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Abstract

Techniques of equivariant bifurcation theory are used to study the Hopf
bifurcation problem on a square lattice where the group I' = D4 x T2 acts
I'-simply on C8. This enables the analysis of the stability of solutions found in
a previous analysis (Silber and Knobloch 1991 Nonlinearity 4 1063—106) of the
I'-simple representation on C* to both solutions which are spatially periodic on
arhombic lattice, and to a countably infinite number of oscillatory ‘superlattice’
solutions. The normal form for the bifurcation is computed, and conditions for
the stability of all 17 C-axial branches are given.

Numerical investigations indicate that there exist open regions of
coefficient space where the dynamics of the cubic order truncation of the normal
form are chaotic. Chaotic dynamics have not previously been found in simpler
Hopf bifurcation problems in normal form.

PACS numbers: 0545, 4754, 4720

1. Introduction

A common situation arising in chemical reactions, biological systems and physical experiments
is the existence of a pattern-forming instability on the plane R?; a uniform, time-independent
initial state loses stability to perturbations with a non-zero wavenumber as a physical parameter
is varied. The homogeneous state is invariant under the group E(2) of planar translations,
reflections and rotations and hence the centre manifold E¢(R?) at the bifurcation point must
contain Fourier modes of the critical wavenumber pointing in every horizontal direction. Thus
[E¢(R?) is infinite dimensional. Since many of the patterns that result from such an instability
are (at least approximately) spatially periodic, a common approach to studying the formation
of these spatially periodic patterns on R? from a homogeneous E (2)-invariant state is to restrict
attention to classes of solutions which are periodic in the plane with respect to a lattice £. In
this paper we will consider only square lattices. Such a restriction results in a reduction in the
symmetry of the problem from the Euclidean group E(2) to the compact group Dy x T2 and
enables equivariant bifurcation theory to be applied.
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Many previous studies of Hopf bifurcations on square lattices in E (2)-equivariant physical
systems have relied on the theoretical results of Silber and Knobloch [5] for the eight-
dimensional representation of D4 x T2 on C*. In this analysis the spacing of the lattice £
equalled the wavelength of the perturbations considered. This does not have to be the case, and
consideration of other lattices leads naturally to the analysis of the countably infinite number of
16-dimensional representations of Dy x T2 on C8. Consideration of these higher-dimensional
representations enables a more general study of the stability of previously identified patterns.
Moreover, ‘superlattice’ patterns appear as C-axial branches in the bifurcation problem. Since
the irreducible representations of Dy x T? are either four or eight dimensional, this paper
completes the analysis of branches of solutions for Hopf bifurcations in the presence of a
I"-simple action of Dy x T2,

In what follows we make extensive use of the previous group-theoretic results of [3],
and assume familiarity with the previous results of [2, 5] for related Hopf bifurcations with
symmetry. The paper is organized as follows. In section 2 the details of the bifurcation problem
are fleshed out. Section 3 tabulates and summarizes the C-axial solution branches and their
isotropy subgroups. The normal form for the bifurcation problem is derived in section 4,
and complete stability results for the C-axial branches are calculated in section 5. Section 6
briefly indicates that it is possible for branches of stable chaotic dynamics to be created in the
bifurcation.

2. Statement of the problem

We consider a set of smooth PDEs written in evolutionary form

ou

o5 =W ey

which has a solution w(x, y, z, ) = O for all values of the parameter ;. We assume that this
uniform, time-independent state loses stability in an oscillatory bifurcation to perturbations
with a non-zero wavenumber k. as the bifurcation parameter y increases through zero. The
uniform state is invariant under the non-compact Euclidean group E(2) of planar translations,
rotations and reflections. The Euclidean group is a semi-direct product £(2) = O(2) x R? of
the group O(2) of orthogonal transformations of the (x, y)-plane (rotations about the origin
and reflections in lines containing the origin) and the group of planar translations R?. The
group E(2) acts in a natural way on the variables (x, y) and this induces an action on u. In
this paper we consider only the scalar representation of E(2) and do not discuss the alternative
pseudoscalar representation [10, 12]. In all that follows we suppress the dependence of u
on the z-coordinate. A direct consequence of the E(2) symmetry of the solution u = 0
is that the centre manifold at the bifurcation point is infinite dimensional; it describes the
continuous circle of wavevectors of length k.. To reduce the problem to one with a finite-
dimensional centre manifold we restrict the analysis to solutions which lie on the square lattice
L={nli+mly : (n,m) € 72, ¢, = (2n,0), £, = (0, 2m)} in the (x, y)-plane. Thus
u(x +2mn,y+2nm, z,t) = u(x, y, z, t) for any pair of integers (n, m).

We also define the dual lattice £*, spanned by integer combinations of the unit wavevectors
(1, 0) and (0, 1). The dual lattice £* (identical, apart from a scaling, to the real-space lattice
L in this case) intersects the critical circle of radius k. in only a finite number of points,
generally only four or eight. Since these intersections correspond to modes which together
span the centre manifold, the centre manifold is rendered finite dimensional and all other
points in £* are bounded away from the critical circle. The four-point intersection yields a
I'-simple representation of Dy X T2 x S' on C*: this Hopf bifurcation was studied in detail
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Figure 1.  Superlattice planform for the case « = 2, p = 1: the full circle indicates the
circle of critical modes. This intersects the dual lattice £* at eight points giving the wavevectors
+ki,..., +k4. Note that in this problem the lattice £ and the dual lattice £L* are equal.

by Silber and Knobloch [5]. In this paper we study the eight-point intersection which yields
an irreducible representation of Dy x T2 x S' on C®. There are countably many of these
larger irreducible representations which we distinguish by the integers o and 8 which define
the periodic lattice. Figure 1 shows the circle of critical wavevectors and the intersections
with the dual lattice £* giving the eight critical wavevectors Lky, ..., £k4, defined to be
ki =(o,B),kr = (—B,a), k3 = (B, a), ky = (—a, B). Without loss of generality we have
scaled lengths in the original partial differential equations (PDEs) (1) so that k> = «® + 2.
Restricted to the lattice, we express the perturbations to the uniform solution v = 0 in the
form of a sum of these Fourier modes:

ﬁ — Re [Zlei(ozxﬂSyfwgt) + Zzei(fﬁxﬂxyfwot) + Z3€i(7ax7/3y7wot) + Z4ei(,3xfoty7wot)

