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Previous work on steady convection has focussed on the K�uppers{Lortz insta-bility [2{4] where (if the rotation rate is large enough) rolls are unstable at theonset of convection to perturbations in the form of rolls aligned at an angleto the original rolls. This angle of instability depends very sensitively on thePrandtl number: in the limit � !1 the critical angle is found to be approx-imately 58�. The use of stress-free boundaries introduces further instabilitiesof steady rolls, to perturbations aligned at very small angles [5]. These small{angle instabilities are not seen when no{slip boundaries are imposed, and likethe K�uppers{Lortz instability, can be described dynamically as a heterocliniccycle connecting rolls at varying orientations.In the oscillatory regime two-dimensional analyses have shown that eitherTravelling Rolls or Standing Rolls can be preferred [6]. In three dimensionsthe possibilities are more complex, and have been investigated only recently[7]. In particular, there is an analogous K�uppers{Lortz type of instability forTravelling Rolls which occurs for values of � < 0:3.The outline of the paper is as follows. In section 2 we specify the idealisedconvection problem considered, derive the normal form equations which governbehaviour near the codimension 2 point and discuss the dynamics of the steadyand oscillatory parts of the problem separately. A complete analysis of thedynamics of the mode interaction is presented in section 3. Section 4 containsa discussion and presents conclusions.2 Rotating convectionRotating Boussinesq convection is governed by three dimensionless parame-ters: the Prandtl number � = �=� (the ratio of the rates at which velocity andtemperature gradients di�use), the Rayleigh number R which is proportionalto the temperature di�erence across the layer and the square root of the Tay-lor number � = 2h2
=� where h is the depth of the layer, 
 is the rotationrate and � is the kinematic viscosity.Let u = (ux; uy; uz) and � be perturbations to the conduction solution u0 = 0,T0 = 1 � z for the velocity and temperature �elds respectively. The evolu-tion of these perturbations is governed by the following non-dimensionalisedequations (in the co-rotating frame):(@t � �r2)r2u+ ��@z!+ �RD �=r�r� (!� u) (1)(@z �r2)� � uz =�u � r� (2)2



r � u=0 (3)where the double curl of the momentum equation has been taken (to eliminatethe pressure term), ! = r� u and the vector operator D � (@2xz; @2yz;�@2xx�@2yy) We impose periodic boundaries in the horizontal directions and stress-free, �xed temperature upper and lower boundaries.@zux = @zuy = uz = � = 0 at z = 0; 1 (4)From a linear stability analysis of the conduction (trivial) solution (see, forexample Chandrasekhar [1]) the critical Rayleigh number for the onset ofsteady convection at wavenumber �s isRs= (�2s + �2)3 + �2� 2�2s (5)and, when � < 0:677 and � > �c(�) the transition to steady convection ispreceeded by a Hopf bifurcation from the trivial solution. The critical Rayleighnumber for the onset of oscillatory convection at wavenumber �o is found tobe Ro = 2�2�2� 2�2o(1 + �) + 2(�2o + �2)3(� + 1)�2o (6)The frequency of the Hopf bifurcation at onset is given by!20 =(�2o + �2)2�2" � 2�2(1� �)(�2o + �2)3(1 + �) � 1# (7)The line marked `1 in �gure 1 separates regions of the (�; �)-plane wheresteady or oscillatory convection is preferred at onset; the line is de�ned bythe condition that the critical Rayleigh numbers for steady and oscillatoryconvection are equal. We restict attention to wavenumbers �s and �o whichminimise Rs and Ro respectively as in an extended layer we expect to seeconvection cells with