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In this paper we finish our classification of nilpotent symplectic alter-
nating algebras of dimension 10 over any field F.

1 Introduction

A symplectic alternating algebra (SAA) is a symplectic vector space L, whose
associated alternating form is non-degenerate, that is furthermore equipped
with a binary alternating product - : L x L — L with the extra requirement
that

({L‘-y,Z):(y'Z,iL‘)

for all x,y,z € L. This condition can be expressed equivalently by saying
that (u-x,v) = (u,v-x) for all u,v,z € L or in other words that multiplica-
tion from the right is self-adjoint with respect to the alternating form.

Symplectic alternating algebras originate from a study of powerful 2-Engel
groups [1], [5] and there is a 1-1 correspondence between a certain rich class
of powerful 2-Engel 3-groups of exponent 27 and SAAs over the field GF(3).
We refer to [2] and [6] for a more detailed discussion of this as well as some
general background to SAAs.

In this paper we finish our classification of nilpotent symplectic alternat-
ing algebras of dimension 10 that we started in [3]. Our approach like there



relies on a general theory that we developed in [2]. Before giving some ac-
count of this we introduce some notation. Firstly we can always pick a
basis x1,v1,..., %y, Yy, with the property that (x;,z;) = (vi,y;) = 0 and
(wi,y;) = 0;5 for 1 < i < j <n. We refer to a basis of this type as a standard
basis. It turns out that for any nilpotent symplectic alternating algebra one
can always choose a suitable standard basis such that the chain of subspaces

O=lh<h<---<Il,<I- <---<If=1L,

with I, = Fz, 4+ --- + Fx, k1, is a central chain of ideals. One can further-
more see from this that z;y; = 0 if j <4 and that I} | is abelian. It follows
that a number of the triple values (uv,w) are trivial. Listing only the values
that are possibly non-zero it suffices to consider

P (wyy,uk) = i, (Wi k) = Bigr, 1 <i<j<k<n

for some o, Bijr € F. Such a presentation is called a nilpotent presentation.
Conversely any such presentation describes a nilpotent SAA. The algebras
that are of maximal class turn out to have a rigid ideal structure. In particu-
lar when 2n > 10 we can choose our chain of ideals above such that they are
all characteristic and it turns out that Io, I, I3, ..., o1, - |, I- 5 ... I3
are unique and equal to both the terms of the lower and upper central series
( see [2] Theorems 3.1 and 3.2 ). The algebras of maximal class can be iden-
tified easily from their nilpotent presentations. In fact, if P is any nilpotent
presentation of L with respect to a standard basis {z1,y1,...,Zn,Yn}, and
2n > 8, we have that L is of maximal class if and only if x;y;11 # 0 for all
i =2,...,n—2, and z1Ys, y1y2 are linearly independent ( see [2] Theorem
3.4). In [3] we found all the nilpotent algebras with a non-isotropic centre
and we gave a full classification of the nilpotent SAAs with an isotropic cen-
tre of dimension 5 and 3. Here we deal with the two remaining cases, namely
when the centre has dimension 2 or 4. In the latter our approach leads to an
interesting geometrical setup.

2 Algebras with an isotropic centre of dimen-
sion 4

The situation here is far more complicated and we will need to consider
several subcases. Let L be a nilpotent SAA of dimension 10 with an isotropic



centre of dimension 4. We can pick our standard basis such that
Z(L) = Fl’5 —|— FI‘4 —|— ]F,Ig —|— ]Fﬁg.

Then
L? = Z(L)* = Z(L) + Fz; + Fy,

and by [2, Lemma 2.6] we know that [? = L?*L < Z(L). As L? £ Z(L)
we have L? # {0} and by [2, Propositions 2.9 and 2.10] we then have that
3 < dimL? < 4. We will consider the cases L* < Z(L) and L* = Z(L)
separately.

2.1 The algebras where L3 < Z(L)

In this case we can choose our basis such that

s U5 L3 = Fus + Fay + Fay
, Tq | Ya Z(L) — L3 + sz
Z%L) 53 m Zy(L) L* = Z(L)* = Z(L) + Fz, + Fy,
2 | Y2 2 . ZQ(L) — <L3)L — L2 +1Fy2
1| W L

Notice that, as Zy(L) - L* = {0}, we have that Z(L) is abelian and thus in
particular z1ys = 1152 = 0. As Z(L) is an abelian ideal we also have that
Z5(L)L is orthogonal to Zo(L) and thus Zo(L) - L < Zo(L)* = L3. Tt follows
that

Fay + Fxy + Fy, + L = L? = Fysyy + Fysys + Fyays + L.

Suppose
x4+ L® = aysys + Bysys + yyays + L.

Now at least one of «, 3,7 is nonzero and by the symmetry in ys, y4, y5 we
can assume that o # 0. Thus

zo + LP = (y3 — gy5)(ay4 + Bys) + L.

By replacing @4, x5, 3, ya by &4 = Ly, B5 = w5— Sy + a3, 3 = ys—Lys, s =
ays + Bys, we can then assume that zo + L3 = ysys + L?. In particular
(y2y3, y4) = 1. Suppose that (ysys,ys) = 7. Replacing z», ys by Z2 = 22+ 725



and J5 = ys — Ty we can furthermore assume that (ysys,ys) = 0. If we let
L = Fys + Fy, + Fys, it follows that we now have

L? = Fxy 4+ Faqy + Fy; and ysys = 2. (1)
By (1) we know that

1 = aysys + BYsys + YYays = o + BYsys + YYaYs,

where without loss of generality we can assume that v # 0. Then

154
vy = (ya + ;Z/3)<—04y3 +7Ys).

Replacing x3, x5, ys4, ys by T3 = x5 — §x4 + %%7 Ty = %ﬂ% J1 = ys + 593 and
Us = —ays + Yys, we obtain
YaYs = X1. (2)
Notice that (1) is not affected by these changes. Finally we know from (1)
and (2) that
Y1 = —axy — 1 + VY53

for some 0 # v € F. Then

«
y1 = (ys + ;y4)(7y3 + Bya).

Now replace x3, x4, ys,ys by T3 = %333, Ty =4 — %1‘5 - 5373, U3 = VY3 + Bya
and U5 = y5 + %y4. This gives us

YsYs = Y- (3>

This does not affect (2) but instead of (1) we get ysys = yx5. Now we make
the final change by replacing x5 and y, by v, and %yQ and we can assume
that (1), (2) and (3) hold. We had seen earlier that Z5(L) is abelian and
thus all triple values involving two elements from {zs, x4, x3, T2, 1, Y1, Y2 } are
trivial. Thus all the nontrivial triple values involve two of y3, y4, y5 but from
(1),(2) and (3) we know what these are. We have thus proved

Proposition 2.1 There is a unique nilpotent SAA of dimension 10 that has
an isotropic centre of dimension 4 and where L3 < Z(L). This algebra can
be given by the nilpotent presentation

41
731(0 ' (Yoys,ys) = 1, (1ya,ys5) =1, (z1ys,y5) = 1.

Remark. Inspection shows that the algebra with that presentation has a
centre of dimension 4 and the property that L3 < Z(L).



2.2 The algebras where L3 = Z(L)

We will see that this case is quite intricate and we will need to consider some
subcases.

L5 | Ys

? Z4 Z(L) = L? = Fas 4 Fay 4 Fas 4 Fa,
3193 12 _ 1

T1 | U1 L2 = ZQ(L)

In order to clarify the structure further, we will associate to any such algebra
a family of new alternating forms that are defined as follows. For each z =
z+ Z(L) € L*/Z(L), we obtain the alternating form

¢:: L/L* x L)L —F

given by

¢z(u,v) = (zu,v)
where @ = u+ L? and © = v + L?. Notice that this is a well defined function
as L? is abelian.

Remarks. (1) If 0 # z = z + Z(L) € L?/Z(L), then ¢, # 0. Otherwise we
would have (zu,v) = 0 for all u,v € L that would give the contradiction that
z € Z(L) and thus z = 0.

(2) There is no non-zero element in V' = L/L? that is common to the isotropic
part of V' = L/L* with respect to all the alternating forms ¢, with z €
L?/Z(L). Otherwise there would be some 0 # t € Fys + Fy, + Fys + Fyy such
that (zt,u) = 0 for all z € L? and all u € L. But then ut € (L*)* = Z(L)
for all u € L that gives the contradiction that t € Zy(L) = L.

We divide the algebras into three categories.

