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I.	
  Project	
  title:	
  	
  Scattering	
  theory	
  for	
  periodic	
  graphs	
  and	
  related	
  problems	
  
for	
  metamaterials	
  
	
  
This	
  project	
  is	
  offering	
  an	
  opportunity	
  to	
  make	
  an	
  exciting	
  mathematical	
  
contribution	
  in	
  a	
  subject	
  that	
  is	
  a	
  focal	
  point	
  of	
  physics	
  and	
  materials	
  research	
  at	
  
the	
  moment.	
  It	
  concerns	
  understanding	
  how	
  properties	
  of	
  periodic	
  media	
  at	
  the	
  
micro-­‐level	
  result	
  in	
  a	
  specific	
  kind	
  of	
  the	
  macroscopic	
  behaviour,	
  and	
  is	
  
stemming	
  from	
  a	
  set	
  of	
  mathematical	
  approaches	
  and	
  techniques	
  that	
  are	
  often	
  
referred	
  to	
  as	
  "mathematical	
  theory	
  of	
  homogenisation''.	
  The	
  mathematical	
  
challenge	
  here	
  is	
  to	
  understand,	
  by	
  means	
  of	
  an	
  asymptotic	
  analysis,	
  how	
  
solutions	
  to	
  parametrised	
  families	
  of	
  partial	
  differential	
  equations	
  from	
  a	
  special	
  
class	
  (equations	
  with	
  periodic	
  rapidly	
  oscillating	
  coefficients)	
  behave	
  as	
  the	
  
parameter	
  in	
  the	
  equation	
  (the	
  period	
  of	
  oscillations)	
  goes	
  to	
  zero.	
  	
  
	
  
The	
  subject	
  of	
  homogenisation	
  is	
  about	
  40	
  years	
  old,	
  but	
  it	
  continues	
  to	
  offer	
  
interesting	
  problems,	
  which	
  require	
  new	
  analytical	
  tools.	
  One	
  of	
  these	
  is	
  related	
  
to	
  a	
  recent	
  discovery	
  of	
  the	
  role	
  of	
  high-­‐contrast	
  composite	
  materials	
  in	
  such	
  
physical	
  phenomena	
  as	
  super-­‐resolution	
  and	
  cloaking	
  (or	
  "invisibility"):	
  it	
  turns	
  
out	
  that	
  high-­‐contrast	
  periodic	
  media	
  is	
  a	
  convenient	
  prototype	
  of	
  a	
  
"metamaterial",	
  although	
  the	
  precise	
  mathematical	
  explanation	
  of	
  this	
  
relationship	
  is	
  still	
  outstanding.	
  It	
  may	
  be	
  said	
  that	
  mathematical	
  analysis	
  should	
  
help	
  to	
  ask	
  the	
  right	
  kind	
  of	
  questions	
  about	
  this	
  new	
  kind	
  of	
  materials,	
  in	
  
particular	
  what	
  properties	
  one	
  should	
  expect	
  from	
  them	
  and	
  how	
  they	
  can	
  be	
  
manufactured	
  (and,	
  ultimately,	
  define	
  what	
  a	
  metamaterial	
  is).	
  The	
  "classical"	
  
theory	
  of	
  homogenisation	
  is	
  unable	
  to	
  address	
  these	
  questions	
  in	
  an	
  efficient	
  
way,	
  due	
  to	
  its	
  being	
  limited	
  to	
  non-­‐contrasting	
  composite	
  media.	
  	
  
	
  
A	
  similar	
  set	
  of	
  observations	
  can	
  be	
  made	
  about	
  periodic	
  media	
  that	
  have	
  "thin"	
  
structure,	
  i.e.	
  a	
  structure	
  with	
  dimensions	
  that	
  are	
  small	
  even	
  on	
  the	
  microscale.	
  
It	
  has	
  recently	
  been	
  shown	
  mathematically	
  that	
  high-­‐contrast	
  media	
  and	
  thin-­‐
structure	
  media	
  respond	
  in	
  similar	
  ways	
  to	
  external	
  electromagnetic	
  fields,	
  
which	
  by	
  itself	
  is	
  an	
  example	
  of	
  the	
  power	
  of	
  mathematical	
  analysis	
  in	
  solving	
  
problems	
  of	
  modern	
  physics	
  research.	
  	
  
	
  
In	
  addition	
  to	
  linking	
  analysis	
  of	
  families	
  of	
  parametrised	
  PDEs	
  to	
  physics	
  and	
  
materials	
  science,	
  the	
  project	
  will	
  make	
  an	
  advance	
  on	
  the	
  interface	
  between	
  two	
  
areas	
  of	
  mathematical	
  analysis,	
  namely	
  scattering	
  theory	
  and	
  homogenisation.	
  It	
  
is	
  an	
  exciting	
  recent	
  discovery	
  that	
  sophisticated	
  tools	
  from	
  operator	
  theory	
  can	
  
be	
  used	
  to	
  study	
  problems	
  of	
  homogenisation	
  theory	
  that	
  have	
  been	
  out	
  of	
  reach	
  
of	
  earlier	
  approaches.	
  On	
  the	
  order	
  hand,	
  scattering	
  theory	
  in	
  its	
  own	
  right	
  is	
  set	
  
to	
  benefit	
  from	
  the	
  analysis	
  of	
  problems	
  in	
  materials	
  science	
  as	
  opposed	
  to	
  
questions	
  of	
  quantum	
  mechanics	
  (described	
  by	
  the	
  Schrödinger	
  equation).	
  	
