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Abstract

This paper begins the development of a theory of what we will call sym-
plectic alternating algebras. They have arisen in the study of 2-Engel groups
but seem also to be of interest in their own right. The main part of the paper
deals with the challenging classification of some algebras of this kind which
arise in the context of 2-Engel groups and give some new information about
these groups. The main result is that there are 31 such algebras with rank 6
over the field of three elements.

1 Introduction

Definition 1.1 Let F be a field. A symplectic alternating algebra over F' is a triple
(V,(, ),:) where V is a symplectic vector space over F with respect to a non-
degenerate alternating form (, ) and - is a bilinear and alternating binary operation
on V' such that

(u-v,w) = (v-w,u)

for all u,v,w e V.

This paper begins the theory of symplectic alternating algebras. They have arisen
in the study of 2-Engel groups [1,2] and before going further we describe briefly how
these structures and 2-Engel groups are related. In [1,2] we worked with powerful
2-Engel groups. In particular we classified all powerful 2-Engel groups of class three
that are minimal in the sense that every proper powerful section has class at most
two. Our initial expectation was that all powerful 2-Engel groups would be of class
2 but to our surprise there turned out to be a rich class of minimal examples. One
of the motivations for this study is the following problem raised by Caranti:

Problem. Does there exist a finite 2-Engel 3-group of class three such that Aut G =
Aut.G - Inn G where Aut.G is the group of central automorphisms of G.

Our hope was to find such an example within our rich class of minimal examples or
if not that this study would be a stepping stone towards showing that such examples
do not exist. None of our minimal examples turned out to answer the problem above.
However our study led us to a special class of 2-Engel groups that seems likely to
contain strong candidates for such an example. Let us describe these groups. We
start with any symplectic alternating algebra L of rank 2r with basis uy, us, . . ., ug,
over the field of three elements such that (ugg,uor—1) = 1 and (u;,u;) = 0 for all
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other pairs (i,7), ¢ < j. We let F(L) be the largest 2-Engel group on generators
x,T1, T, ..., Ty satisfying the relations

2 = 1
9 _
r; = 1
F(L): [r,z] = 1
_ o 3(uug,—ug)  3(ujuisu) 3(ujui,—uar) 3(ujuiuzr—1) 3(uju;)
(v, 2] = Ty T Top Loy T

The group F(L) is then a 2-Engel group of class 3, exponent 27 and rank 2r 4+ 1. In
[2] we also proved that F'(Ly) is isomorphic to F(Ls) if and only if Ly and Ly are
isomorphic. One can see that for F'(L) to be an example for the Caranti question,
the automorphism group of L would have to be trivial. As there seems to be some
scope for asymetry in the structure of symplectic alternating algebras this does not
seem impossible.

In the first part of this paper we will begin the development of a general theory
for symplectic alternating algebras. These are in general neither associative nor Lie
algebras and apart from bilinearity and the alternating property there is no law that
holds for the multiplication. Having said that there is a strong interaction between
the multiplication and the alternating form that leads to many beautiful properties.

It is easily seen that up to isomorphism there is only one symplectic alternating
algebra of rank 2, and two of rank 4. The details will be given later. The clas-
sification problem however seems very hard in general and gets soon much harder
as the rank grows. The main part of this paper deals with the classification of the
symplectic alternating algebras of rank 6 over the field of three elements. This turns
out to be quite a challenge. The main result is that there are 31 such algebras of
which 15 are simple. None of the 31 algebras has a trivial automorphism group.

There remains much to be explored and our study seems to provide some inter-
esting questions:

Question 1. What is the structure like if one assumes that the underlying field is
algebraically closed and/or of characteristic zero? Does the theory become simpler?

Question 2. Does there exist a (non-trivial) symplectic algebra with trivial au-
tomorphism group? (We have seen that this question has a relevance to 2-Engel
groups when the underlying field is the field of three elements).

Question 3. What can one say about the structure of symplectic nil-algebras,
that is symplectic alternating algebras satisfying the extra law yx" = 0 for some
positive integer n. In particular does a symplectic nil-algebra have to be nilpotent.
(Easy to see that this is the case when n < 2).

We end this introduction with some notation that will be used much later.

Notation. If we have a symplectic alternating algebra of rank 2r then we will
refer to a basis x1,41,..., %,y with the property that (z;,z;) = (v;,y;) = 0 and



(w;,y;) = 0;; as a standard basis.

2 A general theory for symplectic alternating al-
gebras

In this section we develop some theory of symplectic alternating algebras. First
we describe some general results and then we move on to algebras of rank 6 as a
preparation of the classification of all symplectic alternating algebras over the field
of three elements of rank up to 6.

2.1 Some general properties

Let L be a symplectic alternating algebra over any field.

Lemma 2.1 If I is an ideal of L then I+ is also and ideal of L.

Proof. Let a € I and b € I*. For any = € L we have that
(a,bx) = (azx,b) =0

since ax € I as I is an ideal. This shows that bz € I+. O

For subspaces U,V of L we define UV in the usual way as the subspace consist-
ing of all linear spans of elements of the form uv where v € U and v € V. We define
the lower central series (L');>; inductively by L' = L and L'*! = L'L. Clearly

I'>r?2>...

which implies in particular that every L’ is an ideal. We can also define the upper
central series (Z(L));>1 naturally by Z'(L) = Z(L) ={a € L: ax =0 for all z €
L} and Z""Y (L) ={a € L : za € Z'(L) for all z € L}. The next lemma gives us a
beautiful relationship between the lower and the upper central series.

Lemma 2.2 Let L be any symplectic alternating algebra. Then
ZZ(L) —_ (LiJrl)J_.

Proof We have

acZ (L) < ary---2;=0, Voi,...,2;, €L
& (ary - x,2i40) =0, Yoy, ..., 240 € L
A (a7xi+1xi"'x1> = 07 vx17"'7xi+1 €L

s ac (L)L O

In particular it follows that Z(L) is ideal, but this also follows directly from
Z7YL) - L < Z'(L). Notice also that the dim (Z*(L)) + dim (L**!) = dim (L).

If a € L then
I(a) =aL + (aL)L + ((aL)L)L + - - -



is clearly the smallest ideal of L containing L. We say that an ideal is cyclic if it
is of the from I(a) for some a € L. We define simplicity for symplectic alternating
algebras in the natural way. So L # {0} is simple if it has no proper non-trivial
ideals.

Lemma 2.3 Any isotropic ideal I of L is abelian. Furthermore any ideal of dimen-
sion 1 is contained in Z(L) and any ideal of dimension 2 is abelian and contains a
non-trivial element from the center.

Proof Suppose first that I is an isotropic ideal of L. Let a,b € I and x € L then
(ab,x) = (za,b) =0

since ax,b € I. As L+ = {0} this shows that [ is abelian.

Now let F'u be an ideal of dimension 1. We want to show that u € Z(L). We
argue by contradiction and suppose that uv = au # 0. We can then extend u, v to

a basis u, v, vy, ..., vy for L and where uv; = 0, for 1 < i < 2s. Consider the basis
V, W=V A+ U,W =V +V1,..., W = U+ Ugs. Then uw = uwy = -+ = uwss = au
and it follows that u is orthogonal to u,w,ws, ..., ws, and therefore u € L+ = {0}.

This contradiction shows that uw must be in Z(L).

Finally, let I = Fu + Fv be an ideal of dimension 2. If I is isotropic we know
already that I is abelian. Hence we can suppose that (u,v) # 0. Then uv is orthog-
onal to both v and v and thus in I N I+ = {0}. This shows that I is abelian. We
next want to show that I contains an element from the center. We first deal with
the case when (u,v) # 0. Let x € L. Then (uz,v) = (vu,x) = (0,2) = 0. Hence ux
is orthogonal to both u and v and thus in I N I+ = {0}. Similarly vz = 0 and both
w and v are in Z(L). We are left with the case when (u,v) = 0. Let u =z, v = x5
and extend this to a standard basis z1,y1, Z2, ¥a, - - . , T, y, for L. Firstly if o € I+
then for any y € L we have

(l‘lfL‘,y) = (—l‘ly,l‘) =0

since 21y € I and x € I+. This shows that ;2 = 0 and similarly zoz = 0. It
remains to find some non-trivial linear combination « of x; and z5 that is in the
center of L. Suppose that (y1ys, 1) = a and (y1y2,x2) = b. As [ is an ideal this
forces the following:

T1Y1 = Ty T1Yz2 = —axy

Toy1 = bwy  Tays = —bry.

Now if both @ and b are zero it follows that both z; and x, are in the center. So
suppose this is not the case. Then the equations above imply that bxr; — azs is in
the center. O

Lemma 2.4 Let L be a symplectic alternating algebra of rank 2r. If M is an
1sotropic abelian subalgebra of dimension r then M must be an ideal.

Proof Let x € M and y € L. For all u € M, we have
(zy,u) = (uz,y) = (0,y) = 0.
Hence xy € M+ = M. O



Definition 2.5 Suppose that L is a symplectic alternating algebra with ideals I, .J
which both are symplectic alternating algebras and where

L=1®J

We say then that L is the direct sum of the symplectic alternating algebras I and J.
This can be extended naturally to a definition of a direct sum L=1, @ --- D I,.

Remark. Tt follows that IJ € INJ = {0}.

Definition 2.6 We say that a symplectic alternating algebra is semi-simple if is a
direct sum of simple symplectic alternating algebras.

Theorem 2.7 Let L be a symplectic alternating algebra. FEither L contains an
abelian ideal or L 1s semi-simple. In the latter case the direct summands are uniquely
determined as the minimal ideals of L.

Proof Suppose L does not contain any abelian ideal. If L is simple we are done.
Otherwise L contains a proper non-trivial ideal /. By Lemma 2.1, I+ is also and
ideal. We claim that 1N I+ = {0}. Otherwise I NI+ would be a non-trivial isotropic
ideal and therefore abelian by Lemma 2.3. It follows that I and I+ are symplectic
algebras and L = I @ I'+. Either I and I+ are simple, and we are done, or we can
repeat the previous argument for J and I+. This process eventually gives us a direct
sum of simple algebras.