A. The algebras where there exists a basis z,t for L?/Z(L) such that the
alternating forms ¢, ¢7 are both degenerate.

B. The algebras where there exists 0 # z € L?/Z(L) such that ¢; is de-
generate but ¢ is non-degenerate for all ¢ € L?/Z(L) that are not in Fz.



C. The algebras where ¢; is non-degenerate for all 0 # z € L?/Z(L).

2.2.1 Algebras of type A

Pick x1,y; € L*\ Z(L) such that ¢z, and ¢;, are degenerate and such that
(x1,11) = 1. By the remarks above we thus know that the isotropic part of
L/L* with respect to both the alternating forms ¢z, and ¢, is of dimension
2 and the intersection of the two is trivial. Thus we can pick a basis g5 =
ys + L2 Yy = ys + L?, 43 = y3 + L2, 9o = yo + L? for L/L?* such that

Fy, + Fys is the isotropic part of L/L? with respect to ¢z, .
Fys + Fys is the isotropic part of L/L?* with respect to ¢y, .

This shows us that we can pick our standard basis such that

(21Y2,Y3) = 1 (Y112, 93) = 0

(T192,94) =0 (y1y2,y4) =

(T192,95) = 0 (v1y2,¥s5)

($1y3ay4) 0 (ylyg,y4)

( )=0 ( )
)=0 (

X1Y3,Ys Y193, Ys
(1Y, Y5 Y1Ys, Ys5)

I
—o o oo

To determine the structure fully we are only left with the triples (v;y;, yx) =
ik for 2 <i < j <k <5. Let

Ui = Yi+oyr + oy,

ZZ‘l = 1 — (0421'2 + Q33 + gy —I— OZ5I5),

171 = U + Qoo + 3T3 + QuTy4 + A5T5.
Inspection shows that we can choose ay, . .., as such that (7;7;, yx) = 0 for all
2<q <] < k < 5. In fact this works for ay = —To45, X3 = —1'345, X4 = —T234
and a5 = —ra35. We have thus proved the following result.

Proposition 2.2 There is a unique nilpotent SAA of dimension 10 with an
isotropic centre of dimension 4 where L*> = Z(L) and L 1is of type A. This
algebra can be given by the presentation

7314 2 (T192,y3) = 1, (y1ys,95) = L.

Notice that inspection shows that the algebra with this presentation indeed
has the properties stated in the proposition.



2.2.2 Algebras of type B

Suppose that ¢z, is degenerate and that the isotropic part of L/L? with re-
spect to this alternating form is Fy, + Fys. We are now assuming that ¢; is
non-degenerate for all z & Fz,. Pick y; € L? such that (xy,y;) = 1.

Remark. We must have ¢y, (94,95) = 0. Otherwise we would get a ba-
Sis 2, U3, U1, Us for L/L? such that

¢Q1(g47g5) = 17 (b@l (g%yi’)) = 1? ¢501 (g%yi’)) = 7é 0

and where ¢y, (7;,7;) = 0 and likewise ¢z, (;,9;) = 0 for any pair g;, y; such
that 2 <1 < j < 5 that is not included above. But then inspection shows
that ¢ag,—z, is degenerate where the corresponding isotropic part of L/L? is
Fy, + Fy3. But this contradicts our assumptions.

We thus know that ¢y, (7s,75) = 0. As ¢y, is non-degenerate we know that
there exists some ¢ € L/L? such that

Gy, (Y2, 1) = 1. (4)

Replacing y5 and y3 by some suitable y5 + ay, and y3 + fys + Yy2 we can
furthermore assume that

Oy (U2, Us) = by, (Y3, Ya) = Py, (Y2, U3) = 0. (5)

As ¢z, is non-zero we must have ¢z (72,73) # 0 and by replacing y3 by a
multiple of itself we can assume that

Gz, (Y2, 73) = 1. (6)

Notice that this does not affect (4) and (5). As ¢y is non-degenerate we
cannot have that ¥ is isotropic to all vectors in L/L? with respect to this
alternating form. Thus by (5) we must have ¢y, (93, ¥5) # 0 and by replacing
ys by a multiple of itself we can assume that

Gy, (Y3, 75) = 1. (7)



Again equations (4),(5) and (6) are not affected. We thus see that we can
choose a standard basis such that

(T19y2,93) = 1 (y1y2,y3) =0
(1Y2,91) =0 (Y192, y4) =1
(1Y2,5) =0 (y1y2,95) =0
(!E11y3,y4> =0 (y1y3,y4) =0
(T1y3,95) = 0 (y1y3,v5) =1
(T194,95) = 0 (y1y4,95) =0

As in case A we are now only left with the triples (v;y;,yx) = 7ijx for all
2<1i<j<k<b5. Asin that case we let

Yi = Vit oz + oy,
531 = I — (CYQ.TQ + a3r3 + aurg + @5375),

?]1 = Y1 + Q%o + Q3T3 + T4 + O5T5.

Inspection shows that we can choose a9, g, au, a5 such that (9;9;,9x) = 0
for 2 <1 < j <k <5. We thus get the following result.

Proposition 2.3 There is a unique nilpotent SAA of dimension 10 with
isotropic centre of dimension 4 where L? = Z(L) and L is of type B. This
algebra can be given by the presentation

47
7Dl(o K (T1y2,y3) = 1, (vaye,va) =1, (v1ys,y5) = 1.

Proof We have already shown that this algebra is the only candidate. In-
spection shows that conversely this algebra has isotropic centre of dimension 4
and L? = Z(L). Tt remains to see that the algebra is of type B. Thus let r € F.
We want to show that ¢,z, 44, is non-degenerate. Let t = ays+ Bys+yya+0ys
such that ¢,z 44, (f,u) = 0 for all u € L/L? where t = ¢ + L*. Then

0= rz, 15 (i s ) =p

0= ¢rz,+5 (é Ya) =

0= ¢rx1+y1 (é Ys) =rae—6=—0
0= ¢rayig (b %) = —rf =7 =—7

Thus t =0. O



2.2.3 Algebras of type C

Here we are assuming that ¢, is non-degenerate for all 0 # 2 € L?/Z(L).
Let L be any nilpotent SAA of type C. Notice that L?/Z(L) = L*/(L*)*
naturally becomes a 2-dimensional symplectic vector space with inherited al-
ternating form from L. Thus (u+ Z(L),v+ Z(L)) = (u,v) for u,v € L?. We
pick a basis z,y for L?/Z(L) such that (x,y) = 1 and then choose some fixed
elements 1,y € L? such x =7 = 2, + Z(L) and y = j; = y; + Z(L). For
any vector u € L/L* we will denote by (u)i- the subspace of L/L? consisting
of all the vectors that are isotropic to u with respect to ¢z,. Likewise we will
denote by (u); the subspace of L/L? consisting of all the vectors that are
isotropic to u with respect to ¢y, .

Definition. We say that a subspace of L/L? is totally isotropic if it is
isotropic with respect to ¢, for all z € L?/Z(L).

Lemma 2.4 For each 0 # u € L/L?* there exists a unique totally isotropic
plane through u.

Proof We know that (u)i and (u); are 3-dimensional. Thus if they are not
equal then

4 = dim ((u)i + (u)y) = dim (u)7 + dim (u)y — dim ({(u)7 N (u)y).

Therefore dim ((u); N (u)y) = 6 — 4 = 2. Thus the collection of all the ele-
ments in L/L? that are isotropic to u with respect to ¢, for all z € L?/Z(L),
namely (u)i N (u)y, is a plane.

It remains to see that (u); # (u)y. We argue by contradiction and pick
a basis u,v,w for this common subspace and add a vector t to get a basis
for L/L? By replacing x; by some suitable z; + ay;, we can assume that
bz, (u,t) = 0. But then u is isotropic to all elements of L/L? with respect to
¢z, that contradicts the assumption that ¢z, is non-degenerate. O

The alternating forms ¢, with z € L?/Z(L) will help us understanding the
structure of algebras of type C. We will next come up with a special type of
presentations for algebras of type C based on the geometry arising from the
family of the auxiliary alternating forms.

