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Exercise Sheet 1— Brownian motion and Quadratic

Variation

1.1: Show that if (Wt)t≥0 is a standard Brownian motion, then Cov(Ws,Wt) = min{s, t}.

1.2: Let (Wt)t≥0 be a standard Brownian motion. For a sufficiently differentiable, bounded
function f , we write

Ptf(x) = E [f(Wt+s)|Ws = x]

and note that this is well defined (independent of s) by the Markov property. By
using a Taylor expansion of f , show that

lim
h↘0

Phf(x)− f(x)

h
=

1

2
f ′′(x).

1.3: Fix x, y ∈ R. Let (Xt)t∈[0,1] be the R-valued process with finite dimensional distri-
butions given by:

E [f(Xt1 , Xt2 , . . . , Xtn)]

=

∫
f(x1, . . . , xn)

p(t1, x, x1)
∏n

i=2 p(ti − ti−1, xi−1, xi)p(1− tn, xn, y)

p(1, x, y)
dx1 · · · dxn

for 0 ≤ t1 ≤ t2 ≤ · · · ≤ tn < 1. Here p(t, x, y) = e−(x−y)2/2t
√

2πt
.

(a) Show that there is a modification of this process which is continuous.

(b) Show that this is a Markov process, i.e.

E
[
f(Xtn)|Xt1 , . . . , Xtn−1

]
= E

[
f(Xtn)|Xtn−1

]
.

(c) Let f be a sufficiently smooth, bounded function. Find an expression involving
f ′, f ′′ for

lim
h↘0

E [f(Xt+h)|Xt]− f(Xt)

h

for t ∈ [0, 1).

(d) Let Wt be a standard Brownian motion with W0 = 0. Show that the process
X ′t defined by:

X ′t := x+Wt + t ((y − x)−W1)

is the same process as the continuous modification of Xt.

1.4: Find (by trial and error) functions σ : (0, 1) → R and µ : (0, 1) → R such that the
numerical solutions Xt to equation (1) given in the lectures satisfy:

(a) for X0 ∈ (0, 1), Xt ∈ (0, 1) for all t ≥ 0;

(b) as t→∞, Xt → 0 or Xt → 1.
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1.5: Let Wt be a standard Brownian motion with W0 = 0.

(a) Using iii) of Theorem 2.2 show that

P
(
|Wt|
t

> αC, some t ∈
[
0,

1

α2

])
is independent of α.

(b) Hence show that

P
(
|Wt|
t

> α, some t ∈
[
0,

1

α4

])
→ 1

as α→∞, and deduce that almost surely Brownian motion is not differentiable
at 0.

(c) Hence deduce that, for fixed t > 0, Brownian motion is almost surely not
differentiable at t.

1.6: [Hard] Our aim in this question is to show that the Brownian path on [0, 1] is
almost surely α-Hölder continuous for α < 1

2
, that is:

sup

{
|Wt −Ws|
|t− s|α

: t, s ∈ [0, 1], t 6= s

}
<∞.

To do this, we first prove: suppose (Xt)t∈[0,1] is a continuous process and there exist
strictly positive constants γ, c, ε such that

E [|Xt −Xs|γ] ≤ c|t− s|1+ε

then we aim to show:

E
[(

sup
s 6=t

(
|Xt −Xs|
|t− s|α

))γ]
<∞,

for all α ∈ [0, ε/γ).

(a) For m ∈ N, set Dm := {i2−m; i = 0, 1, 2, . . . , 2m − 1}, and let ∆m be the pairs
(s, t) such that s, t ∈ Dm and |s− t| = 2−m. Write Ki := sup(s,t)∈∆i

|Xs −Xt|,
and show that

E [Kγ
i ] ≤ c̃2−iε

for some constant c̃.

(b) Write D = ∪mDm, and show that if s, t ∈ D and |s− t| ≤ 2−m then

|Xs −Xt| ≤ 2
∞∑
i=m

Ki.

(c) Define

Mα := sup

{
|Xt −Xs|
|t− s|α

: s, t ∈ D, s 6= t

}
,

and show that Mα ≤ 2α+1
∑∞

i=0 2iαKi, and hence that

E [(Mα)γ] <∞.

Deduce (hint: use Fatou’s Lemma) that Xt is α-Hölder continuous, and hence
show that Brownian motion Wt is α-Hölder continuous, for any α < 1/2.
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