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Let G be a finitely generated compact Hausdorff topological group and
let H be a closed normal subgroup consisting of right Engel elements.
We show that H belongs to some term of the upper central series of

G.

1 Introduction

Let G be a group. An element a € G is said to be a right Engel element in
G if for each © € G there exists a positive integer n = n(z) such that

[a’m :L‘] = [[[av :L‘], e l‘],l‘] =1
———
The group G is said to be an Engel group if all its elements are right Engel
elements. According to a classical result of Zorn, every finite Engel group
is nilpotent [13] and more generally the right Engel elements of any group
G, satisfying the maximal condition, belong to some common term of the
upper central series of G [1]. Even when a group is finitely generated the
situation is much more complicated in general as one can see from the well
known examples of Golod [5], where we have an infinite 3-generator p-group
all of whose 2-generator subgroups are finite. The situation is however well
understood for a number of classes that include, apart from groups satisfying
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the maximal condition, the class of finitely generated solvable groups [2,6].

In [8] Medvedev proved a strong generalisation of Zorn’s Theorem. His result
can be expressed as saying that any compact Hausdorff Engel group that is
finitely generated, as a topological group, is nilpotent. This generalised a
theorem of Wilson and Zel’'manov that proved this for profinite groups [11].
Recall that a compact Hausdorff group is profinite if the open subgroups
form a base for the neighbourhood of identity.

In this paper we will prove the following generalisation of Medvedev’s re-
sult.

Theorem. Let G be a finitely generated compact Hausdorff group and let H
be a closed normal subgroup of G consisting of right Engel elements. Then
H belongs to some term of the upper central series of G.

This is a paper by an algebraist and is written with algebraists in mind.
The approach, that is modelled on Medvedev’s paper, uses some topologial
arguments that are mostly quite elementary. We end this section by sum-
marising some topological properties that we will be using later on.

For a subset A of a topological space we will denote by A, the topological clo-
sure of A. Let ¢ : G — H be a continuous map between two compact Haus-
dorff groups. Then for any subset A of G, we have that ¢(A) = ¢(A). In par-

ticular if H is a subgroup of G then H-H = H - H = H and O'=H1=1.
This shows that H is also a subgroup of G. Like Medvedev, we will be mak-
ing use of Baire Category Theorem. We state here the version for compact
spaces.

Baire Category Theorem. Let X be a compact Hausdorff space and sup-
pose that (A,,) is a countable collection of closed subsets of X such that | J A,
has non-empty interior. Then for some n € N we have that A, has a non-
empty interior.

For a proof see for example [9, Theorem 7.2, page 294]. The only topo-
logical fact that we will be using and is not elementary is the fact that every
compact Hausdorff group is a subcartesian product of closed subgroups of



unitary matrix groups [7, Corollary 22.14, p. 345]. This fact uses a highly de-
veloped representation theory of compact Hausdorff groups. As every finitely
generated linear group is residually finite, and as the property of being resid-
ually finite is inherited when taking cartesian products and subgroups, it
follows that any finitely generated subgroup of a compact Hausdorff group
is residually finite.

Although our proof is modelled on [8], it differs in many respects as we
are aiming for a more general result. Like in that proof we make use of Lie
ring methods as well as topological arguments and we will use a deep result
of ZelI’'manov on Lie rings. In order to apply Zel’'manov’s result to our more
general setting we will use a construction from [3,4].

2 Proof of the Theorem

Let G = (x1, x9, ..., x,) be a finitely generated compact Hausdorff topological
group and let H be a closed normal subgroup of GG consisting of right Engel
elements in G. The aim is to show that H < Z,,(G) for some positive integer
m. As a first step we show that it suffices to show that H is hypercentral in
G, that is to say that each element in H belong to some term of the upper
central series of G.

Lemma 2.1 Suppose that for each h € H there exists a positive integer
m(h) such that h € Zyn)(G). Then there exists a positive integer m such
that H < Z,,(Q).