Let L be an algebra of type C. As a starting point we pick two distinct totally



10

isotropic planes P, P, < L/L? and we pick some non-zero vector 7, on P;.
By Lemma 2.4, we have that P, N P, = {0} and thus L/L? = P, & P,. Now
(7)1 is 3-dimensional and contains P;. Thus (g,)i N P, is 1-dimensional and
not contained in (i»); by Lemma 2.4. Thus there is unique vector g5 € P,

where ¢i1 (927 g5) =0 and gbﬂl (g2)g5) =L

Similarly we have a unique element g3 € P, such that ¢y (92,%3) = 0 and
bz, (J2,73) = 1. By Lemma 2.4 we have (J5)5 # (¥3)3. Thus there exists a
unique g4 € P; such that ¢y, (94, 75) = 0 and ¢y, (3, ¥a) = 1. Notice also that
bz, (U1, 75) # 0 and that s, Y3, 4, J5 form a basis for L/L% Tt follows from
the discussion that, for some a, 3 € F with § # 0, we have

¢il <g27 g3) - ]-’ ¢§1 (QQ, g?)) = 07 ¢571 (g27 g4) = 07 ¢?31 (g27 g4> - O’
¢i‘1 (gQa g5) = 07 ¢ﬂ1 (g% g5) = 17 gbah (g37 g4) = Q, ¢Ql (g?n g4) = ]-7 (8>
bz, (U3, 95) =0, 05, (3,95) =0, 0z, (Us,¥5) = B, ¢y, (Y1, 95) = 0.
The matrix for the alternating form ¢,z,+s5, with respect to the ordered basis
(372; 374; g37 Z_I5) iS then

0 0 10 00 01
0 0 —a 8 00 -1 0
"Il a4 ool o1 0 o0
0 -3 0 0 10 00

with determinant (872 + ars + s?)2. As we are dealing here with algebras of
type C this determinant must be non-zero for all (r, s) # (0,0). Equivalently
we must have that the polynomial

> +at+ 3

is irreducible in F[¢]. Using this and (8) we will now obtain a full presentation
for our algebra. As before we are only left with the triples (v;y;, yx) = rijk
for 2 <i < j <k <5, We will see that we can choose a standard basis such
that 1 + Z(L) = x, 51 + Z(L) = y and y; + L? = g; for 2 <7 < 5. It turns
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out that we do not have to alter our basis elements x5, ..., xs of the centre.
We do this with a change of basis of the form

i’l = I — (052.1'2 + 3T3 + Ty + 045555)
U1 = y1+ (exs + asrs + aury + asxs)

Ui = Y+ oz + oy

Inspection shows that the equations (9;9;,9x) = 0,2 < i < j < k < 5 are

equivalent to
-1 1 Qs - —T235
foa+1 as | | —7raas |

5t A -
6 -1 oy B —Toa5 |

Notice that we cannot have that a + 3 4+ 1 = 0 since otherwise 1 is a root
of t? + at + 3 that is absurd as the polynomial is irreducible. We thus have
solution (o, ag, oy, a5) to the equation system and we arrive at a standard
basis that gives us the following presentation

Pio (@, B) : (x12,y5) = 1, (213, 94) = @, (2198, 95) = B, 1y, y5) = 1, (4193, 94) = 1,

where the polynomial t? + at + 3 is irreducible. Conversely, inspection shows
that any algebra with such presentation where ¢+ at + 3 is irreducible, gives
us an algebra of type C.

We next turn to the isomorphism problem, that is we want to understand

when two pairs («, ) and (&, 3) describe the same algebra. As a first step
we first prove the following lemma.

Lemma 2.5 Let z,y be elements in L?/Z(L) such that (z,y) = 1. We
have that the values of o and 3 remain the same for all presentations of the
form Pl(é’4)(a,5) where, for the given standard basis, v1 + Z(L) = z and
n+Z(L)=y.

Proof Our method for producing o and § was based on choosing some
distinct totally isotropic planes P;, P, and some non-zero vector s on Pj.
From this we came up with a procedure that provided us with unique vectors
U2, Ys € P and 43, Y5 € P, from which the values a and (3 can be calculated
as

@ = ¢5(Y3, 1), B = bx(Ys, Us)-
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We want to show that if x; + Z(L),y; + Z(L) are kept fixed the procedure
will always produce the same value for v and 3. As a starting point we will
see that the values do not depend on which vector 7, from P; we choose.
We do this in two steps. First notice that if we choose 3o = ay, for some
0 # a € T, then the procedure gives us the new vectors g3 = %gg, Us = %%
and 74 = ay, and this gives us the values

& = ¢z, (Y3, Ja) = Oz, (5Ys, ala) = @,

B = bz, (G4, 75) = ¢z, (alis, 275) = 5.
It remains to consider the change 7, = 74 + ays. Following the mechanical
procedure above produces the elements

. -0 ~ a— o B
Y5 = a2—aa+6y3+a2—a0z+ﬁy5’
~ a _ 1 _
Yys = aQ_aa+ﬁy3+a2_ +By5,
s = —B+(a— o)y

Inspection shows that again we have ¢z, (93, 94) = « and ¢z, (94, J5) = O

We have thus seen that for a given pair Py, P, of distinct totally isotropic
planes we get unique values «( Py, Py) and B(P;, P») not depending on which
vector g, from P; we choose for the procedure above. The next step is
to see that a(Pe, P) = a(Py, Py) and B(P, P) = [(P1, P2). So suppose
we have some standard basis with respect to the pair P, P, that gives us
the presentation 731(3’4)(a,ﬂ). Now consider 75 = 5,94 = (y3s € P, and
Uz = %1374, s = —¥2 € P;. Inspection shows that this is a standard basis for
the pair P, P; and

(P, Pr) = bz, (s, 5a) = b2, (591, BYs) = a(Pr, P)
ﬁ<P27 Pl) = ¢:1?1 (g47g5> = ¢i1(ﬁ537 _gQ) = ﬁ(Pla PQ)

Now pick any totally isotropic plane P; that is distinct from Py, P5. The aim
is to show that a(Ps, P,) = a(Py, P») and B(Ps, P,) = B(Py, P,). Take any
basis for P;. This must be of the form u; + vy, us + vy with uy,us € P; and
v1, vy € P, Notice first that u; + Py, us + P, are linearly independent vectors
in P, + P,/ P,. To see this, take a,b € F such that

PQ:au1+bu2+Pg:a(u1+vl)+b(u2+vg)+P2.
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Then a(u;+v1)+b(us+v9) € P,N Py = {0}. As the vectors u; +vy, us+vy are
linearly independent it follows that a = b = 0. In particular we can choose
our basis for P3 to be of the form 5 + u, 44 + v with u,v € P,. Inspection
shows that for 9o = yo + u,ys = ys +v € P5 and y3,y5 € P» we have a stan-
dard basis with respect to the pair P;, P,. Furthermore the corresponding

parameters are ¢z, (¥s, J4) = o and ¢z, (s, Ys) = 0.

We have now all the input we need to finish the proof of the lemma. Take
any four totally isotropic planes Py, Py, P, Py in L/L? such that P, # P; and
P; # P,. If these planes are not all distinct then we get directly from the
analysis above that a(Ps, P;) = «a(Py, Py) and ((Ps, Py) = B(Py, Py). Now
suppose the planes are distinct. Then a(Ps, Py) = a(Py, Py) = a(Py, P,) and
B(Ps, Py) = B(P1, Py) = B(Py, P,). This finishes the proof of the lemma. O

It follows from the lemma that if we want to obtain a new presentation
for some given algebra L, then we must choose different vectors z,y for
L?/Z(L). We thus only need to consider a change of standard basis for L of
the form #; = axy +byy, ih = cx1+dy; where 1 = (Z1,91) = ad —bc. Suppose
that we have a presentation 731(3’4)(04, () with respect to some standard basis
x1,Y1,--.,T5 Y5 and let 1,7, be given as above. Going again through the
standard procedure with respect to P, = Fy, + Fyy, P» = Fys + Fy; and
Yo € P; gives us the new basis ¥, U3, U5, Y4 Wwhere

Us = —bys+ays

ys = dys —cys

_ —abc— Pac—bd _ n 1 _
T TR dat g PR add+ g2t

From this we can calculate the new parameters & and B and we obtain the
following proposition.

Proposition 2.6 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 4 where L3 = Z(L) and L is of type C. Then L has a
presentation of the form

7)1(374)(0476) D (Y2, y3) = 1, (21ys, Y1) = @, (191, Y5) = B, (Vaye,¥s5) = 1, (y1ys,ya) = 1,

where the polynomial t*> + at + (3 is irreducible in F[t]. Conversely any such
presentation gives us an algebra of type C. Furthermore two presentations
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771(3’4)(04, B) and Pl(é’4)(d,5) describe the same algebra if and only if

(ad + bc)a + 2acB + 2bd
d? + aed + 243

b + aba + a?3

d? + cda + 2f3

8 =

for some a,b,c,d € F where ad — bc = 1.