We turn to the uniqueness. Suppose that L is semi-simple and that L = L1 &---® L,
is a decomposition of L as a direct sum of simple algebras. We of course only have
to deal with the case when s > 2. Suppose that I(a) is a minimal ideal of L where
a=a;+---+as with a; € L;. As I(a) is not abelian there is some v; € L;, 1 <j <s
such that av; # 0. Then I(av;) is also an ideal of L and by minimality I(av,) = I(a).
As I(av;) < L; and L; is simple, it follows that I(a) = L;. This shows that the
summands are the minimal ideals of L. O

From last result we have that any symplectic alternating algebra that is not semi-
simple must contain a cyclic ideal I(a) that is abelian. The next lemma gives a
criterion for I(a) to be abelian. First a definition.

Definition 2.8 Let m be a positive integer. We say that a € L is a m-sandwich if
ar1Te -+ Tma =0

forall xy...x, € L. We say that a is a co-sandwich if a is a m-sandwich for all
m > 1.

Lemma 2.9 We have that I(a) is an abelian ideal if and only if a is an co-sandwich.
Proof We have that I(a) is an abelian ideal if and only if for all r,s > 0

(azy---xz,)(ay; - ys) 0 Vay,...,2y1,...,ys € L

I <

((azy -z )(ayr -+ Ys), Ysi1) 0 Vay,...,%0 Y1, Ysqy1 € L



~

(azy - xpayy - YsYse1) = 0 Vaq, .., Tm Y1, Yss1 € L

=

(azy - TpYsyr - Y2, aY1) 0 Vay,...,%0 Y1, Ysqy1 € L

~

(axy - TpYsyr- - y2a,y1) = 0 Voy,...,20y1,. .., Yst1 € L

~

axy - TrYs+1 Y2 = 0 \V/IL'1,...,IL'r,y2,---,ys+1GL

The last property says that a is an (r + s)-sandwich. As this is true for all r, s > 0
it follows that I(a) is an ideal if and only if @ is an co-sandwich. O

Next lemma gives us another useful property

Lemma 2.10 Let L be any symplectic alternating algebra and x,y € L then the
subspace generated by

Y, yr,yrze, ...

18 1sotropic.

Proof We use the property (Uz,V) = (U,Vx) to transfer any (yz",yz®) to a
alternating product of the form (yz™,yz™) or (yz™,yz™™!). Clearly the first is
zero. For the latter notice that

(yz™, ya™z) = = ((ya™)(ya™), 2) = (0,x) = 0.

This finishes the proof. O

We are interested in the classification of symplectic alternating algebras. We know
that every symplectic alternating algebra L must be of even rank. Suppose that L
is a symplectic space with basis

L1y, Top

for L such that (29, z2;,_1) = 1 but (z;,2;) = 0 otherwise for any 1 <1i < 5 < 2r.
We want to turn this into a symplectic alternating algebra by defining a bilinear
alternating product on L that interacts with the alternating form such that (uv, w) =
(vw, u) for all u,v,w € L. As the product and the alternating form are both bilinear,
everything reduces to working with the basis vectors. One constraint is

(wixj, o) = —(xjx;, ) and (225, x) = (08, ;)

for all 1 <4,7,k < 2r. Notice that every product (z;z;, x)) = 0 if there is a repeated
occurrence of a basic vector. So for (z;x;, xx) to be non-trivial we need i, j, k to be
pairwise distinct.

Proposition 2.11 Let v > 2 and for each (i,75,k), 1 <1i < j < k < 2r, choose a
number (i, j, k) in the field F'. There is a unique symplectic alternating algebra of
rank 2r over F' satisfying

(xi$j7 $k) = a(iv jv k)

forl1<i<j<k<2r.



Proof We start by extending the function a to all triplets of pairwise disjoint
numbers 1 < i, j, k < 2r subject to a(i,j, k) = «a(j, k, 1) and a(i, j, k) = —a(], 1, k).
A bilinear alternating product is determined completely from x;z;, ¢ < j. If

Tjx; = 0nT1 + -+ Qoploy

then ag; = (x;2;, x9;-1) and agj_1 = (z;2;, —xa;). So it is clear that there is at most
one symplectic alternating algebra satisfying the property above. The existence is
also clear. Simply define for each i < j

rir; = —a(f, i, 2)x + alf, i, )ze + -« — a(f, 1, 2r)x9,—1 + (], 4, 2r — 1)xg,. O

We’ll next discuss a different way of describing a symplectic algebra. Let x1,y1,... 2., vy,
be a standard basis for L. Consider the two isotropic subspaces

Fzy+---+ Fx,, and Fy, +---+ Fy,.

It suffices then to write only down the products of z;z;,vy;, 1 < i < j < 7.
The reason for this is that having determined these products we have determined
all triples (uv,w) of basis vectors w,v,w since two of those are either some z;, x;
or some ¥;,y; in which case the triple is determined from z;x; or y;y;. The only
restraints on the products x;x; and y;y; come from

(xﬂj,%) = (%‘xkaxz‘) and (yiyjayk) = (?/j?/k,?/z‘)-

Suppose that F' is the field of three elements. It follows from last proposition that
for a given choice of basis there are exactly

3(2::)

ways of defining a product on L making it into a symplectic algebra. Of course
we are not talking about isomorphism classes here. The problem of determining
all symplectic alternating algebras of rank 27 up to isomorphism seems to be very
difficult. As we will see later even the case r = 3 is a non-trivial exercise. However
it is easy to find all symplectic alternating algebras of rank 2 or 4. Let us deal
with these first. As (uv,u) = (uv,v) = 0 it is clear that the only symplectic
alternating algebra of rank 2 is the abelian one. We will now see that there are up
to isomorphism, two symplectic alternating algebras of rank 4. In order to see this
suppose that L is a non-abelian symplectic algebra of rank 4. We can then choose
two elements z1,y; whose product is non-zero. Clearly we can assume that these
are not orthogonal and furthermore that (z1,y;) = 1. Then xo = 1y, is orthogonal
to both z; and y; and therefore x1, y;, ro are linearly independent. Extend this to a
standard basis z1,y1, 2, Y2 where (x;,v;) = 1 and (21, 22) = (y1,42) = (24,y;) = 0.
By lemma 2.9 we have that the elements

2 2
ToX1 = —Y1xy, T2Y1 = T1Yq

are orthogonal to x1,y; and x5 and therefore multiples of x5. Say xox; = axs and
Toyp = bxo. It follows from these equations that

u = —bry + ay; +



satisfies ury = uxy = uy; = 0. Now if v is any of x1,z9,y; we have (uys,v) =
(uv, y2) = (0,92) = 0 and as (uya, y2) = 0, uys is in L+ = {0}. Therefore u € Z(L).
This shows that Z(L) # {0}. But as L is non-abelian it follows that Z(L) cannot
have dimension larger than 1. (Since otherwise we would have a basis with at least
two elements from the centre and we could not have a non-trival triple (uv,w)). So
Z(L) has dimension 1. We can then choose a new basis for L so that one of the
basis vectors spans Z(L). We can therefore assume that within our standard basis
1, Y1, T2, Yo, the vector xs is in the center. It follows that the only candidate for a
non-trival triple (uv,w) in the basis vectors must be for {u,v,w} = {z1,y1,42}. In
particular z,y; # 0. By Lemma 2.2, L? = Z(L)t = Fa, + Fy, + Fay. As zyy; is
orthogonal to both x; and yy, it follows that x1y; is a multiple of x5 and by replacing
x9 by this multiple we can assume that x;y; = xo. Hence (z1y1,y2) = 1 and the
structure of L is determined. One can check that L has the following presentation

r1x9 = 0
ny2 = —Y1
iy = 22
L: 1y = —x1
xoyn = 0
xay2 = 0

2.2 Symplectic alternating algebras of dimension six

Before embarking on the classification of the symplectic alternating algebras of rank
6 over the field of three elements, we collect together some properties that we will
be using and that are special for rank 6. Throughout this subsection, L will be a
given symplectic alternating algebra of rank 6. We will not make any assumptions
about the underlying field.

Lemma 2.12 Fither L is simple or it has an isotropic ideal of dimension 3. Fur-
thermore if L is not simple and if Z(L) = {0}, then there is a unique non-trivial
proper ideal and this ideal is isotropic and of dimension 3.

Proof Suppose that L is not simple. If I is an ideal then I+ is also an ideal.
This means that there is an ideal of dimension 1, 2 or 3. Let us first deal with
the case when there is an ideal I of dimension 3. If I is isotropic, we are of course
done. Suppose then that this is not the case. It follows that I N I is an ideal of
dimension 1. Hence we have reduced to the case when there is an ideal of dimension
1 or 2. By Lemma 2.3 we know that in both cases L contains then a 1-dimensional
ideal I = Fz; which must be contained in the center. Then I1/I is a symplectic
alternating algebra of rank 4 and we have seen that there are up to isomorphism
only two such each with a non-trivial center. Pick x5 from I+ such that z, + I is in
the center of I+ /I. We can then extend 1, 75 to a standard basis 1, ¥y, 72, ¥, 73, ¥3
such that z;, T, Y2, T3, y3 form a basis for I+ and furthermore we can assume that
rox3 = 0. But then
J=Fxy+ Fxy+ Fuxs

is an abelian isotropic subalgebra or dimension 3 and by Lemma 2.4 this is an ideal.

