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Here we provide the mathematical details supporting the arguments advanced in the main text.
Section A comprises a systematic analysis of all qualitatively distinct classes of reaction schemes
of four reactions for type II patterns. We identify all the classes that contain Turing-unstable reaction
schemes. In the case of type I patterns (see main text), for each class we are able to derive the
exact constraints on the stoichiometric product coefficients that determine if a reaction scheme is
Turing-unstable; i.e. if it can exhibit a Turing instability for some choice of positive reaction rate and
diffusivity parameter values. For the type II patterns, deriving such constraints is more taxing, so
instead we demonstrate that the identified classes do contain some Turing-unstable reaction scheme(s)
by providing examples with appropriate choices of reaction rate parameters.

In Section B we show that the dynamics of all the minimal reaction schemes for type I patterns
are described by the same phase diagram (Figure 5 of the main text); given that the reaction schemes
can exhibit a Turing instability for some choice of reaction rate and diffusivity parameter values, we
derive the exact conditions on said values under which the Turing instability occurs. It transpires that
the functional form of these conditions is the same for all the minimal reaction schemes. In Section
C we present exact expressions for the stability boundaries identified in Section B — for each class
of minimal reaction scheme for type I patterns — in terms of the stoichiometric product coefficients,
as well as some numerical simulations of the type I minimal schemes in one spatial dimension. In
Section D we repeat the analysis of Section B for some of the type II minimal schemes, and we show
that each of the type II minimal schemes cannot exhibit bi-stability with multiple positive spatially
homogeneous steady states. In Section E we give full details of the numerical simulations presented
in the main text (Figures 6, 7, and 8).

A Minimal Schemes for Type-II Patterns

There are three options for the reactants of a fourth reaction (with a different reactant combination) in
addition to the necessary 2U — -+, U+V — .-+, and U — - - - reactions for type-II patterns: (), V', or
2V. These possibilities are analysed here in turn. Analysis of the minimal schemes for type-II patterns
is less compact than that of those for type-I. Here we derive the necessary constraints on the signs of
the stoichiometric effects, thus eliminating all qualitatively distinct reaction schemes that cannot yield
Turing-unstable examples. Of particular note, our analysis here does not explicitly solve the steady
state equations for u* and v*. In each instance, we suppose the existence of a positive homogeneous
steady state and use this to derive necessary constraints on the stoichiometric coefficients. We do not
derive sufficient conditions for the existence of a positive homogeneous steady state.

To demonstrate that the remaining qualitatively distinct classes can indeed yield Turing-unstable
schemes, we provide example choices of the stoichiometric coefficients and reaction rate parameters.



It may be shown that these examples exhibit Turing instability for any values of the diffusivity ratio
0= Satlsfymg
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We reason, by continuity, that the same choice of stoichiometric coefficients admits a positive homogeneous
steady state exhibiting a Turing instability for reaction rate parameters in some open neighbourhood of
the example values given. Such examples are therefore sufficient to demonstrate that the qualitatively
distinct classes of minimal reaction scheme shown are the only ones to yield Turing-unstable reaction
schemes.

In total, we find 14 qualitatively distinct minimal reaction schemes satisfying the conditions for a
Turing pattern instability of type II. These are presented in Figure 4 of the main text, and examples
from each class are simulated numerically in Figure 7 of the main text.

A.1 Fourth reaction of zeroth order
If we choose the fourth reaction to be of zeroth order, then we may write our reaction scheme
2U % mU +mV
U+V 2 nU
U s msV
(RN ngU + m4V
with corresponding interaction terms
F(u,v) =rqng —rsu+ri(ny — 2)u2 + ro(ng — uw
G (u,v) = rymy + r3mau + rymiu® — rouw,

where n; > 2 and the other stoichiometric product coefficients are yet to be determined. Supposing
the existence of a positive steady state, the Jacobian J* is given by
Jr— (73 +2ri(ng — 2)u* +ra(n2 — 1)v* ro(ng — Du*
ryms + 2rymiu’ — rov* —rou’*
_(—r3+2ri(n — 2)ut + ra(ng — vt ra(ng — 1)ut
B L (ryma (u*)? — ramy) —rou* ’

thus the conditions Jj5 > 0 and J3; < 0 respectively require that na > 1 and my4 > 0. Now attempting
to solve for a steady state, we find that

ra(ng 4+ (ne — D)myg) + r3((ng — 1)mg — Du™ + r1((n1 — 2) + my(ng — 1))(u"‘)2 =0.

Since the coefficient of (u*)? and the constant coefficient are necessarily positive, for this quadratic
equation to admit a positive root u*, we must have

1
(na—1)mz—1<0 <= m3< [ = ms = 0.
no —
This leaves four qualitatively distinct possibilities:
2U ny = — njU
) U+V 2nhUu U+V—2>n’2U
U 7‘_3) (Z) ) 73 @ )
0 myV 0 5 ngU + myV
2U—>n1U+m1V —>n1U+m1V
o JUHV ZnbU U+V—>n2U
(iii) ra , )
=0
0 maV (/R n4U +myV




where n{ > 2, m; > 0, n, > 1, ngy > 0, and mg > 0. Each case yields Turing-unstable reaction
schemes 1f the stoichiometric product coefficients are chosen appropriately, for example:

(i): (nf,nh,myg) = (3,2,1), (ri,79,73,74) = (0.75,1.0,0.8,0.1),
(ii): (nf,nb,ng,my) = (3,2 1,1), (r1,re,m3,7m4) = (0.75,1.0,0.8,0.1),
(iii): (ny,m1,n5,my) = (3,2,2,1), (r1,re,m3,74) = (0.15,1.0,0.85,0.1),
(iv) (n],my,nh, ng,my) = (3,1,2,1,2),  (r1,72,73,74) = (0.75,1.0,0.95,0.05).