2.3 Further analysis of algebras of type C and some
examples

In order to get a more transparent picture of the algebras of type C, it turns
out to be useful to consider the case when the characteristic is 2 and the case
when the characteristic is not 2 separately.

Lemma 2.7 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 4 where L? = Z(L) and L is of type C over a field F of
characteristic that is not 2. Then L has a presentation of the form 771(3’4)(0, B)

with respect to some standard basis, where the polynomial t>+ (3 is irreducible
in F[t].

Proof By Proposition 2.6 we know that we can choose a standard basis for

L so that L has a presentation of the form 771(3’4)(04, () with respect to this

basis. Now let a =0,b=1, c= —1 and d = a/2. Then ad — bc = 1 and by

Proposition 2.6 again we know that there is a presentation for L of the form
(474) ~ N2 ~

Py (&, B) where & = 0. O

Proposition 2.8 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 4 where L? = Z(L) and L is of type C over a field F of
characteristic that s not 2. Then L has a presentation of the form

PB): (212, y3) =1, (2194, y5) = B, (1v2,¥5) = 1, (y1y3,v4) = 1,

where 3 & —F2. Conversely any such presentation giwes us an algebra of type
C. Furthermore two such presentations P(B) and P(5) describe the same
algebra if and only if

B/ = (a® +b°5)°
for some (a,b) € F x F\ {(0,0)}.
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Proof From Lemma 2.7 we know that such a presentation exists and the
polynomial t? + f3 is irreducible if and only if 3 ¢ —F2. By Proposition 2.6
we then know that any such presentation gives us an algebra of type C and

that P(0,3) and P(0,3) describe the same algebra if and only if there are
a,b,c,d € F such that

0=acB+bd, ad—bc=1

and

B . b2 + CLQB

4B

Solving these together shows that these conditions are equivalent to saying
that ;
ﬁ::((g)%3+-a525
for some (a,b) € F x F\ {(0,0)}. As % is arbitrary, the second part of the
proposition follows. O

Examples. (1) If F = C then there are no algebras of type C. This holds
more generally for any field ' whose characteristic is not 2 and where all
elements in F have a square root in .

(2) Suppose F = R. Here 3 ¢ —R? if and only if 8 > 0 in which case
there exists a € R\ {0} such that 8 = 1/a*. Hence, by Proposition 2.8,
P(5) describes the same algebra as P(1). This shows that there is only one
algebra of type C over R that can be given by the presentation

P): (v1y2,y3) =1, (1Y, y5) = 1, (n1y2,05) = 1, (y1ys,94) = L.

(3) Let IF be a finite field of some odd characteristic p. Suppose that |F| = p™.
The nonzero elements form a cyclic group F* of order p™ — 1 that is divisible
by 2. Thus there are two cosets of (F*)? in F* and

F* = _(F*)2 U B(F*)Q

for some 8 € F*. Suppose = (¢? is an arbitrary field element that is not
in —F2. As there are (|F| + 1)/2 squares in F we have that the set ¢ — F?
and SIF? intersect. Hence there exist a,b € F such that ¢ = a? + b*3 and
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thus 5 = (a® + b*3)?5. Hence the situation is like in (2) and we get only one
algebra with presentation

7)(5) : <x1y27y3) =1, (951?;4,3/5) = 8, (3/13/27?45) =1, (ylya,y4) =1,

where (3 is any element not in —F2,

Remark. Let 3 € F that is not in —F? and consider a splitting field F[y]
of the polynomial ? + 3 in F[t| where 4 = —3. So a?® + b*3 is the norm
N(a+ ~b) of a + ~b that is a multiplicative function and thus

G(B) ={(a® +b"8)" : (a,b) € F x F\ {(0,0)}}

is a subgroup of (F*)?. Let S = {8 € F: % ¢ —F?}, we now have a relation
on S given by

B~ 3 if and only if B/ﬂ € G(B).

From Proposition 2.8, we know that this is an equivalence relation. We can
also see this directly. First notice that

(a® +b%8)* = (a* + (b/c)*Bc)?

for all ¢ € F*. Hence G(3) = G(Bc?) for all ¢ € F*. In particular we have
that G(B) = G(B) if § ~ B. Let us now see that ~ is an equivalence re-
lation. Firstly it is reflexive as 3/5 = 1 € G(f3), the latter being a group.
To see that ~ is symmetric, notice that G(3) = G(f) is a group and thus
3/3 € G(B) if and only if 3/3 € G(f). Finally to see that ~ is transitive,
let o, 3, € S such that o ~ § and 8 ~ §. Then G(«a) = G(B) = G(6) and

B/a, 6/ € G(a) implies that their product §/a € G(«).

Let us now move to the case when the characteristic of F is 2. We first
see that the algebras here split naturally into two classes.

Lemma 2.9 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 4 where L3 = Z(L) and L is of type C over a field F
of characteristic 2. Then L cannot have both a presentation of the form
731(3’4)(0, 3) and Pl(é’4)(a, v) where ac # 0 and t* + 3, t* + at + are irreducible
polynomials in F|t].

Proof We argue by contradiction and suppose we have an algebra satis-
fying both types of presentations. By Proposition 2.6 we then have 0 =
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(ad + bc)a = (ad — be)a = « that contradicts our assumption that o # 0. O

For the algebras where a = 0, the same analysis works as for algebras with
charF # 2 and we get the same result as in Proposition 2.8. This leaves us
with algebras where char[F = 2 and where o # 0. Notice that Proposition
2.6 tells us here that Pl(g’4)(a, B) and P{g’@(d, $3) describe the same algebra

if and only if

~ [0
YT ®icdat B
B B b2 + aba + a?f3

d? + cdo + 23

for some a, b, c,d € F where ad 4+ bc = 1.

We don’t take the analysis further but end by considering an example, the
finite fields of characteristic 2. Let F be the finite field of order 2". As a
first step we show that we can always in that case, choose our presentation
such that 8 = 1. To see this take first some arbitrary « and g such that L
satisfies the presentation 731(3’4)(0z, B). The groups of units F* is here a cyclic
group of odd order 2" — 1 and thus (F*)? = F*. Now pick b € F* such that
b* = B/a and let a =0, c=1/b and d = b. Then ad + bc = 1 and

~ b2
f=———"—-—=1.
b2+ a+ 3/b?
Thus we can assume from now on that § = 1. Now let b € F be arbitrary and
leta=b+1l,c=bandd=0b+1. Thenad+bc=1,3=1and a = m

The number of such values for & is 2"~! that gives us all possible values such
that 2 + at + 1 is irreducible (easy to count that the number of reducible
polynomials of the form ¢? + ut + 1 is 2"~!). We thus conclude that there is
only one algebra of type C in this case.

3 Algebras with an isotropic centre of dimen-
sion 2

In this section we will be assuming that Z(L) is isotropic of dimension 2.
Notice that if L = Fu + Fv + L%, then L? = Fuv + L3. It follows that
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L?* = Z(L)* is of dimension 8 and that L3 is of dimension 7. We can then
pick our standard basis such that

Z(L) = Fus+ Fay,
L* = Fas+---+Faxy + Fy, + Fy, + Fys,
L3 = F$5++F$1+Fy1+Fy2

Furthermore L? = Fuvu + Fuvv + L* and thus dim L* € {5,6}. Let k be
the nilpotence class of L. We know that the maximal class is 7 and as
dim L* # 1 and L* < Z(L), we must have that L¥ = Z(L). Moreover, we
know that dim L® # 2 for 1 < s < 4 and thus 5 < k < 7. If L> = Z(L) then
dim Z,(L) — dim Z(L) = dim L? — dim L? = 1 and we get the contradiction
that L* = Zy(L) is of dimension 3. Thus 6 < k < 7. We will deal with the
two cases separately.

3.1 The algebras of class 6

As the class is 6, it follows that (L*, L*) = (L7, L) = 0 and thus L* is isotropic.
We have seen that the dimension of L* is at least 5 and thus dim L* = 5. We
can thus now furthermore choose our standard basis such that

s | Ys Z(L)IL6:F$5+F£IZ’4
L6 = Z(L) Ty | Ya Zg = L5 = Fl’5 + F$4 + FIg
L*=2Zy(L) | a5 | ys | L*=Z5(L) Z

(L)
3(L) :L4:F$5++Fl‘1
Ty | yo | LP=Z4(L)  Zy(L) = L* = L* + Fy, + Fy,
L' =Z3(L) | z1 | Zs(L) = L* = L* + Fy; + Fy, + Fys.