Proof For each n-tuple (¢1,...,9,) € G X -+ x G we consider the contin-
—_——

uous map fig,,..g0) 1 H — H, h — [h,g1,...,9,). Let H, = HN Z,(G).

Notice that H, is the intersection of the closed subsets f(gll,___7gn)(1), where
s On th h G x---x G, and th losed sub tH. B

(g1, .., 9n) runs throug X --- x G, and thus a closed subgroup o y

n
our assumptions we know that

H:Gm
=1

It thus follows from the Baire Category Theorem that, for some positive in-
teger n, H, contains an open subset of the form hU where U is an open



neighbourhood in H around 1. In particular h € H,, and as H, is a subgroup
we get that U = h™' - hU C H,,. Now H = Usen Ua and as H is compact
we have H = Ua; U---UUaq,; for some finitely many elements a4, ...,a; € H.
It follows that H = H,a; U ---U H,a; and thus [H : H N Z,(G)] = [. Hence
H=HNZ,(G) and thus H < Z,4(G). O

Our problem has thus been reduced to the local problem of showing that
h is in some term of the upper central series of GG for all h € H.

Let D = (xy,...,x,). By adding h as a generator, we can assume without
loss of generality that h € D. We let E = (h)P. As the map ¢ : G x G —
G, (a,b) — [a,b] is a continuous map between compact Hausdorff spaces, it
follows that ¢(E,G) = ¢(E,D) = ¢(E,D) < E. Hence E is normal in G.
Thus F is the smallest closed subgroup of H that contains h and is normal
in G. The function

b:ExGx---G—FE
N —
that maps (h, g1, ..., gm) to [h, g1, ..., g is & continuous map between com-
pact Hausdorff spaces. Thus

¢<E7G77G):¢(E,D,7D .

m m

It follows that £ < Z,,,(G) if and only if E < Z,,(D).

As we said in the introduction, the compact group G is a subcartesian prod-
uct of linear groups. As every finitely generated linear group is residually
finite, it follows that D is residually finite.

Consider now the chains (E;)?, and (D;)°, where E; = [E,; D] and D; =
7i(D). We use these chains to construct an associated Lie ring like was done
[3,4]. First we consider the abelian groups

A:Ao@Al@ and L:Ll@LQEB

where A; = E;/E;1 and L; = D;/D;,1. We let L be the associated Lie ring
of D and consider A as an abelian Lie ring. We furthermore define an action
from L on A as follows. First, for a = aF;y1 € A; and d = dD, 4y € L;, we
let

a-d=la,d|Eiji1 € Aigjp



Then we extend linearly to get a semidirect product T'= A x L. The aim
is now to show that AL™ = 0 for some non-negative integer m. This would
imply that [E,,, D] = [E,,41 D]. Let us see why this is sufficient. Let N be
a normal subgroup of D that is of finite index. In finite groups we know that
the right Engel elements belong to some term of the upper central series and
thus by what we have said above it would follow that [E,,, D] < N. As D is
residually finite, it follows then that [E,,, D] = 1.

The main tool for proving the Lie ring claim will be a deep result of Zel'manov
[12]. This result is a stronger version of a key result for his solution to the
Restricted Burnside Problem and is stated in a quantitative form as Propo-
sition 2 in [12].

Theorem (Zel’'manov). Let F' = (f1,..., f.) be a multigraded Lie ring
and suppose the following conditions hold. Firstly suppose there is some pos-
itive integer | where

(CL) ZO’ESL yya(l) o 'ya(l) =0 fOT all Yy Y1,---, Y1 € F.

Secondly, for each simple product f in fi,..., f., there exists a positive inte-

ger 'k = k(f) such that
(b) yf¥* =0 forall y€F.
Then F' is nilpotent.

It is not difficult to see that any multigraded Lie ring satisfying condition
(b) has the radical property. This result is also used in [8] but stated there
without a proof. As a proof doesn’t seem to exist in the literature, we in-
clude one here for a completion. The proof is standard and very similar for
example to the proof of a corresponding statement for (p — 1)-Engel Lie rings
of characteristic p (see Corollary 1.1.13 in [10]).