A.2 Fourth reaction with reactant V

As for the minimal schemes of type I, choosing the last reaction to have reactant combination V' yields
the most options for Turing-unstable reaction schemes. As in the main text, for convenience we divide
these into three cases according to the qualitative type of the U 4+ V reaction.

A.2.1 Interspecific reaction removing both species (U +V — ()
In the first case, we may write our reaction scheme as
2U 5 mU +miV
U+V 20

U L maV
V 2 U + myV

with corresponding interaction terms

F(u,v) = —r3u + rqngv 4+ r1(ny — 2)u® — ryuw,

G (u,v) = r3mau + rq(my — 1)v + rimiu® — rouw,

where n; > 2 and the other stoichiometric product coefficients are yet to be determined. Supposing
the existence of a positive steady state, we have

g (s + 2r1(n1 — 2)u* — rov* rang — rout
o r3ms + 2rymiut — rov* ra(my — 1) — rou*

*

o rimy (u*)? — ry(mg — 1)v*) % (—=r3mg — rymyu®)

_ ( L(ri(n = 2)(u)? = ranav’) (s — i (1 — 2)u )>
( ?

and the conditions that Jj, > 0 and J3; < 0 respectively require that ny > 0 and my4 > 1. Further, to
satisfy Ji; > 0> J3; we must have

—r3+2r1(ny — 2)u™ > rgms + 2rimu” <= 2r1((n1 —2) — my)u* > r3(ms+ 1),

hence nqy — 2 > my and
r3 msg + 1
> =
27’1 (n1 — 2) miq
To satisfy J5 > 0 we must have
% rs3 1
u < —

rLny — 27
and for these two bounds on u* to be consistent, we must have

1 m3 + 1 < 1
2(711—2)—1711 n1—2

< (m3 — 1)(111 — 2) < —2mj.

For non-negative integers m1, ms, and ny > 2, this can only be satisfied if mg = 0. Finally, if m3g = 0,
the condition Joo < 0 requires that m; > 0 and we are reduced to only one qualitative possible reaction



scheme:
2U % p/{U +myV

U+V 20
U0
V & g U +mlV

where nf > 2, m; > 0, ngy > 0, and m) > 1. One such Turing-unstable example is defined by the
stoichiometric product coefficients

(n},m1,n4,m4) = (6,1,2,2).

This example exhibits Turing instability if the reaction rates are equal to (or within some small open
neighbourhood of)
(ri,7re,73,74) = (0.75,1.0,0.7,0.125).

A.2.2 Interspecific reaction removing species V' and preserving species U (U +V — U)

In the second case, we may write our reaction scheme as

2U X myU +myV
U+V 23U
U 5 msV

V 5 ngU + myV
with corresponding interaction terms

F(u,v) = —rgu + rqngv + r1(ng — 2)u2,

G(u,v) = rgmgu + rq(mg — v + rimiu? — rouv,

where n; > 2 and the other stoichiometric product coefficients are yet to be determined. Supposing
the existence of a positive steady state, we have

. —r3 + 2r1(n; — 2)u* T4MA
J = * * _ _ *
rgmg + 2rimiu* — rov*  r4(mg — 1) — rou

—r3 + 2r1(ng — 2)u* T4
L (rimiu* — rg(mg — 1)v%) ’;—:(—7’3m3 +rimu*) )’

and the conditions that J{; > 0 and J3; < 0 require respectively that ns > 0 and myq > 1. The
condition that J3, < 0 requires that we cannot simultaneously have both m; = 0 and mgz = 0. This
leaves three qualitatively distinct possibilities:

2U % njU 2U 5 nfU +mV 2U 5 nfU +mV

L JU+V B U . JU+V B U .. JU+V B U

(1) rs , (i) rs , (i) rs :
U= m3V U—=10 U= msV
V & ngU +mlV V & ngU +mlV V & g U +miV

where nf{ > 2, m; > 0, mg > 0, ng > 0, and m), > 1. Each case yields Turing-unstable reaction
schemes if the stoichiometric product coefficients are chosen appropriately, for example:

(1): (nY,ms,ng, my) = (3,1,1,2), (ri,7re,73,74) = (0.6,1.0,0.7,0.2),

(ii): (! ma, na,mh) = (4,1,1,2), (11,72, 73, 74) = (0.68, 1.0,0.8,0.2),
(iii):  (n{,mi,ms,ng,my) = (4,1,1,1,2),  (ry,72,73,74) = (0.61,1.0,0.85,0.1).