Now suppose that L is not simple with trivial center. If there was an ideal I of



dimension 1,2, 4 or 5 then by considering also the ideal I+, we would have an ideal
of dimension 1 or 2. But in this case Lemma 2.3 implies that the center is non-trivial.
Hence all proper non-trivial ideals must be of dimension three. Furthermore, every
such ideal I must be isotropic. Otherwise I N I+ would be an ideal of dimension 1
and thus contained in the center. By Lemma 2.3 every isotropic ideal of dimension
three is abelian. It remains to show that there is a unique such ideal. We argue by
contradiction and suppose that J is another such ideal. Then I N J is of smaller di-
mension and therefore trivial. It follows that /-J < INJ = {0} and that L = I & J.
But then L? = [? + IJ + J? = {0} and L is abelian. This of course contradicts the
assumption that L has a non-trivial center. O

Next result will be important for the classification. First a notation. Suppose
that
L = L1 @ L2 @ L3

where each L; is a symplectic alternating algebra of dimension two and where the
subspaces are pairwise orthogonal. We will refer to such a decomposition as a
canonical . Choosing basis vectors x;,y; for L; such that (x;,y;) = 1 will give us
a standard basis for this canonical decomposition. Notice that when we have a
standard basis then we have a presentation of the form

Tox3 = a11T1 + A21%2 + a3123 + ay; Y2y3 = b11y1 + ba1y2 + b31y3 + by
T3T1 = Q1271 + A22T2 + A3273 + ay2 Y3y1 = b12y1 + baaya + b3ays + bxo
T1T2 = 1371 + A23%2 + as33x3 + ays Y1y2 = b13y1 + bazys + b3zys + bxs

where a = (2122, %3) = (z2x3, 1) = (T321,22) and —b = (y1y2,¥3) = (Yay3, v1) =
(?/3?J1,?/2)-

Lemma 2.13 For each canonical decomposition of L there exists a corresponding
standard basis x1, Y1, T, Yo, T3,Yy3 such that

Fxy+ Fag+ Frxz, and Fy, + Fys + Fys

are subalgebras of L. Furthermore if F'xy + Fay + Fas is abelian then it is an ideal
of L.

Proof. This is equivalent to finding a standard basis where (129, x3) = (y1y2,y3) =
0. Take any standard basis x1, y1, T2, ys, 3, y3 for L with respect to the given canoni-
cal decomposition. By replacing x3 by some ax3+bys and y3 accordingly if necessary
we can assume that (z1z9, x3) = 0 and thus that Fxy + Fay + Fxg is a subalgebra.
Now for any z; = y; + ¢;x; we get another standard basis x1, 21, 9, 22, T3, 23 With
respect to the same canonical decomposition. If we can choose ¢y, o, c3 such that
(2129, 23) = 0 then we are done. So suppose (2122, 2z3) # 0 for all choices of ¢1, s, c3.
Then (y192,y3) # 0 and letting co = c3 = 0 we see that we must have (x1ys,y3) = 0.
Similarly we see that (yi7s,y3) = (y1y2,23) = 0 and then taking only ¢35 = 0 we
see that (z1z9,y3) = 0 and similarly we see that (x1y2,23) = (z122,y3) = 0. In
particular it follows from this that

(7122, y3) = (Y132, —73) = 0.
This implies that

Fxy+ Fxo + Fys and Fy, + Fys + F(—x3)
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are abelian. Clearly z1, y1, T2, ¥2, y3, —23 is a standard basis for the given canonical
decomposition.

Now suppose that Fx, + Faxe + Fxz is abelian. It follows then from Lemma 2.4
that this is an ideal. O

Lemma 2.14 If L is not simple then there exists a canonical decomposition with
standard basis x1, Y1, T2, Yo, T3, Y3 such that

Fzi+ Fao+ Frs and Fy + Fys + Fys
are subalgebras and Fxy + Fxo+ Fxs is abelian.

Proof By Lemma 2.12, L has an isotropic ideal I of dimension 3 which by Lemma
2.3 is abelian. Let xq,x9,23 be a basis for I and extend to a standard basis
1, Y1, T2, Y2, Ta,y3. One can check that if xq, 21, 9, 20, 3, 23 is any other standard
basis then we must have

2 = Y1 +azry + brs + crs
2o = Y2+ bry + dre + exs
23 = Yz+cr+exry+ fu3

for some a,b,c,d,e, f € F. Letting b = ¢ = e = 0 and following the same arguement
as in the proof of Lemma 2.13 we have

(56’1$2,y3) = (3725637191) = (3735617192) = (ylyzyfb’s) = (y2y3,:c1) = (y3191,56’2) = 0.

Then letting a = c=d =e = f =0 we see that

(y2y3, 56’2) = _(y3y17 371)

and considering similarly the casesa=b=d=e=f=0anda=b=c=d=f =
0 we have

(Y2y3, v3) = —(y1y2,71)
(Ysy1,73) = —(Y1y2, T2).

It follows from these constraints that we get equations of the form

xow3 =0 Y2y3 = ry2 — SY3 + ary
r3x1 =0 ysy1 = tys —ry1 + axg
z122 =0 Y1Yy2 = sy1 — tys + axs.

We claim that we can choose a basis z1, 29, 23 for F'y; + F'ys+ F'ys such that z;2o = 0
modulo [ = Fxy+ Fxy+ Frxs. If any two of r, s, t are zero this is clearly possible. So
suppose at least two of r, s,t are non-zero. Let v; = yoy3, v9 = y3y; and vs = y1yo.
Direct calculations show that modulo the ideal I we have vivy = vovs = v3v; = 0.
But since at most one of r, s, t is zero, some two of vy, vo, v3 are linearly independent.
By letting these be z1, 25 and extending to a basis 21, 22, 23 we have proved our claim.
Without loss of generality we can thus assume that in the equations above s =t = 0.
We thus have the following equations

row3 =0 Yoys = rys + axq
r3r1 =0 Y3y1 = —Ty1 + axs
r1292 =0 Y1Y2 = ax3.
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Now (z3x1,y2) = 0 and (ys3y1,z2) = 0. Hence
Fxi+ Fys + Fry and Fy, + F(—x2) + Fys

are subalgebras. We finish the proof by showing that the former is abelian. Firstly
x3ry = 0 as these are in I. As [ is abelian we also have that y,x3 is orthogonal to
x1, T, x3 and as ysy; € I we also have that yoxs is orthogonal to y; and y,. As

(Y23, y3) = (Ysya, x3) = 0.

It follows that yoz3 = 0. It remains to show that z,y, = 0. Firstly as [ is abelian
and y91y; € I we have that x1ys is orthogonal to 1, zo, 3, Y1, Y. As

(x1y27y3> = (y2y3ax1) =0
it follows that x;y, = 0. O

Let Ly = Fzy + Foy + Fxsz and Ly = Fy; + Fys + Fys be as above with Ly,
L, subalgebras. We will then refer to the decomposition L = L @ Ly as a standard
decomposition of L. As we will be dealing much with these later on it is useful to
be able to locate the center from such a decomposition.

Lemma 2.15 Let L = Ly @ Lo be a standard decomposition of L. If v € L, and
y € Ly such that x +y € Z(L) then

r€ LN (L))t and ye Lyn(LH)*
Proof By Lemma 2.2, we have for all y1,ys € Ly and all z1, 25 € Ly that

0= (l’ + Y, 9192) = (:L‘7y1y2)
0= (z+y,z129) = (y, 1172) O

Proposition 2.16 Let L = Ly & Ly be a standard decomposition of L where Ly is
abelian. Then
Z(L) = LN (L3)* + Z(Ly).

In particular

(a) If L2 = Ly then Z(L) = {0}.

(b) If L% is one dimensional then Z(L) is three dimensional.
(c) If L% is two dimensional then Z(L) is one dimensional.
(d) If L3 = {0} then L is abelian.

Proof Let x € L; N (L3)*. Then z commutes with all elements in L; and is
orthogonal to everything in L%. It follows that for all x1, 29 € L; and y,,y2 € Ly we
have
(x, 129
(.T, N1
(z,y192) = 0
and x € (L?)* which by Lemma 2.2 implies that x € Z(L).

)= (z,0)=0
) = (zz1,y) = (0,y) =0

If y € Z(Ly) then
(yvxle) = (y,O) =0
(ywrlyl) = (yylwrl) = (0,1’1) =0
(Y, y1y2) = 0
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and y € (L*)* = Z(L).

This proves that L, N (L3)* + Z (L) C Z(L). For the converse suppose that x € L,
and y € Ly such that x +y € Z(L). By Lemma 2.15 x € L; N (L3)* that we have

seen that is contained in Z(L). Hence y is also in Z(L) and thus in particular in
Z(Ls).

Now for parts (a)-(d). First (d) is obvious from the first part. If L3 = Ly then
Z(Ly) = {0} and Ly N (L3)* = L1 N Ly = Ly N Ly = {0}. This proves (a).

Next we turn to (c). If dim (L3) = 2 then Z(L,) = {0} (otherwise dim (L3) < 1)
and dim (L; N (L2)1) = 1. Hence, by the first part, dim (Z(L)) = 1.

It remains to prove (b). As dim (L;N(L2)+) = 2 it suffices to show that dim (Z(L,)) =
1. But if L2 = Fy; and vy, y3 complete the basis then

Y2Us = Y
y3y1 = By1
Y1Yy2 = YY1

where not all of «, 3,y are zero. One can check in this case that ay; + Bys + yys is
in Z(LQ) O

Our next aim will be to classify all the non-simple symplectic alternating algebras
of dimension three over the field of three elements. Because of Lemma 2.14 we first
classify all the alternating algebras of dimension three.

3 The alternating algebras of dimension three

In this section F' will be the field of three elements. Let L = Fx; + Fag + Fxs be
any alternating algebra over F'. If

ToT3 = a11T1 + a21%2 + azixrs
T3r1 = G12%1 + a22%2 + G32T3
Tixo2 = 1371 1+ a23%2 + 3373

then we represent the presentation with the matrix

Now choose a different basis for L

Y1 = g1121 + g2122 + 93173
Y2 = g12%1 + g22T2 + G3273
Y3 = G13T1 + g23T2 + g33T3

and let g be the linear map that corresponds to the matrix (g;;). We want to
determine the matrix for L with respect to vy, ys,y3. Calculations give

gi12 4gi3
932  g33

gi12 413
g22  g23

g22 g23

T1T2
g32  g33

ToZ3 — ‘ T3x1 + ‘

Y2ys = ‘
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g21  g23 gi1t  gi3 git  gi3
= - Tox3 + r3T1 — 1T
s ‘ 931 933 2 } g31 933 s } 921 923 12
Yiys = 921 g22 LoZs — 912 G12 L3z1 + 911 G12 T1Z2.
g31 932 g31 932 921 G922

Thus the matrix for L with respect to vy, yo, y3 is
g~ A-adj(g)' = det(g) g™ - A (g71)"
Define an action of GL(3, F') on M (3, F') by
A9 :=det(g)g'- A-g.