As L*Z,(L) = 0 we must have

T1y2 = 0.
It then follows that L*L3? = 0 and then
L’L? = Fyiys.

Notice that L3L3 # 0 since this would imply that (L° L) = (L3, L*) =
(L3L3,L) = 0 and we would get the contradiction that the class of L is at
most 5. Next let us see that x;y; and xoy; are linearly independent. To see
this we argue by contradiction and suppose that (ax; + bzs)ys = 0 for some
a,b € F where not both a, b are zero. But this would imply that (az;+bxs)L €
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Z(L) and we would thus get the contradiction that az; + bre € Zy(L) = L°.
Thus
L*L? = Fayys + Faoys = Z(L).

Notice that L3L3 = Fy,7, is a one-dimensional characteristic subspace of
Z5(L). We consider two possibilities: L*L3 < Z(L) and L*L? £ Z(L).
3.1.1 Algebras where L*L? < Z(L)
We pick our standard basis such that
LPL? = Fyyy = Fas. (9)

We have seen above that Z(L) = Faoys + Fayys = L*L2. In order to clarify
the structure of L we introduce the characteristic subspace

W ={zel": 2> < [*L?}.

Notice that W is the kernel of the surjective linear map L* — Z(L)/L3L3, x
xys + L2L? and thus W is of codimension 1 in L*. Also L° < W. We can
thus pick our standard basis such that

W = Fl’5 —|— Fl’4 + Fl'g + FCL’Q.

From this one sees that we have a chain of characteristic ideals of L

LPL? Ts5 | Ys
L6 == Z(L) Ty | Yy (L3L3>J‘
LP = Zo(L) [ws | ys | L2 = Zs(L)
w T2 | Y2 LS = Z4(L)
L4 = Z3(L) 1 | W WJ'

Notice that Fxoys = Fxs. We continue considering characteristic subspaces.
Let

S={rel’ z L*<L’L%.
Notice that L?L? = Z(L) and that S is the kernel of the surjective linear
map L* — Z(L)/L*L? z — x - ys + L3L? and is thus of codimension 1 in
L3. Notice also that x; € S whereas W < S. It follows that we can pick our
standard basis such that

S = FZE5 + FZL‘4 + Fl‘g + FZL‘Q + ]Fyl + Fyg
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In particular we have y,ys, y2y3 € L3L3. Notice that
St =L°+TFy,
and that L2S+ = L%y, = Fy,ys + Fy1ys = L3L3. Let
T={reclL: 25+ =0}

Then T is the kernel of the surjective linear map L? — L3L3 x — yx.
Notice that W+ < T but that y, € T. We can then pick our standard basis
such that

T = WL + Fyg

In particular y;y3 = 0. We now have a characteristic isotropic subspace
T+ = Fas+ Fay + Fry where T+ - (L3L3)1 = 25 (L3L3)* = L3L3. We now let

R={xc (L*L*"*: 2T+ =0}.

This is the kernel of the surjective linear map (L*L3)t — L3L3, x s xox
that contains L3. We now refine our standard basis such that

R = L*+Fy,

and we have in particular zoy, = 0. Let us summarize. For every standard
basis that respects the list of characteristic subspaces above, we have

Toyy = 0
Fxgyg = IF.I’5
Ty = 0

F$5+F$1y3 = Fx5—|—Fx4
Frs +Friyy, = Fas+ Fag

Fiyiyo = Fas
nys = 0
yays € Fuas

It is not difficult to see that we can furthermore refine our basis such that

Toys = Ts, Toys = 0, x1y2 = 0, T1Y3 = T4, T1Ys = —T3, Y1Y2 = T5, Y13 = 0.

(10)
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This deals with all triple values apart from

(3/194,3/5) =0, (y2y4,y5) =e, (x3y4,y5) =7,
(Y3ya, ys) = f, (Y2y3,ys) = c.

Replacing @1, y1, ©2, Y2, T4, Ys, T5, Ys, Y3 by r°w1, (1/7)?y1, (1/7) w0+ (b/7) 24, 7y2—
crrg—exs—berzy, riwy, (1/1)*ys— (/1) ya, (1/7)x5, 7ys, y3—(e/r)wa—(1/7)(f+
be)xs — (b/r)exy and we can assume that b= f =e=c=0and r = 1. We
thus arrive at a unique presentation.

Proposition 3.1 There is a unique nilpotent SAA L of dimension 10 with
an isotropic centre of dimension 2 that has the further properties that L is
nilpotent of class 6 and L*L3 < Z(L). This algebra can be given by the
presentation

771(371) D (T3ya,ys) = 1, (weys,u5) = 1, (m1ys,ya) =1, (1y2,ys) = L.

One readily verifies that the algebra with the presentation above has the
properties stated.

3.1.2  Algebras where L*L? £ Z(L)

Recall that z1y, = 0. As we had observed before, Fy,y, = L3L? < Zo(L) =
Z(L)+Fz3. We had also seen that Fxyys + Froys = Z(L). We can now pick
our standard basis such that

1y =0, y1Y2 = T3, T1Y3 = T4, ToYsz = T5. (11)
This leaves us with the following list of triple values to determine.

(14, 95) = a, (Yoys,ya) = ¢, (ys,ya) = f, (N1ya.ys) = h,
(T2ya,Y5) = b, (Yoys,us5) =d, (Yys,ys) = 9, (Ysya, y5) = k,
(1'33/473/5) =, (y2y4,y5) =€,

where 7 # 0 as z3 ¢ Z(L). We show that we can further refine the basis
sothat a =b=c=d=e=f=g=h=k=0. Let « = ac — e + bd,
8 = ¢ — g and replace x1, Y1, T2, Y2,Y3, Ya, Ys Dy o1 — (a/r)w3,y1 — cva — ((h —
be)/r)xs, xy — (b)r)xs — fry + Bas, ya — cxy — dxo + (a/7)x3, ys — (b)) —
(e/r)zs — (/r)zs + (a/r)ys + (bfr )y, v — cfor — dfzs + (f [r)zs + fun,
ys + cfxy + dBxs — (Ba/T)xs — Byo. We thus arrive at a family of algebras
given by the presentation 73%2) given in the next proposition.
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Proposition 3.2 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 2 with the further properties that L is of nilpotence class
6 and L3L® £ Z(L). Then L has a presentation of the form

7)1(372)(7’) : ($3y4>ys) =T, ($2y37’y5) =1, ($1y3,y4) =1, (y1y2,y3) =1,

where r # 0. Furthermore the presentations 7)1(3’2) (r) and 731(3’2)(5) describe

the same algebra if and only if s/r € (F*)*. Conversely any algebra with such
a presentation has the properties stated.

Proof We have already seen that all such algebras have a presentation of the
form 731(3’2)(7") for some 0 # r € F. Straightforward calculations show that
conversely any algebra with such a presentation has the properties stated
in the proposition. It remains to prove the isomorphism property. To see
that it is sufficient, suppose that we have an algebra L with presentation
771(3’2)(7”) with respect to some given standard basis. Let s be any element
in F* such that s/r = b € (F*)*. Replace the basis for L with a new
standard basis 12'17"' ,gg, where i‘l = T, gl = Y1, Zi’g = (1/())5[]2, gg = byg,
T3 = brs, §s = (1/b)ys, T4 = (1/0)wa, Ja = bya, T5 = (1/0°)25 and g5 = b?ys.
Direct calculations show that L has the presentation 73%2)(3) with respect
to this new basis. It remains to see that the condition is necessary. Consider
again an algebra L with presentation 731(3’2) (r) and suppose that L has also
a presentation 731((2)’2)(3) with respect to some other standard basis Z4, .. ., ¥s.
We want to show that s/r € (F*)*. We know that L = Fjs5 + Fyy + L? =
Fys + Fy, + L2. Thus

Us = ays+bys + uy
Us = cys+dys + us,

for some uy,us € L? and a,b,c,d € F where ad — bc # 0. We know that
L?L? < L* and thus

UsUaa = (cya + dys)(ays + bys)(ays + bys) +w
U4Us05 = (aya + bys)(cys + dys)(cys + dys) + 2,

where w, 2 € L*. We use the fact that L™ = 0 and L3>L? < L? in the following
calculation. We have

$* = (GuTs75(G4Ts), UsUalia) = (ad — be)*r®.
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Hence s/r € (F*)%. O

Remarks.(1) It thus depends on the field F, how many algebras there are
of this type. When (F*)* = F* there is just one algebra. This includes the
case when FF is algebraically closed or a finite field of characteristic 2.