A.2.3 Interspecific reaction removing species V' and increasing species U (U +V — n,U)

In the third case, we may write our reaction scheme as

2Ur—1>n1U+m1V
U4V 2 nU
U L msV

V 5 ngU + maV
with corresponding interaction terms

F(u,v) = —rgu + rqnqv +r1(ng — 2)u2 + ro(ng — 1uw,

G(u,v) = r3mau + rq(my — 1)v + rymiu® — rou,

where ny > 2, no > 1, and the other stoichiometric product coefficients are yet to be determined.
Supposing the existence of a positive steady state, we have

g (7T +2ri(ny1 — 2)u* +ra(ng — 1)v*  rang + ro(ng — u*
o rams + 2rimiu* — rov* ra(my — 1) — rou*
B (—7"3 +2r1(ny — 2)u* +ra(ng — 1)v*  ryng + ro(ng — 1)u* )

L (rimau* — rg(ma — 1)v%) o (=rsmz — rymiu®)

and the condition that J3; < 0 requires that m4 > 1. Attempting to solve for a steady state, we find
that
ra(mang + (mg — 1)0* +r1((ny — 2)ms 4+ my) (u*)? + ro((ng — 1)mz — Du*v* = 0.

2

Since the coefficients of v* and (u*)? are necessarily positive, for this equation to be satisfied at some

positive steady state, we must have

(ng—1)mg—1<0 <= m3< <~— mg=0.

712—1

The condition that J3, < 0 then requires that m; > 0, leaving two qualitatively distinct possibilities:

2U 5 nfU +mV 2U 5 pfjU +mV

0 U+V 2 nbU (i) U+V B nbUu
U0 ’ U0 ’
V&S mhv V5 ngU +myV

where nf > 2, my > 0, n, > 1, ny > 0, and m/, > 1. Each case yields Turing-unstable reaction
schemes if the stoichiometric product coefficients are chosen appropriately, for example:

(i): (nY,m1,nh, m}y) = (4,2,2,2), (ri,7re,73,74) = (0.15,1.0,0.7,0.4),
(ii):  (nf,m1,nb,ng,m)) = (4,1,2,1,2),  (r1,7r2,73,74) = (0.15,0.97,0.8,0.52).

A.3 Fourth reaction with reactant combination 2V

If we choose the fourth reaction to have reactant combination 2V, then we may write our reaction

scheme
U 5 mU +mV

U+V 2 nU
U = msV
2V 5 ngU + myV
with corresponding interaction terms
F(u,v) = —r3u + r1(ny — 2)u® + ra(ng — Duwv + ryngv?,

G(u,v) = rgmgu + rimiu’ — rouv + ra(my — 2)1)2,



where n; > 2 and the other stoichiometric product coefficients are yet to be determined. Supposing
the existence of a positive steady state, the Jacobian J* is given by

g (7T +2r1(n1 — 2)u* + ro(ng — 1)v*  ra(ng — L)u* + 2ryngv*
o rsms -+ 2rimiu* — rov* —rou* + 2ry(my — 2)v*

_ <—r3 +2ri(ng — 2)u* + ro(ng — D)v*  ro(ng — Du* + 2T4n4v*>
ul* (ryma(u*)? — ra(mg — 2)(v*)?)  —rou* + 2ry(my — 2)v* )’

thus the condition J3; < 0 requires that m4 > 2. We also have that
w* Ty vt Ty = ramau® + 2rimy (u)? — 2reutv* + 2ry(my — 2)(v*)? = —rzmau’,

hence simultaneous negativity of Jj;, and J3, requires m3 > 0. Now attempting to solve for a steady
state, we find that

r1((n1 — 2)ms 4+ m1)(w*)? + ra((ng — 1)ms — Du'v* + r4(mang + (my — 2))(v*)% = 0.

Since the coefficients of (u*)? and (v*)? are necessarily positive, for this equation to be satisfied at a
positive steady state, we must have

1
ma—1mz—1<0 <= na—1<— <<= ny—1<0,
m3

i.e. if and only if ng = 1 or ng = 0. The condition Jj; > 0 then requires that ny > 0, leaving four
qualitatively distinct possibilities:

2U s nf (U U
0 U+V 20 (i) U+V 32U
U 5 msV ’ U 5 msV ’

oV My m,U + m" 2V 4 naU + m”

2U —>n1U+m1V 2U —>n1U+m1V

o JUFV 20 . U+V 32U

(iii) rs ; (iv) rs ;
U—>m3V U—>m3V
2V I ngU + m)j 2V % ngU + m))

where nf{ > 2, m; > 0, mg > 0, ng > 0, and m} > 2. Each case yields Turing-unstable reaction
schemes 1f the stoichiometric product coeflicients are chosen appropriately, for example:

(1): (nY,ms,ng,my) = (3,1,2,3), (ri,m2,73,74) = (0.35,0.995,0.3,0.94),
(ii): (n,ms,ng,my) = (3,1,2,3), (ri,r2,73,74) = (0.35,0.985,0.3,0.23),
(iii):  (nf,mi,mz,ng,my) = (5,1,1,2,3),  (r1,ra,73,74) = (0.32,0.9993,0.2,0.26),
(iv):  (nY,m1,ms3,ng,m]) = (4,1,1,1,3),  (r1,r2,7r3,74) = (0.1,0.993,0.25,0.41).