+wlei(otxfﬂy7wot) + wzei(ﬂx+ay7wot) + w3ei(7ax+,3y7wgt) + w4ei(7,3x7ay7w0t)]. (2)
The space of all such perturbations i is (isomorphic to) a vector space W = C? whose
elements are vectors w = (zy, 22, 23, 24, W1, W2, W3, Wq). This planform is shown graphically
in figure 1. The planform inherits spatial symmetries I' = Dy x T? from the original E (2)-
equivariance and, in normal form, also has a time-translation symmetry group S'. The group
D is generated by a reflection in the x-axis, denoted by m,, and a rotation of 77 /2 denoted by
p. These act on the mode amplitudes w € W = C? according to

my: (x,y) > (x,—y) 3)
w —> (W, W4, W3, W2, 21, 24, 23, 22) @
pr (x,y) = (¥, —x) (&)

w —> (22, 23, 24, 21, W2, W3, Wa, W1). (6)
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The group T2 x S! of translations in the x and y directions and in time acts as follows

[(E.m, ¢l (x,y,0) > (x+& y+n.1+0) (N

W —> (g, @B o Qien—pE) o iCat—pn) o (i(BE—an)
Wy @EBN |y I BERD) ) ACantn) (i BE—am)) o —iond ®)

where (£,7) € T? and ¢ € S'. Following Dionne et al [1] and using exactly the same
reasoning as they employed (namely to ensure that we have imposed the finest lattice which
will support the set of critical modes) we require @ and § to be relatively prime and not both
odd. Without loss of generality we assume o > f > 1. The representation of Dy x T2 x S!
defined by (4), (6) and (8) is I'-simple since it is isomorphic to two copies of an absolutely
irreducible representation acting independently on (z; + Z3, 22 + Z4, W1 + W3, Wy + Wy) and
(i(z1 — 23), (22 — Z4), I(wy — w3), i(wy — wy4)).

3. C-axial branches and their isotropy subgroups

An isotropy subgroup X,, is the collection of symmetries y which leave the point w € W
invariant: £, = {y € I' x §' : yw = w}. An idea closely related to this is that of
a fixed-point subspace of an isotropy subgroup: Fix(¥) = {w € W : cw = w,Vo €
¥}. For a (non-degenerate) Hopf bifurcation problem with symmetry group I' the main
result on the existence of branches of periodic solutions is the equivariant Hopf theorem
[4,9]: a branch of solutions with isotropy subgroup ¥ C I' x S! is guaranteed for every
isotropy subgroup that has dim Fix(¥) = 2. Such branches of solutions are called C-
axial.

The group action defined by (4), (6) and (8) on the vector space W = C8 defines the
equivariant bifurcation problem. The general, and entirely group-theoretic, analysis of Dionne
et al [3] proves the existence of exactly four branches of C-axial periodic solutions which
have translation-free isotropy subgroups. There are 13 other branches of periodic solutions
which have two-dimensional fixed-point subspaces and hence are guaranteed to exist by the
equivariant Hopf theorem. However, none of the 13 other branches have translation-free
isotropy subgroups: they are all spatially periodic on a finer lattice than that on which the
problem has been posed. To examine these non-translation-free C-axial branches we define
the following three subspaces of W:

Si={weW:w=(z1,22,23,2,0,0,0,0)} )
S ={weW:w=(z1,0,230, w, 0, w3, 0)} (10)
83 ={w€ W:'wZ(Z],O, Z3,0, 0, w2,0, w4)}. (11)

That all C-axial solution branches with non-translation-free isotropy subgroups must be
contained in one of these subspaces is clear because if a fixed-point subspace contains
points where more than four mode amplitudes are non-zero, the corresponding isotropy
subgroup can contain no non-trivial spatial translations and hence the fixed-point subspace
must be that of a translation-free branch.  All possibilities (up to conjugacy) for
subspaces with four or fewer non-zero amplitudes are covered by Sj,...,S3. The
dynamics within S; = C* corresponds exactly to the analysis of the eight-dimensional
representation of I' by Silber and Knobloch [5]. The dynamics within S, and &3
correspond to Hopf bifurcations on two distinct rhombic lattices. The Hopf bifurcation
on a rhombic lattice has been previously studied by Silber et al [2] and we quote their
results.
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Table 1. Subspace S;: C-axial branches with dim Fix(X) = 2. The last column defines the isotropy
subgroups in terms of their generators. Groups isomorphic to a circle group S! are denoted S!
(where * is some label to distinguish different groups), except for SO (2). Cyclic groups of order
q are similarly denoted Z;. Discrete spatial translation groups are denoted S; ... For each solution,
all variables omitted from the description of the fixed-point subspace are set to zero.

Solution branch, (abbreviation)
and fixed-point subspace

Isotropy
subgroup

Group definitions
and generators

1 Travelling rolls (TR)
21

2 Standing rolls (SR)
21 =123

3 Travelling squares (TS)
=22

4 Standing squares (SS)
21=2=23=24

5 Alternating rolls (AR)

1 =22 =iz3 =iz

50(2) x St

75 x 77" x S0)
2 2

1
STS X S,,l

735 x 75 x Sp.1

ZfR X 2§ x S;.1

_¢ 2
o« B

)]

el20)
z= ([ ) ™)
Z§ (p%
st ={[(Z ;aﬁzd) Znigiﬁid’) 4])
=G )l
Zfs = (p)
i = (- m aem) 517

Table 2. Subspace S;:

C-axial branches with dim Fix(X) = 2. The last column defines the

isotropy subgroups in terms of their generators. D3 denotes a dihedral group of order 4, where *
is a distinguishing label for each group. See the caption to table 1 for other labelling conventions.
For each solution, all variables omitted from the description of the fixed-point subspace are set to

ZEero.

Solution branch (abbreviation)
and fixed-point subspace

Isotropy
subgroup

Group definitions
and generators

6 Travelling thombs 1 (TRh;)

71 = wy

7 Travelling rhombs 2 (TRh;)

7l = w3

10 Standing rectangles 1 (SRec;)
71 =3 =W = w3

12 Alternating rectangles 1 (ARec)

iz] =izz =w; = w3

X 1
Z5 X Sppp X St2

y 1
Ly X Spgpp X St2

Dg’y x Si2

D¥ x S;»

Z)zc = (my)

Since there are five C-axial branches contained in S; (see table 1), a further four contained
in each of S, and S; (tables 2 and 3) and four ‘superlattice’ branches, there are exactly 17
branches guaranteed to exist by the equivariant Hopf theorem. Further branches of periodic
solutions are possible (for example, the standing cross-rolls solution in Sj); these have
The translation-free branches identified by [3] are listed
in table 5. In [3] the four branches standing super-squares, standing anti-squares, alternating

submaximal isotropy subgroups.
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Table 3. Subspace S3: C-axial branches with dim Fix(X) = 2. The last column defines the
isotropy subgroups in terms of their generators. See the captions to tables 1 and 2 for group
labelling conventions. For each solution, all variables omitted from the description of the fixed-
point subspace are set to zero.