(2) Let IF be a finite field of order p™ where p is an odd prime. If p = 1 (mod 4)
then there are 4 algebras and if p = —1 (mod4) then there are 4 algebras
when n is even and 2 algebras when n is odd.

(3) For F = R there are two algebras, one for » < 0 and one for r > 0.
For F = Q there are infinitely many algebras.

3.2 The algebras of class 7

Here we are dealing with algebras of maximal class and thus we can make
use of the general theory concerning these. In particular we know that we
can choose our standard basis such that

L"=Z(L) = Fuxs+ Fay,
L¥ = Z,(L) = Fas+ Fay+ Fas,
L5 = Zg(L) = F$5 + FLL’4 + FJJ;; + FIQ.

We also know that L* = Z,(L) = (L°)*, L? = Zs(L) = (L°)* and L? =
Zs(L) = (L")*. Furthermore we know that we can also get characteristic
ideals of dimensions 1,5 and 9 in the following way.

Firstly, we know from the general theory that zsy,, zoys # 0. As a result
L5L* = Fayys # 0. This gives us a characteristic ideal of dimension 1 and
then (L5L?)* is a characteristic ideal of dimension 9.

We now turn to the description of a characteristic ideal of dimension 5.
From the general theory we also know that ziys,y1y2 are linearly indepen-
dent. Thus L*L3 = Fx 1y, + Fy1y» is a 2-dimensional characteristic subspace
of LS. Let I = L°L? I, = L and I3 = LS. Let k be the smallest such that
I, N LAL3 # {0}. Then

U={zvel*: zL*<I}
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is a characteristic ideal of dimension 5. We can thus further refine our basis
such that we have the following situation.

L°L? T5 | Ys
L Z(L) Ty | Ysg (LE)LQ)J'
L6 ZQ(L) I3 | Ys L2 = ZG(L)
Z3(L) | my | yo | L? = Zs(
U x|y | LY = Zy(

There are now few separate cases to consider according to whether L*L3 = L7
or LL3 # L7 and whether or not L*L3 N L5L?* # {0}.
3.2.1 Algebras where L*L3 = L7
In this case we have
Froys = Fryys = Fas, Fas + Fyrye = Fas + Fuy.

Now consider the characteristic subspace UL? = Fxs + Fxyys. There are
again two subcases to consider as either UL? has dimension 1 or 2.

I. Algebras where UL? is 1-dimensional

In this case we have that x,y5 € Fxs and it follows that L*L? = UL?*+y,L? =
Fas +y;L? = Z(L). Consider the characteristic subspace
V={zel*: L'z<L°L*.

Then V is of codimension 1 in L? and L* < V. Also y» € V. One sees readily
that we can refine our choice of basis further such that

V = L* + Fys.
In particular y,y3 < Fxs. Next consider the characteristic subspace
W={zel": 2V =0}
We have that L < W and that zo ¢ W. Also W is the kernel of the

surjective linear map L* — L°L?, x +— zy; and thus of codimension 1 in L*.
We can now pick our basis further such that

W = L6+F$1 —FIFyl
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It is not difficult to see that such a choice is compatible to what we have
done so far. Notice that it follows that y;y3 = z1y3 = 0. Next one notices
that L*V = Z(L) and that L3U < L°L?. Let

Z={xeV: L <L°L*}.

Then Z is of codimension 1 in V' and y; ¢ Z. We can now further refine the
basis such that

The reader can convince himself that this is compatible to our choice so
far. In particular yoy3 € Fx5. Replacing y, by a suitable ys — ux,, we can
furthermore assume that yoys = 0. With this choice of basis we thus have
1Ys = 11ys = Y2uys = 0 as well as Fryys = Faoys = Foy and Foy + Fry =
Faxs+Fyiy,. It is not difficult to see that we can further refine our basis such
that

T1ys = Y1ys = Yays = 0, T1y2 = Toyz = T5, Y1Y2 = T4 (12)
We are then only left with the following triple values

¢, (Ysys,ys)

($1?J4,y5) (y1y47y5> =€,
d7 (95394, y5) =T,

= a’
(w2ys,y5) = b, (Y2Ya,Ys)

where r # 0. Replacing x5, 24, 3, T2, T1, Y1, Y2, Y3, Ya, Y5 by (1/7) %5, riay, ros+
brag, (1/r)zat(a/r)zs—(c/r)ws, (1/7) w1, Py +driey, vy, (1/7)ys—(e/r?)zs—
(e/r)bxa, (1/r) ys — (b/r")ys — (a/r")y2 + (d/rh)z1,7°ys + cr?ys, gives us a
new standard basis where we can assume that a =b=c=d =e =0 and
r = 1. The reader can check that (12) is not affected by these changes. We
thus arrive at unique presentation for L.

Proposition 3.3 There is a unique nilpotent SAA L of dimension 10 that
has isotropic centre of dimension 2 with the further properties that the class is
7, LAL2 = L7 and dimUL? = 1. This algebra can be given by the presentation

771((2)’3) D (wsya, ys) =1, (zoys,u5) =1, (T1v2,v5) = 1, (y1y2,ya) = 1.

Direct calculations show that the algebra with this presentation has the prop-
erties stated.

II. Algebras where UL? is 2-dimensional



26

In this case Fxoys = Fx1yo = Fay and Fyyo+Fos = Friys+Fay = Fry+Fas.
It is not difficult to see that we can choose our standard basis such that

T1Y2 = T2Y3 = T5, Y1Y2 = X4. (13)

Now y1y3 = axs + bxy for some a,b € F. Replacing xs, y1, y2, y3 by x2 + bxs,
Y1 — azg, Y2 — axi, Ys — by + abxy gives

y1ys =0, (14)

and the changes do not affect (13). Next consider y,y; = axy + bzrs and
replace x1, yo, y3 by x1 — azs, yo — bxa, y3 + ay;. These changes imply that
we can assume furthermore that

Yays = 0. (15)
Now consider z1y3 = axs + bxy (where b # 0 by our assumptions). Replacing
x1,Y2 by 1 —axs, yo +ay; we can assume that ¢ = 0. Then replace zq, ..., ys

by (1/b)xy, (1/b*)xa, (1/6%)x3, b324, bxs, byy, bPya, b3ys, (1/6%)ys, (1/b)ys we
can assume that b = 1. Thus

T1Ys = 4. (16)

This leaves us with the following triples.

(x1y4,y5) = a, (y1y4,y5) =G (y3y4ay5) =6
(oya,ys5) = b, (Yoya, ys) = d,  (T3ya,y5) =1,

where r # 0. We refine our basis further such that a =b=c=d =e = 0.

Replacing ys, y1, 3, Y3, T2, Ys bY ys + cy2, y1 + dxg, w3 + by, ys — (e/r)w3 —
ble/r)ry, ko + axy — cxs5,Yys — ayo — bys + dxy. Thus L has a presentation of

the form 771(?)’4) (r) as described in the next proposition.

Proposition 3.4 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 2 that is of class 7 and has the further properties that
LA*L3 = L7 and dimUL? = 2. This algebra can be given by a presentation of
the form

PE(r) : (sya, ys) = 7, (x2ys,ys) = 1, (2192, 95) = 1, (@1ys5,94) = 1, (y1y2, va) = 1,

where v # 0. Furthermore two such presentations 771(3’4)(7“) and 731(3’4)(5)
describe the same algebra if and only if s/r € (F*)'. Conversely any algebra
with such a presentation has the properties stated.