B Linearised Analysis of Type-I

Here we show that the linearised dynamics of all the type-I minimal schemes are governed by the same
two dimensionless parameter groups, and we derive the phase diagram in Figure 5 of the main text.

Corresponding to the choice of third reactant combination (), U, or V, the mass-action PDE models
for the type-I minimal schemes take one of three forms respectively:
(1) if the third reaction is of zeroth order

0
81; =D, V2u + a1 + aqu® + asuv,
0
8%5} = D,V?v + by + byu® + bsuv;



(ii) if the third reaction is of first order with reactant U

0
8—1; = Duv2u + asu + asu® + asuv,
19}
8—1} = D,V?0 + bou + byu® + bsuv;

or (iii) if the third reaction is of first order with reactant V'

ou

o = D,Vu + asv + agu® + asuv,

ov

5 = D, V20 + bsv + byu® + bsuw.
Non-dimensionalising & = (&, t = 7, (u,v) = (o@,0d), and substituting in the forms for the
coefficients {a;,b;} in terms of {r;, n;,m;}, if we set £€2 = D,7 then the equations depend on the
diffusivities D,, and D, only through the ratio B—Z. Similarly, setting o = Tl%, the equations depend

T2 1

on the reaction rates r; and 79 only through the ratio = Lastly, setting 7 = Trirs
1

;- in cases (ii) and (iii), we remove any other dependency on the reaction rate parameters. That
is, we obtain the non-dimensionalised equations

(i):

in case (i) and

T =

o1 N
81; =V + ng + (n1 — 2)@2 + p(ng — 1)uv,
00 fo 9 .
5 = IV 0 + m3 + m1a” + p(me — 1)a;

— =V%i+ (ng — 1)+ (ny — 2)a% + p(ng — 1)ad,

— = 0V20 + mgt + mya? + p(mg — 1)uv;

and (iii):

ol N
81; = V20 4 ngd + (n1 — 2)a% + p(ng — 1)an,
9v &2 s <2 .
5 = V0 + (m3 — 1)v + mya” + p(mg — 1)ud,

where § = B—Z and p = % Considering the balance of terms in the steady state equations, we can

deduce the steady state scalings:

(i):
(,9) ~ (1,p7) = <u*,v*>o<<a,ap1>=( 3”)

1 T2

(iii):



(as indeed we observe in the derivation of the minimal type-I schemes), where each proportionality
is up to some function of the integer stoichiometric product coefficients {n;, m;}. The Jacobian then
scales as

\/ 3 372 371
b (YA (2 ) i s~ (o ),
VST (/1212 "3 73
where each entry is proportional (up to a differing function of {n;, m;}) to the given expression in
the rate parameters. In each case, the determinant condition det(.JJ*) > 0 and sign conditions on the
entries of J* become conditions on these functions of {n;,m;} only (independent of the reaction rate
parameters), while the trace condition tr(J*) < 0 rearranges to give

_J r
2 5] e 2 > pe(n, m),

tr(J) <0 <—
(7% J11 T1

where the exact form for p. depends on the chosen reaction scheme. This gives the vertical phase
boundary p = p. plotted in Figure 5 of the main text. For p < p., the homogeneous steady state is
not linearly stable with respect to spatially uniform perturbations; for p > p. the homogeneous steady
state is linearly stable to spatially uniform perturbations, but may or may not be linearly unstable
with respect to non-uniform perturbations.

Finally, substituting the reaction rate parameter scalings for J{, det(J*), and Jf5J35; into the expression
for /9., each case yields that

1
Ve = T (\/det(J*) + \/_Jf2J51> & \/E7

|

where the proportionality is up to some function of n = (n;) and m = (m;), that is: for each minimal
Turing-unstable reaction scheme of type I, we have

0c = H(’I’L, m)p,

for some function H. This gives the diagonal phase boundary § = d.(p) plotted in Figure 5 of the main
text. Supposing that p > p., then for 6 < d.(p) the homogeneous steady state is linearly stable with
respect to all perturbations. If p > p. and § > 0.(p), then the homogeneous steady state is linearly
stable to spatial perturbations with sufficiently small or large wavenumbers, but is linearly unstable
to perturbations with wavenumbers in some open interval k € (k_, k).

C Stability Boundaries for Type-I

In the following two tables, we collate the expressions for p, and H = d.p ', which determine

quantitatively the Turing instability boundaries, for each of the 11 classes of minimal type-I reaction
schemes. As in Figure 3 of the main text, we label these classes alphabetically a. through to k.