Solution branch (abbreviation) Isotropy Group definitions
and fixed-point subspace subgroup and generators
8 Travelling rhombs 3 (TRh3) Z4 X Stpya X Sia Z8 = (mq)
1= st =([(- 35 )9
a=n TRh3 o+ ,B a+p
2w 271;‘3
5= ([ (G220 - 20) )
at—p -8
9  Travelling rhombs 4 (TRhy) Z4 X Shepa % St3 24 = (ma) ) )
— | -
s = [(25-525)4)
11  Standing rectangles 2 (SRecy) Dg‘d/ X St 3 Dg‘d, = (mg, my)
71 =273 =Wy = w4
. ~ 4 ~4 5 To B b4
13 Alternating rectangles 2 (ARecz) D5 x §;3 D5 = (,o s [(—7}32, o /32) } o m,1>
iz] =iz3 = wy = wy

super-squares and alternating anti-squares were denoted by S2, g, S44. 8, Sly g and S3, g,
respectively. For alternating super-squares and alternating anti-squares the exact form of the
fixed-point subspace depends on the parity of « and 8 (either @ or g is odd, but not both or else
a finer lattice which supports these solution branches can be found) but the isotropy subgroup
itself does not.

3.1. Hidden symmetries

In the computations of the stability of these periodic solutions in section 5 we take into account
various hidden symmetries of solution branches [4, 11]. Hidden symmetries are elements of
E(2) which are not elements of I" but which nevertheless restrict the normal form equations and
the Jacobian evaluated in the corresponding fixed-point subspace. Only the C-axial branches
in subspace S are affected by these calculations. A symmetry operation y ¢ I" is a hidden
symmetry if there is a fixed-point subspace Fix(X) such that U = Fix(X) N y (Fix(X)) # ¥
but U # Fix(X). Then y : U — U is a symmetry on U and any I"-equivariant function f
must in addition satisfy f(yu) = y f(u) for all u € U. Specifically, we define the hidden
symmetry R to be the anticlockwise rotation by an angle # = 2tan~'(8/«). Then m, o R™!
acts only on Sj:

m, o R (21,22, 23, 24, 0,0, 0,0) — (21, 24, 23, 22, 0, 0, 0, 0). (12)

In terms of the definition of a hidden symmetry given above, let £ be the translation group
S:,1 generated by the translation [(5, 1), ¢] = [(;E%r, %),0]. Then Fix(¥) = S, and
U = Fix(¥) N m, o R7'Fix(T) = {(z1, 22, 23,22, 0,0,0,0) = C3}. See section 3.2
of [1] for a discussion of hidden symmetries in related steady-state bifurcation problems.
The five C-axial branches in S; are periodic on a lattice £ which is finer than £; by
considering these branches to be periodic with respect to £ we can compute their full symmetry
groups which include these hidden symmetries. These larger symmetry groups are given in

table 4.
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Table 4. Subspace S;: C-axial branches with dim Fix(X) = 2 and their complete symmetry
groups, including hidden symmetries. Refer to table 1 for group labelling conventions and the
omitted group definitions.

Symmetry Group
Solution branch group definitions
. 1 - -1 [(_2 ¢ }
1 Travelling rolls 02) x Spp 0Q2) = <mx oR™", [( o 5), 0 )

c ,02
75 x 7y x 0(2)
S}S x Si1 X Z‘;R

Dfs X Z§ X 8.1

2 Standing rolls
Z§R = (mg o R7Y)

DZ;SS =(p, my OR71>

ot () Sl

Travelling squares
4 Standing squares

5 Alternating rolls DfR X Zg X Si.1

Table 5. C-axial branches with translation-free isotropy subgroups. The groups denoted by D}
are dihedral groups of order 8. All other group labelling conventions are given in the captions to
tables 1 and 2.

Solution branch Fixed-point subspace, isotropy subgroup and generators

(abbreviation)
14 Standing super-squares 1 =22 =23=24 = W] = W2 = W3 = W4
(SSS)
DS x 73 D35S = (p,my)
Zy = (l(mw, ), 7))
15 Standing anti-squares —=—0=—I3=—Z24=W] = W2 = W3 = W4
(SAS)
D§AS x 73 D3AS = (p, [(m, ), 0] 0 my)
16 Alternating super-squares aodd: z; =z3 = w; = w3 = —izp = —iza = —iwy = —iwy
(ASS) Bodd: z1 =73 = w) = w3 =iz =iz4 = 1wy = 1wy
DS x 7% DASS = <[(n, 0), g] ° p,mx>
17 Alternating anti-squares aodd: 7 = z3 = —w| = —w3 = izp = iz = —iwy = —iwy
(AAS) Bodd: z; =73 = —w) = —w3 = —izg = —izgg = iwy = iwy
DS 7z DAMS = ([(O,n), %] o p, [(x, ), 0] omx>

3.2. The isotropy lattice

The calculation of the four-dimensional fixed-point subspaces is a natural way to proceed
after all C-axial branches are known. This information is essential to investigate possible
heteroclinic cycles between different periodic solutions. Although the analysis of heteroclinic
cycles has not been pursued in detail, the calculation of the four-dimensional fixed-
point subspaces is still important: it is of interest for calculating the relative stability
of two periodic solutions which lie within the same four-dimensional subspace, and
such stability calculations should agree with the stability results computed from the
Jacobian matrix via isotypic decomposition. To determine the dynamics within a four-
dimensional subspace Fix(X) we calculate the normalizer N(X) = {y € I' x §!

y~!2y = X} of each corresponding isotropy subgroup ¥. The dynamics within Fix(%)
is M (X)/Z-equivariant (note that ¥ acts trivially on Fix(X) by definition), but may also
be restricted by the form of the normal form equations restricted to Fix(X). Table 6
lists the 25 four-dimensional fixed-point subspaces and their normalizers and table 7
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Table 6. Four-dimensional fixed-point subspaces. Note that the C-axial branches are numbered
1-17. For each subspace, all variables omitted from the second column are set to zero and
unconstrained variables are independent. A group isomorphic to the action of the normalizer is
given in the last column: the elements generating isomorphic normalizers are different for different
four-dimensional subspaces.

