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Abstract 

It has been known since 1961 that if two components effect density, a convecting fluid may possess multiple stable states 
for the same boundary conditions. Until recently, analytical and numerical calculations have been conducted for application 
to climate models. Laboratory observations were absent. Experiments have now produced the anticipated multiple states and 
also give new insight into their physical nature. A new, wider range of applications to estuary and coastal water circulation is 
indicated. In the experiments a chamber of water was heated from below and exposed to a constant volume flux of salty water 
from above. This was connected to a large reservoir of fresh room temperature water through two horizontal tubes, one near 
the top and the other near the bottom. Parameters were such that the time constant for change of temperature was less than 
the time constant for change in salinity. The experiments confirmed the principal prediction of theory - that two states can 
exist for the same boundary conditions. The range of two stable states was mapped as a function of the temperature forcing 
for fixed salinity flux. For low thermal forcing, the salinity driven state was found. This had very slow exchange of warm and 
very salty water with the reservoir. Density due to salinity was greater than that from temperature. Above a critical forcing 
an additional state could exist. This possessed exchange with the reservoir in the opposite direction of warm and much lower 
salinity water above approximately 1.5 times the critical forcing, only the thermal state was found. A second example driven 
by stress and heat flux also exhibits multiple states. Two examples are analyzed. 

1. Introduction 

The pioneering studies of  Malkus and Veronis [7], 

Busse [1], Schluter et al. [8], and Busse [2] showed 

how both infinitesimal and finite ampli tude instabil- 

ity analysis allows a rational analysis of  fluid flow 

structure. Busse 's  study in part icular showed how the 

famous hexagonal  flow pattern was l inked to finite 

amplitude instabilities in Rayle igh-Benard  convec- 

tion near the critical Rayleigh number. The subse- 

quent analyses of  stability of  finite amplitude rolls 

provided a method to extend the study of  structures 
over large ranges of  parameters.  I was privileged to 

conduct laboratory experiments with Professor Busse 

1 E-mail: jwhitehead@whoi.edu. 

to observe and confirm some of  the beautiful roll in- 

stability modes and to view new bimodal  structures 

predicted by  theory. This article describes a recent set 

of  experiments which are first observations of  another 

aspect of  convection and finite amplitude instabili ty 

that began in the early 1960s. 

In the ocean a number of  boundary effects produce 

the motion of  the water, including wind stress, differ- 

ential heating, precipitation, and evaporation. Internal 

factors such as radiant heating and tides also produce  

flows. For  over 30 years, it has been known that com- 

binations of  these forcing factors can produce a body 
with more than one steady and stable physical  state. 

The first, and most  well-known example [9], involves 

the effects of  temperature and salinity on a simple 
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mixed basin that i s  connected to a second basin by 
tubes, in that problem, there were two stable fixed 
points and one unstable fixed point for some range of 
the forcing parameters. There have since been roughly 
a dozen studies of such problems, usually with more 
complicated basins and more states. In addition, mul- 
tiple states have been predicted for forced convection 
[10], and in basins forced by  surface stress alone [5,6]. 

Multiple states are not new, they are well known 
in hydrodynamics. For example, in traditional aerody- 
namics one state of motion around a wing with lift and 
one state without lift ("stall") - both with the same 
forcing parameters - have understandably been the fo- 
cus of attention for about a century. The problem of 
stall depends on the details of boundary layer adjust- 
ment to the interior flow, a process often called flow 
separation. This feature also appears to be possessed 
by the recent examples of multiple states in oceanic 
model basins forced by wind stress alone. In contrast, 

for the problems to be discussed here multiple solu- 
tions arise from the competition of interior forces. In 
this way, they are distant relatives to the multiple states 
for hexagons analyzed by Busse. In the problems dis- 
cussed in this article, either the salinity or the stress 
must force a circulation in the opposite direction from 
the thermal convection. 

