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It is still an open question whether a left 3-Engel element of a group G
is always contained in the Hirsch-Plotkin radical of G. In this paper
we begin a systematic study of this problem. The problem is first
rephrased as saying that a certain type of groups are locally nilpotent.
We refer to these groups as sandwich groups as they can be seen as the
analogs of sandwich algebras in the context of Lie algebras. We show
that any 3-generator sandwich group is nilpotent and obtain a power-
conjugation presentation for the free 3-generator sandwich group. As
an application we show that the left 3-Engel elements in any group G
of exponent 5 are in the Hirsch-Plotkin radical of G.

1 Introduction

Let G be a group. An element a € G is a left Engel element in G, if for each
x € G there exists a non-negative integer n(x) such that

[[z,al,a,....a] =1

If n(z) is bounded above by n then we say that a is a left n-Engel element in
G. Tt is straightforward to see that any element of the Hirsch-Plotkin radical
HP(G) of G is a left Engel element and the converse is known to be true



for some classes of groups, including solvable groups and finite groups (more
generally groups satisfying the maximal condition on subgroups) [3,6]. The
converse is however not true in general and this is the case even for bounded
left Engel elements. In fact whereas one sees readily that a left 2-Engel ele-
ment is always in the Hirsch-Plotkin radical this is still an open question for
left 3-Engel elements. There is some substantial progress by A. Abdollahi in
[1] where he proves in particular that for any left 3-Engel p-element a in a
group G one has that ¢ is in HP(G) (in fact he proves the stronger result
that a” is in the Baer radical), and that the subgroup generated by two left
3-Engel elements is nilpotent of class at most 4. See also [2] for some results
about left 4-Engel elements.

Groups of prime power exponent are known to satisfy some Engel type condi-
tions and the solution to the restricted Burnside problem in particular makes
use of the fact that the associated Lie ring satisfies certain Engel type iden-
tities [12,13]. Considering left Engel elements, it was observed by William
Burnside [4] that every element in a group of exponent 3, is a left 2-Engel
element and so the fact that every left 2-Engel element lies in the Hirsch-
Plotkin radical can be seen as the underlying reason why groups of exponent
3 are locally finite. For groups of 2-power exponent there is a close link with
left Engel elements. Let G be a finitely generated group of exponent 2" and
a an element in G of order 2, then

[z, a],a],...,a = [z,a?" =1.

Thus a is a left (n + 1)-Engel element of G. It follows from this that if
G/G?" is finite and the left (n + 1)-Engel elements of G are in the Hirsch-
Plotkin radical, then G is finite. As we know that for sufficiently large n the
variety of groups of exponent 2" is not locally finite [8,9], it follows that for
sufficently large n there are left n-Engel elements that are not contained in
the Hirsch-Plotkin radical. Notice also that if all left 4-Engel elements of a
group G of exponent 8 are in HP(G), then G is locally finite.

In this paper we focus on left 3-Engel elements. We first make the observa-
tion that an element a € G is a left 3-Engel element if and only if (a, a”) is
nilpotent of class at most 2 for all x € G [1]. We next introduce a related
class of groups.



Definition. A sandwich group is a group G generated by a set X of el-
ements such that (z,y9) is nilpotent of class at most 2 for all z,y € X and
all g € G.

If a € G is a left 3-Engel element then H = (a)¢ is a sandwich group
and it is clear that the following statements are equivalent:

(1) For every pair (G,a) where a is a left 3-Engel element in the group
G we have that a is in the locally nilpotent radical of G.

(2) Every sandwich group is locally nilpotent.

It is also clear that to prove (2), it suffices to show that every finitely gen-
erated sandwich group is nilpotent. We will show in next section that every
3-generator sandwich group is nilpotent and obtain a power-conjugation pre-
sentation for the free 3-generator sandwich group.

2 3-generator sandwich groups

The follwing definition will be useful [5].

Definition We say that a 3-generator group (a,b,c) is of type (r,s,t) if
(a,b), (a,c) and (b, c) are nilpotent of class r, s and t respectively.

Notice that any 3-generator sandwich group is of type (2,2, 2).

2.1 Groups of type (1,2,2)

In this section we will work with groups (a, b, ¢) of type (1,2,2). In [5] it was
shown that these groups are solvable. Here we will provide more detailed
analysis. We show that these groups are polycyclic and obtain a poly-cyclic
presentation for the largest such group. We will also deal with the specical
case when c is furthermore a left 3-Engel element and when the group is a
sandwich group.



2.1.1 The free group of type (1,2,2)

Let F' = (a,b,c) be the largest group of type (1,2,2). As (c)¥ is abelian

and 1 = [c, a, a], we have

2 _
v =%t

Conjugating on both side by a™! it follows as well that

Notice also that as ¢ commutes with ¢?, ¢?, it follows that ¢*® commutes with
¢, cb. Using [c, ¢’] = 1, it follows that

1

and hence

[C—l ’ CZab]

The right hand side commutes with ¢, ¢ and the left hand side commutes
with ¢, ¢’. Thus the common element is in the center of

= [c7", .

() = e, P, ™).

It follows that

—1702ab]c — [C—b’CZ(z]cb _

[CQab — [CZa’ Cb] )

70] = [C
Conjugating on both sides with ! gives [¢?*,¢* '] = [, ¢* Y] or [¢®, 2¢9] =
[c?, c®c=%] which implies that [c®,c?] = [¢?, ¢®]. Notice also that as ¢®® =
c? we have by symmetry that [¢®®, ¢®] = [¢?*, ¢?]. The conclusion is that

y 8y y

[cz,cab] — [C%,Ca] — [CQa,Cb] — [CQab,C]. (1)

From this one sees as well that

[CZ’CZab] — [Cz’cab]z — [C



and therefore [¢?, c®]* = [c?, ®®]? = 1. We will see later that the order of
[c?, ¢®] is in fact 2. Notice first that

[CQ,Cab]b — [CQb,C_aCQGb] — [C%,Ca]_l _ [627cab]—1.
By symmetry we also have that [c?, c¢®]? = [c?,¢®]71. It follows from this

and the previous relations that (c?,c?? ¢? c®® [c?,¢®]) is normalised by
a,b,c,a”t, b=t ¢! and thus

The relations above also imply that
<C4>F — <C4,C4Q,C4b,c4ab, [CZ’Cab]2>'

Notice that we also have that all the elements in (¢*)* commute with the
elments of (c?)". The next step is to show that [¢?, ¢®] commutes with b and
this will imply that [¢?, ¢®]? = 1. Notice first that

a® = a2[a?, ] = a[a, 2] = a?c*c 2
a* " = a?[a?, ¢V = a?la, ¢ = a2c 22
Thus
(a2)abc — a2071bc
_ (a20—202a)bc
. <a262ab672b)c
_ a2620—2a62abc—2b [CZQb’ C]
a202c2ab072a072b [62, Cab] )

Both a and b commute with b and in order to show that [c2, ¢®*] commutes
with b it thus suffices to show that c¢?c?®*¢c=2%¢=2" commutes with b. But this

follows from the following calculations. We will there be using the fact that
(M < Z((*)TF). We have

(CQCQab072acf2b)b — C2bcf2atc4ab072abc2Cf4b — CQCQabcf2a072b [Cf2ab’ 02] [C2b,

ZCQabC—ZaC—Qb [CQ, CQab] 2 _ CQCQGbC_QaC_Qb.

672a]

=c
By symmetry the element u = [c2, ¢®®] commutes also with a and is therefore
in Z(F). As u? = 1 it also follows that (c?)" is abelian.