Subspace  Fixed-point Structure of
number subspace NEZ)/Z
18 71, 23 0Q) x 8!
19 21, 22 0(2) x §!
20 =223 =24 02) x §!
21 iz1 = 22,123 = 24 0Q) x S!
22 21 =23, 22=24 Dy x S!
23 71, Wy 0@2) x 8!
24 21, w3 0Q2) x 8!
25 71, w2 0@2) x St
26 71, wa 0Q2) x 8!
27 71 = W, 23 = W3 0() x §!
28 71 = w3, 23 = W] 0Q2) x §!
29 71 =23, W) = W3 Dy x S!
30 iz) = wi,izz3 = w3 0Q2) x S!
31 iz) = w3, iz3 = wy 0(2) x 8!
32 71 = w2, 23 = w4 0Q2) x S!
33 71 = W4, 23 = W) 0Q2) x S!
34 21 =23, W2 = W4 Dy x S!
35 iz) = wy, iz3 = wy 0@2) x 8!
36 iz) = wy, iz3 = wy 0Q2) x 8!
37 1 =20 =123 =24, W] =Wy = W3 = Wy 73 x S!
38 =3 =W = W3,20 = W) =24 = W4 Dy x S!
39 =3 =Wy = Wa, 20 =24 = Wi = W3 73 x S!
40 =3 =—w =—w3, 2 =24 =—wp =—wyg Dy xS
41 =n=-—w=—wsn=u=—w =-w; Z3xS
42 71 =273 = lizp = iz4, w1 = w3 = iwy = iwy Z% x 1

summarizes the structure of inclusions of C-axial branches within four-dimensional fixed-
point subspaces.

4. Derivation of the normal form

To determine conditions for the stability of the periodic solutions guaranteed by the equivariant
Hopf theorem we first derive the form of the amplitude equations on the centre manifold. These
amplitude equations are restricted by their equivariance with respect to the action of I" defined
by (4), (6) and (8):

W= f(w, 1, flyw, p) =y f(w, k) Vyel xS (13)

Assuming f is a smooth function, it can be written as a sum of terms

n

fw, ) =Y gjw, Wh;(w) (14)

J=1

where the terms g;(w, 1), ..., gy(w, n) are I' x § 1—equivariant and the h;(w) terms are
polynomials in the invariants under I' x S'. So we are required to find all low-order invariants
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Table 7. The inclusions of C-axial branches in four-dimensional fixed-point subspaces. This
information is sufficient to construct the isotropy lattice.

Subspace  C-axial  Contained in these

number branch subspaces of dimension 4
1 TR 18, 19, 23, 24, 25, 26
2 SR 18, 22,29, 34
3 TS 19, 20, 21
4 SS 20, 22,37
5 AR 21,22,42
6 TRh; 23,27, 30
7 TRh; 24,28, 31
8 TRh3 25,32,35
9 TRhy 26, 33, 36

10 SRec 27,28, 29, 38, 40

11 SRec; 32,33, 34, 39,41

12 ARecy 29, 30, 31
13 ARec, 34, 35, 36
14 SSS 37, 38,39
15 SAS 37,40, 41
16 ASS 38,42
17 AAS 40, 42

under the action of I' x S'. The action of the interchange symmetries (4) and (6) determine
the form of f,, ..., fg once the form of the first component of f is found. Hence we will
determine the form of f, the evolution equation for z;; the equation z; = f)(w, w) is required
to be equivariant with respect to the 72 x S' action defined by (8).

4.1. T? x S! invariants

Let I = z{'z5z5 2 wiwiwiw) be a general invariant term, where m, ..., u are integers. We

introduce the usual convention that z|' = leml if m < 0. The order O(I) of an invariant [ is
defined to be O(I) = |m| + |n| + |p| + |g| + |r| + |s| + |t]| + |u]. S' invariance immediately
implies that all invariants must be of even order. Furthermore, the only invariants of order 2

are the usual ones |z;|?, . .., |ws|>. We assume that the expression I has had all possible order

2 invariants removed from it. Then T2 invariance implies
m—-—p+r—ta+(@—n+s—u)p=0 (15)
m—qg+s—wou+m—p—r+1)p=0 (16)

since & and 7 are independent. Since « and f are relatively prime we deduce
m—p+r—t=jp, g—n+s—u=—ju a7
n—q+s—u=kg, m—p—r+t=—ka (18)

where j and k are integers. Define A =m — p,B=r —t,C =n—q and D = s — u so that
these conditions become

A+ B =jB, A— B = —ka (19)

C+ D = kB, C—D=ju (20)
which have a solution

A= (jB —ka)/2, B = (jB+ka)/2 2D

C =B+ ja)/2, D= (kB — ja)/2. (22)
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However, A, ..., D are integers, hence j8 — ka, etc are all even. As exactly one of « and
is even, this further implies that both j and k must be even. So we may define j’ = j/2 and
k' = k/2. We now look for low-order invariants in the three cases: (a) j’ =k’ =0, (b) j/ =0,
k' #0and(c) j'£0,k' =0.

Case (a) produces all possible invariants of order 4. For example, to find all order 4
invariants containing z;, we fix m = 1. Then, as j' = k' =0 implies A=B =C =D =0
we must set p = 1 and one pair of (n, g), (, ¢) and (s, u) equal to (—1, —1), hence O(I) = 4.
This results in the three invariants

21232224, 2123 W W3, 2123 WaW4. (23)

All other order 4 invariants are produced by considering the remaining possibilities.

In case (b) it suffices to consider j* = 0, k¥’ = 1 since all other integers for k" merely
introduce multiples of the order 4 invariants found in case (a). This results in four distinct
invariants of order 2(« + 8):

gdwing,  Zziwiwd (24)
2 guswt, Lhwlug. (25)

A further four invariants of order 2(« + ) are derived in case (c):
B_o~a-Pp Bsa -B

21 H Wy Wy, 7] Zq Wy wy (26)
Szhwlug, g wlwg. 27)

To prove that these three cases produce all invariants of order less than 2(« + 8 + 1) we consider
all the remaining values of the pair (', k). These divide into two cases; either the product
J'k' > 0or j'k' < 0. In the case j'k" > 0 we have (since ¢ > 8 > 0):

O() > |A|+|B|+|C|+|D| > |A+D|+|B+C|
> (" + KB =)+ +K)(a+ Bl
22]a — Bl+2]a+ Bl > 2(a+B+1). (28)
Similarly, when j’k’ < O we have
OW) = |Al+|B|+|C|+|D| =2 |A = D|+|B - C]|
2| =)+ B+ = K)(B — )l
22)a—Bl+2la+ Bl =2+ B +1). (29)

In summary there are exactly eight order 2 invariants |z;|2, ..., |ws|?, three invariants of order
4 (23) and eight invariants of order 2(« + ), listed in (24)—(27).