We have seen that two matrices A, B represent the same alternating algebra if and
only if B = A9 for some g € GL(3, F).

Notice that A = A and that

(A9)" = (det(g)g"- A-g)"
det(h)h'(det(g)g" - A - g)h
det(gh)(gh)"- A - gh

= A9,

So M (3, F') becomes a GL(3, F')-set under this action.

Remark. A-1d = det(—id)A = —A and therefore —A is equivalent to A. (Can

also be verified easily without using the action).

t
% and a

Now we can write every matrix A as a sum of a symmetric matrix

. . . _ At
antl-symmetric matrix A 2A . Also

(A")? = det(g)g" - A"~ g = (det(g)g'Ag)" = (A9)".

It follows that A9 is symmetric(anti-symmetric) if A is symmetric(skew-symmetric).
Suppose A = A; + As where A; is the symmetric part and A, is the anti-symmetric
part. Then

A9 = AY + AF

where, as we have seen, Af is the symmetric part and A3 is the anti-symmetric part.
1 Y p 2 Y p

Let G = GL(3, F).

Lemma 3.1 Let A = Ay + Ay where Ay is the symmetric part and As is the anti-
symmetric part. Then

Ce(A) = Ca(A1) N Cq(Ay)
Proof We have that g € C(A) if and only if A9 = A if and only if A = A; and

Because of this last lemma we first determine the orbits of the symmetric and the
anti-symmetric matrices. We start by dividing the 3% symmetric matrices into G-
orbits.

Lemma 3.2 FEvery symmetric matriz s conjugate to a diagonal matriz.
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Proof As B is conjugate to —B we can always correct modulo +1 and we can also
ignore the det(g) part in A%. Let A = (a;;) be a symmetric matrix. Let

ana® 4 agy® + asz2® + 2a107y + 2a1372 + 2a3yz

be the symmetric form related to A. We want to diagonalise this form. Suppose
first that one of the diagonal entries are non-trivial. Without loss of generality we
can suppose that this is a;; and that a;; = 1. Then the form can be rewritten as

(z + appy + a132)? + (ax — aly)y* + (ass — ai3)2* + 2(ags — arpa13)yz.
The rest is now easy. If one of the coefficients of y? and 22 is non-trivial this is about
completing the square. If both the coefficients are zero, use yz = (y+2)? — (y — 2)°.
We are left with the case when all the diagonal entries are zero. Then use one

of

(@+ty—2’+(@—y+2)+(—r+y+2)? = zyt+aztyz
(r+y+2?—(z—y)?—2° = 2y—xz—yz. O

Notice that the rank of A is always preserved by the action of G.

Lemma 3.3 The invertible matrices form a single orbit. Furthermore
Co(I)={g9€G: g'g=1id and det(g) = 1},
|Ca(I)] = 23 -3 and the size of the orbit is |G : Cg(I)] = 2%- 3% - 13.

Proof Let
1 1 0 1 0 1 1 0 0
gi=| -1 101, go=| 0 1 0|, gs=|0 1 1
0 0 1 -1 0 1 0 -1 1
Calculations show that
(1 0 0]
9 = 0 1 0
_O 0 —1_
1 0 0]
192 = 0 -1 0
[0 0 1|
[—1 0 0]
193 = 0 1 0
| 0 0 1|

As B is conjugate to — B this shows that all the invertible diagonal matrices are con-
jugate. By Lemma 3.2 all the invertible symmetric matrices are therefore conjugate.
We next determine C¢(I). We have

I =1<det(g)g'-g=1.

As we are working with the field of three elements, we have det(aA) = adet(A) =
adet(A) for all matrices A and all @ € F. The equation above therefore gives
that det(g) = 1. A vector (a,b,c) in F? has norm a® + b* + ¢* = 1 if and only
if exactly one of a,b, ¢ is non-zero. Hence there are 6 such vectors. Clearly there
are then 6 - 4 - 2 triples of pairwise orthogonal vectors from this set. Half of the
corresponding matrices have determinant 1. Hence |Cg(I)] = 24 = 23 - 3. As
|G| = (32 —1)- (32 —3)- (3% —3%) = 25-33-13 we get the size of the orbit as well. O
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Lemma 3.4 The symmetric matrices of rank 1 form a single orbit J& where
det(D) 0 0

Ca(J1) =1 |: a ] : D is an invertible 2 X 2 matriz and a,b € F}
b

OO =
o O O
o O O

Furthermore

D

ICa(J1)] = 2* - 3% and |JE] = 2- 13

Proof Let )
01 0

gi=|1 01, 92=
0 1

(e}
= o O
o~ O

o O =
| I |

o

Calculations show that

0 0 0
" = 10 -1 0
L0 0 0|
[0 0 0]
= 100 0
00 1|

Again as — B is conjugate to B it follows from Lemma 3.2 that all symmetric matrices
of rank 1 are conjugate to J;. We leave the remaining straightforward calculations
to the reader. O

Lemma 3.5 There are two orbits of matrices of rank 2. These are JS and J§

where
1 0 O 1 0 0
J=10 1 0 and J3=10 -1 0 |.
0 0 O 0 0 0
Furthermore
eg 0 0 0 e 0
0 €2 0 y €2 0 0 y
B a b ee a b —e€e . _
Ca(J2) =1 o —e 0 e —e 0 : €1,62==1, a,b € F}
€9 €9 0|, €3 —€g 0
a b €€ a b —eien
and

0 €1 0
e 0 0 : €1,60==%1, a,b€ F}.

a b €e

€1 0 0
Cg(Jg):{|:0 €2 0],

a b €6

In particular |Cq(Jy)| = 2* - 32 and |Cq(J3)| = 23 - 32 and thus |J$| =23 13 and
JG| = 22.3.13.
Proof. Again we leave it to the reader to determine C¢(J;) and Cg(J2). As these

have different orders it follows that J, and J; are not conjugate. It remains to see
that all diagonal matrices of rank 2 are conjugate to one of these. Let

00 1 100
=0 101}, go=]0 0 1
100 010
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Calculations show that

000
JP o= -0 10
| 0 0 1 |
(1 0 0]
JP? = —10 0 0
|0 0 1 |
[0 0 0]
J = 01 0
|0 0 —1 |
[ —1 0 0]
JPE = 000
| 0 0 1 |

As B is conjugate to —B we see that all diagonal matrices of rank 2 are included.
O

This finishes the study of the symmetric matrices. Let us do some counting to
see that everything fits. We have

TG 4+ |JC 4+ | TS| + IS + 109 =2%-3%-1342-1342-3-13+22-3-13+1 = 3C,

So up to isomorphism there are exactly 5 alternating algebras with symmetric pre-
sentation. We then turn to the anti-symmetric matrices.

Lemma 3.6 Apart from 0% there is only one orbit J¢ of anti-symmetric algebras

where
01 0
J=1 -1 0 0 |.
0 0 O
Furthermore
D 0
Ca(J)=A{ 0 , D is an invertible 2 X 2 matriz and a,b € F},
a b 1

|Ca(J)| = 2*3% and |J%| =2 - 13 = 26.

Proof. The reader can verify that Cg(J) is as stated. As |J%| = 26 all the non-zero
anti-symmetric matrices are conjugate to J. O

We now consider the general situation. Let C' = A + B be any 3 x 3 matrix
over F' with symmetric part A and anti-symmetric part B. We want to determine
the orbits. By taking an appropriate conjugate of C' we can assume that A is one of
0,1,J1, Jo, J3. The question is to determine when A+ B; and A+ B, are conjugate.
So we consider the action of C5(A) on the set of anti-symmetric matrices. We have
already dealt with the case when A = 0. So we have 4 remaining cases to study.
We will skip over the technical details and leave to the reader to verify that the
orbits are as stated. Notice that in this case we are working with a set with only 27
matrices so this is not a very difficult task.

Lemma 3.7

(a) For H= Cg(I), there are three non-trivial H-orbits
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of order 6, 12 and 8 respectively.

(b) For H = Cq(J1), there are two non-trivial H-orbits

of order 8 and 18.

(c) For H = Cg(Js), there are two non-trivial H-orbits
] H

(d) For H = Cg(J3), there are three non-trivial H -orbits

S O =
oS O O
| |
By
—
|
_ o O
oS O O
S O =

of order 2 and 24.

of order 2, 12 and 12 respectively.

It follows that apart from 6 orbits that are either symmetric or alternating, there
are 10 others. This gives us 16 non-simple algebras. We will see in next section that
they are pairwise non-isomorphic. Notice that for standard presentations R; & 5
isomorphic to Ry & S5 does not in general imply that R; is isomorphic to R, and S
isomorphic to S5. We will see however that this is the case when Si, Sy are abelian.

4 Classification of the non-simple algebras

According to previous section there are up to isomorphism 16 alternating algebras
of dimension 3 over F'. These are (the order is not the same as before, for reasons
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that will become clear soon)

Y2Y3 = Y1 Y2Ys = Y1 — Y2 Y2Ys = Y1 — Y2 — Y3
A YY1 = Y2 A, : Ysyir = Y1 + Y2 As - YY1 = Y1+ Y2 — Y3
Y1Y2 = Y3 Y1Y2 = Y3 Y1iy2 =y +y2+ys3
Y2Y3 = Y1 Y2Ys = Y1 — Y3 Y2Ys = Y1 — Y3
Ay Ysyir = —Ys As - Ysyir = Y2 Ag - Ysyir = —Y2
Yiyz2 = Y2 Y1y2 = 9 Y1y2 = Y1
Y293 = Y1
A Ysyir = —Y2 — Y3
Y1y2 = Y2
Y2Ys = —Y2 Y2Y3s = Y1 — Y2 — Y3 Y2ys = Y1 — Y2
B : Ysyi1 =N By : Ysy1 = Y1+ Y2 By : Ysyir =N
y1y2 =0 Y1y2 = Y1 + Y3 y1y2 =0
Y2Ys = Y1 — ¥Y2 Y2Y3 = Y1 Y2Y3 = Y1
By : Ysyir = Y1 T Y2 Bs : YY1 = Y2 B : Y3yr = —Y2
y1y2 =0 y1y2 =0 y1y2 =0
Yoys = Y1 Yoys = Y1 — Yo y2y3 =0
O Ysyi Cy : Ysyir = Y1 — Y2 O Ysyi
y1y2 =0 y1y2 =0 y1y2 =0

By the classification above, we know that any non-simple symplectic alternating
algebra of dimension 6 over F' is isomorphic to one of

OGA,...00A. ODB,,....00Bs, O©Cy, O®Cy, OO O.