these horizontal scales.As we cross line `1 in �gure 1, the preferred horizontal wavenumber jumps,because �s 6= �o in general, during what must somehow be a smooth transi-tion from steady to oscillatory behaviour. We can explain this transition fullyin the neighbourhood of the codimension 2 point where the ratio of criticalwavenumbers �s=�o = p2 by �tting the marginal modes for steady convec-tion onto a square lattice (which is required to keep the centre manifold of thebifurcation problem �nite dimensional), see �gure 2(a). To locate this 1 : p2resonance we have to satisfy the following four conditions:3



dRsd(�2s) = 0 ) 2(�2s + �2)3 � 3�2(�2s + �2)2 � �2� 2 = 0 (8)dRod(�2o) = 0 ) 2(�2o + �2)3 � 3�2(�2o + �2)2 � �2�2� 2(1 + �)2 = 0 (9)
Rs = Ro ) 2(1 + �)(�2 + �2o)3�2o + 2�2�2� 2�2o(1 + �) = (�2s + �2)3 + �2� 2�2s (10)�s = �op2 (11)These conditions are satis�ed at parameter values �c = 0:61288, �c = 332:22and Rc = Rs = Ro = 22661 giving a critical steady wavenumber �s = 8:7773.This point is marked P on �gure 1. The dashed line in �gure 1 shows the resultof satisfying conditions (8), (9) and (11) simultaneously. This illustrates howclose the ratio s = �s=�o stays to p2 along `1. This is also demonstrated in�gure 2(b).2.1 The normal formBy imposing a square lattice we reduce the symmetry group of the problemfrom the non-compact special Euclidean group SE(2) of rotations and trans-lations of the plane to the compact group Z4� T 2. This ensures the existenceof a �nite dimensional centre manifold for the bifurcation problem and en-ables us to derive a set of ODEs (amplitude equations) for the dynamics. Theform of the amplitude equations can be determined purely from symmetryconsiderations. The role of the governing uid equations is to determine thenumerical values of the coe�cients in the normal form.We impose a square planform so that the vertical velocity is represented asa sum of four travelling waves in the �x and �y directions and two steadymodes along the diagonals of the square lattice, see �gure 2(a).uz(x; y; z; t)=Re(A1ei(�x�!t)) + A2e�i(�x+!t) +B1ei(�y�!t)+B2e�i(�y+!t) + Cei�(x+y) +Dei�(x�y))f(z) (12)where f(z) represents the vertical structure of the velocity �eld. The amplitudeequations describing the evolution of A1; : : : ; D on a slower timescale mustbe equivariant under the group Z4� T 2 generated by quarter-turn rotationsabout the z-axis and translations in the x and y directions:� : (x; y)! (y;�x) : (A1; A2; B1; B2; C;D)! (B1; B2; A2; A1; �D;C) (13)4



��;� : (x; y)! (x+ �=�; y + �=�)(A1; A2; B1; B2; C;D)! (A1ei�; A2e�i�; B1ei�; B2e�i�; Cei(�+�); Dei(���))(14)We also impose the Boussinesq symmetry:mz : z ! 1� z : (A1; A2; B1; B2; C;D)! �(A1; A2; B1; B2; C;D) (15)These equivariance conditions lead to the following amplitude equations onthe centre manifold (truncated at third order):_A1=A1[�̂1 + ajA1j2 + bjA2j2 + cjB1j2 + djB2j2 + �1jCj2 + �2jDj2]+e �A2B1B2 + �3A2CD (16)_A2=A2[�̂1 + ajA2j2 + bjA1j2 + cjB1j2 + djB2j2 + �1jCj2 + �2jDj2]+e �A1B1B2 + �3A1 �C �D (17)_B1=B1[�̂1 + ajB1j2 + bjB2j2 + cjA2j2 + djA1j2 + �1jDj2 + �2jCj2]+e �B2A1A2 + �3B2C �D (18)_B2=B2[�̂1 + ajB2j2 + bjB1j2 + cjA1j2 + djA2j2 + �1jDj2 + �2jCj2]+e �B1A1A2 + �3B1 �CD (19)_C =C[�2 + �1jCj2 + �2jDj2 + �3jA1j2 + ��3jA2j2 + �4jB1j2 + ��4jB2j2]+�1B1 �B2D + �2A1 �A2 �D (20)_D=D[�2 + �1jDj2 + �2jCj2 + �3jB2j2 + ��3jB1j2 + �4jA1j2 + ��4jA2j2]+�1A1 �A2 �C + �2 �B1B2C (21)As usual for problems involving Hopf bifurcations in normal form there isalso a normal form symmetry which corresponds to a time translation. Thisgenerates an additional S1 group:�� : t! t + �=!0 (A1; A2; B1; B2; C;D)! (A1e�i�; A2e�i�; B1e�i�; B2e�i�; C;D)Hence the complete symmetry group of the problem is � = Z4� T 2�S1. Thethird-order truncation is generically found to be su�cient to determine thedynamics near codimension 2 bifurcation points such as this. The coe�cients�2; �1, �2, �1 and �2 are forced to be real by symmetry, but all other coe�cientsare, in general, complex. We write �̂1 = �1 + i~!(�1) where �1 and ~! are bothreal. 5



