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AbstractThe interaction of three-dimensional steady and oscillatory pat-terns on a hexagonal planar lattice is considered, when the ratio of thepattern lengthscales is 1 : p3. The normal form for the mode inter-action is derived from symmetry considerations for the simplest case;this is where the size of the imposed lattice is chosen to ensure thatthe relevant symmetry group, D6 � T 2, acts by its fundamental repre-sentation on both the steady and oscillatory modes. This analysis is ofinterest for many pattern-forming systems because the wavenumbersinvolved in mode interactions of this kind are those selected naturallyby the system in a spatially-extended domain.1



AMS subject classi�cation: 37C80, 37G05, 37G40, 37L10
1 IntroductionA common feature of many spatially-extended continuum systems is that theyundergo pattern-forming instabilities of an initially uniform state. These of-ten produce steady regular periodic patterns, for example stripes or hexagons.In some cases, though, the loss of stability is via a Hopf bifurcation and os-cillatory phenomena such as standing or travelling waves are seen. Near theboundaries in parameter space which divide these two kinds of instabilitywe expect some sort of interaction between steady and oscillating patterns.These interactions may well lead to complex dynamics. In this paper weconsider such an interaction and derive, by symmetry arguments, the nor-mal form for the behaviour close to the pattern-forming instability thresholdwhen the system parameters are near the boundary which divides the regionsof steady and oscillatory pattern-forming behaviour.Much of the time this transition from steady instability to oscillatoryinstability takes place at a point where the preferred wavenumbers (for aspatially-extended plane layer) for the two kinds of instability are distinct;there is a jump in the preferred horizontal scale of the pattern. In this paperwe examine the case where the ratio of the preferred wavenumbers is p3.Although this seems very restrictive, the normal form we derive is the sim-plest possible one for a Hopf/steady-state mode interaction on a hexagonallattice and provides a starting point for consideration of more complex modeinteractions at di�erent wavenumber ratios. The frequency of the oscillatoryinstability remains bounded away from zero at the codimension-2 point; thisfact distinguishes clearly between Takens-Bogdanov bifurcations [7] and the2



Hopf/steady-state bifurcations considered here and previously in [2]. Sincemany physical systems form hexagonal, rather than square, patterns it isclearly of interest to frame problems which have hexagonal solutions. A clearrecent example of a physical system where this analysis may be applicableis a two-layer convection problem where the e�ects of surface-tension areimportant [6].2 Mode interactionWe consider a set of smooth PDEs@u@t = F(u; �1; �2) (1)for the quantities u(x; z; t) in the domain (x; z) 2 R2 � [0; 1] where F isa nonlinear function and �1 and �2 are (real) physical parameters for thesystem. We assume that there is a uniform, time-independent basic stateu = 0 which exists for all (�1; �2). The uniform state is invariant under thenatural action of the group E(2) of all translations, rotations and reectionsof the plane. We further assume that at the point �1 = �c1, �2 = �c2 theuniform state is simultaneously unstable to perturbations at two distinctwavenumbers; for the smaller wavenumber the eigenvalues are imaginary andfor the larger wavenumber they are zero. The marginal stability curves forthe uniform state take the form shown in �gure 1.The E(2) invariance of the basic state u = 0 causes problems; as allhorizontal directions are equivalent there are whole circles of critical wave-vectors to consider. We would like to perform a centre manifold reductionto obtain a �nite-dimensional set of ODEs describing the mode interaction.This is only possible if we introduce extra constraints.The constraints we introduce are that we require the bifurcating modesto be periodic with respect to a doubly-periodic lattice L in the plane, u(x+3
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(c)(b)Figure 1: (a) Marginal stability curves (wavenumber � against �1) for the uniformstate for �2 < �c2. Below the curves the uniform state is stable to steady (solid line)and oscillatory (dashed line) perturbations. As �1 increases the �rst instability isa steady one at this value of �2. (b) �2 = �c2. (c) �2 > �c2; at this point theoscillatory instability occurs �rst as �1 increases.`; z; t) = u(x; z; t) for all ` 2 L. For this problem we take the real-spacelattice L to beL = �n`1 +m`2 : (n;m) 2 Z2; `1 = 2�� �1;� 1p3� ; `2 = 2�� �0; 2p3��(2)and the corresponding dual lattice L�, de�ned byL� = (nk1 +mk2 : (n;m) 2 Z2; k1 = �(1; 0); k2 = � 12 ; p32 !)(3)so that ki � `j = 2��ij . The factor � is the critical wavenumber for oscillatoryperturbations, and could be removed by re-scaling lengths in the originalPDEs. Having restricted the problem to a lattice, we have ensured that thedimension of the centre manifold of the bifurcation problem is �nite, and havebounded away from zero the growth rates of all other modes not on the criticalcircle. The geometry of the lattice is shown in �gure 2. The mode interactioninvolves six oscillatory modes z1; : : : ; z6 and three steady ones w1; w2; w3.4
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Figure 2: The dual lattice L� for the 1 : p3 Hopf/steady-state mode interaction ona hexagonal lattice. The two dashed circles indicate the circles of critical wavevec-tors: they have a radius ratio of p3. The oscillatory modes are z1; : : : ; z6 and thesteady modes are w1; : : : ; w3.The symmetry group of the problem has also been reduced, from E(2) to� = D6� T 2. The group D6 is the holohedry of the lattice (the symmetryelements which leave the lattice invariant) and the two-torus of translationsappears because there is no pre-determined spatial origin for the lattice. Innormal form the amplitude equations for the modes z1; : : : ; z6; w1; w2; w3 arealso invariant under a normal form symmetry corresponding to a circle groupS1 of time translations. Hence the full symmetry group of the problem is�� S1. 5