4.2. Amplitude equations in normal form

Assuming that the origin is stable below the bifurcation point, and using the information on
the invariant functions 4 ; (w), the third-order truncation of the amplitude equation for z; is

. : 2 2 2 Y 2 2
21 =zi[p +io(w) + Mz + Azlza)® + Aslzal” + Aslzal” + Aglw |
+hs|wal® + Aslws]? + A7|wal*] + 21732224 + 02 Z3w w3 + A3 Z3Wo w4 (30)

with the evolution equations for z5, . . ., w4 related by the interchange symmetries (4) and (6).
The frequency w will in general depend on the bifurcation parameter u; at the bifurcation
point w(0) = 0 since the frequency wy of linear oscillations has already been factored out
in equation (8). The normal form (30) does not take into account the action of the hidden



Hopf bifurcation on a square superlattice 501

symmetry (12): this forces the coefficients A3 and A5 to be equal. In this way the restriction of
the third-order truncation of the amplitude equations to the subspace S is equal to that derived
for Hopf bifurcations on the simpler square lattice by Knobloch and Silber [5]. In addition,
terms at order 2(« + ) — 1 on the right-hand side are needed to determine the stability of the
four translation-free C-axial branches. For the z; equation these are

1=+ bIZ‘f‘_lzgw‘f‘lI)f + bZZ‘;‘_lwa‘f‘wf + b32f_lzgwgw§ + b42?_lz§w’33d)ﬁ‘ 31

with similar, symmetrically related, expressions for each of the z5, ..., w4 equations. Using

the result of [9], branches of small-amplitude periodic solutions correspond to solutions of
¢(w, 1, 1) = fw, n) — (o) +H)w =0 (32)

where 7 is the correction to the frequency of the periodic solution away from the bifurcation
point. The oscillation frequency of a branch of solutions is then given by wy + @ (u) + . The
linear (orbital) stability of the non-translation-free C-axial branches is generically determined
by the third-order truncation ® (w, u, t) of ¢ (w, u, 7).

5. Stability of the C-axial branches

The computation of conditions for the (orbital) stability of the non-translation-free C-axial
branches proceeds along familiar lines: all stability conditions depend only on the coefficients
of the third-order truncation. The details of the calculations are not presented here: the reader
is referred to [5] for further details. The computation of the stability of the four translation-free
branches is more involved and hence is presented much more fully.

5.1. Non-translation-free C-axial branches

Table 8 summarizes the stability criteria for the non-translation-free solution branches.
These results may be derived by considering the isotypic decomposition of W = C? for
corresponding isotropy subgroups or equivalently by considering the restriction of the third-
order truncation (30) to each four-dimensional subspace that contains the periodic solution,
as listed in table 7. The dynamics of the third-order truncation within each of these four-
dimensional subspaces is either O (2) x S'-equivariant or D4 x S'-equivariant and the relevant
stability criteria for these problems are well known. Note that the full amplitude equations
restricted to one of subspaces 37, 39, 41 or 42 are not Dy x § 1-equivariant, but only
Z% x S 1-equivariant; the third-order truncation of the normal form contains an extra, spurious,
symmetry.

5.2. Standing super-squares and standing anti-squares

Standing super-squares and standing anti-squares are distinguished only by the terms at
OQ2(a+p)—1) in the normal form. Furthermore, they are related by the parameter symmetry
which takes (by, by, b3, by) — —(b1, ba, b3, bs) and leaves all other coefficients unchanged.
Hence we can easily derive the stability criteria for standing anti-squares by changing the signs
of the by, ..., by coefficients in the stability criteria for standing super-squares. Moreover,
some of the eigenvalues of the Jacobian matrix must involve the coefficients by, ..., by to
yield the relative stability of the two branches. Due to these complications not present in
the calculations for the non-translation-free branches we present the stability calculation in
full. The approach is of a standard nature; similar calculations to these are given, for different
bifurcation problems, in [6] and [7].
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Table 8. Stability criteria for the 13 C-axial non-translation-free branches. A branch of solutions to
the third-order truncation ® (w, p, t) is stable when all stability criteria are negative. Superscript
r denotes ‘the real part of’. By = A1 +A2 —2A3, By = A1 +A2 —Xa—Ae, B3 = A1+ A2 — A5 — A7,

Solution ~ Number of zero
branch eigenvalues Stability criteria
TR 1 M Ay — A My — A Ay — AL
As =M Ao =M A7 =M

SR 2 M+ AS A=A —B} [B11% — |ey|?

—B; |Baol? — laal*  —Bj B3] — Jas|?
TS 2 Mo+Ag M=

A +af — AT — AL M —af — A — A%

2T 1 3 2 1 1 3

A+ AL — A =2 A+ AL — A — AL

4 TAs 1 3 5T 1 3

Mg+ AL — A —Af Mo+ — M =2
SS 3 Mo+ +205 +af M =2 —af ,

B —3a! Re[Biai] — ||

1 1

B — B, — B, —of |Bi — By — By — a1 — |z + a3
AR 3 M A+ +205 —af M =2 +a]

B! +3af —Re[Biai] — |a1|?

B! — By — B} +dof |By — By — By + oy |* — Jop — a3?
TRh; 2 Mo+A M =2y

M+ AL = =2 My +Ah = A=A

My+rg —ah — A — A M+ g +ah — A — A
TRhy 2 Mo+ Ay M =2

M+ — A — L M+ MG — AL — AL

M+ My —ah — A = Ag M+ My +ah — A = Ag
TRh3 2 M+ A5 M=

M+ — A — AL M+ g — M — A%

M+ A —ak — A = AL M+ AL +al — A — AL
TRhy 2 M +AS M = AL

A +AL— A — AL Mo+ AL — A=A

A3+A9—a£—kz—}\’ A§+)\f+a'l—)»'7—}\’

2T As 3 1 7 2 tAsTA3 1 7
SRec; 3 Mo+, + M+ g +a)

R A R L

B} — 3a, Re[Byaz] — |az|

2 2

By — B] — B} —a} loy +a3[? = | By — By + By + o |
SRec, 3 )\1 + Ag + Ag + A; +oz§

MAA =M — AL —of MAM =M =5 —af

B} —3d Re[B3a3] — |o3 |

Bg—B;—B;—(xg |0{1+0{2|2—|31+Bz—B3+a3|2
ARec; 3 Mo+ + M+ — o)

M =2+ M — g +o; M=y =My +Ag+os

B + 3} —Re[Braz] — |aa|?
ARecy 3 )\1 + )»5 + kg + A; — ozg

M =AM+ A — A5+ oy M = Ay = AL+ AL +ag

B + 3} —Re[B3a3] — o3|

The I'-equivariance of ¢ implies that the Jacobian matrix D¢ evaluated on the standing
super-squares solution branch commutes with the matrices generating the action of I':

R,D$R,' = D¢, Ru,D$R,,' = D¢ (33)
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which implies that D¢ is a matrix of the form

Dosss =

(34)

SAO%>MQAT N
AOwxolQTm™
ZeoQTEWQ
>UO®HEQRT

TQEEm AT
QuEmTAOT>®
TEEQUR IO
QT EIAD

(the full lines are to indicate the structure of the matrix), where each of A, ..., H is itself a
2 x 2 matrix:

B 0¢1/9z1 03¢1/0z, b 01 /0wy 3¢y /0wy i
T\ 9¢1/0z1 3¢1/07; T\ 3¢ /0wy 3¢1/0Wws | (35)

By conjugating D¢sss with a change-of-basis matrix it can be put into a block-upper-triangular
form, with 2 x 2 or 4 x 4 blocks on the diagonal. The eigenvalues of D¢ggs are then the
eigenvalues of these submatrices: the four 2 x 2 matrices are

A+B+C+D+E+F+G+H

A+B+C+D—E—-F—-G-H
A-B+C—-D+E—-F+G—-—H
A-B+C-D—-E+F—-G+H

of which the first contains a zero eigenvalue corresponding to translations in the direction
tangential to the periodic orbit. For stability we require the traces of these 2 x 2 matrices to be
negative and their determinants to be positive. These conditions yield the following stability
criteria when evaluated on the third-order truncation of the normal form:

MAMF2 + M+ A+ A+ A +af +a) +of <0 (36)
Bj+ B — Bj+a] —3(a;+af) <0 37
|oen +053|2 —Re[(By+ B3 — By +ay)(ax +a3)] >0 (38)
B{+B; — By +a;, —3(]+a3) <0 (39)
la; + o3> —Re[(By + B3 — By + a)(@; +@3)] > 0 (40)
B + B — B + o — 3(af + ) <0 (41)
lorq +a2|2 —Re[(B1+ B, — By +a3)(a; +a)] >0 42)

where a superscript r denotes the real part of a coefficient, and

By = A+ Ay —2)3 (43)
BQZ)\1+)\.2—)»4—)\6 (44)
By =A1+ Xy — As — A7, 45)

The stability criteria (36)—(42) can also be deduced from the dynamics within subspaces 37,
38 and 39.
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The other half of the Jacobian matrix in the new basis contains two 4 x 4 blocks:

A—C+H—-F E—-G—-B+D 0, 0,
E—-G+B—-D A—-C+F—-H 0, 0,
0, 0, A—-C+E-G B—-—D+H-F
0, 0, D—B+H—-—F A—-C—-E+G
E<M1 O“) (46)
04y M,

where 0, represents an n x n block of zeros. Each of the 4 x 4 blocks M, M, must contain
one zero eigenvalue since the standing super-squares solution has three in total: they can be
thought of as the neutral stability of the solution to shifts in the horizontal directions and in
time. Evaluating the eigenvalues of M and M, using the third-order truncation @ (w, u, 7)
yields the same four eigenvalues for each matrix:

0, 0, A} — 25 —af — b —af £ [ — 257+ (35 — ap)?] 2. (47)

One of these zero eigenvalues was expected, due to the directions of neutral stability. The
other is a degeneracy caused by ignoring terms higher than third order: when terms of order
2( + B) — 1 are included this second zero eigenvalue will no longer be zero, and will select
exactly one of standing super-squares and standing anti-squares to be stable. Thinking of the
OQ2(x + B) — 1) terms as a small perturbation to the third-order truncation (as is the case near
the bifurcation point © = 0) we use the characteristic polynomial P(m) of M; to derive a
condition guaranteeing that the second zero eigenvalue creates a negative root of P(m) when
the higher-order terms are introduced.
The matrices M; and M, are of the form

P QO R S
O P S R
(48)
T U VvV W
u T w Vv
where P, ..., W are complex entries. Nevertheless, the characteristic polynomial P(m) is

entirely real, hence it is guaranteed to have four real roots. From figure 2 a necessary and
sufficient condition for the perturbed eigenvalue to be negative is

1 dP(m)
2 dm

=-P(VI* = |W») = V,(IP]> = |Q)) +Re[S(UV — TW + PU — OT)

m=0

+R(PT — QU +TV —UW)] > 0. (49)
This results in the following criterion for the stability of standing super-squares:
4(YTYS — 8H)a ] +bh) + BBy + b))+ (b + b)[K (Y5 — Y1) + Ko(Y] + Y5 +26,)]

+(bs +b)[Ky(Yy — Y+ K (Y] +Y5 —28,)] >0 (50)
where § = A4 — Ag and

Yi=A — A —As+ A7 —a; —oay — a3 (629

Yo=Al — A +As — A7 —a] — oy — 3 (52)

K= (a+p)Y| — (@ — B)Yi +286; (53)

Ky = (@ +B)Y| +(a — B)Y; — 2as; (54)
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Figure 2.  Sketch of the characteristic polynomial P(m) of the matrix M. The full curve
corresponds to evaluation of M; using the third-order truncation only. The broken curve includes
terms of order 2(« + B) — 1, breaking the degeneracy between standing super-squares and standing
anti-squares.

and superscripts r and i denote real and imaginary parts, respectively. In the special case
bY = by, = b, = b}, = 0, using the degenerate condition at third order given by (47), the
condition (50) reduces to requiring

ab]+by)+pds+by) >0 (55)

which is the analogous condition for stability to that derived for the steady-state bifurcation
problem on a square superlattice, studied in [1, section 4.2, table 8]. The other 4 x 4 block M,
yields the same stability criteria as M, so this completes the stability analysis of standing super-
squares. The criteria for the stability of standing anti-squares given by the cubic truncation are
exactly the same, namely (36)—(42) and (47), but the opposite criterion to (50) applies due to
the parameter symmetry (b, by, b3, bs) — —(by, ba, b3, bs) between standing super-squares
and standing anti-squares.

5.3. Alternating super-squares and alternating anti-squares

A very similar analysis goes through for alternating super-squares and alternating anti-squares.
These two solution branches are also related by the parameter symmetry which changes the
signof by, ..., by; as in the case of standing super-squares and standing anti-squares, they are
not distinguished by the third-order truncation of the normal form, and hence terms at order
2(a + B) — 1 must be brought in to distinguish between them.
The Jacobian matrix for the alternating super-squares solution takes the form

A B C D E F G H

D~ -A-~ B~ —-C |H  —-E- F -G~

C D A B G H E F

B~ -C- D —-A"|F -G~ H~ -—E-

E H G F A D C B

F~ —-E~ H- -G | B~ —-A- D~ —-C—

G F E H C B A D
H- -G~ F~ —-E~|D~ —-C~ B~ —-A"

Doass = (56)
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due to requiring equivariance with respect to the action of the group Dfss , where again, each
entry is a 2 x 2 matrix and the matrices A and A~ are related as follows; if

a a —a a
A= < o, - ) then AT = ( ., _ ) (57
a a a -a

By applying a change of basis transformation to D¢,gss it can be rendered block-upper-
triangular, but this time with four 4 x 4 blocks on the diagonal. These matrices are

a+c+g+e b+d+f+h —-b—-d-f—-h a+c+e+g
Ny — b+d+f +h a+c+ée+g a+c+é+g —b—d—f—h
b+ f+d+h d+c+e+g at+c+e+g b —d - f —-K
a+c+é+g b+d+f+h —b—d—f -0 a+c+e+g