When C = D = 0 the equations reduce to the normal form for a Hopf bifurca-tion with Z4� T 2 symmetry. This has been studied in detail by Knobloch andSilber [8] and is summarised in section 2.2. When A1 = A2 = B1 = B2 = 0the equations for C and D describe the usual steady bifurcation to either rollor square solutions, discussed in section 2.3.2.2 The Hopf bifurcationWe recall the de�nitions of an isotropy subgroup �x = f 2 � : x = xg anda �xed point subspace Fix(�) = fx : x = x 8  2 �g. The Hopf bifur-cation with Z4� T 2 symmetry generically produces four branches with twodimensional �xed point subspaces [8], which therefore exist for all values ofthe normal form coe�cients by the Equivariant Hopf Theorem [9]. These aredenoted Travelling Rolls (TR), Standing Rolls (SR), Standing Squares (SS)and Alternating Rolls (AR). A further periodic solution, Standing Cross Rolls(SCR), exists for some combinations of normal form coe�cients - its existenceis not guaranteed by the Equivariant Hopf Theorem since it has a four dimen-sional �xed point subspace. The stability properties of these periodic orbitsdepend on the values of the normal form coe�cients a - e and are summarisedin table 1. Table 1 also contains a quasiperiodic solution, the Travelling Bi-modal (TB) branch. This solution also has a four dimensional �xed pointsubspace and so is not guaranteed to appear for all coe�cient values [8]. Weexpect that further doubly and triply-periodic solutions can exist in regionsof parameter space, as when c = d the quasiperiodic solutions found in [10]will exist.The Travelling Roll periodic orbit is an example of a relative equilibrium, itis a periodic orbit where time evolution around the orbit is equivalent to theaction of a spatial symmetry: for a point u0 on the orbit, �t(u0) = tu0 forsome spatial translation t which depends on t. For the Travelling Roll solutionany time advance is equivalent to a suitable spatial translation: this impliesthe existence of a continuous group orbit of TR solutions. None of the otherfour periodic solutions is a relative equilibrium.Just as for the Hopf bifurcation with D4� T 2 symmetry, there exist openregions of the parameter space where none of the branches with two dimen-sional �xed point subspaces are stable. Unlike the D4� T 2 - symmetric case,a further possibility for the dynamics is the formation of a structurally stableheteroclinic cycle connecting four Travelling Roll states. This is not possiblein the D4� T 2 - symmetric case as the reection symmetries ensure that thestability of a TR orbit to perturbations at 90� clockwise to it is the same asits stability to perturbations at 90� anticlockwise.6



2.3 The steady bifurcationWhen A1 = A2 = B1 = B2 = 0 the phases of C and D decouple fromequations from their moduli. Applying the equivariant branching lemma wecan guarantee that two branches of solutions bifurcate when �2 = 0. These areof the form C 6= 0, D = 0, denoted rolls, and C = D 6= 0, denoted squares.When the normal form coe�cients are non-degenerate (the non-degeneracyconditions are that a �nite number of combinations of the coe�cients do notvanish) the third order truncation fully describes the dynamics and these areall the solutions that appear. When both bifurcate supercritically, exactly oneof them is stable, and when one or both bifurcate