Proposition 2.2 Let F' = (f1,..., f;) be a multigraded Lie ring where for
each simple product f in fi,..., f., there exists an integer k = k(f) such that
yf*) =0 for ally € F. Suppose that I and J are multigraded ideals where
I C J and where 1, J/I are locally nilpotent. Then J is locally nilpotent.



Proof Let M be a finitely generated subalgebra of J. Without loss of
generality, we can suppose that M is multigraded. Now M/M NI ~ M+1/I
is a finitely generated subgroup of J/I and thus nilpotent. It follows that we
get a central chain in M

MNI=My<M <---<M;=M

where M; = M;_, + Zy; for some simple Lie products yq,...,ys in fi,..., f-.
We show by induction that M; is locally nilpotent for ¢ = 1,...,s. As
My < I, this is clear for i = 0. Now let 1 < ¢ < s and suppose M;_; is locally
nilpotent. To show that M; is locally nilpotent, it suffices to show that if
c1,...,¢p € M;_y then N = (y;,¢q,...,¢,) is nilpotent. Suppose k(y;) = k
and consider

Pz(cjyf:jzl,...,p, [=0,....k—1).

Then P < M;_ 1 and P < N. By the induction hypothesis P is nilpotent of
class say g. Now every product of weight gk + 1 in y;, c1, ..., ¢, must have at
least g+ 1 occurrences from {cy, . .., ¢, } if we are to avoid k consecutive occur-
rences of y;. As P is nilpotent of class ¢, it then follows that all such products
are 0 and thus NV is nilpotent of class at most gk. This finishes the proof
of the inductive step and thus M is locally nilpotent. As M is finitely gen-
erated it is then nilpotent. We have thus shown that J is locally nilpotent. [

Remark. It follows that for any graded Lie ring L, satisfying the condi-
tions of the Proposition, we have a unique maximal locally nilpotent ideal
R(L) and L/R(L) has no non-trivial locally nilpotent ideal.

If V is an open neighbourhood of 1 in a topological group, then V N V!
is an open neighbourhood that is closed under taking inverses. Throughout
the paper all neighbourhoods of 1 will be assumed to be chosen such that
they are closed under taking inverses.

Then next elementary lemma is a variant of a corresponding lemma from
8], with essentially the same proof.

Lemma 2.3 Corresponding to each neighbourhood V of 1 € E, there exists
a positive integer t = t(V') such that for each pair of elements (a,d) € Ex D,



there exist integers 0 < k <m <t such that
[a,r d] = V[, d]
for some v € V.

Proof Pick a neighbourhood V(2) of 1 in E such that V(2)2C V. As E is
compact, one sees readily that there exist finitely many elements hq, ..., h; €
E such that

E:OV@M

Thus there must be some two elements among a, [a,d], .. ., [a,; d] that belong
to the same open set V(2)h;, say |a,, d] = v1h; and [a,, d] = voh; for some
0 <k <m <t Hence [a,; k] = vivy [a,, d]. Where v = vjv,t € V(2)2 C V.
[

The next proposition is also a variant of a similar result from [§].

Proposition 2.4 Consider the Lie ring L. For each simple Lie product d

in T1,...,T,, we have that there exists a positive integer ki(d) such that
ad™ @ =0 for all a € A.

Proof Let v € D and consider the closed subsets
Ti(u)={r € E: [x,;u] =1}.