27

Proof We have already seen that any such algebra has such a presentation.
Direct calculations show that an algebra with a presentation 771((2)’4) (r) has
the properties stated. We turn to the isomorphism property. To see that
the condition is sufficient, suppose we have an algebra L with a presentation
Pl(g’4)(r) with respect to some standard basis x1, 41, .. ., s, y5. Suppose that
s/r = a'' for some a € F*. Consider a new standard basis Z; = az,
o= (1/a)y, Tz = @z, o = (1/a®)ya, T35 = a°x3, J3 = (1/a%)ys, T4 =
(1/a*) = x4, 94 = a'yy, T5 = (1/a*)z5, §5 = a’ys. Calculations show that L
has then presentation 771((2)’4)(3) with respect to the new basis. It only remains
now to see that the conditions is also necessary. Consider an algebra L with
presentation 7713’4) (r) with respect to some standard basis x1,y1, ..., Ts5, Ys.
Take some arbitrary new standard basis z1, 91, ..., 5, §5 such that L satisfies
the presentation 731((2)’4)(5) with respect to the new basis. Using the fact that
we have an ascending chain of characteristic ideals we know that

t1 = ayr + Burs + - - + Bisws,

Yo = bys + qo1y1 + o101 + - - + [oss,

U3 = cys + azaye + aziys + G311 + -+ - + B35,

Us = dys + ouzys + auys + iy + By + -+ - + Pass,
Us = €Ys + asays + - -+ a5y + Bsivy + -+ Boss,
T = (1/a)xy + Y1222 + - - + Y155,

Ty = (1/b)x2 + 72373 + Y24%4 + Y255,

T3 = (1/c)w3 + Y3424 + V3575,

Ty = (1/d)wy + Y525,

1'5 = (1/6)1’5,

for some «;;, Bij, Vij, @, b, ¢, d, e € F where a, b, c,d,e # 0. Direct calculations
show that

1= (2199,75) = be/a = e=a/b
1= (glgg, g4) =abd = d= 1/(ab)
1= (#193,74) = cd/a = c=a’b

1 = (Z973,75) = ce/b = b=ad’.
Thus b= a3, c=a®, d = 1/a*, e = 1/a® and it follows that

s = (T334, J5) = (de/c)r = (1/a)"'r.
Hence s/r € (F*)'1. O
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Remarks. It follows that if (F*)!! = F* then there is only one algebra
of this type. This includes any algebraically closed field and R. If F is a
finite field of order p™, then the number of algebras is either 11 or 1 accord-
ing to whether 11 divides p” — 1 or not. Notice also that there are infinitely
many algebras over Q.

3.2.2 Algebras where L*L3 # L” and L°L? < [*L?

Here we can pick our basis such that
L*L? = Fr5 + Fas.

Notice also that as before U = {x € L* : zL3 < L°L*} and thus again
r1Yy2 € Fxs. Notice also that

(L*L*)* = Fas 4 - - - + Fay 4+ Fyy + Fyy + Fyy.

Then L5(LAL3)* = (Fx3 + Fao)yy = L°L?. Consider the characteristic sub-
space
V={zecl’: o(L*L*)* =0}

Here z3y; # 0 and thus V is the kernel of a surjective linear map L5 —
L5L?, x +— zy, and has codimension 1 in L°. We pick our standard basis
such that

V =Fxs + Fay + Fao.

In particular

Here we have again UL? = Fus + Fx,y; and thus either the dimension of
UL? is 1 or 2. We consider these cases separately.

I. Algebras where UL? is 1-dimensional

Notice that
Vt =Fxs+ -+ Fry + Fy, + Fys,

and that UV = Fxy = L°L?. Let

W={reU: zVt=0}
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Here x3ys # 0 and W is the kernel of the surjective linear map U —
L5L2, x> zy3. We choose our standard basis further such that

W = IFx5 + Fx4 + Fﬂfg + ]Fl'l.

In particular

Next look at L*V+ = Fas+Fy,ys. Notice that i1y € V and that (y,ys, y2) #

0 (as Fyiyo + Fos = Fas + Fxs). We choose our basis further such that
L*V+ = Fas + Fa,.

In particular

(y1y3,y4) = 0. (19)

Now consider the characteristic subspace
T = L'V* + L'L? = Fas + Fas + Fuo.
Notice that T+ = L* + Fy, and WT+ = Fasy, + Fryys = L°L?. Let
R={xeW: 2T+ =0}
We have x3y, # 0 and R is the kernel of the surjective linear map W —
L5L2, x> zy,. We now refine our basis further such that
R =TFx5 + Faxy + Fay.

In particular 1y, = 0. We have thus got a basis where x1y3 = x1y4 = Toys =
0 and where (y,y3,y4) = 0. It is not difficult that we can furthermore assume
that

T3Yy = Ts, Toys =0, T1y2 = w5,

r1y3 =0, 21y4 = 0, y1y2 = 23, (Y1y3,94) = 0.

We still need to consider the following triples.
(ysya,ys5) = a, (1yays) = ¢, (Y2ya,9s) = [,
=e

(y1y37y5) =0, (y2y37y4) =d, (y2y3ay5)
(513293»95) =T,

Y

where r # 0. Replacing x1, x2, Y1, Y2, Y3, Ya, Y5 by 1 + dxy, vo — bxs, Y1 — Ccx3,
yo—(1/7)(c+e)xo— frs+(b/r)(c+e)xs, ys—cx1— fro—(a+bd)rs—cdrs+bfxs,
ys — dy1, ys + bys we can assume that a =b=c=d=e = f = 0. It follows
that L has a presentation of the form 731(3’5) (r) as in the following proposition.
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Proposition 3.5 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 2 that is of class 7 and has the further properties that
LAL3 # L7, LPL? < L*L3 and UL? is 1-dimensional. The algebra can be
given by a presentation of the form

7)1((2)’5)(7”) D(woys,ys) =1y (T3ys, ys) = 1, (21y2,u5) = 1, (e, y3) = 1,

where v # 0. Furthermore two such presentations 771((2]’5)(7“) and 731(3’5)(5)
describe the same algebra if and only if s/r € (F*)3. Conversely any algebra
with such a presentation has the properties stated.

Proof We have already seen that any such algebra has a presentation of
this form. Conversely, direct calculations show that any algebra with a pre-
sentation 731((2)’5) (r) satisfies the properties stated. We turn to the isomor-
phism property. To see that condition is sufficient, suppose we have an
algebra L with presentation 731(3’5)(7") with respect to some standard basis
T1,Y1, ..., T5,Y5. Suppose that s/r = a® for some a € F*. Consider a new
standard basis 1 = x1, §1 = Y1, T2 = axe, Yo = (1/a)ys, T3 = (1/a)xs,
Us = ays, Ty = T4, Ys = Ya, T5 = (1/a)xs, Js = ays. Calculations show that
L has then the presentation 771(3’5)(3) with respect to the new basis. It only
remains to see that the condition is also necessary. Consider an algebra L
with presentation 77%5) (r) with respect to some standard basis z1,y1,.. .,
x5 ,Yys. Take some arbitrary new standard basis z1,%1,...,Z5, 95 such that
L also satisfies presentation 731(3’5) (s) with respect to the new basis. Using
the fact that we have an ascending chain of characteristic ideals as well as
the fact that L*L? = Fay + Fay, L*V+ = Fag + Fao, R = Fas + Foy + Faq,
Wt =Fy, + U, (R+ LVt = Fys + U and T+ = Fy, + Fy, + U are
characteristic subspaces, we know that

th = (1/a)yy + Buzs + - - - + Biss,

U2 = (1/b)y2 + Borx1 + - - - + Bass,

U3 = (1/c)ys + Baxy + -+ - + 3525,

Ys = (1/d)y4 + anyr + Buxy + - -+ Bass,

Us = (1/e)ys + asays + - - - + 5191 + Bs1201 + - - + G5,
Ty = ari + Y1474 + Y1575,

To = bxy + Y2575,
T3 = cr3 + Y3575,
Ty = dxy + Y4575,
i’5 = €Ts,
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for some a,b,c,d, e, i, Bij,7;; where a,b,c,d, e # 0. It follows that

1 = (2374, J5) = c/(de)
L = (2102, J5) = a/(be)
1 = (192, ¥3) = 1/(abc).

This gives ¢ = 1/(ab), e = a/b, d =1/a* and then
s = (Ta73, J5) = br/(ce) = b°r.

This finishes the proof. O

Remarks. Again we just get one algebra if (F*)3> = F*. This includes
all fields that are algebraically closed as well as R. For a finite field of order
p™ there are 3 algebras if 3|p™ — 1 but otherwise one. For QQ there are infinitely
many algebras.

I1. Algebras where UL? is 2-dimensional

Recall that UL? = Fx5 + Fayys, L*L3 = Fas + Fag and zoys = 0. It is
not difficult to see that one can further refine the basis such that

T3Ys = QT5, ToY3 = x5, ToYs = 0, T1Yo = Ts, T1Y3 = T4, Y1Y2 = T3, (20>

where Q, T 7é 0. Replacing L1, Y1y---5T5,Ys5 by Qaxy, (1/&>y17 (1/0&3)$2, 043?/2,
s, (1/a?)ys, (1/a)xy, ayy, atzs, (1/at)ys, implies that we can furthermore
assume that o = 1. We have also the following triples to sort out.