2. T - S  Driving 

The case of a container connected to a large basin 
with two tubes, one at the top and one at the bottom can 
be formulated rather precisely. It was developed to ex- 
plore the combined effect of evaporation/precipitation 
and temperature on circulation of a body of salt water 
such as the ocean. Numerous analytical and numeri- 
cal studies of this problem have been conducted since 
its inception by Stommel [9] as reviewed by Weaver 
and Hughes [12], Marotzke [14], and Whitehead [15]. 
Interestingly, n o  laboratory study or direct observa- 
tion in nature of this important process has ever ap- 
parently been made. In Stommel's model two boxes 
containing water were connected side-by-side by two 
horizontal tubes one at the top and one at the bottom. 
Diffusion through the walls from unchanging salin- 

ity and temperature basins produced temperature and 
salinity changes to well-mixed water in the boxes. One 
box was subjected to a basin with positive tempera- 
ture and salinity and the other to exactly the negative 
values. But salinity diffuses through the walls at a dif- 
ferent rate than heat. This produces some important 
effects which are different from the usual internal ef- 
fects of double diffusion. The distinguishing fact is 
that there were three possible states of motion for the 
same values of reservoir temperature and salinity (at 
least within a certain range of forcing parameters). One 
state is characterized by salinity dominating the den- 
sity difference between basins which propelled water 
between basins. The second is predominantly temper- 
ature driven. Both of these states were linearly stable, 
so small perturbations to motion decayed in time. The 
third state was unstable and the system would drift to 
one of the other states. 

We have been able to verify the main predictions 
of the theory experimentally. The experimental appa- 
ratus (Fig. 1) consisted of one 10 x 10 x 8 cm deep 
watertight Plexiglas "test chamber" (two active boxes 
are not needed) with 1" thick Styrofoam thermal in- 
sulation on the sides and top. The bottom of the box 
was a copper plate in contact with hot isothermal wa- 
ter whose temperature was varied from experiment to 
experiment. The top of the water in the box was in con- 
tact with a flat horizontal common household sponge. 
Above the sponge salt water with density 1.0060 g/cm 3 
was pumped in by a precision pump at a metered rate 
of 0.2 cm3/s. Thus the water in the test chamber was 
heated from below and subjected to increased salin- 
ity from above. Both have the effect of mixing the 
test chamber water vertically, but temperature will de- 
Crease density while salinity flux will increase it. On 
one side wall of the box were two horizontal tubes. 
The centerline of one tube was about 2 cm above the 
other, which was 1 cm above the copper plate. The 
two tubes allowed convective flow of water between 
the chamber and a second reservoir at constant tem- 
perature and salinity which corresponds to the ocean. 
Water flows into the chamber through one tube and 
out the other, the direction depending on the den- 
sity of the water in the test chamber compared to the 
density of the reservoir water. The ocean reservoir was 
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Fig. 1. Sketch of the laboratory apparatus that has shown two states for the same forcing conditions T* and S*. A sponge above the 
water receives a constant flow of water of salinity S*. The chamber is also heated from below through a metal floor in comact with 
a bath at temperature T*. Two tubes connect the chamber to an "ocean" of constant salinity and temperature. 

a larger volume of  almost completely fresh water kept 

at room temperature by a thermostatic bath. Fresh wa- 
ter was added to the reservoir at a constant rate of  

1-2 cm3/s. The exposed free top surface of  the reser- 

voir was fixed by an overflow out of  the ocean so that 

water depth in the chamber was close to 3 cm. To mea- 

sure the salinity decay time one stopper was given a 

small hole to allow outflow of  the added volume and 
recording density response with time for constant T*. 

The salinity relaxation time is approximately 1500 s 

and this agrees with the estimated time V / q .  Thermal 

decay  time of  the chamber was measured by stopping 
the exchange flow and recording temperature response 

With time to a sudden change in T*. This time con- 
stant is about 500 s. 

Simple equations for the salinity and temperature 

(all are deviations from reservoir values) are 

dS 
V - - ~  = qS* - [IQ] + q]S, (2.1) 

v p c p  ~ _ IT* - T] 

- pCp[(I QI + q ) T  - qT*],  (2.2) 

where S* is the pumped salinity, T* is temperature 

of  the bath, S, T and V are salinity, temperature and 
volume within the chamber, respectively, p is density 
Cp is specific heat, Q is volume flux between chamber 
and reservoir, k is thermal conductivity of  the bound- 
ary layer above the copper bottom, A is surface area 
of  the chamber bottom, and ~ is boundary layer thick- 
ness (probably a function of  Nusselt number). 

