional stopping we get

'/mwx) - [egan

and hence

EH/ng(dm)—/xg;(dx) )]—}} S//|x—y\F(dx,dy)<5.

Denote by M¢ the process corresponding to the measure-valued martingale & )r>0
from (2.1). By the Lipschitz property of f and the above inequality we get

<E[ [ [ o= viertammiz.an) .|

E[|r(ae) - r(nf)

|]-"t} <e.

Now fix ¢’ > 0 and consider &, &’ € P such that dy, (£,¢’) < €’/2. From the reasoning
above, we can choose (&,)r>0, (§))r>0 € = with § = £ and & = &' such that U(¢,£) <

sup, 7, E[f (M8)|F) + €'/2 and E Hf(Mf/) — f(Mf) \]:t} < €'/2. Therefore, we
obtain

U(t,§) < sup E[f(M$)|F] +¢€'/2 < sup E[f(ME)|F)+& <U®E) +¢,
TET: TETt

and by symmetry we get |U(t, &) — U(t,&')| < &' and continuity follows. 0
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