subcritically, neither can bestable.2.4 Calculation of the normal form coe�cientsWe calculate the normal form coe�cients in (16) - (21) using modi�ed per-turbation theory, expanding the Rayleigh number R and square root of theTaylor number � in powers of " in addition to the velocity and temperature�elds:u= "u1 + "2u2 + : : : (22)�= "�1 + "2�2 + : : : (23)R=Rc + "R1 + "2R2 + : : : (24)� = �c + "�1 + "2�2 + : : : (25)The numerical values of Rc and �c give the location of the 1 : p2 point locatedin section 2. We then equate the terms in (1) - (2) in each power of ". Thisleads to the following schematic equations:O(") : L(u1; �1)= 0 (26)O("2) : L(u2; �2)=N1(u1; �1) (27)O("3) : L(u3; �3)=N2(u1; �1;u2; �2) (28)where L is the linear operator on the LHS of equations (1) - (2) and N1 andN2 represent nonlinear terms.By taking stress-free, �xed temperature boundary conditions (4) the solutioncan be expressed completely and simply in terms of exponentials; the lin-ear operator has exponentials as eigenfunctions. We use the incompressibilitycondition (3) as an independent check that the calculation is correct at eachorder. It would be possible to use a poloidal-toroidal decomposition, but the7



existence of mean ow terms means they would have to be explicitly addedinto the scheme. At second order in " in the calculation we apply the solv-ability condition to �nd that R1 = T1 = 0. At third order the values of thenormal form coe�cients are derived and the modes A1; : : : ; D evolve on a slowtimescale t0 = "2t. We will drop the prime from now on, and denote the slowtimescale simply by t.The bifurcation parameters �1 and �2 are linearly related by the modi�edperturbation expansion to R2 and �2:0B@�1 + i~!�2 1CA=0B@ 1:493 + 2:451i �0:1184� 0:3745i6:441 �0:5482 1CA0B@R2=1000�2 1CA (29)The form of this transformation agrees with intuition: increasing R2 will in-crease both bifurcation parameters, and increasing �2 will decrease them. Thesubsequent analysis of equations (16) - (21) explains the transition from steadyto oscillatory motion near the 1 : p2 point P .
3 1 : p2 resonance in rotating convection3.1 Bifurcations from the trivial solutionThe trivial (conduction) solution is stable in the quadrant (�1 < 0; �2 < 0).It loses stability in a Hopf bifurcation when �1 = 0, �2 < 0 and in a steady-state bifurcation when �1 < 0, �2 = 0. By rescaling the amplitudes A1 =Â1p�1; : : : ; C = Ĉp�2 etc we see that the bifurcation parameters �1 and �2only enter the rescaled equations in the combination �1=�2: all bifurcationsoccur on straight lines through the origin. The bifurcation diagram can bemost easily presented by de�ning � = tan�1(�2=�1) and following a path ofincreasing �, ��=2 � � � �. The Hopf bifurcation occurs at � = ��=2 and thesteady-state one at � = �. The full bifurcation diagram is shown in �gure 3.At � = ��=2 the trivial solution loses stability to the four oscillatory modesA1, A2, B1 and B2; this is the Hopf bifurcation with Z4� T 2 symmmetryanalysed in section 2.2: all four periodic solution branches bifurcate super-critically, and the Travelling Roll branch is stable, as shown in �gure 1. Thestability of the TR solution jA1j2 = ��1=ar, A2 = B1 = B2 = 0 to perturba-tions in the C and D modes is given by the linearisation of (16) - (21) aroundthe TR solution: 8