These can be rearranged to the more straightforward 
forms: 

dS 1 IQI s 
--dr - ~ [s* - s]  - v 

and 

dT _ 1 [ T * - T ] _  ~lQIm 
dt TT V 1 '  

where 

(2.3) 

(2.4) 

v [k  q], 
rs = --q and rT = (~I-IpCp + (2.5) 

are the two time constants. 

In addition density is a linear function of  tempera- 
ture and salinity, so 

p = p0[1 + flS - otT] (2.6) 

and volume flux between basins is a linear function of  

density difference between basins, so 

Q = C( f lS  - a T ) .  (2.7) 

The reason for multiple states is easily visualized by 

inspecting curves of  density due to salinity and tem- 
perature and their sum as a function of  Q. From (2.3) 

and (2.4) the first two curves are hyperbolas as shown 
in Fig. 2. Their sum can have positive and negative 
values for certain values of  the parameters. For these 

plots a value of  flS* = 0.0014 was used and otT* was 
assigned three different values. For small temperature 
forcing, the salt mode is too small to cause the sum 
to become negative. The straight line :corresponding 
to Eq. (2.7) can intersect the curve in only one point 
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Fig. 2. Values of  density due to salinity (dotted), temperature (dashed), and added together(solid) as functions of  volume flux between 
the chamber and reservoir. Values relatively close to the experiment are used for these curves. Also shown is a typical straight 
line which corresponds to Couette flow through the pipe: (a) low thermal forcing a T *  = .0005; (b) moderate thermal forcing 
~T* = 0.001; (c) strong thermal forcing ~T* = 0.0015. 
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Fig. 2. (continued) 

and that corresponds to the salt mode. For intermedi- 
ate forcing, both positive and negative values are pos- 
sible and the straight line corresponding to Eq. (2.7) 
can intersect the curves in three places. For large tem- 
perature forcing the Sum is always negative and the 
line only intersects the curve at one point which cor- 
responds to the thermal mode. The summed density 
can have positive and negative values of density within 
certain ranges of the forcing parameters. Using (2.7) 
one can see there are values of C that allow the straight 
line in Fig. 2 to intersect the density curves in more 
than one spot. Thus our experirnental task was to set 
T* and S* to produce both values of density and to 
design a container with appropriate values of C. 

To make sense of the experimental results, it was 
necessary to measure and calculate the change of den- 
sity due to both salinity and temperature very accu- 
rately. Temperature data from two therrnocouples (one 
in the chamber and one in the "ocean") and density 
data from an Anton Paar densiometer accurate to four 
significant figures were automatically recorded every 
30 or 60 s for many hours which were the duration of 
each run. The effect of both temperature and of salinity 

to density difference between water in the chamber and 
in the "ocean" were then separately determined. The 
equation of state of seawater from [3] was used to cal- 
culate density difference between chamber and ocean 
due to temperature accurate to less than 0.0002 g /cm 3 
for all cases• Density due to salinity was from the den- 
siometer and accurate to better than 0.0002. Finally, 
the density of samples of the ocean water was mea- 
sured after the experimental run and subtracted from 
the densiometer readings to determine density differ- 
ence between chamber and ocean. 

The results of these experiments verify the main 
predictions of the theoretical work. Fig. 3 shows the 
results of over two months of Continuous runs. The 
volume flux and salinity of the steadily injected water 
was kept the same in every run, while temperature 
of the bath below the copper plate was systematically 
varied. Plotted are values of density due to temperature 
and salinity as a function of copper plate temperature. 

Here is what the experiment revealed: For small 
bath temperatures, the density due to salinity is greater 
than density due to temperature, but only by a small 
amount. The chamber is in the salinity driven mode 
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Fig. 3. Density due to temperature and salinity for the experimental test chamber sketched in Fig. 1. Each data point was taken after 
many hours of experimental run. These data were taken over many weeks of continuous running. 

of  flow. Fresh water entered through the top tube and 
left as warm and salty water through the bottom tube. 

This continued as the mode of  motion for all runs up 

to a temperature of  42 °, and as one of  two possible 
mode for selected runs from there up to 48 ° . Above 

this value, the salinity driven mode was absent. From 

42 ° upward there was a second state, shown as the 

lower pairs of  data points. In this mode, density due 
to temperature was always much greater than density 

doe to salinity. Fresh water entered through the bottom 
tube and left as hot and slightly salty water through 

the top tube. This state was the only state observed 
above 48 o . 