Inspection shows that A? = A;, dim(B?) = 2 and dim(C?) = 1. By Proposition
2.16, O A; has trivial center, O @ B; has one dimensional center and O®C;, O ®Cy
have three dimensional center.

Proposition 4.1 The algebras in the list above are pairwise non-isomorphic.

Proof By previous remarks it suffices to show that the O @ Ay,...,0 @ A; are
pairwise non-isomorphic, that O ® By, ..., O @ Bg are pairwise non-isomorphic and
that O @ C; and O & C5 are not isomorphic. We deal first with O ® Ay, ...,0 @ A;.
As the center is trivial, we have by Lemma 2.12 that the subalgebra O is the unique
proper non-trivial ideal of O @ A;. It follows that A; is determined as the quotient
(O @ A;)/0. It follows that if O @ A; and O @ A; were isomorphic it would follow
that A; and A; were isomorphic.

Next we show that O & C} and O & C5 are not isomorphic. We do this by showing
that their centres differ. Firstly, according to Proposition 2.16,

which is isotropic. On the other hand Z(Cs) = K(y; + y2) and thus

Z(0 @ Cy) = 0N (C2): + Z(Cy) = Flxr + 2) + Fay + Fly1 + 1)
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which is not isotropic.

It remains to deal with Ly = O @ By,...,Lg = O @ Bg. We start by determin-
ing Z(L;) and L?. In this case the center of B; is trivial and thus, by Proposition
2.16, Z(L;) = O N (B?)*. Then L? = Z(L;)*. Inspection gives that these are

Z(LQ):Fxl—FxQ—Fxg L%:le—i—Fmg—i—Fxg—i—F(yl—|—y2)+F(y1+y3)
Z(L;) = Fas L? = Fxy + Fag + Fasz + Fyy + Fya, i # 2.

Now for Ly, L3, Ly, L5, Lg we have that y,y2 = 0. It follows then that x,y;, z1ye,
oy and xoys are orthogonal to xy, x9, T3, Y1, y2 and hence all these products are in
Fas = Z(L;). Hence

L?/Z(L;) is abelian if i # 2.

On the other hand in L, we have

(h +12) (1 +y3) = =1 +y2 +ys & Z(Lo).

This implies that Lo is distinct from the rest. Now we deal with the remaining 5
algebras. Note that for any ¢ # 2

Li/L? = F(ZJ_B)

is one dimensional and generated by a = +y3. As L?/Z(L;) is abelian, there is a
well define action of L;/L? on L?/Z(L;) by setting

a-u = au.
Let us determine the minimal polynomial of @ as a linear map on L?/Z(L;).

Inspection shows that for ¢ = 1 the minimal polynomial is ¢ + 1 or ¢ — 1 depending
on whether @ = g3 or @ = —y3. That the minimal polynomial is either (¢ + 1)? or
(t—1)2ifi=3. Thatitist* —t—lort*?+t—1ifi =4, t*+1ifi =5 and
finally that it is 2 — 1 if 4 = 6. Hence these algebras are pairwise non-isomorphic. O

We conclude that there are exactly 16 non-simple symplectic algebras over F'.

5 Classification of the simple algebras

Our approach here will be similar in outline. However the situation is more compli-
cated. Here we don’t have standard decomposition with one factor abelian and so we
need a 6 x 6 matrix to describe the presentation. It will be useful to deal here with a

general presentation and not only standard decompositions. Let x1,y1, T2, y2, 3, Y3
be a standard basis for L. If

Tox3 = a11T1 + G21T2 + a3123 + ay; Y2y3 = b11y1 + ba1y2 + b31y3 + by
T3T1 = Q1271 + A22T2 + 3223 + ay2 Y3y1 = b12y1 + basy2 + b32y3 + bxa
T1T2 = 1371 + A23T2 + a33x3 + ays Y1y2 = b13y1 + bazyz + b3zys + bxs

then we represent the presentation with the matrix

A bl
P[a[ B}
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where A = (a;;) and B = (b;;). Any other standard basis is the image of this basis
under a symplectic automorphism. For an element g in the symplectic JBroup we
define P9 to be the presentation matrix with respect to z{,v{, 23, v3, 23, y5. We will
see that we can also talk about symmetric and anti-symmetric presentations. The
definition will however be different from the usual one. We start by defining the
transpose of a presentation matrix by setting

A bl " [ A bl
al B | | al B! |’
We say that a presentation matrix P is symmetric if P! = P, that is if both A and

B are symmetric in the usual sense. We say that P is anti-symmetric if P* = —P,

that is if A and B are anti-symmetric in the usual sense and a = b = 0. Notice that
(PHYt = P,(rP+ sQ)" = rP' + sQ" and that

P+ P! P— P!
)+

is the unique decomposition of P into a sum of a symmetric and antisymmetric
presentation matrix.

P=(

Recall that a linear map is the transvection with respect to a vector v € L if it
maps  to x + (z,u)u. Any transvection preserves the alternating form and we
know that they generate the symplectic group.

Lemma 5.1 Let P be a presentation matriz and g from the symplectic group. Then
(P")? = (P9)".

Proof. As the symplectic group is generated by transvections, it suffices to prove
this when ¢ is a transvection. So let g be the transvection with respect to u =
7121 + oo + r3T3 + S1Y1 + S2ys + S3y3. Suppose that

Pg:{ccf dDI] and(Pt)gz{eEI {7,]}

We will use the -; for the product according to the presentation P?. Firstly,

e = —(afa3,2%)
= —((z1 4 s1u) -+ (2 + s2u), x3 + S3u)
= *(ifl ‘t £E2,$3) - 83(£E1 ‘t ZE2,U) - 52($3 't xl,u) - 81(£E2 't ZE3,U)
= a -+ 83r3a -+ S213a + S1110
—8183(131 't T2, yl) - 8283(301 ‘t $2,y2) - 8383(961 ‘t 902,93)
—8182(303 't 1, yl) - 8282(303 t x1,y2) - 8382(903 ‘t 901,93)
*8181(ZE2 't L3, y1) - 8251(ZE2 ‘t 963,3/2) - 5351(502 t 5037313)
= a(l+ 7151+ res2 +r3s3)
—S8153031 — S253A32 — 5353033
—8182G21 — S252022 — 5352023
—8181G11 — S251012 — $351013
= a-+ 83r3a+ S27r2a + S111G
—S8153013 — S2530A23 — 5353033
—S5152G12 — S252022 — 5352032
—8151G11 — S251021 — $351A31
= a-+ s37r3a -+ Sarea + S171G

—8183(% '962,?/1) - 8283(551 “T2,Y2) — 5383(951 - T2,Y3)



21

—s152(23 - w1, Y1) — s252(23 - T1,Y2) — s352(w3 - T1,Y3)

—s181(w2 - x3,91) — 5281(02 - 3, Y2) — 5351(w2 - 23,Y3)

—(x1 - 29, 3) — s3(x1 - T2, u) — S2(x3 - x1,u) — $1(T2 - 3, u)
= —((x1 4 s1u) - (x2 + s2u), x5 + szu)

= —(af-afaf)

= c
Similarly f = (y{ -+ v3,y5) = -+ = (y1 - y2,y3) = d. Then (calculating the indices
modulo 3)
Cij = ( T t:C] 1;%)
= (@1 + sj10) ¢ (251 + sj-1u), yi — 1iw)
= (@41t @51, 0) — ril@ign e o1, w) + 55400 (Tio1 e Y w) — S50 (T e Yo u)
= @aj; — TiS1aj1 — TiS20j2 — T383G;3 + 1iT5Q
—13801(Tj—1 0 25, Yi) + Tie18501 (T i1, i)
=785 -1(5 -+ i1, ¥i) + 151851 (Tjg1 0 i1, Yi)
+Si+15j+1(yi t Yit+1, $j—1) - 5i—13j+1(yi—1 't Yiy CUj—l)
—85-18i41(Yi t Yir1, Tjr1) + 5ic185-1(Yio1 t Yir Tjr1)
= @y T 1A = TiSi4105,i41 — TiSj410541,
—Ti8i—105,i—1 — TjSj—-105-1,i
Tj+18j+1 051 + Tj8jQ50 + Tj-15j-105
—T8iQj; — T5Sj05; — Si+18j+10i—1,j-1 — Sj—18i—1bit1,j41
+si—18j+1bit1,5-1 + Sj—18i410i-1 541
and
Cji = i+l 171’y‘])

(2]

= ((@it1 + siv1u) - (@im1 + si1u),y; — rju)
($z+1 50171,%) - Tj($i+1 'xiflau) + 5i+1(1'i71 'yj,u) - 5i71($i+1 'iju)

= Q5 — 738101 — Tj8202; — T'jS3a3; + riria
—T“iSi+1(l’i—1 : $i,yj) + Ti+18i+1(96i+1 : $z‘—1,yj)
—738i—1(T - Tig1,Y5) + Tim1Si—1(Tig1 - Tim1,Y5)
+8j+18i41(Yj  Yj1, Tim1) — Sj—18i41(Yj—1 " Y5, Ti-1)
*Si715j+1(yj “Yi+1, !Ez‘+1) + ijlsifl(yjfl 'yj7$i+1)

= Q4 T T —TjSj11041,5 — TiSi+105,i+1

—TiSj—105—-1,5 — TiSi—1G5i—1

Ti+18i+1Q5; + 738iGj; + Ti—15i—1Gj;

—TrjS;Q5; — TiSiQ5; — 5j+15i+1bi71,j71 - 5i715j71bi+1,j+1

+8;-18i+10i—1,j+1 + Si—18j+1Dit1,5-1-

Hence e;; = ¢j; and E = C'. Similarly ' = D" and f =d. O

It follows that if A = A; + Ay where A; is the symmetric part and Ay is the
anti-symmetric part then AY(AJ) is the symmetric(skew-symmetric) part of AY.
Also

Corollary 5.2 Let G be the symplectic group Sp(6, F) and let A = A} + Ay be a
presentation matriz where Ay is the symmetric part and As is the anti-symmetric
part. Then

Cg(A) - Cg(Al) N CG'(AQ)
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Proof We have that A9 = A if and only if AY = A4;, i =1,2. O

We now follow the same strategy as for the non-simple algebras. First we determine
all the symmetric algebras. We will see that apart from the 5 non-simple ones there
are two simple algebras.