As E consists of right Engel elements, we get
E=|]JTi(u)
i=1

and by the Baire Category Theorem, one of these, say T, contains an open
neighbourhood in E. As E is dense in F, we have that T, contains an open
neighbourhood of the form Ve where e € E and V is a neighbourhood of 1
in . Thus

[ve,su] =1 (1)

for all v € V. In particular [e,s u] = 1 and then expanding (1), we get

1 =[v,su]ei(v,u,e) forallveV (2)



where ¢;(v,u,e) is a product of simple commutators in v, u,e that are of
higher multiweight than [v,su]. Now use Lemma 2.3 for some z € E and
d € D. Thus there exist integers k, m such that 0 < k <m <t =¢(V) such
that

v=[zxd[zmd €V

Thus from this and (2) we see that

1= [z7t+s d]62<z7 d7 6) (3)
where ¢y(z,d, €) is a product of simple commutators in z, d, e of higher mul-
tiweight than [z, d]. Let z be any commutator of the form [h, z;,, ..., z;]
with 41,49, ...,7 € {1,...,r}, and let d be any simple commutator in 1, . .., z,.

We now see from (3) that
L=[h,mi,...,¢yuessdc(h,zy, ... z)

where ¢(h, xq,...,x,) is a product of simple commutators in h,xy, ..., x, of
higher multiweight than [h, z;,, ..., i+ d]. Now let d be the Lie product in
T1,...,%, that corresponds to d and a be the element in A that corresponds
to [h, x4y, ..., x;]. We see that if follows from the previous discussion that
ad™™ = 0. Thus ad® = 0 for all « € A where k; =t + s. Notice that ¢, s
only depend on d and not a. O

Let T = A x L/CL(A). With a slight abuse of notation we will use also
Ty, ..., T, to denote their images in L/CL(A).

Corollary 2.5 Consider the Lie ring T. For each simple product @ in
T1,..., T, h we have that there exists a positive integer k(i) such that yu*® =

0 forallyeT.

Proof If @ involves h, then clearly yu? = 0 for all y € T. Now suppose @
is a Lie product in 27, ...,z,. By Proposition 2.4 we know that there exists
ki = ki(u) such au*® = 0 for all @ € A. Now let y € L/Cp(A). For all
a € A, we have

a(yu?1®=1) = 0.

We thus see that yu*(® = 0 for ally € T, where k(@) = max {2, k1 (@), 2k, (1) —
1}. O



Remark. Thus T satisfies the conditions of Proposition 2.2 and we know
that 7" has a locally nilpotent radical R(T") where T7'/R(T") has no non-trivial
normal locally nilpotent ideal.

We now turn to showing that AL™ = 0 for some m. Again we are going
to make use of the Baire category Theorem.

Consider the closed sets

T, ={(z,y) € ExG: [wy] =1},

n=1,2,.... As E consists of right Engel elements we have
ExG= U T,.
n=1

By the Baire category Theorem, at least one of the closed subsets, say T, ,
contains an open neighbourhood. As E x D is dense in F x (G, we get such
a neighbourhood of the form Ue x Vd with e € E' and d € D. Thus

1 = [ze,m, yd]

for all z € U and y € V. Let W be a neighbour hood of 1 in G such that
Wm C V. By replacing V by VNW NU we then have for all v € VN E
and vy, ...,vy,, € V that

1 = [vo€ymy V1« * Uy d].

Using the fact that [z,,,, d] = 1 and expanding using Hall’s collection process,
we get
1 = H [UO, Ug(l), e >Ua(m1)]c (4)
€S m,
where c is a product of simple commutators in vy, . . ., U, , €, d of higher multi-
weight than HaeS [vo, Vg(1)s - - - ,vo(ml)]. As a preparation for a consequence
miy

of this result we let my = 2m; — 1 and we pick a neighbourhood U(ms)
around 1 in G such that U(my)*"* < V. We then replace V by V N U(my).

We now turn to the consequence of (4). We first need to introduce some
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notation. For any positive integer n we let C,, = {1,2,...,n} and we let
P(C,) be the powerset of C,,. Then we let

R,={(5,T)e P({C,) xP(C,): SUT ={1,...,n}and SNT = 0}.

We will use the following well known formula.