Now calculating modulo (c?)¥. We have seen that a*> commutes with ab®

and of course a? commutes with b and a¢h. It is also clear that ab® and ab
commute. Notice that (b?)¢ = b?[b?, c] = b?[b, ¢?] and thus modulo (c?)F we
have (b?)%? = b2 "> — ;2 Thus the group

<b2,a2,acb, abc) <C2>F/<C2>F

is abelian. We next show that this is normal in F/{(c*)*. As b%, a?, a°b, ab®
commute with a2, b%, ¢ modulo (c2)¥. Tt suffices to show that u? u® u¢ €
(b%, a%, ab, ab?) () for all u € {b? a?, a°b,ab’}. The only such conjugates
that remain to be checked are (calulating modulo (%))

(acb)b — bflacb2 — b71a70a20b2 — (acb)71a2b2’

(a°h)® = a®b° = ab’,
(abc)a — bca — b2cb—ca—1a2 — b2(abc)—1a2

and (ab®)¢ = a®b.

Let H = {(a® b% a°b,ab®) (c*)¥'. Modulo H we have a¢ = (ab)b~! = b1
and b° = a~!(ab®) = a~! and thus if K = (a,b)H then K/H is an abelian
normal subgroup of F'//H. Finally F/K = (cK) and thus we have seen that
F'is a polycyclic group.

Remark. Our way of writing polycyclic presentations in this paper follows
[7]. Tt reflects a polycyclic series

(r1) (1, 29) <+ - Iy, ..., ) = G

We also partion the set of generators into subsets Xi,..., X, where (X;) <
(X1UXy) <--- < (XjU---UX,) = G is a normal series with abelian factors.

We will be obtaining such a presentation for a number of groups in this pa-
per and the main difficulty is to prove that these are nilpotent or polycyclic.
When this has been achieved it is a routine matter to obtain a polycyclic pre-
sentation for these. This can be done with the aid of a computer although
this has been done by hand here. Although the presentations given in this



paper are confluent, this fact is not needed for the main results. We only
need to know that the groups satisfy the set of relations as indicated.

Routine calculations show that we get the following polycyclic presentation
of F. We only write down the conjugation relations that are non-trivial.

Generators

ab]’ —2ab62a62b’ —2 2a —2.2b 2

X1 @ =2 %], 2y = c % T3 =c 2, x4 =c 2, 15 =
Xo: a6 =% x7 = a?, x5 = ahb, xg = ab®

X3: r10="0, 711 =@

X4ZZL‘12:C.

Relations
2 __ 2 2 _ 2

= X227,

250 = wawy”, a3° = 3wy, 137 = wawy wy, 450 = w3y

TV = waxy ) o5 = wawy twy, 180 = wawn b, 2N = auny

T8 = w5a?, 1E = 1573, TES = T5w4w3wy ", TE = 514375 Ty, T = T2y,
= T5X3,

rg __ —1 r12 —1 r9 —1 r12 —1
Tg = Tglo T1, Ty~ = Tely , Ty = T7ly Ty, Ty~ = T7l3

10 __ ,.—1 —1,.2 T12 —1 11 _ .—1 —1 Ti2 __ —1
Ty = Tg T7TeXg Ty, Tg~ = X9glg T2X1, Tg = Tg T7lely T2, Tg ~ = TgTy

Ti2 __ -1 Ti2 __ -1 -1
Ty = T11X9T7 ToX1, Ty~ = T10Tg T7T3 .

2.1.2 Groups (a,b,c) of type (1,2,2) where c is a left 3-Engel ele-
ment

In this section, we will first determine the structure of the free 3-generator
group G' = (a,b,c) of type (1,2,2) of which ¢ is a left 3-Engel element. We
know that G is a quotient of F'.



G

Lemma 2.1 (¢)“ is nilpotent of class at most 2.

Proof As c is a left 3-Engel element we have that [c¢®,c| commutes with
c,c® and as [c, ¢®] commutes also with ¢?, ¢ it follows that [c, c®] € Z({c)%).
Conjugating with a gives that [c?,c*®c™?] = [¢?,¢7?] is in Z({c)%) as well.
Hence the generators c, ¢, ¢, ¢® of {¢)“ commute modulo the center and (c)“
is nilpotent of class at most 2. O.

Remark. The proof above reveals that it suffices that (c, c®®) is nilpotent of
class at most 2. In fact it suffices that [c?°, ¢] commutes with c¢. The reason
is that then 1 = [¢®, ¢, c]* 7" = [¢, ¢, ¢®].

It turns out that this extra condition is sufficient to obtain the free 3-
generator group of type (1,2,2) with ¢ left 3-Engel. Previously we have
seen that [c2, c®] = [¢?, ] and [c?, ¢®]? = 1. Hence

[C, Cab]2 — [Ca,Cb]2, [C, Cab]4 -1

ab

We also know that ¢, c® commute with ¢, ¢®. Armed with this information
one derives the following polycyclic presentation of G.

Generators

X1 xp = [c,c®][e?, ], my = [c, c®], x5 = c e,
Xo: xa=c"1c x5 =c"'cb, zg=c,
Xs: x7=a, xg=0.

Relations

2 _ 4 _
ri=1 25=1

Ty = Towy, X35 =TT,

5t = 13wy, 50 = w3x5w1, 15° = 379, TS = 13737,
5 = xqaday, o5 = xamy i ay,

Ty' = x5x§1x2,

TG = Tely, TG = TeTs.



One can read from the presentation that v3({c)¢) = {1}. Thus c is indeed a
left 3-Engel element. From the presentation one can also read that

[G7 G] = <56’1,56’273737374,$6’5>,
73<G> = <x17x27x3>7

Y4(G) = (71, 29),

V5(G) = (w1, 73).

So the group G is nilpotent of class 5.

Remark. If G has no element of order 2 then G is nilpotent of class at
most 3.

2.1.3 The free 3-generator sandwich group of type (1,2,2)

Consider the free sandwich group H = (a, b, c) of type (1,2,2). This group
is a quotient of G. Let us use the same notation above where x4, ..., xg are
defined as before but that now we are working with the stronger assumption
that the group is a sandwich group. We will obtain some new relations.
Notice first that

Also
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It follows that x; = 22 = 1. That is we have [c,¢®]? = 1 and [¢?, ¢’] = [c, ¢®].
We thus obtain a group H with the following presentation.

Generators

X1 21 =[e,c®], 29 = ¢t b,
Xo: w3=c 1 z4=c"'cb, x5 =c,

X32 x6:a,x7:b.
Relations
x% =1,

rs T4 xr7 —1
Ty~ = Xod1, Tz = XT3T1, Tz = T3Ty ,
6 _ -1 6 __ r7 _
Ty = Tyloy X1, Ty = TpA3, Ty = Tsd4,

From the presentation we read that H is nilpotent of class 4. One can also
check that the group is a sandwich group.

2.2 Certain groups (a,b,c) of type (1,2,3) where c is a
left 3-Engel element

In this section G = (a, b, ¢) is a group of type (1,2, 3) with the further prop-
erty that [b,¢,¢c] = 1 and that c is a left 3-Engel element. We show that
(a, b, c) is polycyclic and obtain a presentation for the group. Groups of sim-
ilar kind were studied in [10]. There it was however assumed that there were
no elements of order of order 2 or 3.

Notice that 1 = [c,a,a] gives ¢ = ¢ and ¢ = ¢ Also 1 =
[e,b,b,0] = 1 gives ¢ = ¢33+ and @' = ¢3¢, Thus

).

As c is left 3-Engel we have that (c, ¢?) is nilpotent of class at most 2 for all
g € G. Furthermore (¢, ¢*) and (¢, ¢, ¢”’) are abelian. It follows then as well
that ¢ commutes with ¢*’*" and ¢ for all integers r, s,t. In particular

<C>G — <C, Ca,Cb,CbQ,Cab,CabQ
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we have
[c,c®] and [c®,¢?] commute with c,c?, b, c®
e, abQ] and [ch, ¢*]  commute with ¢, %, & cab?
[P, cabQ] and [ch, c®]  commute with ¢, & b cab®
Now
1 = [ca%T, 0“2]
— [C2abT Cfb’"’ C2acfl]
_ [CZ(LbT’ Czac—l]c*” [C—br’ 02a0—1]
[ ab”

02 ,Cil][cfbr, C2a].