3 Group action and linear theoryAfter restricting to the lattice, perturbations to the basic state take the formu = Re[z1ei(�x�!t) + z2e�i(�x+!t) + z3ei(��2 x+�p32 y�!t) + z4ei(�2 x��p32 y�!t)+z5ei(�2 x+�p32 y�!t) + z6ei(��2 x��p32 y�!t) + w1ei( 3�2 x+�p32 y)+w2ei�p3y + w3ei(� 3�2 x+�p32 y)]F(z) (4)where F(z) forms the vertical structure of the solution and ! is the frequencyof the Hopf bifurcation. The space of perturbationsw = (z1; z2; z3; z4; z5; z6; w1; w2; w3)is then isomorphic to the vector space W �= C 9 . The action of � � S1 onthe mode amplitudes is inherited from its natural action on the plane R2 ;the action of D6 is generated by the reection mx : (x; y)! (x;�y) and therotation anticlockwise through an angle of �=3, denoted �:mx : (z1; z2; z3; z4; z5; z6)! (z1; z2; z6; z5; z4; z3) (5)(w1; w2; w3)! ( �w3; �w2; �w1) (6)� : (z1; z2; z3; z4; z5; z6)! (z5; z6; z2; z1; z3; z4) (7)(w1; w2; w3)! (w2; w3; �w1) (8)The action of the translation group T 2 � S1 is given by[(�; �); �] : (x; y; t)! (x + �=�; y + �=�; t+ �=!) (9)(z1; z2; z3; z4; z5; z6)! (z1ei(���); z2e�i(�+�); z3ei(� �2+ �p32 ��);z4ei( �2� �p32 ��); z5ei( �2+ �p32 ��); z6ei(� �2� �p32 ��)) (10)(w1; w2; w3)! (w1ei( 3�2 + �p32 ); w2ei�p3; w3ei(� 3�2 + �p32 )) (11)We require the normal form _w = f(w; �1(�1; �2); �2(�1; �2)) to be � � S1-equivariant, i.e. f(w; �1; �2) = f(w; �1; �2) for all  2 ��S1. The Taylor6



series expansion of f up to terms of degree n can be made to commute withthe S1 action by applying near-identity transformations to remove termsorder by order which do not commute with the S1 action. In this paper weare interested only in computing the cubic truncation of f and assume thatthe cubic truncation has the normal form symmetry. We ignore questionsconcerning the inuence of higher-order terms, in particular the `tail' of termsof degree higher than n which may not be � � S1-equivariant, but only �-equivariant. Assuming f is a smooth function, we may write it asf(w) = nXj=1 gj(w; �1; �2)hj(I1; : : : ; IK) (12)where the terms g1(w); : : : ;gn(w) are � � S1-equivariant and the hj termsare polynomials in the K distinct �� S1 invariants I1; : : : ; IK .We �rst consider the linearisation of the amplitude equations:_zj = (�1(�1; �2) + i!0(�1))zj ; (13)_wk = �2(�1; �2)wk (14)for 1 � j � 6 and 1 � k � 3, where !0(�1) is the nonlinear correction tothe frequency of oscillations of the Hopf bifurcation; the physical oscillationfrequency is ! + !0(�1). The linearised equations must take this form be-cause the action of � on (w1; w2; w3) is absolutely irreducible and the actionon (z1; z2; z3; z4; z5; z6) is isomorphic to two copies of the same absolutelyirreducible representation [8], and hence is �-simple. The (real) bifurcationparameters �1 and �2 depend in some way on the physical parameters �1; �2such that (�1; �2) = (0; 0) at (�1; �2) = (�c1; �c2) and there is a locally invert-ible co-ordinate transformation:det 0@ @�1=@�1 @�1=@�2@�2=@�1 @�2=@�2 1A�������c1;�c2 6= 0 (15)7



