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Exercise Sheet 1— Brownian motion and Quadratic
Variation

1.1: Show that if (W});>0 is a standard Brownian motion, then Cov(Ws, W;) = min{s, t}.

1.2: Let (W;);>0 be a standard Brownian motion. For a sufficiently differentiable, bounded
function f, we write

Pif(x) = E[f(Wis)|Ws = 7]

and note that this is well defined (independent of s) by the Markov property. By
using a Taylor expansion of f, show that

Pf(x)—f(x)il "
i A _Qf (2).
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1.3: Fix z,y € R. Let (X}):cp,] be the R-valued process with finite dimensional distri-
butions given by:

E[f(XtUXtQa te 7th)]

t v o p(ti — tica, i1, 2)p(1 — by, T,
z/f(:m, PR 1, 21) [Tizp 1 Tim1, Ti)p( Tn, Y)

dzy---dx,
p(1,z,y) '

(o2
for 0<t; <ty <+ <t, < 1. Here p(t,z,y) = ="
(a) Show that there is a modification of this process which is continuous.

(b) Show that this is a Markov process, i.e.
E [f(th>’Xt17 A 7th71i| = E [f(th)’thfl} :

(¢) Let f be a sufficiently smooth, bounded function. Find an expression involving

£ f" for
lim E [f(Xin)| Xi] = f(X4)
RN\O h

for t € [0,1).

(d) Let W, be a standard Brownian motion with W, = 0. Show that the process
X] defined by:
Xt{ ::x+Wt+t((y—x) —Wl)

is the same process as the continuous modification of X;.

1.4: Find (by trial and error) functions o : (0,1) — R and p : (0,1) — R such that the
numerical solutions X; to equation given in the lectures satisfy:

(a) for Xy € (0,1), X; € (0,1) for all ¢t > 0;

(b) ast — oo, Xy — 0 or X; — 1.
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1.5: Let W; be a standard Brownian motion with W, = 0.
(a) Using [111)| of Theorem [2.2] show that
1
P g > aC, somet € |0, —
t a?

is independent of a.

(b) Hence show that
1
P (|Wt| > o, some t € [0,—4]) — 1
t «

as o — 00, and deduce that almost surely Brownian motion is not differentiable

at 0.

(c) Hence deduce that, for fixed ¢ > 0, Brownian motion is almost surely not

differentiable at t.

1.6: [Hard] Our aim in this question is to show that the Brownian path on [0,1] is

almost surely a-Holder continuous for a < %, that is:

W, — W,
sup{%:t,sé[o,l],t#s} < 00.
_SCV

To do this, we first prove: suppose (X;):c[0,1) is a continuous process and there exist

strictly positive constants v, ¢, e such that

E[|X: — X[] < cft — s

X — X, i
2 (s (=) | <=
s#t \ [t —s]®

then we aim to show:

for all « € [0,¢/7).

(a) For m € N, set D, :=={i27;i=0,1,2,...,2™ — 1}, and let A,, be the pairs
(s,t) such that s,t € Dy, and [s —t| = 27™. Write K; := sup, e, | Xs — Xil,

and show that .
E [KZ] < c27%

for some constant ¢.
(b) Write D = U,, D,,, and show that if s,¢ € D and |s — ¢| < 27" then

X, — X,| < 2§:Ki.

(¢) Define
M, = sup{% 1 s,t € D,s;«ét},
and show that M, < 2°T13°* 2 [, and hence that
E[(M,)"] < oo.

Deduce (hint: use Fatou’s Lemma) that X, is a-Hélder continuous, and hence

show that Brownian motion W; is a-Hélder continuous, for any o < 1/2.
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