(58)
a+c—e—g b+d—f —-h —b—d+f+h a+c —e —g
Ny — b+d —f —-h a+c—e—g a+c—é—-g —b—d+f+h
b—f+d—h ad+cd—e—¢g a+tc—e—g b —d+f+h
a+cé —e—g b+d—f—-h —b—d+f+h a+c—ée—g

(59
a—c+e—g a—cd+e—¢g d—b+f—h d-b+f —-n
Ne— a—-cd+e—-g a-c+e—g d-b+f -0 —b+d+f—h
d—b+h—f —-d+b+f —-h a—c—e+g —d—g+¢
b—d+f —-n d—b—f+h & —-a—-g+é a—c—e+g

(60)
a—c—e+g a—cd—-ée+yg d—b—f+h d-b0—f+1
Ne— a—-c—-é+g a-c—e+g d—b—f+h —b+d—f+h
d—b—h+f —d+b—f+h a—c+e—g d—d+g —¢
b—d—f+h d—-b+f—-h ¢ —-a+5—-¢ a—c+e—3g

(61)

and will be examined in turn. When evaluated using the third-order truncation, N; contains one
zero eigenvalue and three real eigenvalues corresponding to requiring the branch of solutions
to bifurcate supercritically, and the stability criteria within subspace 38, hence for stability we
require

MAMF2 + A+ A+ A+ A —af +a —ay <0 (62)
B+ B — By +aj +3(e] +aj) <0 (63)
|C(1 +063|2 +Re[(B) + B3 — By + ap) () + a3)] > 0. (64)

Matrix N, contains no zero eigenvalues. Using the third-order truncation, necessary and
sufficient conditions for the four real eigenvalues of N, to be negative are

X' +2¥ <0 (65)
X5 +2¥) <0 (66)
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Re[X,71]> 0 (67)

Re[X,V2] > 0 (68)
where

Xi=B +By—B3s+a; —ay — a3 (69)

X, =By+B3— B —a; —ay+a3 (70)

Y=o - (71)

?2 =3 — o). (72)

The third block and fourth blocks have eigenvalues analogous to those of M| and M, in the
previous section, but with the signs of «; and 3 changed. This is due to the parameter symmetry
between standing super-squares and alternating super-squares (and similarly between standing
anti-squares and alternating anti-squares). The eigenvalues of N3 and N, are equal, and when
they are evaluated using the third-order truncation @ we obtain

172

0, 0, A — Ay +of — o +of £ [(A) — Ap)* + (A5 — 15)7] (73)

As for standing super-squares, the second zero eigenvalue is a degeneracy caused by omitting
higher-order terms. We calculate the movement of this eigenvalue when these higher-order
terms are introduced in exactly the same way. This leads to the condition

4(YTY] — 82)[a (b + b)) + B, + )] + (B + B)[K (Y] — Y]) + Ky (Y] + Y5 +26,)]

+(BE + D)Ko (YS —Y)) + K (Y] +Y) —28)]>0 (74)
for the stability of alternating super-squares, where § = A4 — Ag and

YiI=A —A—As+Ar+a; —ar + 03 (75)

Yo=A —X+As —A7+a; —or+a3 (76)

K = (a@+B)Y| — (a — )Y, +2p5; (77)

Ky = (@+B)Y| + (¢ — p)Ys — 2as;. (78)

If the inequality (74) is reversed then alternating anti-squares are stable instead. As we
expect, the stability condition (74) is related to (50) by the parameter symmetry (o, o3z) —
(—ay, —a3).

This completes the stability calculations for the four ‘superlattice’ patterns.

6. Complex dynamics

The normal form for the D4-symmetric Hopf bifurcation on C? was studied by Swift [8]. In
this much simpler problem it is well known that, in addition to the C-axial solutions, branches
of quasiperiodic solutions may bifurcate from the origin as p passes through zero.

For the Hopf bifurcation problem corresponding to the representation of Dy x T2 on C*
studied by Knobloch and Silber [5], Swift’s analysis was used to understand the dynamics in
a fixed-point subspace (corresponding to subspace 22 here) where the resulting flow is Dy-
symmetric. The dynamics in this subspace could be transformed onto the surface of a sphere,
denoted the associated spherical system. Since the dynamics is then two-dimensional, they
can be completely understood, and chaotic dynamics is not possible as long as the normal form
symmetry is imposed. Swift’s numerical results indicated that chaotic dynamics was indeed
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possible when the normal form symmetry was not imposed. More recent work [13] on the
Dy x T?-symmetric Hopf bifurcation on C* has highlighted the existence of other doubly and
triply periodic solution branches that may be created in the bifurcation, and which live outside
the D4-symmetric subspace. However, neither asymptotically stable heteroclinic cycles nor
chaotic dynamics have been found.

As table 7 indicates, there are huge numbers of possibilities for heteroclinic orbits in
the problem studied here. A complete investigation would be very time consuming, and
has not been performed. A few calculations have indicated that it appears unlikely that the
number of conditions required to ensure both existence and asymptotic stability are all satisfied
simultaneously for one collection of normal form coefficients.

Of more interest is the existence of stable chaotic dynamics in these amplitude equations
without needing to consider breaking the normal form symmetry. These dynamics are located
within the subspace Sy = Fix(p?) = {(z1, 22, 21, 22, W1, W2, w1, w2)} = C* and we discuss
this briefly in the remainder of this section. Numerical integrations indicate two things: firstly
the existence of chaotic dynamics in the third-order truncation of the normal form when several
normal form coefficients are set to zero, and secondly the persistence of the dynamics when
these coefficients are small but non-zero, and when the O(2(« + 8) — 1) terms are included.
The effect of breaking the normal form symmetry has not been investigated.