4 T 2 � S1 invariants and the normal formWe now compute all invariants up to degree 4 since generically the be-haviour near the mode interaction is determined by the third-order trun-cation of the normal form. Clearly there are nine invariants of degree 2;jz1j2; : : : ; jz6j2; jw1j2; jw2j2; jw3j2. After removing degree 2 invariants, a gen-eral invariant has the form I = zm1 zn2 zp3zq4zr5zs6wu1wv2ww3 where we adopt theusual convention that zlj � �zjljj if l < 0. Requiring invariance under theT 2 � S1 action (10) - (11) leads to the following conditionsm� n� p2 + q2 + r2 � s2 + 3u2 � 3w2 = 0; (16)p2 � q2 + r2 � s2 + u2 + v + w2 = 0; (17)m+ n+ p+ q + r + s = 0; (18)jmj+ jnj+ jpj+ jqj+ jrj+ jsj+ juj+ jvj+ jwj � 4: (19)This last condition restricts the search to those invariants of degree 4 orless. There are three distinct types of invariant: ones which contain only thesteady modes wj , ones which contain only oscillatory modes zj and thosewhich couple the two. All invariants in the �rst case occur in the steadybifurcation problem on a hexagonal lattice [1, 5]. Similarly, the oscillatorybifurcation problem was examined by Roberts, Swift & Wagner [8]. In theseproblems the following invariants were found, and are also invariants for themode interaction considered here:w1w3 �w2; (20)z1z2�z3�z4; z1z2�z5�z6; �z3�z4z5z6: (21)Now we turn to considering invariants involving both wj and zk modes. We�rst restrict attention to computing all those involving z1, and then applythe interchange symmetries in the group D6 to �nd the whole `group orbit'of invariants of that type. 8



From (18) we see that any invariant must involve an even number of theoscillatory modes; if this number is zero, the invariant must be (20) and ifthis number is four the resulting invariant must be one of (21). We needonly now consider invariants containing exactly two oscillatory modes, one ofwhich is (without loss of generality) z1. All other invariants are then obtainedby applying the D6 interchange symmetries to the invariants we �nd. Thereare (up to conjugacy) three possibilities; (i) m = �n = 1, p = q = r = s = 0;(ii) m = �p = 1, n = q = r = s = 0; (iii) m = �q = 1, n = p = r = s = 0.Case (i) implies4 + 3(u� w) = 0; u+ 2v + w = 0 (22)which has no integer solutions satisfying juj+ jvj+ jwj � 2.Case (ii) impliesw � u = 1; u+ 2v + w = 1 (23)which has two independent solutions; w = 1, u = v = 0 and u = �1, v = 1,w = 0. These give rise to invariants z1�z3w3 and z1�z3 �w1w2.Case (iii) implies1 + 3(u� w) = 0; u+ 2v + w = �1 (24)which again has no integer solutions.The invariants found in case (ii) yield new T 2 � S1-invariants after theelements of the holohedry D6 are applied to them. Using this fact, and ap-plyingmx (the only element of D6 which �xes z1) to the invariants we deducethe other invariants containing z1: z1�z6 �w1 and z1�z6 �w2w3. A complete list ofinvariants can now be compiled by applying the D6 action to the invariantsfound so far. The equivariants Ej for the equation _z1 = f1(w; �1; �2) aregiven by Ej = Ij=�z1 for all invariants Ij which contain �z1.9



From these computations, the amplitude equation _z1 = f1(w; �1; �2) isfound to take the following form when truncated at cubic order_z1 = z1 ��1 + i!0 + a1jz1j2 + a2jz2j2 + a3(jz3j2 + jz6j2) + a4(jz4j2 + jz5j2)+a5(jw1j2 + jw3j2) + a6jw2j2�+ b1(z3 �w3 + z6w1) + b2�z2(z3z4 + z5z6)+b3(z3w1 �w2 + z6w2 �w3) (25)where the complex coe�cients a1; : : : ; a6; b1; b2; b3 are formally functions of �1and �2 but for the purpose of stability calculations we use the values evaluatedat the bifurcation point (�c1; �c2). The equations for z2; : : : ; z6 are obtainedby applying the interchange (D6) symmetries to (25). The correspondingequation for w1 is_w1 = w1 ��2 + c1jw1j2 + c2(jw2j2 + jw3j2) + c3(jz1j2 + jz5j2)+�c3(jz2j2 + jz6j2)�+ d1w2 �w3 + d2(z1�z6 + �z2z5)+d3(�z2z4w2 + z3�z6 �w3) + �d3(z1�z3w2 + �z4z5 �w3) (26)where the coe�cients c1, c2, d1 and d2 are constrained to be real, but c3,c4 and d3 are in general complex. These constraints on the coe�cients canbe easily checked by requiring equivariance under the transformations ��mxwhich �xes w1 and �4 �mx which maps w1 ! �w1. The amplitude equationsfor w2 and w3 are obtained by applying the rotations � and �2 to (26).This completes the computation of the normal form for the simplest caseof the 1 : p3 Hopf/steady-state mode interaction. More complicated ampli-tude equations can be derived when the lattice is chosen so that one or bothcritical circles intersect it in twelve points rather than six. These higher-dimensional problems enable the stability of solutions to a wider class ofperturbations to be considered, and would also enable the analysis of inter-actions between steady and oscillatory superlattice patterns [4, 3].10
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