It follows that [c,c®"]? = [¢"", ¢?]? and in particular

[07 Cab]2 — [Cb, Ca]2
e N Ak 2)
[Cb Cab2]2 _ [Cb2 Cab]2

Proposition 2.2 G is solvable.

We establish that G is solvable in few steps.

Step 1. ¢2 € Z3({c)%)

Let @ = ¢, b = ¢®* and @ = ¢. We then have that (a, b, ¢) is a sandwich
group of type (1,2,2) and thus we can use the presentation from section 2.1.3
to see that

and
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2 2 . 2 .
Thus [c2, ¢, "] = [¢2, ¢, ¢?] commutes with ¢, ¢, ¢®" and obviously also

with ¢*. This argument shows that

2 .
2 ¢ b commutes with

[c*, e, = [¢*, ", ¢ c,c™, ¢ ¢
[02“b2, & e = [czabQ, c,c®]  commutes with ¢®”, b, ¢, &
(2 P ] =[P ¢, ] commutes with ¢, ¢,
(2 e ] = [ ¢ *] commutes with ¢, ¢?, ¢, ¢’
(2, ¢ @] = [¢® ¢® ] commutes with ¢, ¢’ ¢, ¢
(2 P ] =[] commutes with ¢, ¢, ¢

But we can do better than this. Using (2) we have

2 _ab ab2]

[C e ¢ [62b @ ab2]

and

Thus

[ )

[ )

[C2b7 Cab27 Ca] (3)
[ )

[ )

. . 2 2
and as this common value commutes with ¢, c®, ¢®", ¢, ¢, ¢, we have that

it lies in Z((c)®). Similarly

[ ] [c“* ¢, ¢’

_ [CQQb’ CbQ, d
¢, ¢, &) @)

[CQa’ Cb’ ch]

_ [62(1’ cb2, cb]
and the common value is again in Z(({¢)¢). Now consider the group (a, b, &)
where @ = ¢, b = ¢ and ¢ = ¢®. This is a sandwich group of type (1,2,2)

and the presentation in section 2.1.3 gives

(2, c® & =[a%¢b) = [ a,b " = [, ¢,
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Thus [¢2, ¢, ¢®’] and [¢2, ¢®, ¢?’] are in Z({¢)C) and thus [¢2, ¢®] € Zy((c)).
Similarly it follows from (3) and (4) that [¢2,¢®’] € Zy({c)¥). Hence ¢* €
Z3((c)¢) and thus in particular (c?)¢ is nilpotent.

Step 2. (c)¢ is nilpotent of class at most 3.

Let u = [c,b?, a, [c, b?]]. First notice that

u =

We next calculate the action of b on u. Let
v=le,0%,b] = [, b,b] = A

We have,

ub:

[v]e, b%], a, v]e, b?]]

([v, ][, 5%, a], v[e, ]

[v’lva vle, b2]][cb2][cb2 e, b b2 a,v[c,bQ]]

[, [e, 0?1 e, 07, a, e B7)) - [e, 0, 0y 0]

2 o e P

—~
*
~

U - [U c bcb?’] b2 [ —a ab? c_lcb2

¢ ™ )

_ 2 _ 2..—a ab2 _ 2
2a ,—4ab 2ab 4bc3b ]c c . [C acab

. 2. —1.b2
= wu- [ e et e?ee

where in (*) we have used the fact that ¢ € Z3((c)¢). This shows in partic-
ular that u commutes with b modulo (c?)“. As we are seeking a polycyclic

presentation for GG, we will work out the right hand side. This is equal to uw
where

_ 2. —a .—4ab 3ab? _ 2. —a 3ab? 2 _ —a .ab?
2a c 4b03b ]c c c [C 4ab,603b ]c c [CQab ,cc 4b]c c

_ _ 2. .—1.b2 ab? 2 _ —1 2
a - 4b02b ]c c”c [Cab CQC 4b]c c

9



Now let

2a b2]3c_4“b [02(1’ Cb]—4c3b203“b2[ 2ab bQ]—Gc_a[CZ(zb’ C]—2c3b203“b2

C Y Y
C2ab2 ] 4(:_“[02ab2 ] _4b[ a 2b2] [Ca’ C2b]203b2cab2
cab2 ] l[cab2’ ] 7417
2 _ 2 2
C2,Cab2] —dab [02,C ] (3 Bab [ 2b cab2]6c a[C2,Cab]263b cBab
2b  ab21dc™1 2 ab?1—c 41 2 ab211.2 ab —2031720‘”72
B, T2 e 2 [ 2, c
CQb, Cab2]20_1 [02’ CabQ]—c_4b

2 ab]403b2 03“b2 [02 ab] 203b2 csab2 [02 ab] 7203b2 c‘lb2

(@
@)

9 )

[C2jcab2][c2’cab2]fc

ab? ] 4@ [CZb, Cab2 ] 2¢~1

—4b —4b

2 ab2]73c’4“b [02 Cab2]fc

)

60_“[6%’0
24

ab ] 4[62b,c

(@
@)

ab2]12

a] 10[ 26 _ab?
Cab2]12
12[62ab2767 Cb] 8[C2ab2’cbjc]2

ab? ]16[0 c b2’C

9
(N
9
)
-
IO
o
(N
(@) —

ab2] 4[C2b

ab]12 [CQb’ CabQ’ Ca]—lO
ab2]12[ 2 ab ab2]18[c2ab2

c,c,C -8,

Y C7 Cb]

2 2a b2]

z = [c, ™ [c, ] = u[®®, ] = u[?, ]!

14

We have by (2) that > = 1. We also have that x commutes with ¢ and a.

Then

2
clw
[027 Cab]fl[CQb

[ 2 ab2]_3[02b

Cab2]73 [CQab’ Cb2 7 C]3w

Cab2] 18 [ CZab2

)
2
7Cab ]9[62’Cab7 .c, Cb] 15'
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. 2 2 .
Now z commutes with ¢, ¢, c®, ¢®" and thus z’ commutes with ¢ and c®.
The formula above for z° gives then

[z,] = [ ¢ ¢, 3 (6)
i e

In particular x € Z,((c)¢). Next we use

1 = [Cbg’ Cabg]
[ Csb2 30 c, C3ab2 o~ 3ab Ca]
[03b2 073b’ C?pab2 673abca]c[c’ C3ab2 673abca]
— [CSb2 C_3b, Ca]c[c3b2 C—3b’ C3ab2 C—Sab]c“c[g C3ab2 C—3a].
This gives
[C3b2673b7 CBab2673ab]c“c _ [Ca, C3b2673b] [C, CBab2673a]71 _ [Ca, CbS][C, Cab3]71.

Notice that the right hand side commutes with ¢, ¢ and thus we get

2 2
3b 3b 3ab c 3ab]

[C ¢3¢ a bg][cab3

= [¢% ¢ ,c].

Now we work with the left hand side. We have

[ 30° 3, 3ab? C—3ab] = | c?’bQ, 3ab? C—Sab]c_?’b [ c3b —3ab Csab2]
= C3b2’ CfBab] [ c3, C3ab2].
Hence
2 _ 24 3 3
[Cb ,Cab] Q[ijcab ] 9 _ [Ca,Cb Hcab ,C]. <7>

The left hand side commutes with c?, ¢, cb2, c“bQ, whereas the right hand side

commutes with ¢, c®. Hence, the common value is in Z({c)%). Let
y = [CbQ’ Cab] [CabQ’ Cb].