In the range where either state could exist there 
were some important features that show the dynamics 
o f  the flows that are driving the motion. First, the den- 
sities in the salinity driven mode are both higher than 
the densities in the temperature driven mode. Injection 
of  dye in the tubes to see the flow revealed that the 
fl0w through the tubes was much slower in the salinity 
driven mode than in the temperature driven mode. This 

slow flow was produced because density due to salin- 

ity and temperature were close to the same value, with 
salinity just slightly greater. This slow flow also caused 

the large densities in the chamber. In the temperature 

driven mode, velocities were significantly faster (and 

of  course opposite in sign) and density difference from 
temperature and salinity was much larger. Density due 
to salinity, which is the component with the slow ther- 

mal time constant, is small in the chamber because 

of  the strong flushing whereas density due to temper- 
ature is greater density due  t o  salt since temperature 

has roughly three times faster time constant. 

3. Forced convection 

Comparable processes can be found if stress driv- 
ing replaces salinity driving. This fact is mentioned in 
an analysis of  a loop model by Stommel and Rooth 
[10] yet the consequences to oceanography or in me- 
chanics seem to be largely overlooked. Consider the 
case of  a container of  volume V containing water of  
temperature T connected to a large basin with two 
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Fig. 4. Schematic of imaginary apparatus to produce multiple 
states with surface stress and heating. 

rectangular channels, one at the top and one at the 

bottom as sketched in Fig. 4. The channels are of  W 
width, d depth and L length. The container is in ther- 

mal contact with a bath at temperature T* through a 
wall such that the thermal time constant of  the con- 

tainer water is t. The flow in each channel obeys a 
viscous flow law 

Op 02U 
O'--X = [1, OZ2 , (3 .1 )  

where /z  is viscosity, u is positive lateral velocity in 

the direction out of  the container, z is the vertical 

direction and p is pressure in the container next to the 
beginning of  each channel. The pressure is in deviation 

of  pressure in a second large basin of  zero temperature 
which lies at the outlet of  the two channels. The top 

channel is exposed to a surface flow of  magnitude U 

out of  the channel. The volume flux out of  the top 
channel using (3.1) is 

d3ptW UdW 
at = - -  + ~ ,  (3.2) 

12/zL 2 

where pt is pressure at the top of  the container in 
deviation from pressure at the top of  the outer basin. 
Pressure next to the bottom tube in deviation from 

pressure at the same depth in the outer basin is found 
by integrating the hydrostatic equation. This produces 

a volume flux out of  the bottom channel which must be 

d3p~W pgotTHd3W 
Qb -- - -  (3.3) 

12/zL 12/zL 

and since the sum of the flow out of  both channels 
must be zero 

317 

1 . 4 x 1 _ ~ o  - ~ , ,  . . . .  , , . ,~ . . . . . . .  , . . . . .  , . , , 

1.2 

1 

. .~  0.8 

0.6 

0.4 

0.2 

g-5  -2 -1.5 , -015 O. 015 1 115 :2  ~ . 5  
= i .~ . I . . . .  I . . . .  

x 10 "~ 
Flux/Volume (/s) 

Fig. 5. Density due to thermal forcing (curves) and flow due to 
buoyancy driven motion in the presence of stress (straight line). 

d3p t Ud pgotTHd 3 
+ = 0, (3.4) 

6/zL 2 12/zL 

so top volume flux is 

UdW pg~tHd3TW 
a t -  - -  q- (3.5) 

4 12/zL 

For fixed negative U the relation between Q and T is 
shown in Fig. 5, which is similar to a figure in [10]. 

The heat balance in the container is 

dT = l [ z *  - T] - [QI__~T, (3.6) 
dt ~ V 

where volume flux can be either of  the above expres- 
sions. For steady state 

T* 
T = 1 + I a l / v r '  (3.7) 

which is the hyperbola in Q, T space that is shown in 

Fig. 5. For the case drawn, the two trajectories intersect 
in three places. The two outside intersection points are 
stable solutions, the third is unstable and the system 

evolves to one of  the other two states. 