Class pe(n, m) H(n,m)

La 2n! —2) — my e 12) — (\/2(m1 (- 2) + M)

(277,3 — mg)( — 2) — namq VN3 — ms I 1
Ib F— (215 — ms) (0 — 2) — ngmy (\/Q(TL?, —ma)(mi — (n{ —2)) + \/ms(nl —2)+ (n3 — 2m3)m1>

1
I.c n/1'—2 m ( m]__(nlll_2)+\/m]_>
1

1 /
1

(nf —2)? 1

Lf (ngmy + (nf] — 2))((2ng + 1)(n}] — 2) — nzmy) ng + 1 2(n3 + 1)(nf — 2)my N
. my — - (nf —2)
(ng +1)?my (2n3 + 1)(nf — 2) — ngmy n3mq + n1 —2)
" 1 " "
Lg 2(nf —2) —my 2T —2) — <\/m1—(n1—2)+\/n1—2)
(ngma — (m3 — 1)(nf —2))((2ns — (m3 — 1))(nf — 2) — ngma) ng — (mz — 1) — 2(ns — (mz — D)(nf =2)ma ),
Lh (ns — (= 1))2mn @ =y — D) (] — 2) — ngmn ( = (= 2) +\/ namr — (mh — (i —2) ”)
" 2
Li (m —2)° L (14 v2)
mq ny — 2
. (nlll _ 2)2 _ ngm% Vi ( " " )
L —2)+ +4/2(nf —2
J m ((n,l, “9)— ngml)\/(n’l’ ~ ) + g \/(711 ) nsmi \/ (Tl1 )
(n/ll — 2)2 1 " / " /
Lk B m \/(n1 —2)(m2—1)—|—m1+\/(n1—2)(m2—1)+2m1

Table C.1: The critical reaction rate ratio p. for linear stability of the homogeneous steady state (u*,v*) to spatially uniform perturbations, and the
Turing instability threshold vH = 1/d.p~1 for each of the eleven type-I Turing-unstable classes of minimal reaction scheme as functions of the integer
schoichiometric product coefficients. With reference to Figure 3 of the main text, the classes are labelled alphabetically down the columns: a-h column
1, i-j column 2, k column 3.
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Class Voclpe) = /H(n,m)\/pc(n, m) | inf (6:(pc))

La Vel _12) — <\/2(m1 —(nf —2)) + \/WT1> 1

! " o_ maln! — e — O
w V/Crs —ma) (] — 2) —ngmy WQ(”S‘””‘?’)(W‘(W 2)) + \/ma(nf — 2) + (n3 — 2ms) ) |
he 1( m1—<n’1’—2>+\/ﬁl) .
nf —2

Ld \/ﬁ (\/m n M) 1

Le Jiﬁ <\/m1 —(n{ —2)+ \/2m1 — (n} - 2)) )
e N e I
Lg 22— <\/m1 —-2)+ 2> 1
b | g %(%ﬁngn(l;g(??)(n?( Q)Qigml ( \/ e mgﬂ; 1_)1()( 0 —<n3’—2)> 1

Li 1+v2 3+2V2

Lj N e 21) —— (\/(n'{ —2) + ngmy + /2] — 2)) 3+2V2

Tk w% <\/(n'1’—2)(m2—1)—|—m1—|—\/(n’l’—2)(m2—l)+2m1> 34+2v3

Table C.2: The minimal Turing instability threshold \/d.(p.) = v/ Hp. for each of the eleven type-I Turing-unstable classes of minimal reaction scheme,
and the corresponding infima for d.(p.) over the stoichiometric product coefficients satisfying the Turing instability constraints. With reference to Figure
3 of the main text, the classes are labelled alphabetically down the columns: a-h column 1, i-j column 2, k column 3.




D Non-dimensionalisation of Type-II

Here we repeat, for the type-II minimal schemes, the non-dimensionalisation arguments applied in
Section B to the type-I minimal schemes. Deriving the phase boundaries in generality is complicated,
but is done here for some specific cases of type-II reaction schemes.

Corresponding to the choice of third reactant combination, the mass-action PDE models for the
type-II minimal schemes take one of three forms:

(i):

0
8—1; = D,V%u + a1 + apu + agu® + asuv,
Ov 2 2 )
T D, Vv + b1 + bau + bgu” + bsuv;
(ii):
0
8—1: = D, V?u + asu + asv + aqu’ + asuv,
0
a—: = DyV20 4 bou + byv + bau® + buw;
or (ii):
0
6—1: = DuV2u + asu + a4u2 + asuv + CLG’U2,
0
57 = DuV20 4 byu+ by® + buv + bev?.
Non-dimensionalising & = (&, t = 7, (u,v) = (o@,0d), and substituting in the forms for the
coefficients {a;, b;} in terms of {r;, n;, m;}, setting ¢ = D,,7 eliminates dependence on the diffusivities
D, and D, except through their ratio B—Z. Again setting o = ﬁ%, and choosing 7 = %, we obtain
(i):
81:6 29 T17T4 N ~92 ~ A~
— = VU + —5ng+ (n3 — )i+ (n1 — 2)0" + p(n2 — 1)ao,
ot s
Jv N
11 = 6V + %mzi + mat + mya? + p(mg — 1)ud;
ot s
(ii):
8'& 29 A ~ T4 N ~9 ~ A
pri Ve + (ng — 1)+ b + (n1 —2)a” + p(ng — 1)aw,
3
0D N
(;tf = 5V + maii + % (my — 1) + ma@® + plme — 1)ad;
3
or (iif):
811 29 A A~ ~2 A A T4 ~2
5 =V + (ng — 1)a + (n1 —2)a” + p(ng — 1)uv+r—n4v ,
1
00 N
a? = V20 + matt + mai® + p(ma — 1)id + = (my — 2)02,
1

where § = %Z and p =

rate parameters:

%. In each case we have a different second dimensionless group of reaction

. T1Tr4 .. T4 T4
1): = —5, . = —, : = .
0 =" (i): 02 =7 (i): g0 ==

11



The type-II minimal schemes are more difficult to analyse in generality than those of type I. Generally,
the steady state concentrations and the entries of the steady state Jacobian are functions of both
dimensionless groups of the reaction rate parameters, and these are not simple power law relations.
Accordingly, it is more complicated to separate out the constraints on only the stoichiometric coefficients,
under which the reaction rate parameters can be chosen in some open region so as to yield a Turing
instability. The slight exception to this is case (i) above, where the steady state concentration u* is
independent of p. To illustrate some more general points about the type-II schemes, we now undertake
a closer examination of the non-dimensionalised form (i), specifically for the minimal reaction schemes
identified in Section A.1.

D.1 Turing analysis of minimal type-II schemes of form (i)

Reviewing the minimal schemes that take this non-dimensionalised form, we identify the following

commonalities: n; > 2, ng > 1, mg = n3 = m3 = 0, my > 0. Thus we consider the general
non-dimensionalised PDE model

ou 9 9

% Vu+ o1ng — u+ (n1 — 2)u” + p(ne — 1)uw,

0

a—: =6V + o1my + miu? — puv,

where m; or ng may be zero. Solving the steady state equations, we find
((m — 2) +mq (ng — 1))(u*)2 —u* + 91(724 + (712 — 1)m4) =0, (D.l)

hence under the condition that

1
4(TL4 + (n2 — 1)m4)((n1 — 2) + m1(n2 — 1)’

01 <

we have two positive spatially uniform steady states:

. 1+ \/1 — 4(77,4 + (ng — 1)m4)((n1 — 2) + ml(ng — 1))@1 o — 1My + ml(u*)Q
B 2((n1 = 2) + mi(n2 — 1)) T pu*

U )

both of which satisfy Jj, > 0 and J3, < 0. For any positive steady state, the Routh-Hurwitz linear
stability condition det(J*) > 0 rearranges to give

1

U < 2((711 — 2) =+ ml(ng — 1))7

and so we determine that only the smaller of the two roots of (D.1) can exhibit a Turing instabity.
Our homogeneous steady state is thus

. 1—/T—4(ng+ (ng — 1)ma)((n1 — 2) + mi(n2 — 1)) o1 G + mq (u*)?
N 2((n1 —2) + my(n2 — 1)) ’ N pu* ’

(D.3)

u

and satisfies det(J*) > 0. Note that u* is independent of p. The condition Jj; > 0 is
(n1 = 2)(u")* > g1na.

If ngy = 0, this is guaranteed for any positive v*, since ny > 2. Otherwise, by substituting in the
expression for our steady state u*, we obtain the constraints

(n1 —2)ny
01 > (2n4(n1 — 2) +mi(ng — 1)ng + (n1 — 2)(ng — 1)my)? (D.4)
and )
o= s (D.5)

dng((ny —2) + mi(ng —1))2°

12



Similarly, the condition Jo1 < 0 is
my(u*)? < oyma,

and if m; = 0 then this is guaranteed, since my > 0. If m; > 0, substituting in the expression for our
steady state u* we obtain that o1 must satisfy one of

m1

> , D.6a
a1 4m4((n1 - 2) + ml(nQ - 1))2 ( )
or mam
174
< . D.6b
a ((n1 — 2)myg + 2mq(ng — 1)my + myng)? ( )
Lastly, the linear stability condition tr(J*) < 0 rearranges to give
— 2N (u*)? =
5 (m = 2)(W)” = eing (D.7)

(u*)?
Since u* is independent of p, this constraint is a lower bound on p which will vary with o;.

In summary, the region in (g1, p,d) parameter space in which we observe a Turing instability is most
restricted in the pj-axis. For existence of a positive steady state, o1 must satisfy (D.2). If ng # 0
then p; must also satisfy both (D.4) and (D.5); if m; # 0 then p; must also satisfy either (D.6a)
or (D.6b). Provided these constraints are met, then the Turing instability region is semi-infinite in
the p-axis, since the only constraint on p is the g;-dependent lower bound (D.7). As for the type-I
minimal schemes, the region is semi-infinite in the §-axis, now with lower bound § > d.(01, p) given
by (A.1).

As noted, the other two forms of the type-II minimal schemes are more difficult to analyse in generality.
However, for any given set of stoichiometric product coefficients, the analysis to determine whether a
reaction scheme can support a Turing pattern — and if so, to determine under what conditions on the
reaction rate parameters — is standard. Solving the steady-state equations can be done exactly. For
any positive steady state, it then remains to check the stability criteria tr(J*) < 0, det(J*) > 0, and
the type-II sign pattern criteria Ji;, Ji5 > 0 and J3;, J5, < 0. In general, the parameter regimes where
Turing patterns occur (if at all) are highly constrained and fine tuning of the reaction rate parameters
is required.