Then y2 = 1 and y commutes with ¢?, ¢**, ¢, ¢®”. Furthermore (7) gives us
that

2 2 3 3
y = [Cb ,cab]lo[cb,cab ]S[Ca,Cb ][Cab ,C]

e .
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It follows from this that
ly,d = [, ™ (8)
[?/7 Ca] = [C , C

In particular y € Zy((c)%).

Conjugating equation (7) by b~! gives
[e®, 9, <]~ = [Cab’l’ CbQ][CabQ’ bel].
The common value is again in the centre of (¢)®. Now let
z = [e, ™[, ).
By (2), 22 = 1 and z commutes clearly with ¢, ¢, ¢?, ¢®. Furthermore
z=|c, Cab]18[cab_1’CbQ][CabQ’Cb_l]
which gives
b2] 2ab?

_ [C2ab c Cb2]79 O e

— [CQ’Cab’CabQ]Q.

[z, ¢ e, 70 9)

[2,¢™]

In particular z € Zy({c)%).

We have seen that [c?, ¢’|[¢®”, ¢] € Z((¢)¥). Expanding this gives

a

c’, c

[Ca, CbS][CabS, C] _ b2 —3b] [CSab2 C_3ab,

c ]

C]3c_3ab[ ab

.

[
[ :

_ [Ca,c ]_3[[Ca,cb2]3[[ca,Cb2]3,0_3b]
[

CabQ’ C]3HCab27 6]3’ 673ab] [Cab7 6]73.

3
a b]73[ca Cb2]3c_3b[cab2
)
b

Letting & = ¢,d = ¢ and b = ¢®, we have a sandwich group (a, b, ¢) of type

(1,2,2). From the presentation of these in 2.1.3, we read that

[[Cab2, C]B, Cf3ab] ab? ab]9

=[c, ", ¢
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that commutes with [¢**, ¢]. Similarly
[l P e =
We thus get that

[Cab2,0]3[cab,C]_S[Ca,Cb]_g[ca,Cb2]3[0a,0b2,cb]_9[0, Cab2,Cab]9

is in Z({c)%).

It follows from the presentation in 2.1.3, applied on (a, b, ¢) with @ = ¢, b=
< and ¢ = ¢, that 1= [[c, ™, e, ] = [e,c¢® ™, ] = [e,e¢® ™, ]
Similarly [¢*, ¢, ¢, ¢*] = 1. Thus

1 = [e, e, ¢,

1 = [, .

Conjugating this by b and b? gives then also

[, ,c] =1
[cb2 ab ¢ ,ch] 1
[ e, ™ =1
[Cab2 ab2] - 1
Now consider again the sandwich group (a, b, ¢) where a = l~)~ =
and ¢é = ¢. The presentation for (@,b, &) then gives, using 1 = [6 b,a,c] =
x1(a, b, c), that
[C Cab2 Cab] — [C Cab Cab2]
and similarly one sees that
[C, CabQ’ Cab] — [C, Cab’ CabQ]
[c?, &, e [, ¢, cb2]
[, ¢, ] [, ™ ¢ (10)
[CbQ, Ca’ Cab] — [CbQ, Cab’ Ca]
[c™ ¢, cb2] ™, &, c|
[ e, = [ (]
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We have now enough material to show that {c)¢ is nilpotent of class at most

3. We first calculate modulo Z((c)%). We see that

[C, Cab, CabQ] _ [[Cb, Ca]Z, Cab2] _ [ b’ &, Cab2]
and
[C, CabQ’ Cab] _ ch27 Ca]l’, Cab] _ [CbQ’ <, Cab]
Thus modulo Z({c)¥) we have
[C, Cab7 Cab2] _ [C, Cab2’ Cab]
[Cb,Ca,CabQ]
2
— [Cb,Cab ’Ca]
2
[Cb ’Ca’ Cab]
— [CbQ,Cab,Ca].
But [c, ¢®, ¢®*] commutes with ¢, ¢®, ¢®* whereas [c?, ¢*, ¢®’] commutes with

&, c®. As [ch, ¢, ] commutes with cbg, it is now clear that all these ele-
ments that are equal modulo Z({c)%) are in fact all in Z({c)%).

Similarly we have that [cabQ,c, d = [c“b2,cb,c], [cab,cb2,c] = [c® ¢, cb2] and
[, ] = [, ¢, ] are all in Z({c)F).
Now [c, ¢®] commutes with ¢, ¢?, c?, ¢® and as we have just seen that [c, %, cabQ]

and [c, ¢, ] are in Z((c)%), it follows that [c, ¢®] € Z5({c)%). Similarly one
sees that [c, c®’] € Zy((¢)9). As ¢ commutes with ¢, ¢?, &, ¢, it now follows
that ¢ € Z3({c)¥). Hence {¢)“ is nilpotent of class at most 3.

Step 3. G is solvable.
As G/{(c)Y is abelian it is now clear that G is solvable. O

The group G is in fact poly-cyclic. The next aim is to establish this and
to obtain a poly-cyclic presentation for GG. First we look into the structure
of 3(G). We have seen that %> = 1, where = [c, ¢®’][¢%, ¢]. Using this
and (6), it follows that

1= [l,z’cab] _ [l‘,Cab]Q _ [C, CabQ,Cab]m
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and ,
1= [:EQ,Cb] — [:E,Cb]Q — [Cab ., Cb]_lz.

In fact we shall now see that 12 can be replaced by 6. To see this notice first
that by our previous work, (6),(8) and (9), we have

[z, cb] = [cabQ, c, cb]6
e = [0
[z, ch] [c“bQ, c, cb]6
ab ab _ab%16
[z, ] [e, ¢, ]
[y’ Ca] [C, Cab, Cab2]6
[2 Cab2] _ [C Cab Cab2]6
b ) b *

[Cab,Cb2,C] _ [[cab2,cb]y,6] _ [ ab ’ijc]7’
[Cb2, Ca, Cab] _ [[C, CabQ]ZE, Cab] _ [C, Cab2, Cab]7,
and
[ijca’cabQ] _ Hcv Cab]z,cab2] _ [07 Cab, ab2]7
Thus
[cabQ, c, cb]G = [z, cb2]
[C, Cab,Cb2][Ca,Cb,Cb2]
[Cab,c, CbQ]_l[Ca,Cb,CbQ]
o [Cab2,c, Cb]—7[cab2’07 Cb 7
= 1,
and
c Cab Cab2 6 — ®
b ) y7
[CbQ, ab’ Ca] [Cab2’ Cb, Ca]
[CbQ,Cab,Ca] [ijcabQ’Ca]—l
_ [C, Cab,Cab2]7[C, Cab’ abQ]—’Y



Hence, using (10) and the calculations above, we have

([C, Cab,CabQHCab2,C, Cb])G - 1

[C, Cab’ Cab2]6 1
[C, Cab2’ Cab] [C, Cab’ cab2]
[Cb, Ca’ Cab2] — [C, Cab’ CabQ]
2 2
[Cb, Cab ’Ca] [C, Cab’ cab ]
[CbQ, ca’ Cab] [C, Cab’ cabQ]
[Cb2 Cab Ca] [C Cab Cab2]

b ) ) b

[cab27 ij C] [Cab27 c, Cb]
[Cab, CbQ’ C] _ [CabQ’ c, Cb]
[Cab, c, Cb2] [Cab27 c, Cb]
[Ca, Cb2, Cb] [Cab27 c, Cb]
[c®, cb, cb2] = [cabQ, c, .