6.1. Reduction to a six-dimensional set of ODEs in Sy

The third-order truncation of the amplitude equation (30) and its symmetrically related
counterparts, restricted to Sy, take the form

z=alp+io+ A+ 2|z + 2430227 + Aglwi ]+ 012123 (79)
2 = 2[p +iw+ (A + 2|22 + 243121 17 + Agwa|*] + a1 222} (80)
Wi = wi[p+io+ O + ) [wi]* + 223]wa > + Aalz1|*] + w3 (81)
Wy = walp +iw + (g + A2)[wal? + 23 wy > + Aal22|*] + e wow] (82)

where we have in addition set A5 = Ag = A7 = a» = a3 = 0. Now we transform into modulus
and argument variables

71 = 1’1619”, wp = 1’3619"" (83)
2 = "2610:2, Wy = r4e‘9“’2. (84)

After substituting these into the amplitude equations we note that the phase variables 6; only
occur in the combinations ¢; = 2(6;, — 6;,) and ¢ = 2(6,,, — 6,). The resulting system of
six real ODEs is

= ri[p+ A+ A+ 205 +of cos ¢y — al singy)rs + Aqri] (85)
Fy = ralp+ (M) + A5)r3 + (205 + of cos ¢y + ol singy)ri + Ajrl] (86)
$1 = 2245 — AL — A + 20 cos @) (rf — r3) — 205 (r — r]) — 2(r} +73)e sin ¢y (87)
Fy = r3li+ (W] + A5)rd + (245 + o] cos ¢y — ol sin ¢o)ry + A4ri] (88)
Fa = ralpe+ O]+ A5)rd + (245 + o cos ¢y + ol sin ¢o)r? + A4r3] (89)
by = 2245 — AL — A + 20k cos o) (1] — rd) — 20, (rf — 13) — 2(r} +1})ed sin ¢ (90)

where superscripts r and i, respectively, denote the real and imaginary parts of a coefficient.
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Figure 3. Chaotic dynamics near the diagonal subspace within S4. The normal form coefficients
are Ay = —11.70 — 1.54i, A, = —0.16 + 1.82i, A3 = —1.23 — 31.60i, oy = —8.99 — 38.29i,
A4 = 1.0.

6.2. Chaotic dynamics near a global bifurcation

When A4 = 0, equations (85)—(90) decouple into two three-dimensional sets of ODEs.
Each of these could be further reduced to a two-dimensional system using the associated
spherical system transformation introduced by Swift [8]. Hence the dynamics cannot be
chaotic, but, for suitable choices of the coefficients, a periodic orbit can become homoclinic
to an equilibrium. As 1), is increased from zero, the (1, 72, ¢1) and (r3, r4, ¢p») systems are
coupled together. For many sets of parameter values the diagonal subspace r; = r3, r, = 14,
¢1 = ¢, is transversely attracting, and the dynamics near this global bifurcation again only
involves the creation or destruction of periodic orbits (quasiperiodic solutions to (79)—(82))
since it is again equivalent to that of a two-dimensional system. For other parameter values
we see dynamics, outside the diagonal subspace, which appears chaotic, as illustrated in
figure 3.

Unfortunately, Swift’s associated spherical system transformation confers no advantage
when applied here to (79)—(82) since the ‘radial’ directions cannot be eliminated by a time
rescaling when A4 is non-zero, so the equations within S; cannot be reduced from six
dimensional to four dimensional.

6.3. A period-doubling cascade

A second unexpected feature of the dynamics of (85)—(90) is the existence of a period-doubling
cascade of periodic orbits. This is illustrated in figure 4. When we now fix A, = —4.0 and
vary A} in the range 0.1 < A} < 1.0 we find that the diagonal subspace is no longer attracting,
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Figure 4. Periodic orbits viewed in the (r1, r2)-plane within Sy, in a period-doubling cascade
as Ay decreases. (a) Period 1 orbit at 1j; = 0.7, (b) period 2 orbit at 1;; = 0.5, (c) period 4 orbit
at A, = 0.17, (d) period 8 orbit at A}, = 0.157, (e) period 16 orbit at A}, = 0.155, () chaotic
attractor at )»2 = 0.14. The other normal form coefficients are fixed at A; = —8.63 — 5.45i,
Ay = —5.13 = 11.00i, A3 = —4.37 — 34.07i, ay = —13.04 — 42.08i, ), = —4.0.

and solutions are attracted to a succession of periodic orbits which undergo period-doubling
bifurcations accumulating in the formation of a chaotic attractor.

Further numerical simulations have indicated that both examples of chaotic dynamics are
found in the full third-order truncation (i.e. the subspace S is transversely attracting for these
combinations of normal form coefficients), and, moreover, that the chaotic dynamics persist
when the coefficients As, Ag, A7, @» and o3 are small but non-zero. In addition the chaotic
dynamics persist when the higher-order terms (31) for the case « = 2, 8 = 1 are added in. We
conclude that chaotic dynamics are a robust feature of this Hopf bifurcation problem, whereas
they have not been observed in the simpler problem studied in [5].

Acknowledgments

I have benefited greatly from discussions with Michael Proctor, Alastair Rucklidge and
Mary Silber, and from detailed comments made by two anonymous referees. This work
was funded by the UK EPSRC.



Hopf bifurcation on a square superlattice 511

References

(1
[2]
[3]
[4]

[3]
(6]

(71
[8]
[91
[10]
[11]
[12]

[13]

Dionne B, Silber M and Skeldon A C 1997 Stability results for steady, spatially periodic planforms Nonlinearity
10 321-53

Silber M, Riecke H and Kramer L 1992 Symmetry-breaking Hopf bifurcation in anisotropic systems Physica D
61 260-78

Dionne B, Golubitsky M, Silber M and Stewart I N 1995 Time-periodic, spatially periodic planforms in Euclidean
equivariant partial differential equations Phil. Trans. R. Soc. A 352 125-68

Golubitsky M, Stewart I N and Schaeffer D G 1988 Singularities and Groups in Bifurcation Theory vol 11
(Applied Mathematical Sciences Series 69) (Berlin: Springer)

Silber M and Knobloch E 1991 Hopf bifurcation on a square lattice Nonlinearity 4 1063—-106

Roberts M, Swift ] W and Wagner D H 1986 The Hopf bifurcation on a hexagonal lattice Contemporary
Mathematics vol 56 (Providence, RI: American Mathematical Society) pp 283-318

Dias A P S and Stewart I 1999 Hopf bifurcation on a simple cubic lattice Dyn. Stab. Syst. 14 3-55

Swift J 1988 Hopf bifurcation with the symmetry of a square Nonlinearity 1 333-77

Golubitsky M and Stewart I N 1985 Hopf bifurcation in the presence of symmetry Arch. Rat. Mech. Anal. 87
107-65

Melbourne I 1999 Steady-state bifurcations with Euclidean symmetry Trans. AMS 351 1575-603

Golubitsky M, Marsden J and Schaeffer D 1984 Bifurcation problems with hidden symmetries Partial Differential
Equations and Dynamical Systems (Research Notes in Mathematics vol 101) ed W E Fitzgibbon III (Boston,
MA: Pitman) pp 181-210

Bosch Vivancos I, Chossat P and Melbourne I 1995 New planforms in systems of partial differential equations
with Euclidean symmetry Arch. Rat. Mech. Anal. 131 199-224

Dawes J H P 1999 Stable quasiperiodic solutions in the Hopf bifurcation with Dy x T2 symmetry Phys. Lett.
A 262 158-65