_C = C  �2 � �3�1ar ! _D = D  �2 � �4�1ar ! (30)where sub or superscripts r and i denote the real and imaginary parts of acoe�cient. Using the numerically calculated values of the coe�cients, the TRsolution is stable in the region ��=2 < � < tan�1 �r3=ar = �1:5266 whereit loses stability in a subcritical pitchfork bifurcation which creates solutionswith (for example) A1 and C both non-zero. These unstable solutions aredenoted Travelling Rolls plus Diagonal Rolls (TR+DR):jA1j2 = �1�1 � �2�r1�r1�r3 � ar�1 jCj2 = ar�2 � �r3�1�r1�r3 � ar�1 (31)3.2 Bursting behaviourNumerical investigations of the normal form above this bifurcation point showirregular \bursts" of activity (see �gure 4): trajectories approach the unsta-ble TR orbit and follow its unstable manifold out to large amplitudes beforebeing re-injected to the neighbourhood of a Standing Rolls (SR) orbit in theinvariant subspace S1 = f(A1; A2; 0; 0; 0; 0)g. The SR orbit is, for this regionof �, stable to perturbations in the C and D modes, but it is unstable to theTR orbit within S1 so points close to the SR orbit move towards the TR orbitstaying close to the subspace S. Near the TR orbit they follow the unstablemanifold of the TR orbit and perturbations in the C-direction grow rapidly.In the invariant subspace S2 = f(A1; 0; 0; 0; C; 0)g the unstable manifold ofthe TR orbit extends to in�nity for tan�1 �r3=ar = �1:5266 < � < �=2, i.e.commencing at the subcritical pitchfork bifurcation. Trajectories close to thissubspace reach very large amplitudes before being attracted back towards theSR orbit and the subspace S1, causing the cycle to repeat. This is illustratedschematically in �gure 5.The existence of a structurally stable connection between the TR orbit anda point at in�nity enables the dynamics to exhibit bursts of �nite duration,but unbounded amplitude. Bursts with these properties have been observedin experiments on (non-rotating) binary uid convection [11] and a dynamicalexplanation for the experimental observations involving a system of two os-cillatory modes with weakly broken D4 symmetry is discussed in [12, section3]. This nearly D4-symmetric system also contains a structurally stable con-nection to a point at in�nity and the mechanism for the generation of burstsis formally very similar. The major di�erences between the two examples arethat the equations (16) - (21) are exactly Z4� T 2-symmetric and involve aninteraction between steady and oscillatory modes. There is also no convenientcoordinate transformation to study the dynamics in the invariant subspace `at9



in�nity' for (16) - (21) analytically, as there is for [12].The dynamics within the S2 subspace can be analysed by restricting equa-tions (16) - (21) to S2:_A=A1[�̂1 + ajA1j2 + �1jCj2] (32)_C =C[�2 + �1jCj2 + �3jA1j2] (33)To determine the behaviour as jAj and jCj become large, we write A1 =Rei�1 cos � and C = Rei�2 sin �. We also rescale time by a factor of R2. Thenew time variable is T = R2t. The evolution equations for R, �, �1 and �2 aredRdT = 1R(�1 cos2 � + �2 sin2 �) +R[ar cos4 � + (�r1 + �r3) cos2 � sin2 � + �1 sin4 �](34)d�dT = cos � sin �(�2 � �1)R2 + cos � sin �[(�1 � �r1) sin2 � + (�r3 � ar) cos2 �] (35)d�1dT = ~!R2 + ai cos2 � + �i1 sin2 � (36)d�2dT = �i3 cos2 � (37)From (35) we can see that as R!1 (in a �nite time),� ! �� = tan�1  ar � �r3�1 � �r1!1=2 ' 0:91829 (38)and �1 and �2 evolve at constant rates, say �1 � ai cos2 �� + �i1 sin2 �� and�2 � �i3 cos2 ��, in the limit of large R. The bifurcation parameters �̂1 and�2 do not play a role in the dynamics at large R so they may be ignored.The stability of the S2 subspace to perturbations in the A2 and D modes cannow be investigated by linearising equations (17) and (21) about the large-Rsolution for A1 and C. Using the scaled time variable T , and neglecting the(small) linear terms, we obtain:R2dA2dT =A2[bjA1j2 + �1jCj2] + �3 �DR2ei(�1��2)T cos �� sin �� (39)R2d �DdT = �D[�2jCj2 + ��4jA1j2] + �1A2R2e�i(�1��2)T cos �� sin �� (40)where the complex conjugate of the D equation has been taken. We can nowperform a change of variables to eliminate the exponentials on the RHS of (39)- (40). Writing 10