Next we sort out the action of a,b on v3((c)¥). First we have

([07 Cab,CabQ][CabQ,C, Cb])a — [Ca,C_b,02ab2c_b2][c_b2,Ca,Cab]
[Ca,Cb,Cb2][Cb,Ca,cab2]2[6b2,ca,cab]_l
[C, Cab, Cab2”Cab2, c, Cb].
Then
([C, Cab,Cab2HCab2,C, Cb]b _ [Cb,cabQ,CabSHCabS,Cb,CbQ]

[, ™ e?[e?, b, )

[C, Cab, CabQ][CabQ’ c, Cb]

and thus [c, ¢®, ¢®’|[c¢®?" ¢, ] is in Z(G). Next

ab ab2]a

[C,C e a —b 2ab2c—b2]

[ ¢ ¢

[Ca,Cb,CbQHCb,Ca,CabQP

2 2 2
— [C, Cab,cab ]([C, Cab,Cab ][Cab .c, Cb]),

20
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and

ab ab?1b
]

[e, ™, ¢ = [, ™, cC

= [e, ¢, ¢

We next consider the action of @ and b on v,((c)¢). As before we let z =
e, ¢ )[e®, P, y = [, ¢)[e®, "] and z = [¢, ][, ¢?]. From (2) we know
that that 22 = y? = 22 = 1 and one can easily check that they commute with

a. Then

SL’b — [cb,c?’“b ¢ ][Cab,CBb C]
[Cb,c ][ ] [C ab2] [ ab b2]3 . [cb,c“bQ,c“]?’[cab,ch,c]?’
a a 2 a 2
= zy([e, "N e ),
yb _ [Cb27673abca] [C b ,CiBbc]

and
2 2
Zb — [Cb,cab ][Cab,cb ] =q.
This together with the fact that =, y, z € Z({c)%) sorts out the action of G on

(z,y,z). We next consider the action of a and b on the remaining generators
of %2((c)%), [¢, ™), e, c®’] and [c?, c®’]. We have

[C, Cab]a — [Cajcb]fl — [C, Cab]zfl — [C, Cab]z,
[C, CabQ]a _ [Cajch]fl _ [C, CabQ]x
and
[Cb CabQ]a _ [Cab CbQ]fl _ [Cb Cab2]y
b ) b *
Also
[C, Cab]b _ [Cb,Cab2],
[C, CabQ]b — [Cb, C3ab26a
_ [Cb,Ca] [Cb,Cab2]3 Cb,Cab2,Ca]3
[C, c“b]z[cb,c“b2]3[c, Cab,cab2]3
_ [C, Cab] [Cb,CabQ]SZ[C, Cab,cabQ]?’,



and
[Cb,Cab2]b _ [CbQ’ —3ab a]
2 2 2 _
[Cb e ch 7 ab] 3[Cb ,Cab,Ca] 3
_ 2
= [e,¢™ale, ¢ PyPe, ¢, )P
2
- [C,C H ’ ab] 3l’y[C, Cab7cab ]3'
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We will next find some relations that hold in these generators. In the follow-

ing we will use the fact that 73({c)“)% = 1. Notice that

213 _ 3 _p3 2 _3p2 _
Ca b (CQGC 1)b C2ab c b :C6ab c 6abc2ac 3b C3bc 1.
This is the same as
3 2 2 2
Cb a — (03b c SbC)a
— C3a2b2 —3a2b a2
2 a2
— C6ab c 3b 6abc3b02ac 1
2 _ 912 12 _
— C6ab c 6abc 3b [Cb e b]1802a03b[0b Ca]6c 1

2 2
C6ab c Gab —3b CQaC?)bC [C e

C6ab2 CfGab CQa 073b2 [ & e ] —6 CBb - [ Cb27 Cab]lS[ Cb’ Ca]G

_ C6ab2676abc2ac 3b263bcfl[cb’ Ca]G[CbQ’ Ca]f6[cb2’ Cab]18

b2 b]18 [Cb, Ca]6

b2

Comparing (11) and (12) and using also (2), we get

1 = [Cb’Ca]G[CbQ’Ca]76[Cb2 ab]18 _ [C,C

Conjugating this by b, gives

1 = [Cb Cab2]6 . [C, Cab]_G[Cb,Cab2]_18[C, Cab2]18[cb,cab2]_54

ab2]18[ b ab2]766.

= [e,c ¢, c A, c

Multiplying this with (13) gives

[C, Cab2]12[cb Cab2]748 -1

)

We saw earlier that

ab]6[C’ Cab2]76[cb’cab2]18.

(11)

(13)

(14)
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But from (5) and (13) we also have
2P = :U[c, Cab]6[c’ CabQ]fG[cbjcabQ]lfﬁ — .
These two equations give
y = zz([c, c®, cabQ][cabQ, c,c))? (15)

Thinking about the Sylow structure of y5({c))“). We choose our generating
set for the poly-cyclic presentation to be

T1 = [( ;¢ ) H ab2 ])27 'r22: ([Ca CabvcabQH ab27cv Cngv
r3 = [c, c” ,cab > x4 = [c, c® a3
X1 x5 =le, ™[ P, w6 = [, e[, ], w7 = [e, ¢, V]S,
Ty = [C’ Cab2]3[c ’CabQ]—lz’ To = [07 Cab]4[C, CabQ]—4[Cb’ Cab2]12’
Ty = [07 Cab]3[c, CabQ]—s[cb’cab ]9’ Ty = [cb,cabQ]
Xo: wp=c my=c, zu=c, 15=c" x5=0c? 217 ="
X3 Tig =a, Tig=>

We have seen that the following power relations hold for these.

2 3 2 2

3 _ _ _ _ 2 _ 2 _ 3 _ 4 _ 3 _ _
v=lLxy=1a;=1a;,=1 a: =1, zg=1, 27 =1, zg=1, g =1, 27, =

Then we have the following (non-trivial) conjugation relations:

3™ = wawy, TP = 1429, TP = TeX5T2,

TT? = prrar?) a7 = xpaday, ¥F0 = xrwy, 170 = ppad, 13 = xg

T = XXy To, Tg'® = XTgTy, Tg® = TgTg, Ty = x10x8x5x4,

T§ = woxart, TGW = woxiTy, TG® = ToT3, TG = xgxg, xgt = x%x%,

TI)° = T10T4To, TIE = T1oTaTo, TIH1 = T1oTaTo, TIH = TioT4, T10 = T10T4,
T = Ti0T4, TIH = TroT2, TIH = 36’101’%3727

TP = 1’11374%%562371, Ti° = 37113741’37 T = r11T6T5 20, XY = 55115523775653643727
T3 = T1oX1 1 T10TeTaTy, TIY = T9x 37, T = 215, 17X = 113,

T = 2132110y, 1Y = L1311, 213 = Tie, 215 = T4,

T15 __ 4 .3 T16 __ T8 __ r19 _ .3 ,.—3
X1y = T14T1T8T7Te, T1a — T14T11TeT5T2, T14 — T17, T14 —55145513 T2,

18 __ .2 ,.—1 r19 __ r18 _ .2 ,.—1 r19 __ r18 19 __
15 = Ti5Tie, T150 = Tig, T = TigT13, Tig = Ti7, Ti7 —x17:€14, Ti7 =
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3 ,.—3

A confluence check was carried out to see that this presentation is consistent.
For the next result we look at the special case when the group is of exponent 5.

Proposition 2.3 Let G = (a,b,c) be a group of exponent 5 that is of type
(1,2,3), where [b,c,c] = 1 and where ¢ is a left 3-Engel element in G. We
have that G is nilpotent of class at most 4.

Proof We have seen above that G is nilpotent. To see that the class is at
most 4 we can without loss of generality assume that v4(G) = {1}. We know
that

12((a, b)) = v3({a, ¢)) = 7a({b, ) = {1}. (16)
We need to show that any commutator of weight 5 in a, b, ¢ is trivial. By (16)
it is clear that we only need to deal with the multiweights (1,1, 3), (1,2, 2),
(1,3,1), (3,1,1), (2,1,2) and (2,2,1) in a,b,c. The only commutators of
these multiweights that we need to consider are

Weight (1,1,3) : [a, ¢, b, ¢, ]

Weight (1,3,1) : [a, ¢, b,b, 0]

Weight (1,2,2) : [a,¢,b,b,c], [a,c,b,c,b]

Weight (3,1,1) :  [b, ¢, a,a,d

Weight (2,1,2) : [b,¢,c,a,al, [b,c,a,c al, [bec a,a,c]
Weight (2,2,1) : [¢,a,a,b,]

The following calculations, show that these are all trivial. Firstly it follows
from (16) that

1=[a,[bcecd]=lacbcc™?

and thus [a, ¢, b, ¢, c] = 1. Next using (16) again
1 =a,lc,b,b,b]] = [a,c, b,b,b].