4. Forced convect ion in a shal low rotating basin 

In an approach similar to that developed by Hansen 
and Rattray [4] for nonrotating flows and by Stommel 
and Leetmaa [11] for rotating flows, we assume there 
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Fig. 6. Sketch of the model of the continental shelf and the vertical distribution of u, v, and T. The regions labeled "b.l." denote 
end regions where boundary layers involve vertical motions. 

is an infinitely long and very wide continental shelf of  

uniform depth d with variation of  temperature across 

its breadth (i.e. from coast  to offshore) as sketched 

in Fig. 6. The system is rotating at rate f = 2 f2 in 

gravity field g. The fluid has coefficient of  thermal 

expansion ot viscosity v, and thermal diffusivity to. It 

will  be assumed that there is no variation in velocities 

and temperature deviation along or across the shelf 

direction, but that a uniform and steady flow is set up. 

A formulation was produced by the author [13] for 

a long shallow shelf of  constant depth in a rotating 

fluid where the total temperature was expressed as 

T' = (x + dT)  OTo (4.1) 
Ox ' 

so i t  is composed of  a uniform temperature gradient 

OTo/Ox across the shelf (direction x)  plus a deviation 

T that only varies in the vertical direction z. This 

formulation could y i e l d  analytical solutions for a 

number of  physical ly interesting problems. Assuming 

that there is no variation in velocities a long or across 

the shelf, using d as the vertical length scale and f d  

as the velocity scale, the following nondimensional 

equations apply: 

Op O2u 
--V = - - - -  + E - -  (4.2) 

Ox OZ 2' 

02v 
u = E OZ 2 , (4.3) 

x 10 7 

1.5 

1 

0.5 
LU 

C~ 

~ - 0 . 5  ~ °  

-1.5 

-2 

-2 ' 

~ai ̧  

I I I [ I ~ I [ I 

-200 - 1 ~  -100 -50 0 100 150 200 2 ~  

W U E  

Fig. 7. Solutions of (a) Eq. (4.8), and (b) Eq. (4.9) showing a region where more than one value of R/U gives the same heat flux; 
(c) a close-up of (b). 



J.A. Whitehead/Physica D 97 (1996) 311-321 319 

200 

lOO 

o 

-lOO 

~ -2oo 

-,300 

-400 

-500 

-600 

-700 

. . . . . .  (b) 

i i i 

2 4 6 
+ r i i 

-6 -4 -2 0 

RAJ 

1.5 

0.5 

-0.5 

-1 
-3 

i i ( '  ~ j i 

-2 5 -2 -1.5 -1 -0 5 0 

RAJ 

Fig. 7. (continued) 

(c) 

0.5 

3p 
- -  R x ,  

Oz 
O2T 

u = P  
OZ 2 ' 

(4.4) 

(4.5) 

w h e r e  y is the  a l o n g  she l f  d i r ec t ion  and  R = gotOT/ 
f2Ox,  P = K / f d  2, E = v / f d  2. Solu t ions  w i th  

b o u n d a r y  cond i t i ons  u = -t-U and  OT/Oz = 0 at 

z = -4-1 (for  s impl ic i ty )  w h i c h  c o r r e s p o n d  to m o t i o n s  
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driven by both buoyancy and surface forcing were 
readily obtained. The equations are completely linear 
and assorted flows from different forcing or boundary 
conditions can be added together. 

We could think of the heat transfer of such flows 
as that of a heat pipe (or more precisely a heat sheet) 
where heat is supplied in the warm region and trans- 
ported laterally (downgradient) to the cold region. The 
transport mechanism is quite straightforward. A verti- 
cal temperature profile is produced through a balance 
between lateral advection and vertical diffusion using 
Eq. (4.5). The altered temperature is advected by ve- 
locity u one way near the top and the other way near 
the bottom. Of interest here is heat flux per unit shelf 
length. Of course this is not a linear function of R 
and U. 

Expressions for heat flow have been worked out. For 
the case of large Ekman number the flow is viscous 
flow and the solutions can be represented as polyno- 
mials similar to those found by Hansen and Rattray. 
The dimensionless heat transport is 

R 2 4!UR 4 ! U  2 
H -- for E >> 0.1. 