5.1 The simple symmetric algebra S,
Consider the algebra

23 = Y1 Y2Yys = I1
S1: 1311 =Y2  Y3y1 = T2
T1X2 = Y3 Y1y2 = I3

Proposition 5.3 S; is simple.
Proof Let
L y=Fx;+ Fry+ Fxzs and Ly = Fy, + Fys + Flys.

Notice that if w € Ly and v € L; then (uv,x;) = (x;u,v) = 0 and (uv,y;) =
(vy;, u) = 0 since x;u € Ly and vy; € L_;. We therefore have for L = S; that

L=L_®L

where L2, = Ly, L? = L_; and L_;L; = {0}. Let us deduce from this that L is
simple. Let I be any non-trivial ideal of L. Take 0 # a + b € I where a € L_; and
b € Ly. We consider the case a # 0 (the other case b # 0 being dealt with similarly).
Then (as L?; = L, is three dimensional) aL_; is a two dimensional subspace of
Ly. As 2 = L_; is three dimensional it follows that al_;L, is a three dimensional
subspace of L_;. Hence

aL,lLl = L*l and aL,lLlL,l = L1
and L =al_1L1 4+ al_1L1L_1; C I. Hence there is no proper non-trivial ideal. O

Notice that for ¢ € G, the presentation matrix P? with respect to 7, 23, 23, v{, v3, v

is the same as P for x1, xo, x3, Y1, yo, y3 if and only if
(u9v?, w?) = (uv,w) = ((uv)?, w?)
for all u,v,w € L. This is true if and only if (uv)? = u9 - v9. for all u,v € L. Hence
Ce(P) = Aut (L).

In order to calculate the size of S we need thus calculate the automorphism group
of L = 5;. It will be useful to determine first the 1-sandwiches of L. Let u =
ary + bxy + cxs + dy; + eys + fys be a 1-sandwich. Let U be the linear map induced
by the multiplication from the right by u. Calculations show that the matrix for U
with respect to x1, zo, x3, Y1, Y2, Y3 is

0 0 0 0 f —e

0O 0 0 —f 0 d

0 0 0 e —d O

A=l 0 ¢ =5 0 0 o0
¢ 0 a 0 0 0

b —a 0 0 0 0
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Now wu is a 1-sandwich if Luu = 0. That is if A2 = 0. But

—cf — be ae af 0 0 0
bd —cf —ad bf 0 0 0
A2 cd ce —ad — be 0 0 0
0 0 0 —cf — be bd cd
0 0 0 ae —cf —ad ce
0 0 0 af bf —ad — be

One sees from this that A% = 0 if and only if {a,b,c} - {d,e, f} = {0}. Hence the
set of 1-sandwiches is L_; U L;. As any automorphism ¢ maps a l-sandwich to
a l-sandwich, we have two possibilities. Either ¢ maps the subspaces L_; and L,
back to themselves or ¢ swaps these subspaces. As ¢ is in the symplectic group this
means that it is of one of the following forms

A 0 0 A
0 (Ail)t or 7(A71)t 0 |-
Let us see what extra is required for these to be automorphisms of S;. For both

cases we have (¢(z;) - d(z;), d(yx)) = 0 = (zi -5, yx) and (d(yi) - d(y;), ¢(wx)) = 0 =
(yi - yj, zx). Thus we have a automorphism if and only if

(¢(x1) - d(x2), ¢(73)) = (¥129, 73) = —1 and (¢(y1) - d(y2), d(y3)) = (Y1y2,y3) = 1.

Let us look at the latter candidate first. Here calculations show that (¢(y;) -

O(y2), $(y3)) = —det(A) and (¢(z1) - ¢(22), d(x3)) = det(—(A™")") = —det(A). So
the condition here is that det(A) = —1 and det(A) = 1. As this is impossible we
don’t have any automorphism of this form. This leave us with the first candidate. In

this case (¢(x1), ¢(x2), d(23)) = —det(A) and (d(y1) - P(y2), ¢(y3)) = det((A~)") =

det(A). So here both conditions translate into det(A) = 1. Hence

Aut(S;) = {{ 1(4)1 (A91)t ] :det(A) =1}.

Now as it is well known that |G| = (3% — 1)(3° — 3)(3* — 3%)3% and as |Aut(S;)| =
E-DE-9E =5 i follows that
2 Y

(3 —1)(3* - 1)(32-1)3".2

571 = (3*—1)(32—1)(3—1)3?

= (3% 4+ 1)(3* — 1)3°

5.2 The simple symmetric algebra S,

Consider the algebra

T2X3 = Y1 Y2ys = —4
So: T3 =Y Ysy1 = —Yo
T1T2 = Y3 Yiyz2 = —Y3
It follows from these that
r1y1 =0 Toy1 = —T3 T3Y1 = T2
T1Y2 = I3 T2y2 =0 T3Y2 = —T1

T1Y3 = —T2  T2Y3 = T1 x3yz =0
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For x = axy + bxy + cxs + dy; + ey + fys we let X be the multiplication by z from
the right. Calculations show that

0 f —e O c —b
-f 0 d —¢c 0

S|

e —d 0 b —a 0
X =
0 c =b 0 —f e
—c 0 a f 0 —d
b —a 0 —e d 0
and X? is equal to
7b27627627f2 ab + de ac + df 0 —bd + ea —cd + fa
ab + de —az—dz—g—f2 be+ef bd — ea 0 —ce + fb
ac + df bec+ef . cd — fa ce — fb 0
0 bd — ea cd — fa 7b27627627f2 ab + de ac + df
—bd + ea 0 ce — fb ab + de —az—dz—g—f2 be+ef
—cd + fa —ce + fb 0 ac + df bec+ef [ S -

Proposition 5.4 The algebra S is simple.

Proof. Otherwise, by Lemmas 2.4 and 2.12, there must be a non-trivial abelian
ideal. By Lemma 2.9 this means that there is a non-trivial co-sandwich. In partic-
ular there must be a non-trivial 1-sandwich x = axy + bxy + cxs + dy; + eys + fys.
This is the same as saying that X2 = 0. Let u = a>+d?, v = b* +e? and w = ¢+ f2.
By the formula above for X2. We see that u = —v, v = —w and w = —u. It follows
that u =v = w and thus a = b =c=d = e = f = 0. This shows that there is no
non-trivial 1-sandwich and S5 must be simple. O

Notice that as S7 contains 1-sandwiches but S, don’t, it follows that S; and S
are not, isomorphic.

Definition 5.5 . For x = axy + bxy + cxs +dy, + ey + fys, we define the conjugate
of x to be

T = —dxy —exs — frs+ ay; + bys + cys

and the norm of x to be
|| = (2,2) = a®> + b + & + d*> + & + f2

One readily sees that if = £ then z must be 0. So if  is non-trivial then x and
Z are linearly independent. Clearly

z=—z and |z| = |z|.
Lemma 5.6 Let x,y € S. Then

(a) (7,9) = (z,y)
(b)z-y=-x-y
(c) xz =0

()T g=—c-F=—Ty
(e) uzy = ury Yu € Sy
(f) uxx +uzzr =0 Yu € Sy
(9) uz® = ur?® Yu € S,.
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Proof As the conjugation is a linear map, it suffices to prove (a) and (b) in the
case when x and y are basis vectors. Now

&y

(Ti, 73) = (Yi, y5) = 0 = (w3, 75)

(Y1, 95) = (=i, —x5) = 0= (yi, y;)
(i, U5) = (yi, —x5) = 0i5 = (24, Y;)
TiTj =Y Yj = —Ti T

i g5 = (=) - (—25) = —yi -y
Ti Yy =Yi (—x5) = 25y = —x; - Yj.

<

We next turn to (c¢). Using (b) we have

Kl

- r=-2-r=(-%) (—x)=T-x=—x-I.

Hence, x - & = 0. Then (d) follows from

(l‘_y, Z) = (:L‘:yvz) = _("L‘y72) = —(l‘, fy) = ("L‘7§g) = —(ZL‘,Z@) = (—l‘g, Z)

The second part follows from the first, since 7y = —yx = y& = —zy. To prove (e)

we use (b) and (d). We have

UTY = —UuTY = uTY = —UTY = UTY.

Then (g) is a special case of (e) and it remains only to show (f). But using (e) we
have
urt = —urx = —urx. O

Lemma 5.7 Let x € Sy such that |xz| # 0. If

(z,y) = || and uz® =uy* Yu € Sy
then y = .
Proof Suppose

T = a1+ biro + cixs + diyr + ey + f1ys
= %1 + baxo + cox3 + dayr + e2y2 + foys.