Having dealt with weights (1,1,3) and (1,3,1), we turn to weight (1,2, 2).
Firstly
1 = [a7 [b7 C7 C7 b]] = [a7 [b7 C7 C:I? b] - [a7 C7 b? C? b:l_z’
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that gives [a, ¢, b,c,b] = 1. We next use the well known fact that in groups
of exponent 5 we have that [T,cs, [V, To(1): To(2); To(3)s To(a)] 1 in 76(G) for all
Y, x1, Lo, T3, s € G. This gives us the ‘linearlised 4-Engel identity’

L= J] [¥: Zot)s To@): To(3), To))-
oeSy

We will be making some use of this. Firstly let y = a, x1 = 2o = b and
T3 = x4 = ¢ to obtain 1 = [a,c¢,b,b, c]*. Hence [a,c,b,b,c] = 1. For weight
(3,1,1) simply notice that

1=1b,[c,a,a],a] = [b, ¢, a,a,al.

For weight (2,1,2), we need to deal with three commutators. First notice
that
1=1b,[c,a,a],c] = [b,c,a,a,cd

and using this we furthermore have

1=|b,c|c,a,a]] = [bc c a,albca,ca™>
Using again the linearlised 4-Engel identity for y = b, 7 = x5 = a and
T3 = T4 = c, we get
1= |b,cc a,alb,c a,cal

From this and the last identity it follows that [b, c,a,c,a)® = 1 that gives us
[b,c,a,c,a] =1 and then also [b, ¢, c,a,a] = 1. Tt now only remains to deal
with weight (2,2,1). We apply once again the lineralised 4-Engel identity,
this time with y = ¢, ¥y = x5 = a and x3 = x4 = b. This gives

1=[c,a,a,b,b)" = [c,a,a,b,b]*.

It follows that [c,a,a,b,b] = 1. We have thus shown that G is nilpotent of
class at most 4. O

2.3 The free 3-generator sandwich group

In this section we will show that the any 3-generator sandwich group is nilpo-
tent and we will determine a presentation for the free 3-generator sandwich
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group.

Notice that any such group is of type (2,2,2). Let R = (x,y,z) be the
free sandwich group of rank 3.

Theorem 2.4 R is nilpotent of class at most 5.

Proof We proceed in few steps.
Step 1. ([z,z],y) is nilpotent of class at most 3.

Let a = 2z, b = 2% and ¢ = y. We have that (a,b,c) is a sandwich group
of type (1,2,2) and thus a homomorphic image of H from Section 2.1.3. So
it satisfies the presentation given for H and we will use the letters =1, ..., x;
as in there. Notice in particular that (a, b, ¢) is nilpotent of class at most 4.
Now

[z,2,y] = [a'b (]

Therefore

[z,2,y,[z,2]] = [a'b,c,a D]

= [wy wswy ey, vg ]

= xglxﬂlm(x;lxgxz_lxl)“”gl”
= a3 womiwy(x) twy ey sy Ty )T
= x5 womwy(z) twawy ?)*

1

= :Egl:pgxlmxf:pgxz_ xQ_Q

= x§2x1.

But as x; and 32 are in the center of (z, 2%, y), it follows that [z, z,v, [z, z]|
commutes with y and [z,z]. As y is a left 3-Engel element we also have
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[z,2,y,y,y] = 1 and thus the class of {[z,z],y) is nilpotent of class at most
3.

Step 2. 75({[2,2],9)) < Z(R) and 74((z, 2", y)) < Z(R).

We let @1, ..., 27 be as before. In Step 1 we saw that [z, z,v, [z, z]] = 25 %z,
We also have that the element [z, x,y, y] equals

1 -1 -1 1 1\ -1 1. —1.2
[T, T3xy Ty, x5) = X3 Tox1T4(Xy T3T5 X1)%0 = Ty Lol T4T, T3T, T = T1.

Thus v3(([z, z],y)) = (1, 23) < Z({z,2%,y)). In partcular all the elments in
v3({[z, =], y)) commute with z and y. But as y3({[z, =], v)) = v3({[z, 2], y)) we
have that these elements also commute with x. Hence we get the first part
of Step 2. The latter part follows from the fact that y4(({z, 2%, y)) = (z1) <

1s({[z, 21, 9)).

From now on we calculate modulo Z(R). We have seen that x1,23 € Z(R).
Let a =2, b= 2" and ¢ = y and let 2z, ..., 27 be the images of x5,..., 27 in
(z,2",y) Z(R)/Z(R). We have that (z, 2%, y) satisfies the following presenta-
tion (not necessarily confluent).

Generators
X1 zp=cte®cb, 23 =c et
Xo: zm=c1cb, z=c,

Relations

2 27 __ 26 __ Z6 __ zZr __
25 =1, 257 = 2329, 210 = 2422, 25° = 2523, 25 = Z5%4.
Step 3. [2%, 2Y] € Z2(R).

We have,
[zm’ zy] = [a71b7 [a7 CH = [Zglz77 [Z67 2’5]] = [Zglz77 25;1] = Z2

which is in the center of (z, 2% y)Z(R)/Z(R). By symmetry [zY,z"] =
[2%,2Y]71 is in the centre of (z,2Y,x)Z(R)/Z(R). Hence [2%, 2] commutes
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with z,y and z modulo Z(R). This finishes the proof of Step 3.
Step 4. [z, z,y] € Z3(R).

We can now calculate modulo Z(R). Using the presentation for (z, ..., z7)
above, using the fact established above that 2, Z(R) € Z5(R)/Z(R), one can
read that (z, 2%, y) Zo(R)/Z>(R) is nilpotent of class at most 2. In particular

[z, 2,y] = [2712%, y]

commutes with z and y modulo Z5(R). But as modulo Z3(R) we have
[z,2,y] = [z, 2,y]7! (using step 2) we have by symmetry that [z, z,y] also
commutes with  modulo Z(R) Hence [z, z,y| € Z3(G).

We now finish the proof by showing that the R is nilpotent of class at most
5. As all the subgroups generated by two of the generators x,y, z are nilpo-
tent of class at most 2. It suffices to show that any commutator of weight 3
involving all the generators is in Z3(R). But this was done in Step 4. O

We want to obtain a presentation for R. For this we need more detailed
analysis of R. We first see that the normal closure of each of z,z and y is
nilpotent of class at most 2. By symmetry it suffices to deal with z. As any
subgroup generated by two of z, x, y is nilpotent of class at most 2 it suffices
to show that any commutator of weight 5 with three entries of z, one of  and
one of y is trivial. But these are all generated by [z, z,y, 2, 2] and [z, y, z, z, 2]
and it suffices to show that [z, x,y, z, 2] = 1. We calculate in (z, 2%, y) and
we let eq, ..., e7 be the images of x1,...,x7 of H in (z, 2% y). we see that

(2, 2,y,2,2] = [65167,65766766] = [6216365161,66,66] =1.

Before going further we introduce some notation. For each ordered triple
(r,s,t) such that {r,s,t} = {z,y,z} we consider the group (r,r%t). Let
a=r,b=r%and c =t, we let e; = ey(r,7%,t),...,e7 = ez(r,r°, 1) be the
images of xy,...,x7 in (r,r® t). First notice that by the calculations above
we have [z, x,y,y] = e1(z, 2%, y). But as ([z, z], y) is nilpotent of class at most
3 it follows that

el(xaxzay) = [l’, Zayay] = [Zaxayay]_l = 61(2’, Z$ay)
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Hence
ei(z,2*,y) = ez 2%,y)
el(y,yx,z) = el(xa'xyaz) (17)
el(z,2%,x) = ey, v, x).