A2 = Â2ei(�1��2)T=2 and �D = D̂e�i(�1��2)T=2 (41)we drop the carats on Â2 and D̂ and substitute for jA1j2 and jCj2 to obtaindA2dT =A2 �(b� i2ai + i2�i3) cos2 �� + (�r1 + i2�i1) sin2 ���+ �3D cos �� sin ��(42)dDdT =D �( ��4 + i2ai � i2�i3) cos2 �� + (�2 + i2�i1) sin2 ���+ �1A2 cos �� sin ��(43)The eigenvalues of this (complex) linearisation are in two complex conjugatepairs. One pair has a negative real part, and one pair has a positive real partindicating instability to perturbations transverse to S2.The nonlinear development of the instability can most easily be analysed byreturning to the full equations (16) - (21), performing the time rescaling T =R2t and ignoring the linear terms as before. The time rescaling e�ectivelymeans the trajectory spends much more time at large amplitudes, enablingthe dynamics at large R to be found by numerical integration. The resultsof such an integration are shown in �gure 6 and show a stable quasiperiodictrajectory on which jA1j = jA2j and R is decreasing. From equation (34) fordR=dT , for example, we can derive an equation for Q = 1=R. The equationfor Q isdQdT =�Q3(�1 cos2 � + �2 sin2 �)�Q[ar cos4 � + (�r1 + �r3) cos2 � sin2 � + �1 sin4 �](44)which shows that the equations governing the dynamics near in�nity have aninvariant subspace Q = 0. (The same is true if we de�ne R2 = jA1j2 + jA2j2 +jCj2 + jDj2 and Q = 1=R). This ow-invariance enables us to propose thatthere is a structurally stable connection between the intersection of S2 andQ = 0 and the quasiperiodic solution in Q = 0. While the intersection of S2and Q = 0 is stable in S2 and unstable in Q = 0, the quasiperiodic solution isstable within Q = 0 and unstable to transverse perturbations. This gives riseto the spiralling behaviour as the trajectory returns from a large amplitudeexcursion close to the invariant subspace Q = 0. On such a trajectory we �ndthat as R decreases so do jCj and jDj and the trajectory spirals in towardsthe SR solution in S1 to repeat the cycle.The re-injection mechanism (trajectories from in�nity being attracted towardsthe SR orbit) is due to the collision of a 3-torus with the SR orbit: as � increasesfurther, numerical integrations show that a 3-torus moves away from the SRorbit, gains stability, and the bursting ceases. This global bifurcation can bestbe described as a boundary crisis of the 3-torus, and occurs at approximately� = �1:41. 11



3.3 Bifurcation structure for larger �At larger values of � the 3-torus, which lies in the invariant subspace B1 =B2 = 0, undergoes a reverse Hopf bifurcation into a stable quasiperiodic orbit.numerical investigations indicate that this bifurcation occurs at � ' �1:20.As � increases further, this quasiperiodic orbit (seen as a periodic orbit inmodulus/argument co-ordinates) approaches the Diagonal Roll �xed pointat jCj2 = ��2=�1. At � = 1:7126 the quasiperiodic orbit becomes part ofa stable heteroclinic cycle connecting the two Diagonal Roll states (jCj2 =��2=�1; D = 0) and (C = 0; jDj2 = ��2=�1).The stability of this robust cycle can be analytically determined from the lin-earisation about the DR �xed point (jCj2 = ��2=�1; D = 0). The linearisationhas eigenvalues with real parts �1� �2�r1=�1 in the A1 and A2 directions, andeigenvalues with real parts �1 � �2�r2=�1 in the B1 and B2 directions. When�1 � �2�r1=�1 > 0 and �1 � �2�r2=�1 < 0, the DR solution is unstable withrespect to perturbations in the Ai modes, and stable with respect to perturba-tions in the Bi modes. The ow-invariant subspaces S3 = f(0; 0; B1; B2; C;D)gand S4 = f(A1; A2; 0; 0; C;D)g are related by the quarter-turn rotation