We know from previous results that the conditions are necessary. Let us see that
they are sufficient. As X2 = Y2, the formula for these matrices gives us that

a?"’d?, b?‘i’e?, C?"’fzzy (azadz)o(bhez)) (blyez)o(czafz)
(ci, fi) o (as,d;), (a;i,di) o (—ei,b;), (bi,ei) o (—fi,ci), (¢, fi) o (—di, aq)

are same for ¢ = 1 and ¢ = 2. In other words, any inner product of any pair from
(ai, dl)a (bu ei)a (Cia fz)a (_dly ai)a (_eia bz)a (_fla Ci)

is independent of i. As x # 0 we have that one of (a1, d;), (b1,e1), (c1, f1) is non-
zero. Suppose this is (a1, d;) (the other cases can be dealt with similarly). Suppose
that

(bi,€i)
(ci, fi)
(az,d2)

ala;, d;) + B(—d;, a;)
v(ai, di) + 6(—d;, a;)
7“(0,1, dl) + S(—dl, al).
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Notice that
a; +dy = (r* + s%)(ai + di)
implies that 72 + s> = 1. Then

2| = (2,v)
= —(a1,d1) o (—dz,a2) — (b1,e1) o (—e2,b2) — (c1, f1) o (—f2,c2)
= —(a1,d1) o (=da,a2) — (alar,dr) + B(—d1,a1)) o (=fB(az,d2) + a(—dz, az))
—(v(a1,d1) + 0(—di,a1)) o (—6(az, d2) +v(—d2, a2))
= s(a? +d2) +s(a® + (%)(a? + d2) + 5(6% + %) (a® + d2)
= s(1+a° +62+52+fy)(a1+d§)
= s(@@+d+2+2+3+ [P

= s-|xzl
It follows that s = 1 since |x| # 0. Hence r = 0 and

(ag,d2) = (—dy,a1)

(ba,e2) = alaz,d2)+ B(—da,az)
= —fB(a1,dy) + a(—d1,a1)
= (—e1,b1)

(c2,f2) = nlaz,d2)+d(—d2,az)
= —d(ar,d1) +~v(—dy,a1)
= (~fi,a1)

and
y=—dix1 —e1xy — fizs+amy1 +bhiya +cys =7 O

Lemma 5.8 Let v = axy + bxy + cxs + dyy + eya + fys be a non-trivial element in
Sy. Then the minimal polynomial of X is

S+ |t
Furthermore, if |z| # 0 then ux® = —|z|u for allu € (Fx ® Fz)*.

Proof We have already obtained a formula for X and X2. This formula shows that
X # 0and X%+|z|I # 0. Now straightforward calculations show that X?+|z|X = 0.
This proves that the minimal polynomial is * + |x|t.

We know from previous work that zx = xx = 0. Hence the kernel of X is of
dimension at least two. Since ux = —ux, we have that uz = 0 if and only if uz = 0.
And as ux = —ux we have that the kernel of X is closed under taking conjugates.
We claim that ker(X) = Fa + Fz. We argue by contradiction and suppose that
there is some non-zero y € (Fa + Fz)* such that yz = 0. As (4,9) = (u,v) for all
u,v € Sy we have that 7 is also in (Fx + Fz)t. Furthermore, we have seen previ-
ously that y and y are linearly independent. So we have that ker(X) is at least 4
dimensional. We consider two cases. First suppose that (y,y) # 0. Extend the basis
T, Z,y, ¥ to a basis for all of Sy by adjoining 2,z where 2z € (Fo+ Fz + Fy + Fy)*.
It follows that for all w € Fo + Fx + Fy + Fy, we have

(zzx,u) = (zu,z) = (0,2) =0
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and as furthermore (zz,2) = (z2z,2) = (0,2) = 0 and (zx,z) = 0, it follows that
zx € Sy = {0} and then also zz = 0. Hence z is in the center which contradicts
the simplicity of S,.

We are left with the case when (y,y) = 0. Extend to a basis for whole of S,
xlwflaya Z7g7w

where (y, z) = (y,w) = 1 but so that z is orthogonal to z1, 1, ¥y, w and w is orthog-
onal to x1, 21, y, z. It follows that zz is orthogonal to everything except possibly w
and that wz is orthogonal to everything except possibly z. This gives

2T =ay, wr=—ay

for some a € F. But then za? = wz? = 0, and as the minimal polynomial of X is
(t+|z|)t, this can only happen if zz = wz = 0. Thus we again get the contradiction
that x is in the center.

So we have shown that ker X = Fx + Fz. By the Primary Decomposition Theorem
for linear maps we have that ker(X? + |z|I) = im(X). It follows that ker(X? + |z|T)
is 4-dimensional and as every ux is orthogonal to both x and z it follows that
ker(X2 + |z|I) = (Fz + Fz)*. O

Lemma 5.9 Let ¢ € Aul(S;) and x € Sy. Then ¢(z) = ¢(x) and |p(x)| = |z|.

Proof The minimal polynomial of x is the same as for ¢(z). Lemma 5.8 therefore
implies that |¢(z)| = |z|. We turn to the proof of ¢(Z) = ¢(z). Since both the
conjugation and ¢ are linear, it suffices to prove this in the case when x is a basis
vector. In that case |z| # 0 and we can use Lemma 5.7. Now

(0(2), (7)) = (z,7) = || = [¢(x)]
and since ux? = uz? for all u € S, it follows that
ugp(z)* = ug(z)?

for all u € Sy. By Lemma 5.7 we then have ¢(z) = ¢(z). O

Proposition 5.10 Let z,y € So. The linear map induced from

p(r1) =—-2  o(y) ==
d(x2) =—-y  o(y2) =y
d(x3) =7y  ¢(y3s) = —zy

is an automorphism if and only if |y| = |z| =1 and (y,z) = (y,z) = 0. Furthermore
every automorphism is of this form.

Proof First let us see that all automorphisms are of this form. Let L = S5 and let
¢ € Aut(L). Then let = ¢(y1) and y = ¢(y2). As ¢ respects the alternating form
and the norm it is clear that |z| = |y| = 1 and that (y,z) = 0. Then using previous
established properties
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In particular (y,Z) = (y2, 1) = 0. It remains to show that these conditions are also
sufficient. Notice that (y,z) = (y,Z) = (z,y) = 0. Now from Lemma 5.8, it follows
that

vy = —x and yz’= —y.

We will make use of this. First we show that ¢ preserves the alternating form. It
suffices to check these for the basis elements. We have (¢(z1), ¢(y1)) = (—Z,z) =

(x,Z) = |z| = 1 = (x1,y1) and similarly (¢(z2), ¢(y2)) = (22, y2). Then
(6(x3), 0(ys)) = (@, —wy) = (=Ty, —wy) = (F,29°) = (T, —x) = (2,7) =1 = (z3,13).

By the assumptions ¢(z;) is orthogonal to ¢(x2), #(y2) and ¢(xs) is orthogonal to
¢(y1). We are also assuming that ¢(y;) and ¢(y2) are orthogonal. It remains to

show that ¢(x3) and ¢(y3) are orthogonal to ¢(z1), ¢(x2), ¢(y1) and ¢(ys). As
(w,v) = (u,v), it suffices to prove this for ¢(ys). But this follows from

(2y,%) = (z2,9) = 0 and (2y,7) = (x,5y) = 0.

As zy is orthogonal to both z and y, this finishes the proof that ¢ respects the
alternating form.

We finish the proof by showing that ¢ preserves the multiplication. Again it suffices
to work with the basis elements. We have

P(r172) = 9(y3) = —xy = (—2) - (—7) = ¢(z1) - p(x2)
P(rax3) = d(y1) = x = —ayy = y(vy) = (=Y) - Ty = ¢(x2) - p(x3)
P(x3r1) = @(12) =y = —yaxx =2y - v =Ty - (=) = ¢(x3) - p(x1)
d(y1y2) = ¢(— ys) zy = d(y1) - d(y2)
P(y2y3) = ¢(—y1) = —z =y - (—2y) = ¢(y2) - P(y3)

P(ysy1) = ¢(—y2) = —y = (—zy) - © = (y3) - o(y1)

As the product is determined by these, this finishes the proof. O

From the last proposition it is easy to determine the automorphism group. The ma-
trix with respect to the given basis is the matrix with column vectors —z, —y, 7y, =, y
and —xy where x and y are as described in the proposition. To determine the order
of this group we need to count the number of pairs (x,y) that satisfy the criteria.
First we choose

T = a171 + oy + asxs + biyr + bays + b3ys.

The only requirement is that |x| = 1 and there are two ways for which this can
happen. Either exactly one of the coefficients is non-zero or exactly four are non-
zero. The number of solutions of the former type is 6 - 2 and the number of latter is
(%) -2* = 15- 2% So in total we have

32.22.7=3%(3*+1).

It remains to choose y. Take any automorphism ¢ that maps y; to z. Let us = ¢(x2),
uz = ¢(x3), vo = ¢(y2) and v3 = ¢(y3). Then

Y = Collg + C3usz + davo + d3vs
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subject to 1 = |y| = 3 + 3 + d3 + d3. Again either exactly one of the coefficients is
non-zero or all four of them. The number of solutions for y is therefore

4.242"=24=3-(3*-1).
We conclude that
|Aut(L)] =3 (32 —1)- (3% + 1)
and therefore

_ B -DE-1NET -3 3 6
|51 = FOF - - ¢ T LE D

5.3 The remaining symmetric algebras

We will see that the remaining symmetric algebras are the 5 non-simple ones that
we have found earlier. These are

000, O®A,05C,,0® Bs,0 ® Be.

For later use and also for calculating the size of their orbits, we now calculate their
automorphism groups. We start with

xowr3 =0  Yoys =
O®Cr: 2321 =0  y3y1 =0
r1r2 =0 Y12 =0

The center is

which is preserved by any automorphism. Replacing the basis above with —yy, x5, 23, 1, Yo, Y3
we get the following presentation for Ry = O ® C}

rowr3 =0 Yoy = —11
Ri: 231 =0  y3y1 = —a2
12 =0 y1y2 = —x3

Every automorphism must map Z(R;) to itself. This means that its matrix with
respect to the above basis is of the form (since it is a symplectic map)

(4 2[5 % 8]

where BA™! is symmetric. Furthermore the reader can check that the condition
(v{vs,v3) = (v1y2,y3) = —1 implies that det(A) = 1 and that this condition is
sufficient for g to be a automorphism. Hence

(A=H" B

Aut(Ry) ={| 7

] : det(A) =1 and BA™! is symmetric}.