We next deal with the ey’s. Calculating in (z, 2%, y) we see that

[z, 2,9, |2, x]] = ea(z, 2%, y)_261(z, 2°y).

Now notice that [z,z,y,z,2] = [2,,y,z],2] € (z,2Y,z) and calculations
show that this is ej(z, 2Y, x). By symmetry [z,z,y,z, 2] = ey(z,2Y,2). As
[z, 2,9, 2, 2]] = [z, 2,9, 2, 2]z, 2, y, x, 2], it follows from this and (16) that

es(z, z”‘“,y)2 =e1(z,2%y) e (y,y’, x) - ez, 2, 2). (18)

By symmetry and (16), we see that es(r, 7% ¢)? takes the same value for all
ordered triples (7, s,t) with {r,s,t} = {z,y,2}. In particular it follows that
ea(r,rs, 1) = 1.

By the calculations above we have that any non-trivial commutator of weight
5 in z,y, z must involve one of the generators once and the other two twice.
If the commutator that occurs once is z then any such non-trivial commu-
tator of weight 5 is generated by [z, x,y,x,y] and [z, vy, x,y, x] that are in
a((z, 2%, y)) = (ea(r,2%,y)) and 1u((y,y%,x)) = (ex(y,y", ) respectively.
Hence

75(R) = <61(:E7 xya 2)7 el(ya yza "L‘)a 61(27 Zx) y)>
Next we turn to commutators of weight 4. Every such commutator is gener-
ated modulo v5(R) by commutators of the form [z, y, z,y] and [z, z, y, y]. We
have that the latter one is in 75(R) and, modulo v;(R), the former is equal
to [z,y, [z, y]] = [v*, "] = e2(y, y*, )~ Thus

(R) = ([, 2, [2,9]], [z,y,[z,2]], [y, 2, [y, 2]]) - :(R).
Then of course v3(R) = ([z, z,y], [z, ¥, x]) 74(R), v2(R) = [z, =], [z, v], [y, x])

v3(R) and R = (z,z,y) - 72(G). We can now easily come up with the follow-
ing presentation using the generators above.
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Generators
Xy m=e1(z,2%y), xg =e1(x,2Y, 2), z3 = e1(y,y%, )

X2 S [Z,.T, [Zvy“v Ts5 = [SL’,y, [SL’,Z]], Tg = [y,z, [y,x]],
x7r =z, m,y], xs = [z,9, 7]

X3 L X9 = [Z,.T], 10 = [Zuy]7 T = [.T,y]

Xyt Tpp=x, x13=19, Ty = 2.

Relations

=ai=2i=1, 2} =1i=1}=x3001y
12 __ 13 __ 13 __ 14 __

Ty™ = TyX3, Ty~ = XTyly, Ty~ = Tsx1, Ts = TsL2,
r12 T14 __

Tg ™ = TeX3, Tg — T,

xr9 __ 10 __ T11 __ 12

Ty” = X7y, Ty = 7Ty, Ty = 71, L7~ = T7ls5T3T2,
r13 __ 14 __

Tr™™ = T7l1, Ty~ = T7XaT3T2,

37%39 = XgT3, SU?O = TgTaT1, 1’%“ = X8T3, SL’§12 = T3,

$§13 = TgTeT3, xgm = TgT4T3,

x10

J— 11 __ 13 __ 11 __ 12 __
Lo = X9y, Tg = T9ls, L9~ = T9X7, L1590 = T10Te, T10° = T10T8,

Ti4 __ -1 13 __ Ti4 __ -1 Ti4 __ -1
T11 = T11X8T7 Tel5X4T3, T19~ = T12T11, T19 = T12X9 , T13 = T13Tqg -

Remark. If there are no elements of order 2, the class is at most 3.

3 Left 3-Engel elements in groups of expo-
nent 5

In this section we show that the left 3-Engel groups of any group G of expo-
nent 5 are contained in the Hirsch-Plotkin radical of G. The proof uses the
main results of sections 2.2 and 2.3 and follows in outline the proof of the
corresponding result on 4-Engel groups [11].

Theorem 3.1 Let G be a group of exponent 5 and let a € G be a left 3-Engel
element in G. We then have that a is in the Hirsch-Plotkin radical of G.
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Proof Let ay,...,a; be conjugates of a, and let H = (aq,...,a;). We will
show by induction that H is nilpotent of class at most k& and that the normal
closure of a; in H is abelian for 1 = 1,... k.

The case k£ = 2 holds by the asummption that a is a left 3-Engel ele-
ment and the case k& = 3 follows from Theorem 2.4 (see the remark after
the proof). Now suppose that k& > 3. Let u = [ay,aq,...,a;_ 2] then the
subgroup (ax_1,aj_;,ax) is generated by three conjugates of a and is thus
nilpotent of class at most 3. By this and the fact that any two conjugates
generate a subgroup of class at most 2, it follows that

[047 ag,...,qk—1, 0k, ak] - [a];flakflu ag, ak] - 1
and
[ag,3 [ar, az, ..., ap]] = [ak,3 0, ar] = 1.
We thus have the following identities which hold for any conjugates ay, as, . . ., ax

of a and for any k£ > 3.

[al,QQ,...,ak,hak,ak] == 17

lak, [a1, ag, . .., ax_1], [a1, ag, . .., ax_1], a1, ag, . . ., ax_1]] 1. (19)

We now proceed with the induction step. Let & > 4 and suppose that the
result is true for all smaller values of k. We first show that if 1 < r < k, then

[[a'17 az, . .. 7(1’7’]a [a17 A, Ak—1, - - -, aT‘-i—l]] - [a17 ag, ..., ag, a’l](_l)kir- (20)

This is obvious when » = k. Now consider the case r = k — 1. Let u =
lai,...,ag_1]. By the induction hypothesis and (19) we have that (aq,u, ax)
is of type (1,2,3) and satisfies all the criteria for the group in Section 2.2.
It is thus nilpotent of class at most 4 by Proposition 2.3. Using the fact
that u commutes with a; and the first identity in (19) one sees easily that all
commutators of weight (2,1,1) and (1,1, 2) in ay, u, aj are trivial. The only
commutators that one needs to consider are [u,ax,aq,aq] and [u, ay, aq, ax)

but as [u, [ag, a1, a1]] = [u, [a1, ax, ax]] = 1 we get by expanding these that
L = [uua’kualaal]7
1 = [u,ag, a1, a.
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From this one sees that [[u, [a1, a]] = [u, ax, a;]™! that gives us the identity
(20) when r = k — 1. This argument also tells us that

Ha17ak7 .. '70’3]7 [a17a2]] - [a17ak7 .. 7a27a1]71

and thus
[a,l, [ala Ay v 70'2]] — [[(1,1, aZ]a [ala Ay v 70’3]]_1

that shows that the case r = 1 follows it is holds for r = 2. To establish (20)
it is thus sufficient to show that if 2 <r < k — 2, then

[a1, a2, 4., [ar, an, .. apa]] = [[ar, a9, . apa], far, ags o apya]]

Let u = [ay,aq,...,a,] and v = [a1, ag, ..., a,1o]. By the induction hypothe-
sis we have that v and v commute and that (u,a,41), (v,a,,1) are nilpotent
of class at most 2. Thus (u,v,a,;1) is of type (1,2,2) and thus nilpotent
of class at most 3 by section 2.1.2. Thus [u, [v, a,11]] = [u, a,11,v]7! as was

required. This establishes (20).