[Z, [y’xh""xn]] = ( H [Z7§T7y7x5](71)‘ﬂ) - C
(S,T)ERR

where ¢ is of higher multiweight than (1,1,...,1) in z,y,21,...,2, and
where, for S = {iy,...,ir}, i1 <is < ... <ig,and T = {j1,.. ., Jm}, J1 <
J2 < ... < Jm, We let

(2,27, Y, Ts] = [2,Tjp, Tjr_ys s Tjys Yy Tigy Tigy - -y Ti |-
For each o € S,, we also use [z, Z7,y, xg]? for

[Zu To(jn)r Lo(jr—1)r 2 La(j1)s Ys To(iy)s - - - 7x0(im)]'

We then have

_ o(—=DITI
H [,UOa [U7UU(1)7 e 7v0(m2)]] = ( H H [U07UT7U7US] (=D ) ‘G

0ESm, (S, T)ERmy 0ESmy
where ¢; is a product of commutators of higher multiweight than (1,1,...,1)
in vy, v,v1,...,Un,. Aseither |T| or |S|is greater than or equal to m, it then

follows from (4) and our choice of V' that

H ['UOa ['Ua Vo(1)y """ 7'Ua(m2)]] = (5)
UESm2
for all vg € VNE and all v, v1, ..., v,, € V and where ¢, is a product of com-

mutators of higher multiweight than (1,1,...,1,0,0) in vy, v1,. .., Vpm,, €, d.

Before stating next result, we will need some extra notion and for that we
first need the following elementary lemma.

Lemma 2.6 There exist finitely many dy,...,d; € D such that

t
1=1
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Proof. Let V(2) be an open neighbourhood of 1 in G such that V(2)* C V.
As (G is compact we have

G= U V(2)gi

for some g1,...,g9; € G. Since D is dense in G we get in fact d; € V(2)g; N D
fori=1,...,t. Hence

V(2)g: CV(2)V(2)~'d; C Vd;

and G = J;_, Vd;. O

For each ¢ € G we can thus choose an element d(g) € {di,...,d;} such
that g € Vd(g). Let then

Ag) ={d([g,xiy, .- 25]) : i1, .05 €{1,...,r}and s > 0} C {dy,...,d:}.

For each [h,z;,,..., 2], we let [h,x,..., 2] be the corresponding Lie ele-
ment of 7" in h,z;,,...,Z;,. Let

L =(lh,zi,. ..,z o | ARz, ..z ])] < 7).
This gives us an ascending sequence of multigraded ideals in T
{0}=L <L < ---<I,=A
We will show that there exists a positive integer mg such that
LL™ <I; 4, j=1,...,t.
From this it then follows that AL™ = {0} where m = tmg.

We now consider the Lie ring
Ty =1q/1q—1 % L/CL(Ig/14-1)

where the action from L on [,/I,; is the natural induced action. The aim

is now to show that 7T}, is nilpotent of class m3 where m3 only depends on F
and D.

From now on we will be working in 7}, and with a slight abuse of notation, in
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order to make it not overcomplicated, we will also use Zy, ..., Z, for the im-
ages of these elements in L/C(1,/1,-1). For every commutator [x;,,...,z;,]
we will use the notation [x;, ..., ;] to denote the corresponding simple Lie
product z;, - --Z;, in Tj,. For each integer 7 such that 1 <i <?, we let

Xi= (e, - v 1A, 2,])] < 6).
Let I =1,/1,-1. We then have a chain of ideals
{0} <IT+Xi<T+X < <T+X =T,

in 7,.