The number of these is

(33—=1)-(3*—-3)-(3* - 3%

.36
2

|Aut(Ry)| =
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which implies that

(3¢ —1)(3* - 1)(32-1)3°-2

Ce) =" @ nE_ P

=(3*+1)-(3*—1).

We next move to
row3 =0 yyz3 =1
ODA: 2321 =0  y3y1 =1y
r1r2 =0 yiy2 =ys3
Recall that there O = Fxy + Fao + Fx3 is the unique proper non-trivial ideal of
L = O® A; and we have previously calculate the automorphism group of L/O which

consisted of orthogonal linear maps with determinant 1. As [ is invariant the matrix
of a automorphism with respect to the basis above is of the form

0wl ] o 7]

where B is symmetric and A is orthogonal with determinant 1. Furthermore the
condition y{ - v§ = vi, v§ - v = vy{ and yjy] = vy§ implies that that the trace of
B must be zero. These conditions can also be checked to be sufficient. Hence for

RQIOEBAl

}

—1yt . . B
Aut(Ry) = {[ (A=Y B } A is orthogonal with det(A) =1

0 A and BA~! is symmetric with trace 0.
The number of these is [Aut(Ry)| =23 -3 - 3% = (3% — 1)3° and hence
B -1E' -1 -1)3
(32 —1)3¢ B
There still remain two symmetric algebras to consider. First we deal with

(0@ A)C| = (35 —1)(3* —1)3°.

xox3 =0 yoys =
O@Bs: 2321 =0  y3y1 = 42
122 =0 12 =0

Here
Z(0O @ Bs) = 0N (B3 + Z(Bs) = Fas

and (O® Bs)? = Z(0® Bs)* = Fa1+ Fry+ Fas+ Fy, + Fy, are invariant. Working
on the automorphism conditions in more detail one can check that a symplectic map
is an automorphism on (O @ Bs) if and only if its matrix with respect to the above
basis is of the form

ap —€az 0 by eby e
as €aq 0 b2 —€b1 €9
C1 C2 € C3 Cq e
as €Qy 0 bg 7€b4 €3
ag —eaz 0 by €bs ey
0 0 0 0 0 €
subject to the conditions that
e = =1
—az €3 €1 aq ’
c1 = € —€
a1 €4 €9 —as
a1 €3 er a
c2 = — + 3
a2 €4 €2 Q4
b2 €3 €1 _b4
c3 = —€ +€
3 —b1 €4 €9 bg
en — |b1oes|_|e b
4 by ey ez by
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and

a4 —a3z a2 —ay b2 0
—a3 —a4 a1 a2 ’

The reader can verify that the this implies that for R3 = O @ Bs, |Aut(R3)| =
(3—1)(3* — 1)3" and hence

(3¢ —1)(3* —1)(32 - 1)3°

(0@ By)| = (3*—1)(3 - 1)37

=(3°-1)(3+1)3%

Similar analysis of
rax3 =0 1pys =1y
O®Bg: w3z1 =0  ysy1 = —Yy2
12 =0 Y192 =0
shows that the automorphism group consists of matrices of the form

a; e€as 0O bl 6()2 €1
a2 €aj 0 b2 Ebl €9
C1 Co € C3 Cq (&
az €ay 0 bg Gb4 €3
a4y €as 0 b4 Gbg €4
0 0 0 0 0 e

subject to the conditions that

e = =1
Cl = —€agey — €ai€es + €ejasg + €eqay
Co = —Q1€4 — Q2€3 + €1a4 + €203
c3 = —ebyey — ebjes + eejbs + eexby
ca = —bres — baeg + e1bs + e2b3

and
by
a4 as —as —ai bQ 0
—az —as a1 ag ] b3 { }
b

The reader can verify that the this implies that for Ry = O @ Bg, |Aut(Ry)| =

(32 = 1)?(3 — 1)37 and hence

(36 — 1)(3* — 1)(3% — 1)3°
(32— 1)2(3—1)37

Let us see that we have got all the symmetric presentation matrices. We have

(O @ Bg)Y| = = (3 +32+ DB+ 1) (3 +1)3%

|SC| + 1SS+ (O @ A1) (3*—1)(33+1)3% + (3* - 1)(3° —1)3¢
+HOa ) +|(000)¢ = B°-1)B*—1)3BF+@3*—1)3+1)+1
+(0 ® B5)“| + (0 @ Bs)“| B -DE+1)3+ B +32+ 1)+ 1)+ 1)3?

2-393% - 1) +3%3* - 1)
= -3 -D3F+E"-DE*+1)+1
32(3+1)(2-3°42-31+2.3%)

= 3@ -1 +3+3' 237 +2-3"+--2-1)
= 393" -1)+3"
— 314
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which fits!

5.4 The remaining simple algebras

The strategy is now the same as for the non-simple algebras. For any of the 7
symmetric algebras L above we consider the action of Aut(L) on the set of all anti-
symmetric matrices. We will skip over the technical details. Although at times
messy these are essentially straightforward.

We start with L; = O @& O. Here there are no new algebras that turn up. There
is only one non-trivial orbit that corresponds to the unique non-trivial non-simple
anti-symmetric algebra O ® B;.

We next turn to
0 -7
{5y

which as we have seen is a presentation matrix for O & ;. In this case there are
only two non-trivial Cg(Rsy)-orbits

0 } r

0 0

0

0 0 ¢ 0
0 {01 ! g} and 0
0 0 0 0

of size 33 — 1 and 3% — 33 respectively. These correspond to the two non-simple
algebras O @ Bz and O @ A4. So we don’t get anything new here either.

[un

O oo

Then consider L = O @ Bs. The Aut(L)-orbits are

[ 0 “ [ 0 0
0 0 0 0 1
0 [ -1 0 ] , 0 [ 0 0 0 ]
0 0 -1 0 0
of sizes 2, 35 — 3 and 3% — 35. The first two correspond to the two non-symmetric

non-simple algebras with symmetric part O @& B;, O & By and O & As. The third
one must therefore be new and simple. This is

G

cor O

T2X3 = —T2 Y2ys = 41
S3: w371 =11 Y3y1 = Y2 .
r1292 =0 y1y2 =0

Next in the list is L = O @ Bg. Here there are four non-trivial Aut(L)-orbits. These
are

0 0

of sizes 2, (32 —1)?-3, (32 —1)-(3—1)-3 and (3 —1)3°. The first three give us the
non-simple algebras O @ Cs, O @ Ag and O @ A7, whereas the last one is new and
therefore simple. This is

XT2X3 = —T2 Y2ys = Y1
Sy 3T =21 Y3y1r = —y2 .
r1292 =0 y1y2 =0
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We now deal with the final symmetric non-simple algebra O @& A;. Here we get 6

non-trivial orbits

[0 0 1¢
0o 1 0
0 {—100}
i o o o | |
I 0 1 0 16
[—100] 0
0o 0 o0
. 0 0_

[=N=N"H

o o

with orders 6, 12, 8, 2 - 3*, 22.3% and 3° — 33. Here the first three are non-simple.
These are O @ Ay, O @ By and O @ Az. The remaining ones are all new simple

algebras. These are

T2T3 = —T2 Y2y3 =4
S5 w1311 =11 Ysyr =y2 ,
x122 =0 Y1Y2 = Y3
ToTy = —T2 + T3 Y2U3 = Y1
S7: 1311 =11 — X3 Y3yr = y2 .
T1Ty = —T1 + X2 Y1Y2 = Y3

T2X3 = —T2 — T3 Y2Y3 = Y1
Se: w3x1 =21 Y3y = Y2 ,
T1X2 = T1 Y1y2 = ys3

We are now only left with the two symmetric simple algebras S; and S;. Here we
get 5 non-trivial Aut(S)-orbits. These are

0 0
0 1 0
0 -1 0 0
0 0 0
T[T o 1 o
-1 0 0
0 0 0

[=Neio)

o o

1
0
0

|

o oo

[=N=N=]

with sizes 3% — 1, 3% — 1, 3° — 32, 3° — 3% and (3° — 1)(3% — 1). The five new simple

algebras are

ToX3 = Y1 Yoys = —Y2 + 1
S 1 x3xr] = Y2 Ysy1 =+
T1T2 = Y3 Yi1Y2 = T3
Tox3 = —T2+ Y1 Yoys = —Y2 + 1
S10: T3r1 =21 + Yo Y3y1 = Y1 + T2
T1To = Y3 Y1Y2 = I3
Toxz = —To2+ Y1 Y2ys = —Ys+ 11
Si2 1 T3r1 =21 + Yo Y3y = T2
T1T2 = Y3 Y1y2 = 23+ Y1

Tox3 = —T2+ Y1  Y2Y3 =1
Sy 1 3wy = T1 + Y2 Y3y = T2 ,
122 = Y3 Y1yz = x3
Tax3z = —T2 + Y1 Y2y3 = Y2 + T1
, St w3 =21+Y2 YY1 = —y1+7T2,
T1T2 = Y3 Y1yz = x3
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We are now only left with the case where the symmetric part is O @ S;. Here there
are three Aut(Ss)-orbits
G |: 0 0 G
[ 0 101 ]
! 0 -1 0 1 ’
—1 —1 0

{ 0 0 r { 0 0
0 1 0 0 1 1
0 [ -1 0 0 ] ! 0 [ -1 0 0 ]
0 0o o0 -1 0o o0
of order 3° + 3% 3° + 32 and (3% — 1)(3® + 1). This gives us the last three simple
algebras:

223 = Y1 Y2ys = —Y1 — Y2 T2X3 = Y1 Y2Ys = —Y1 — Y2 — Y3
S13: X371 =Y2 YY1 =Y1— Y2 S1a: x3T1=Y2 YY1 =Y1— Y2
T1T2 = Y3 Y1y = —Ys3 T1T2 = Y3 Y1Yy2 = Y1 — Y3

TaT3 =Y1  Y2Yy3 = —Y1— Y2 — Y3
Si5: X3T1=Y2 YY1 =Y1 — Y2 — Y3
T1T2 = Y3 Yiy2 =91+ Y2 — Y3

So we have finished the classification. There are in total 31 algebras of which 15 are
simple.
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