sym-metry � which exchanges the two DR �xed points. The DR cycle is asymptoti-cally stable if eigenvalues transverse to the cycle have negative real parts (45a),and if the ratio of the real parts of the eigenvalues in the stable and unstabledirections is greater than one (45b). This leads to the following conditions�2 � �1 < 0 j�1 � �2�r2=�1j�1 � �2�r1=�1 > 1 (45)This last condition on the ratio of the real parts of the eigenvalues holds for � >1:7126 = tan�1 2�1=(�r1 + �r2). At this value of �, then, the cycle undergoes aresonant heteroclinic bifurcation. This global bifurcation is similar to that seenin the 2 : 1 steady-state mode interaction investigated by Proctor and Jones[13]. The cycle is stable until � = 2:2727 at which point the DR �xed pointgains stability in a subcritical pitchfork bifurcation with the Travelling Rollsplus Diagonal Rolls solution which was mentioned earlier. The DR solution isstable for 2:2727 < � < �: � = � is the location of the steady-state bifurcationfrom the origin. This bifurcation sequence is summarised in �gure 3.3.4 Bursting behaviour along `1The behaviour found in the region of the codimension 2 point P extendsover a wide range of the (�; �) plane, and explains the general features of thetransition above the point where the lines `1 and `2 meet in �gure 1. Below this12



point the Hopf bifurcation produces stable SR solutions, not TR, and we wouldnot expect the dynamics to resemble those near P . Numerical integrations ofthe governing PDEs (1) - (3) using the code of Cox and Matthews [14] haveindicated a sequence of periodic, bursting and then triply-periodic dynamicsin agreement with the normal form behaviour, over the region between thetwo black squares on �gure 1 (see �gure 7). We expect that the dynamics forTaylor numbers larger than �c (i.e. above P in �gure 1) are very similar, butat these high values of � the numerical experiments become more di�cult andtime-consuming to perform.4 Discussion and conclusionsWe have analysed a properly three-dimensional interaction between steady andoscillatory modes of convection which involves the most unstable wavenum-bers selected at the onset of convection. As such we expect the dynamics ofthe resulting ODEs to be relevant to understanding the uid dynamics nearonset. The analysis, although complete in itself, has several limitations. Mostimportantly the theory does not allow for the analysis of the stability of thedynamics near the 1 : p2 point to modes at varying angles. We have also notdiscussed long wavelength modulational instabilities that may arise.The results presented here would have to be modi�ed if the Boussinesq sym-metry of the normal form was absent: then the normal form for the modeinteraction would contain quadratic terms combining steady and oscillatorymodes. These might greatly alter the dynamics (see [15] for example).We expect the 1 : p2 normal form to describe the transition from oscillatory tosteady convection over a large part of `1 since the ratio of critical wavenumbers�s=�o varies only very little as � increases along `1, see �gure 2(b). For ratiosof wavenumbers close to 1 : p2 we can rigorously derive amplitude equationson the centre manifold which have the same structure as (16)-(21) because,for nearby wavenumber ratios, there are only T 2-equivariant terms at cubicorder which are equivalent to those used to construct the 1 : p2 normal form.This is perhaps unexpected, as the 1 : p2 resonance is the only possiblemode interaction using the `fundamental representations' for both steady andoscillatory modes: each gives only 4 points on the critical circle of wavevectors.For nearby wavenumber ratios we will have to consider either 4 oscillatory and4 steady modes or 8 oscillatory and 2 steady modes to fully describe the modeinteraction. This will be studied in more detail in a future paper.The subcritical bifurcations in the normal form dynamics coupled with thelack of reection symmetries gives rise to bursting and robust heterocliniccycling dynamics. The overall bifurcation diagram is very di�erent to the se-13