Lemma 2.7 Fori=2,...,t we have that the Lie ring M; = (I + X;)/(I +
X;_1) satisfies the linearised identity

Z YYs(1) " Yo(me) = 0

O'esmg
fOT all Y Yty oo -5 Ymo € MZ

Proof Let a = [h,z;,..., 2] € I[;and y,y1,. .., Ym, be simple commutators
in zy,...,, such that |A(y)| <iand |A(y;)| <iforj=1,...,my. Consider
the corresponding Lie elements a, ¥, 41, . . ., Ym, € M;. It suffices to show that

Z a(:gga(l) e ga(mg)) = 0. (6)

7€Sm,
Notice first that if A([a,z4]),...,A([a,z,]) < ¢—1thenaz, =...=ax, =0
and (6) clearly holds. We thus can assume that A([a,z;]) = A(a) for some
1 < j < r. This means that d(a) = d(b) for some b = [a,z;,xj,,...,x;,]
where ji,...,Js are some elements in {1,...,7}. In particular ab™' € V
and b is of higher multiweight in h,z,...,x, than a. Similarly if we have
A(ly;, 1)), - Ay, z0]) < @ —1, then g;7; = ... = y;Z, = 0 and thus

clearly

Thus by the same argument as above we can assume that we have a sim-
ple commutator z; of higher multiweight than y; in xy,...,2, such that
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yjzj’l € V. Similarly we can assume that there exists a simple commutator
z of higher multiweight than y such that yz=! € V. We can now apply (5)
for vo =ab™, v =yz"l, vi = Y127, Vmy = Yma2me to see that (6) holds.

O

Now let mg be the largest of the integers mso, my,3m; — 1.

Lemma 2.8 The algebra My, = I + X satisfies the identity

> Yoty Yotm) = 0

o(m)
for all y,yr,...,ym € M,
Proof The proof is similar to the proof of Lemma 2.7. Welet a = [h, z;,, ..., ;]
be such that a € I, and we let yy, ..., y,, be simple commutatorsin zy,...,z,
such that |A(y;)| =1 for j =1,...,my. We first show that
D o) Yotm) = 0. (7)
aeSml

As in the proof of Lemma 2.7 we can assume that there exists a simple
commutator b of multiweight higher than a such that ab~! € V. For each
j=1,...,my we have A([y;, z1] = A(y;) (the value of A is this time minimal)
and thus as before we get z; of higher multiweight than y; such that yjzj_l €
V. We now apply (4) for vg = ab™',v1 = y127 ..., Uy = Ym, 2, and we
see that (7) holds. From this we can now finish the proof. Notice first that
it follows from (7) that (recall that my = 2m; = 1)

Z 2(YYo(1) "+ Yo(ma)) = 0
oESm2
forall z € I and yy,...,Ym, € L1. Thus
> Yoty Yotma) =0

UGSm2

for all y,y1,...,ym, € X;. Finally suppose that we take some y € X; and
Yiy -« Ysmy—1 b€ b, 21,..., 23,0 where b € I and 21,...,23,2 € X;. Then
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notice that for mz = 3m; — 1 we have

3mi1—2
Z YYo(1) " Yo(ms) = Z Z yzo(l)"'zo(k)bzo(kJrl)"'20(3m172)-
oesm3 k=0 UESSml—Q

Notice that this is zero as in each summand either & > my = 2m; — 1 or
(3m; — 2) — k > my. This deals with all possible situations and thus the
lemma follows. [J

Take now some arbitrary a € I and consider the subring M = (a, z1,...,Z,)
of T,. Notice that M satisfies condition (b) of Zel'manov’s Theorem where
k(u) is like in Corollary 2.5. The reader will readily convince himself that
the same values of k that worked for T work in T, ¢- Replacing I by the ideal
in M generated by a, notice also that sections M, ..., M; of M satisfy the
linearised mg-Engel identity. It thus follows by Zelmanov’s Theorem that
My, ..., M, are nilpotent. By Proposition 2.2 we then have that M is nilpo-
tent. Notice also that ms and the values of £ do not depend on a but only
and D. Furthermore what the ideals 7+ X, j = 1,...,¢, thought of as ideals
consisting of elements in variables a, 1, ..., Z,, are does also only depend on
E and D. Thus we see that the class of M only depends on F and D. If this
class is my then we get in particular that aL™* = 0 that implies that

IL™ <1,

as we wanted to see. Thus AL™ = 0 where m = tmy. This finishes the proof
of our Theorem.
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