(ylyg,y4) = a, (y2y37 y4) =d, ($1y4>y5) =9,
(yly3>?/5) =0, (y2y3, 3/5) =6€, (y3y4,y5) = h.
(Y1ya,y5) = ¢, (Yoya, ys) = f-

Let v = c+e, § = ae — h — bd and replace xs, T1, Y1, Yo, Y3, Ya, Y5 DY To —
azxy — bxs, 1 — (@ + g)xs + dvg + yxs5,y1 — cx3, Y2 — fr3,y3 — cr1 — fro +
Brs + (af — cd)zy +bfrs + (a+ g)y1, ya — dyr + ayz, ys + cyxs — yy1 + byo.
Then we can assume that a =b=c=d=e=f=g=h =0 and L has a
presentation 771(3’6)(7”) as in the following proposition.

Proposition 3.6 Let L be a nilpotent SAA of dimension 10 with an isotropic
centre of dimension 2 that is of class 7 and has the further properties that



32

LAL? # L7, LPL? < LAL? and UL? is 2-dimensional. The algebra can be
given by a presentation of the form

731((2)’6)(7") : ($2y3>y5) =T, (x3y4,y5) =1, (951?/2795) =1, ($1y37y4) =1, (3/192,93) =1

where r # 0. Furthermore two such presentations 731(3’6)(7‘) and 731(3’6)(3)
describe the same algebra if and only if s/r € (F*)'2. Conversely any algebra
with such a presentation has the properties stated.

Proof We have already seen that any such algebra has a presentation of
this form. Conversely, direct calculations show that any algebra with a pre-
sentation 731(3’6) (r) satisfies the properties stated. We turn to the isomor-
phism property. To see that condition is sufficient, suppose we have an
algebra L with presentation 731((2)’6)(7") with respect to some standard basis
T1,Y1, ..., T5,Ys5. Suppose that s/r = a'? for some a € F*. Consider a
new standard basis Z; = (1/a)x1, 41 = ayi, T2 = a*ze, G2 = (1/a*)ys,
Ty = (1/a%)xs, §3 = a®ys, T4 = a’xy, Yo = (1/a®)ys, T5 = (1/0°)x5, §5 = a’ys.
Calculations show that L has then the presentation 731%’6)(3) with respect
to the new basis. It only remains to see that the condition is also neces-
sary. Consider an algebra L with presentation 77{3’6) (r) with respect to some
standard basis x1,y1,..., T5,y5. Take some arbitrary new standard basis
1,7, .-, 25, Y5 such that L also satisfies presentation 73{?;6’(3) with respect
to the new basis. Using the fact that we have an ascending chain of charac-
teristic ideals as well as the fact that L*L3 = Fas+Fxs, V = Fas+Fay+Fa,,
are characteristic subspaces, we know that

th = (1/a)yy + Puzt + - - - + Bisws,

Uo = (1/b)ys + aoryr + Paxr + - - - + Poss,

U3 = (1/c)ys + asiyr + Baix1 + - - + P3525,

Us = (1/d)ys + auoys + asrys + By + - - + Basxs,

Us = (1/e)ys + asaya + - - - + 5191 + Bs1v1 + - - + Bsss,
.’f?l = axry + Y1222 4+ ...+ Y155,

Tg = bxy + Y244 + Vo575,
T3 = cx3 + Y357,

Ty = drg + Y4575,

i’5 = €5,
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for some a,b,c,d, e, i, Bij,7;; where a,b,c,d, e # 0. It follows that

1 = (374, 5) = c/(de)
1 = (172, U5) = a/(be)
1= (192, s) = 1/ (abc)
1= (i’ gg,g4) =a (Cd)

This gives b = (1/a*), c=a?, d = (1/a?), e = a® and then

s = (Ta73,75) = br/(ce) = (1/a"?)r.
This finishes the proof. O

Remarks. The number of algebras depends thus again on the underly-
ing field. In particular there is one algebra over the field C, two algebras
over R and infinitely many over Q. When F is a finite field of order p" then
the number can be 12, 6, 3, 4, 2 or 1 depending on what the value of p" is
modulo 12.

3.2.3 Algebras where L*'L? # L and L°L* £ L*L?

First we pick our standard basis such that
L'L*N LT = Fay, L'L3 = Fay + Fas.

Thus in particular Fa,y, = Fz,. From this one sees that U(L°L?*)* = L7 +

Fz1y, where (z1ys4,y2) = —(x1y2,y4) # 0. We further refine our basis such
that
U-(L°LY* = L" + Fxy = Fos + Foy + Fa,.

Then notice that (U(L°L?)*)L = L° L*+Fxoys, where (22ys, y3) = —(T2ys, ys) #
0. We refine our basis further such that

(U(LPL>Y)L = LPL? + Fa3 = Fa5 + Fus.

Notice that in particular xexs € Frs+Frs and thus (xexy, x5) = — (2225, 24) =
0. We have as well (z2y4,ys3) = —(22y3,y4) = 0 and thus

We also have

Fas = (Foy 4 Fag) N (Fas + Fas) = (L*L*) N (U(LPLA)1)L).
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Next consider the characteristic subspace
V={zel': 2L} < (L*L*n (UL L)L)}

Notice that z1y2 # 0 and thus V is the kernel of a surjective linear map
L* — L*L3/Fx3, x — xys + Faz and thus of codimension 1 in L*. Notice
also that L®> < V. We refine our basis further such that

V =L +Fy, =Fas+ ...+ Fay + Fyy.
It follows in particular that
Fyiys = Fag (22)
Notice that
(ULt =Fas + - - 4+ Fay + Fyy + Fys
and then U - (U(LPL*)1)t = LSL? + Fayys. Now (2193, 42) = — (7199, y3) =
0 but also z1ys € U(LPL?)* = Fas + Fay + Fzo and thus (z1y3,y4) =

—(z1y4,y3) = 0. It follows that xyy3 € Faxy = L°L% Tt follows that
U - (U(L°L?)*)*+ = LPL2. Consider the characteristic subspace

R={xcU: (UL L*)*)* =0}.

We have that xoy3 # 0 and thus R is the kernel of the surjective linear map
U — L°L?, x — xys. Thus R is of codimension 1 in U and contains L°. Now
choose our basis further such that

R = L6+]Fl‘1 :FZL’5+FZE4+]F[E3+FZE1.

In particular
z1ys = 0. (23

Next consider L* - (U(L5L?)*)t = L°L? + Fy,ys. Notice that (y1ys,92) =
—(11y2,y3) # 0. We can refine our basis further such that

~—

LY (U(LPLY)* = Fas + Fu,.

In particular
(Y13, y4) = 0. (24)
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It is not difficult to see that we can now choose our basis such that

T3Ys = Ty, ToYs = Tx5, Toys =0,
T1Yo = T4, T1Yy3 =0, Y1Y2 = =3, (Y1Ys,ya) =0,

where r # 0. Replacing @1, y1, ..., x5, y5 by (1/r)x1, 7y1, 122, (1/7)y2, T3, Y3,
(1/r®) 4, rys, 7225, (1/7%)ys, we see that we can furthermore assume that
r = 1. We are now only left with the triples

(x1y4,y5) = a, (y1y4,y5) =d, (y2y4,y5) =49, (y3y4,y5) = h.
(s, ys) = ¢, (Yaus, ya) =€, (Y2us,y5) = [,

We now show that we can further refine the basis such that all these values
are zero. By replacing s, 1, Y1, Yo, Y3, Y, Y5 Dy o — cxs, 1+ (¢ —a)xz + (e +
d)zy + frs,y1 — drs, ya — grs,ys — dry — grg — (h + ce)xs + (cg — df )xs +
(a—c)y1,ys +d(d+ e)xs — (e + d)y1, ys — fy1 + cyz, we have thus arrived at
a unique presentation.

Proposition 3.7 There is a unique nilpotent SAA of dimension 10 with an
isotropic centre of dimension 2 that is of class 7 and has the further properties
that L*L3 # L7, L’L? <« L*L3. The algebra can be given by the presentation

731(3’7) C(@oys,ys) =1, (w3ya,y5) =1, (1y2,va) =1, (vaye,y3) =1

Proof We have already seen that any such algebra must have a presentation
of this form and conversely direct calculations show that the algebra with
the given presentation satisfies all the properties stated. O
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