D.2 Uniqueness of positive stable homogeneous equilibria in minimal type-II
schemes

We show here for each of the Turing-unstable minimal schemes for type-II patterns that if a positive
homogeneous steady state (u*,v*) exists and is linearly stable (to spatially uniform perturbations),
then any other positive homogeneous steady state is linearly unstable. There may however be linearly
stable steady states where one or both of u*,v* are zero. We show our result by considering in turn
each of the three (dimensional) forms as listed above. The relevant deduction for schemes of form (i)
is already made in the above linearised analysis, however it is repeated here in a more succinct way
that is then applied similarly to the other two forms. For what follows, it will be useful to define the
cross differences
Cij = bia]’ — aibj,

and note that Cij = —Cji-

D.2.1 Form (i)

For type-II minimal schemes of this form, the reaction polynomials are
F(u,v) = aj + agu + asu® + asuw,

G(u,v) = by + bou + byu® + bsuv.

13



We note that if a steady state exists with u* # 0, then v* is uniquely defined in terms of u*. The
Jacobian evaluated at any steady state (u*,v*) is given by

g (02 + 2a4u* 4 azv*  asu*
- by + 2bgu™ + bsv*  bsu* )’

and using the steady state equations, we find that
det(J*) = 20574(’&*)2 — 0275@0*.

Hence the linear stability condition det(J*) > 0 implies that u* # 0 and further that 2c5 4u* —ca5 > 0
for any positive linearly stable steady state. We also have that

0="0bsF(u*,v") —asG(u",v*) = c51 — capu” + 05,4(u*)2.

For there to be two positive steady states (u*,v*), there must be two distinct positive roots u* to this
equation. If that is the case, then c5 4 # 0 and (c2,5)% # 4cs4¢51 and the roots are given by

. cast/(ca5)? —desacsy
Uy

N 20574

)

which yields

*
20574ui — 8275 = :f:\/(6275)2 — 405746571.
*

Thus only one of w’,u” satisfies 2c54u™ — c25 > 0, and we deduce that there can be at most one
positive linearly stable homogeneous steady state (u*,v*).

D.2.2 Form (ii)

For minimal schemes of this form, the reaction polynomials are
F(u,v) = agu + azv + aqu? + asuv,
G (u,v) = bau + bzv + byu® + bsuw.

We note again that if a steady state exists with u* # 0, then v* is uniquely defined in terms of u*.

The Jacobian evaluated at any steady state (u*,v*) is given by

ge_ (92 + 2a4u* + asv*  ag + asu*
o bo + 2byu* + bsv* by + bsu*

and using the steady state equations, we find that for any positive steady state
det(J*) = 2¢54(u*)? — (ca3 — c52)u*.
Hence 2c¢5 4u* — (ca3 — ¢52) > 0 for any positive linearly stable steady state. We also have that
0="b4F(u",v") — asG(u*,v*) = caou™ + ca 30" + cysuv™,

and

0 = by F(u*,v*) — asG(u*,v*) = c50u* + 530" + c5,4(u*)?.

For there to be two positive steady states (u*,v*), there must be two distinct positive solutions (u*, v*)
to these simultaneous equations. If that is the case, then c53 # 0 and the solutions correspond to two
distinct positive real roots u* of

0= c53C42 — Ca,3052 — (Ca3 — C52)c54u™ + (c5.4)% (u*)?.
If this equation does have two positive real roots then these are given by

(ca3 — c52) £ /(cag + c52)% — des 3ca0
2¢5.4

)

ul =

which yields

2c54u% — (ca3 —c52) = i\/(64,3 + ¢52)? — 4es 3¢40.

*

Thus only one of u* ,u* satisfies 2c5 4u™ — (c4,3 — ¢5,2) > 0, and we deduce that there can be at most
one positive linearly stable homogeneous steady state (u*,v*).
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D.2.3 Form (iii)
For minimal schemes of this form, the reaction polynomials are

F(u,v) = agu + asu? + asuv + agv?,
G(u,v) = bou + bau? + bsuv + bv?.

We note that if a positive steady state exists then u* is uniquely defined in terms of the ratio Z—i The
Jacobian evaluated at any steady state (u*,v*) is given by

J* as + 2a4u* + asv*  asu* + 2agv*
o ba + 2bsgu* + bsv*  bsu* + 2bgv* )’

and using the steady state equations, we find that for any positive steady state
det(J*) = 2¢p 60" — c50u™.
Hence 202,6% — ¢52 > 0 for any positive linearly stable steady state. We also have that
2

0=0boF(u*,v") — aaG(u*,v*) = 02,4(u*)2 + co5u v + ca6(v")7,

and so for a positive steady state we must have
v* v+ 2
0=rco4— G2 o +c26 el B

For there to be two positive steady states (u*,v*), there must be two distinct positive solutions Z— to
this quadratic equation. If that is the case, then ca 6 # 0 and the roots are given by

<v*> _espt/(c52)? —deapeaa
+

2¢2,6

9

which yields

*
v
2c26 <u*> —C52 = j:\/(05,2)2 —4co6C24.
+

Thus only one of (Z—)Jr , (%)7 satisfies 26276% —c52 > 0, and we deduce that there can be at most

one positive linearly stable homogeneous steady state (u*,v*).