We want to show that H is nilpotent of class at most k. We arrive at this in
two steps. First we show that H is nilpotent (of class at most k+ 1) and then
that vx(H) < y+1(H). We turn to the first step. Consider a commutator
¢ = [b1,b,...,bry1] where by, ... bryq lie in {aq,...,ar}. We want to show
that ¢ € Z(H). By induction ¢ = 1 unless {by,..., b} = {a1,...,ax}. Also
by (19) we have that ¢ = 1 if by = bx1. So there is no loss of generality in
assuming that by 1 = ai, by = ax and that {by, ..., bp_1} = {a1,...,ax_1}.
Then, using the inductive hypothesis, we see that [by,bs,...,br_1] can be
expressed as a product uqus - - - u, where each wu; is a commutator of the form
(a1, ao(2); Ao3), - -+ 5 Qo(k—1y] for some permutation o of {2,3,...,k —1}. So

T

c = [bl’ e bk—i—l] — [ul Uy, g, al] — [H[u“ ak]ui+1ui+2~..ur’ al]-
=1

Now the inductive hypothesis implies that uy, uo, . . ., u, commute with a;. So
¢ is the product of conjugates of the commutators [uy, ag, ai1], ..., [u,, ax, a1].
To show that ¢ € Z(H) it thus clearly suffices to show that [a, as, ..., ax, a1] €
Z(H).

So consider d = [ay,as,...,ax, a1,a;], where 1 < i < k. If i = 1 then
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d=1by (19). If i = k, let uw = [ay, a9, ..., ar_1]. Then, using the induction
hypothesis, (a1, u, ay) is of type (1,2, 3) and satisfies the criteria for the group
in Section 2.2. It is thus nilpotent of class at most 4. Thus

1 = [u,[a, ag, ag]] = [u,ak,al,ak]’Q.

This implies that [u, ax, aq,ar] = 1 and thus d = 1 when i = k.

Now let 1 < i < k. To show that d = 1, it suffices by (20) to show that
[u,a;,v,a;] = 1 where u = [a1,as,...,a;1] and v = [a1, ak, ag_1, ..., ai11].
Now by the induction hypothesis (u, v, a;) is of type (1,2, 3) and satisfies the
criteria from Section 2.2. Thus it is nilpotent of class at most 4. Hence again

1= [u7 [U, a;, al]] = [U, a;, v, a’i]72

that implies that [ay, as, . . ., ag, a;] commutes with a;. This finishes the proof
that H is nilpotent of class at most k + 1. To show that the class is actually
k it suffices to show that [a1, as, ..., ax, a;] = 1 since by the argument above,
this will imply that [by, bs, ..., bgy1] = 1 for all by, ... bpi1 € {aq, ..., ax}.

In order to achieve this we will first show that

[ala as,...,AE—3, ao’(k72)a a’O’(k*l)’ a’a(k)7 (ll] - [(1,1, ag, ..., A, a’l]

for all permutations o of {k — 2,k — 1,k}. By the induction hypothe-
sis we have that [a1,as,...,ar_3,a; 5, a5 ] = 1 and that the elements
[a1, as, ..., ar_3,a; ) and [a1, as, . . ., ar_3, a,"5'] commute with [ay, a;]. Thus

lar, ag, ..., ax_3, [ak—2, ax_1], ag, a1] = [a1, az, . .., ajp_s, G/;_IQCLZSI, lag, a1]] = 1.

.. —lag_9,a5_
Similarly, we have that [a1, as, ..., ax_3, ax], [a1, ag, . . ., aj_3, ak[ fm2 2]] and

lai,az,. .., a3, a,;[a’“’”a’“’l], ax] commute with a; by the induction hypothe-

sis, and thus that

1 = [a1,aq,... 053, [ar—2,ax_1, ax|, a1
= a1, ..., ap-3, [ag—2, g1, a, ar)fas, . . ., ar_3, ay, [ap—1, ax—s], a1] .
By the previous part this implies that [aq, ..., ax_3, ax, [ag_1, ax_2],a1] = 1.
This gives us that [ay, ..., ar_3, s(k—2), Go(k—1); Ao(k), @1] is equal to the ele-

ment [ay, ag, . .., ay,a] for all the permutations o of {k — 2,k — 1,k} as we
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wished to show.
Now using the linearised 4-Engel identity we have

H[al, a2, ..., 0k-3, g(k—2); Ao(k—1)5 Qo(k), ag(l)] = 1,
where the product ranges over all permutations of {k — 2,k — 1,k,1}. By
the induction hypothesis all the factors where o(1) # 1 are trival and by
the analysis above we know that all the remaining six factors are equal to
lai,...,ar,a1]. Hence 1 = [ay, ..., ax,a1]® = [ay,...,ax, a1] as required. This
finishes the proof of the inductive hypothesis and thus of the Theorem. O.

Theorem 3.2 Let G be a group of exponent 5. Then G s locally finite if
and only if it satisfies the law

[Z7 [y) x? x? x]? [y? x? x? :L‘], [y? x? :L‘, ‘/‘E]]

Proof. It is known (see for example Lemma 15 in [11]) that if G is a finite
group of exponent 5 and x € G, then ()¢ is nilpotent of class at most 6.
Thus every finite group of exponent 5 satisfies the identity

1z, ly,x,x, 2], [y, x, z, x], [y, z, x, x]] = 1.

Conversely suppose G is any group of exponent 5 and let let N = HP(G)
be the Hirsch-Plotkin radical of G (that is the locally finite radical of G).
Then the Hirsch-Plotkin radical of G/N is trivial. We want to show that
N = G, that is G/N = {1}. Without loss of generality we can thus assume
that HP(G) = {1} and we wish to show that G = {1}. Let a € G. As the
identity holds we have that [b, a,a,a] is a left 3-Engel element in G for all
b € G and hence [b,a,a,a] € HP(G) = {1} for all b € G. Thus a is a left
3-Engel element of G' and thus trival. This shows that G = {1} and we have
finished the proof. O

Remark. This gives us a new proof of a fact that was originally proved
in [11] that a group of exponent 5 is locally finite if and only if all the 3-
generator subgroups are finite.



35

References

1]

2]

[10]

[11]

[12]

[13]

A. Abdollahi, Left 3-Engel elements in groups, J. Pure Appl. Algebra
188 (2004), 1-6.

A. Abdollahi and H. Khosravi, On the right and left 4-Engel elements,
Comm. Algebra 38 (2010), 993-943.

R. Baer, Engelsche Elemente Noetherscher Gruppen, Math. Ann. 133
(1957), 256-270.

W. Burnside, On an unsettled question in the theory of discontinous
groups, Quart. J. Pure Appl. Math. 37 (1901), 230-238.

G. Endimioni and G. Traustason, Groups that are pairwise nilpotent,
Comm. Alg. 36 (2008), 4413-4435.

K. W. Gruenberg, The Engel elements of a soluble group, Illinois J.
Math. 3 (1959), 151-169.

R. Hartung and G. Traustason, Refined solvable presentations for poly-
cyclic groups, Int. J. Group Theory, 1 no. 2 (2012), 1-17.

S. V. Ivanov, The free Burnside groups of sufficiently large exponents,
Int. J. Algebra and Comp. 4 (1994), 1-308.

I. G. Lysenok, Infinite Burnside groups of even period, Izv. Math. 60
(1996), 453-654.

G. Traustason, A note on the local nilpotence of 4-Engel groups, Int. J.
Algebra and Comp. 15 no. 4 (2005), 757-764.

M. Vaughan-Lee, Engel-4 groups of exponent 5, Proc. London Math.
Soc. 74 (1997), 306-334.

E. 1. Zel'manov, The solution of the restricted Burnside problem for
groups of odd exponent, Math. USSR Izvestia 36 (1991), 41-60.

E. 1. Zel'manov, The solution of the restricted Burnside problem for
2-groups, Mat. Sb. 182 (1991), 568-592.