9!PE 2 9 !PE 6!P 
(4.6) 

For small Ekman number the flow possesses a ther- 
mal wind driven by the lateral temperature gradient in 
the interior and Ekman layers at the boundaries. The 
thermal wind transports no heat since it flows at right 
angles to the temperature gradient, but the flux in the 
Ekman layer does transport heat. Dimensionless heat 

transport is 

n = - P r ( ½ R  + U) 2 for E << 0.01. (4.7) 

Since temperature is scaled using the lateral tem- 
perature gradient, H is defined using lateral temper- 
ature gradient as a scale. However, we seek a relation 
between temperature gradient and dimensional heat 
flux so it is necessary to remove the lateral tempera- 
ture gradient from the heat flux scale. Rescaled heat 
flux obeys the relation 

9!Hr 9!Hdg~c 
U 3 p C p f 3 d 3 U  3 

R I R2 4!R 9!4! 1 
= - - ~  U 2 p E  ~ -k- ~ - ~  --k 6.---~.J (4.8) 

and 

U3 - 4pCpf3d3U3 = - ~  + 2  , (4.9) 

where Hd is dimensional heat flux with units of watts 
per meter of coastline, p is density, and Cp is specific 
heat. Note that R is proportional to lateral temperature 
gradient and U is proportional to the antisymmetric 
velocity imposed at the boundary. The relationship 

between R~ U and heat flux for constant U is sketched 
in Fig. 7 for the cases of both large and small E. 

The solution for large E exhibits a monotonic de- 
crease of heat flux with R / U .  But for small E there is 
a range (see Fig. 7(c)) where there is an increase of Hr 
with R~ U. Let us investigate the behavior of this heat 
sheet if a set value of heat flux were imposed in this 
range, for instance by an electrical heater and let us as- 
sume that surface flux, or stress, is fixed. In the range 
three different negative values of lateral temperature 
gradient could remove that amount of heat. Given that 
U and OTo/Ox are positive, the imposed velocity pro- 
duces top fluid flowing from the cold end (left) toward 
the warm end on the right. This is opposite in direction 
to buoyant-driven convection, where top fluid flows 
from warm to cold. The flow with the greatest negative 
temperature gradient corresponds to interior flow tak- 
ing place predominantly in the direction of convection. 
In this case the convection overpowers stress-driven 
flow and heat flux is produced by velocity in the Ek- 
man layers that is predominantly produced by the ther- 
mal wind. The flow with the smallest absolute, value 
of temperature gradient corresponds to predominantly 
stress-driven flow. That is to say, convection produced 
Ekman layer velocities (i.e. velocities that would hap- 
pen in the absence of U) are weaker than stress driven 
(Couette) velocities. The stress driven flow drives flow 
in the Ekman layers that transports the heat, although 
it is hindered a little bit by buoyancy. The flow with 
the intermediate value of temperature gradient is un- 
stable. For a given heat flux, if gradient were to slightly 
decrease in magnitude the heat flow would need to 
increase. But if heat flux is imposed, this increase is 
not possible, and the result is a decrease in tempera- 
ture gradient which drives R~ U toward the right. This 
process continues until the lowest of the three values 
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of  R~ U is approached.  Likewise ,  i f  the absolute  va lue  [2] 

o f  tempera ture  gradient  were  to sl ightly increase,  heat  

f low wou ld  decrease  and IR/UI would  increase some  [3] 
more  and finally the sys tem would  approach the great-  

est va lue  o f l R / U I .  Thus the in termedia te  va lue  is an 

unstable  poin t  the o ther  two are stable points.  

5. Concluding remarks 

Al though  mul t ip le  solutions could  exis t  for  forced  

convect ion,  there is need  for  caut ion as the effect  o f  

hyd rodynamic  instabil i t ies  has been  neglected.  The  

quant i ta t ive results g iven  here  m a y  not  apply in detail  

to m a n y  actual situations, I f  the stress dr iven flow pre- 

domina tes  a densi ty  inversion is produced.  For  vert i-  

cal convec t ion  cells  not  to exist,  the Ray le igh  number  

S / P E  must  be  smal ler  than a crit ical  value.  S ince  E 

and P must  be  small ,  this requires  that S be  ex t remely  

small.  In addi t ion there is the possibi l i ty  o f  barocl in ic  

eddy transport  that m a y  play an impor tant  role  in an 

actual system. 
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