quence of symmetry-breaking bifurcations seen in the magnetoconvective case[15]. The mechanism for the appearance of bursting behaviour in the 1 : p2mode interaction involves both a boundary crisis of a torus, where it collideswith a periodic orbit which has stable and unstable manifolds, and a struc-turally stable connection from the periodic orbit to in�nity contained withinan invariant subspace. Without the invariant subspace such a boundary cri-sis would lead to bursts with only a �nite amplitude. However, the existenceof the heteroclinic connection to in�nity within an invariant subspace allowsthe bursting in the normal form an unbounded range although the exact am-plitudes achieved will be sensitive to numerical and experimental noise. Thegeneration of bursting dynamics by heteroclinic connections to in�nity hasbeen observed in other contexts [12].Unlike the small-angle instabilities mentioned in the introduction, this 1 : p2mode interaction will persist when no-slip boundaries instead of stress-freeones are used. Due to the shift of `1 to larger values of � , the 1 : p2 point occursat a substantially lower value of �, with � changing little. From the resultsof [4] we can estimate the position of the resonance as (�; �) ' (0:17; 300).The dynamics on either side of `1 at this point are very di�erent: for lower �,Standing Rolls are preferred over Travelling Rolls and in the region of steadyconvection the initial bifurcation to rolls is subcritical instead of supercritical.Nevertheless, the normal form equations (16) - (21) are still valid and thenew values of the coe�cients can be calculated by a modi�ed perturbationexpansion. The results of [4] also indicate that the ratio of critical wavenumbersdoes not very greatly along `1 in the case of no-slip boundaries, so the resultingdynamics should be seen over a similarly wide range of the line dividing regionsof steady and oscillatory motion.It would be interesting to conduct experiments at the relevant parameter val-ues to verify the dynamics analysed in this paper. Experiments on convectionin mercury (� ' 0:025) su�er from the fact that ow visualisation is verydi�cult. Experiments with mixtures of pressurised, cooled gases are easier toperform, and Prandtl numbers as low as 0:16 can be easily obtained [16].
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Table 1Solution branches in the Hopf bifurcation with Z4� T 2 symmetry, �xed point sub-spaces and isotropy subgroups. Stability criteria are only given for the �rst foursolutions which are those guaranteed to exist by the Equivariant Hopf Theorem.The symmetry elements are speci�ed as �n[(��; ��); ��]. A solution is stable whenall quantities in the last column are negative. f = a + b � c � d and a subscript rdenotes `the real part of'.Name Fix(�) � Generators Stability(A1; A2; B1; B2) of �TR (z; 0; 0; 0) S1 � SO(2) [(�; �); �], [(0; �); 0] ar, br � ar, cr � ar, dr � arSR (z; z; 0; 0) SO(2)� Z2 [(0; �); 0], �2 ar + br, ar � br, �fr, jej2 � jf j2SS (z; z; z; z) Z4 � ar + br + cr + dr + er, ar � br � erfr � 3er, Re(f�e)� jej2AR (z; z; iz; iz) ~Z4 �[(0; �); �=2] ar + br + cr + dr � er, ar � br + erfr + 3er, �Re(f�e)� jej2SCR (z1; z1; z2; z2) Z2 �2TB (z1; 0; z2; 0) S1 [(�; �); �]
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