  
	
  



The	
  project	
  would	
  be	
  particularly	
  suitable	
  for	
  someone	
  who	
  would	
  like	
  to	
  know	
  
more	
  about	
  analytical	
  techniques	
  for	
  partial	
  differential	
  equations,	
  related	
  
integral	
  functionals,	
  real	
  and	
  functional	
  analysis	
  including	
  measure	
  theory,	
  but	
  
also	
  to	
  benefit	
  from	
  seeing	
  the	
  results	
  of	
  their	
  research	
  being	
  applied	
  to	
  exciting	
  
problems	
  of	
  physics,	
  materials	
  science	
  and	
  engineering.	
  
	
  
	
  
II.	
  Project	
  title:	
  Parameter-­‐dependent	
  multi-­‐scale	
  methods	
  and	
  lattice	
  sums	
  
for	
  partially	
  degenerate	
  families	
  of	
  PDE	
  
	
  
The	
  project	
  revolves	
  around	
  numerical	
  implementation	
  the	
  latest	
  developments	
  
in	
  the	
  analysis	
  families	
  of	
  degenerate	
  second-­‐order	
  partial	
  differential	
  equations	
  
(PDE)	
  with	
  rapidly	
  oscillating	
  coefficients,	
  e.g.	
  those	
  with	
  high	
  contrast	
  between	
  
the	
  values	
  of	
  the	
  coefficients	
  in	
  the	
  different	
  parts	
  of	
  the	
  periodicity	
  cell.	
  Recent	
  
work	
  on	
  operator-­‐norm	
  asymptotics	
  for	
  the	
  resolvents	
  of	
  the	
  associated	
  
operators	
  (Cherednichenko,	
  Cooper),	
  has	
  indicated	
  that	
  in	
  order	
  to	
  capture	
  the	
  
behaviour	
  of	
  the	
  spectra	
  of	
  such	
  problems	
  one	
  may	
  have	
  to	
  consider	
  more	
  
advanced	
  versions	
  of	
  the	
  existing	
  two-­‐scale	
  approaches	
  by	
  including	
  a	
  
dependence	
  on	
  the	
  Floquet-­‐Bloch	
  quasimomentum	
  or	
  its	
  appropriate	
  
modification.	
  	
  	
  
	
  
A	
  related	
  set	
  of	
  questions	
  concerns	
  the	
  behaviour	
  of	
  the	
  numerical	
  schemes	
  in	
  
the	
  study	
  of	
  photonics	
  crystals	
  and	
  "arrow	
  fibres".	
  Here	
  the	
  method	
  of	
  lattice	
  
sums	
  used	
  in	
  the	
  moderate-­‐contrast	
  case	
  needs	
  to	
  be	
  evaluated	
  and	
  
appropriately	
  modified	
  in	
  order	
  to	
  achieve	
  convergence	
  rates	
  of	
  the	
  order	
  of	
  the	
  
period	
  of	
  the	
  composite.	
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III.	
  	
  Project	
  title:	
  New	
  examples	
  of	
  multiscale	
  effective	
  models	
  for	
  the	
  
system	
  of	
  Maxwell	
  equations	
  in	
  periodic	
  composite	
  media	
  
	
  
	
  
The	
  work	
  on	
  the	
  project	
  will	
  consist	
  of	
  three	
  parts,	
  united	
  by	
  the	
  common	
  theme	
  
of	
  analysing	
  the	
  effect	
  of	
  resonant	
  properties	
  of	
  Maxwell	
  equations	
  of	
  
electromagnetism	
  in	
  periodic	
  media	
  on	
  their	
  effective	
  behaviour:	
  
	
  
A.	
  Mathematical	
  analysis	
  of	
  the	
  homogenised	
  behaviour	
  of:	
  	
  
	
  	
  	
  	
  	
  	
  	
  1)	
  Thin	
  periodic	
  structures	
  (frameworks)	
  filled	
  by	
  a	
  perfect	
  conductor,	
  for	
  
various	
  scalings	
  between	
  their	
  thickness	
  and	
  period,	
  following	
  the	
  methodologes	
  
developed	
  in	
  earlier	
  literature	
  (Refs.	
  1,2	
  in	
  the	
  list	
  below	
  in	
  the	
  context	
  of	
  
elasticity;	
  Ref.	
  3	
  in	
  the	
  case	
  of	
  a	
  scalar	
  equation).	
  
	
  	
  	
  	
  	
  	
  	
  2)	
  Periodic	
  composites	
  consisting	
  of	
  a	
  thin	
  optically	
  dense	
  framework	
  with	
  
voids	
  (filled	
  by	
  vacuum	
  or	
  a	
  material	
  with	
  similar	
  optical	
  properties).	
  	
  
	
  
B.	
  Analysis	
  of	
  the	
  spectral	
  properties	
  (wave	
  propagation	
  versus	
  wave	
  
localisation)	
  for	
  thin	
  structures	
  in	
  the	
  context	
  of	
  Maxwell	
  equations,	
  using	
  the	
  
convergence	
  statements	
  proved	
  in	
  Part	
  A.	
  	
  
	
  
C.	
  Analysis	
  of	
  a	
  threshold	
  effect	
  near	
  the	
  bottom	
  of	
  the	
  inner	
  gap	
  in	
  the	
  spectrum	
  
(see	
  Refs.	
  4,5	
  for	
  the	
  scalar	
  case)	
  for	
  the	
  periodic	
  Maxwell	
  system.	
  This	
  will	
  
include	
  the	
  derivation	
  of	
  the	
  corresponding	
  system	
  of	
  effective	
  equations,	
  
proving	
  the	
  resolvent	
  convergence	
  estimates,	
  and	
  analysing	
  the	
  effect	
  of	
  the	
  
microgeometry	
  of	
  the	
  composite	
  on	
  its	
  threshold	
  properties.	
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