E Parameter values for numerical simulations

Here we tabulate, in Tables E.1, E.2, and E.3 respectively, the parameter values used for the numerical
simulations displayed in Figures 6, 7, and 8 of the main text. All simulations were run in MATLAB
using a modified fourth-order Runga-Kutta-type exponential time differencing scheme (mETD4RK)!
which has been shown to be a suitable choice for stiff PDE problems?.

For the saturating type-1 example in Figure 8, the initial conditions used were
u(z,0) = u* + 1078 cos (3-22), wv(z,0)=v*+ 107 cos (3-22).

For the simulations in Figures 6 and 7, the initial conditions were the linearly stable homogeneous
steady state (u*,v*) perturbed with small spatial noise:

u(z;,0) = (1+107%)u*,  v(z,0) = (1+ 107 "p)v*, &, m £ Unif(—0.5,0.5) .

1S. M. Cox, P. C. Matthews, Exponential Time Differencing for Stiff Systems. Journal of Computational Physics
176, 430455 (2002)

2A.-K. Kassam, L. N. Trefethen, Fourth-order time-stepping for stiff PDEs. SIAM Journal of Scientific Computing
26, 1214-1233 (2005)
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Rate Diffusivity | Final

Class | Stoichiometric coefficients | constant ro D, time T
La (nf,n3,m1) = (4,1,3) 1.2 15 60
Lb | (nf,n3,mi,ms) = (4,3,3,1) 0.6 25 60
Lc (nf,nb,m1) = (3,2,2) 1.2 10 30
Ld | (nf,n5,mi,ms)=(3,3,2,1) 1.2 10 30
Le (nf,m1) = (3,2) 0.6 6 30
Lf (n,n3,mq) = (3, 1,2) 0.5 15 10
ILg (nf,n3,m1) = (4,1,3) 1.2 10 10
Lh | (nf,n3,mi,mb) = (4, 3 3,2) 0.7 20 5
Li (nf,m1) = (3,1) 1.2 10 30
Lj (nf,n3,m1) = (4,1,1) 3.6 20 60
Lk (nf,my1,mh) = (3,1,2) 1.2 15 90

Table E.1: Parameter values chosen for simulations shown in Figure 6. All simulations used r; = r3 =
D, =1, a fixed domain length L = 32 with a uniform spatial mesh of 2° = 512 nodes, and a fixed
time step of size hy = 2715, As a proxy for p, the rate constant ry was chosen to be approximately
1.2p.. As a proxy for §, the diffusivity D, was chosen to be approximately 1.2d.(p) = 1.446.(pc).

rate constants Diffusivity | Final

Class Stoichiometric coefficients 71 ‘ 79 ‘ r3 ‘ 74 D, time T
Il.a (nf,nb,mi,mq) = (3,2,2,1) 0.6 1.0 0.85 | 0.1 20 100
II.b (nf,nh,ng, mi,my) = (3,2,1,1,2) | 0.75 1.0 0.95 | 0.05 50 200
II.c (nl,nQ,m4) (3,2,1) 0.75 1.0 0.8 0.1 50 200
II.d (nf,nh,ng,mq) = (3,2,1,1) 0.75 1.0 0.78 | 0.1 50 100
Il.e (nf,ng,m1,ms,my) = (4,1,1,1,2) | 0.61 1.0 0.85 | 0.1 100 200
ILf | (nf,ng,mi,mg,mlj)=(4,1,1,1,3) | 0.1 | 0.992 | 0.25 | 0.41 100 400
Il.g (n,ng,msg,mly) = (3,1,1,2) 0.6 1.0 0.7 0.2 40 100
IL.h (nf,na,ms,my) = (3,2,1,3) 0.35 | 0985 | 0.3 | 0.23 80 400
II.i (nf,nh,ng,mi,my) = (4,2,1,1,2) | 0.15 | 0.97 0.8 | 0.52 80 300
I1. (nf,nb,mi,m}y) = (4,2,2,2) 0.15 1.0 0.7 0.4 5 200
1.k (nf,n4,m1,m}y) = (6,2,1,2) 0.75 1.0 0.7 | 0.125 20 200
I1.1 (nf,ng,m1,my) = (4,1,1,2) 0.68 1.0 0.8 0.2 60 200
ILm | (nY,n4,mi,msg,my)=(52,1,1,3) | 0.32 | 0.9993 | 0.2 | 0.26 60 400
II.n (nY,ng,mg,my) = (3,2,1,3) 0.35| 0995 | 0.3 | 0.94 60 100

Table E.2: Parameter values chosen for simulations shown in Figure 7. All simulations used D,, = 1,
a fixed domain length L = 128 with a uniform spatial mesh of 2% = 512 nodes, and a fixed time step

of size hy = 2715,
stoichiometric rate constants | diffusivity | domain final
Class coefficients 71 ‘ T9 ‘ T3 D, length L | time T
La | (nf,ng,m1)=(41,3)[ 1 [12] 1 | 15 | 28 | 200

Table E.3: This simulation used D, = 1, a uniform spatial mesh of 22 = 512 nodes, and a fixed time
step of size hy = 271°. The initial conditions were the linearly stable homogeneous steady state (u*, v*),
plus a small cosine perturbation with wavenumber k& maximising the linearised temporal growth rate
of the perturbation.
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