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Let G be a torsion-free group with all subgroups subnormal of defect
at most 4. We show that G is nilpotent of class at most 4.

1 Introduction

A subgroup H of a group G is said to be subnormal of defect at most n, or
n-subnormal, if there exists a chain of subgroups of the form

H=H,<H, 4---4H,=G.

*The first author is grateful to the Department of Mathematics at the Lund Institute
of Technology for its hospitality



The property of having all subgroups subnormal is a generalized nilpotence
property and indeed it is not difficult to see that any group that is nilpotent
of class at most n has the property that all subgroups are n-subnormal. A
group with all subgroups subnormal need not be nilpotent, as the well known
examples of Heineken and Mohammed [4] show. If the subnormal defect of
the subgroups of GG is bounded the situation is different, and by the celebrated
theorem of Roseblade [6], any group which has all subgroups subnormal of
defect at most n is nilpotent of class at most f(n) where f is some function
depending only on n. This function is not well understood and although the
bound given by Roseblade’s proof is probably not close to being the best
possible there is a lack of examples to form any worthwhile conjecture. For
small values of n we have though some detailed information. For n =1 we
have the class of Dedekind groups whose structure has been well known for a
long time [1,2] and groups with all subgroups 2-subnormal are also quite well
understood [8]. From this work we know that f(1) = 2 and that f(2) = 3.
As far as we are aware the exact value of f(3) is still unknown. Restricting
oneself to groups of prime exponent one gets the best possible value 3 for
almost all primes but curiously enough there is one exception, namely the
prime 7, in which case the class goes up to 4 [9]. The best upper bound in
general is certainly higher than this but as we have said the value still seems
to be unknown.

Whereas the structure of an arbitrary group with all subgroups n-subnormal
seems hopelessly complicated with regard to obtaining reasonable general
bounds for the nilpotency class, the situation appears to be very differ-
ent when one adds the extra property that the group is torsion-free. To
start with, here there are no counterexamples like the Heineken-Mohammed
groups, as all torsion-free groups with all subgroups subnormal are nilpotent
[7]. For torsion-free groups with all subgroups n-subnormal there also seems
to be some good hope for a reasonable best upper bound for the class. For
n = 1,2 and 3 we know indeed that we get the best possible value, n, for
the class [9]. It therefore seems natural to conjecture that the same is true
for all n. In this paper we verify this for n = 4. The case n = 4 turns out
to be far more difficult than when dealing with smaller values of n. Whereas
the proofs for n < 3 are short and easy, our proof for n = 4 is quite long
and technical and does not appear to hold much promise for dealing with the
general case.



The conjecture that the structure in the torsion-free case is much simpler
is also supported by a related result. Let us consider for a while groups with
the weaker property that all cyclic subgroups are n-subnormal. It is not dif-
ficult to see that these groups satisfy the (n + 1)-Engel law [y,,.1 2] = 1 and
we know that this Engel degree is the best possible in general. However, if
one furthermore assumes that the group has at least one element of infinite
order then the situation is different and we get the best possible result: every
non-torsion group with all cyclic subgroups n-subnormal is a n-Engel group.
This was proved by Heineken [3] for n = 3 and in general by Kappe and
Traustason [5].

2 A general lemma

Before moving to the case n = 4, we will first establish a lemma that works
in a more general setting. Let G be a group with all subgroups n-subnormal
where n is any integer greater than or equal to 4. For any x,y € G we have
that

[ym {L‘] =a" (1)
where m = m(z,y) is some integer. It follows that G is (n+1)-Engel. In fact
it is not difficult to see that under the hypothesis that G is torsion-free one

has the stronger property that G is n-Engel. This can be shown as follows.
Suppose that x # 1. By (1) we have that 2™ € 7,,41((z,y)). Then also

m2

x = [yan—l X, "L‘m] € 72n+1(<x7 y))

and an easy induction shows that

m

z ' S 7rn+1<<x7y>>'

As (x,y) is nilpotent, it follows that 2™ = 1 for some positive integer r. But
as G is torsion-free we have that m = 0 and thus [y,, x] = 2° = 1.

Before going further we introduce some notation. Let G be a torsion-free
nilpotent group, m a positive integer and a, b elements of G. We will write

a=,,0b



if ab=! € G™. The following properties are all well known. If p is some prime
greater than the class of G then, for each positive integer r, G*" = {g*" :
g € G}. Thus if g*" = e GP' then g = h? € GP. Or in the notation

above, if a”" =,-+1 1 then a =, 1. Furthermore, we have that

[Gpr’Gps] S Gp'r+s.
Also, if P is an infinite set of primes then N,epGP = 1. Thus if a =, 1 for
infinitely many primes then a = 1.

Now suppose that G is torsion-free with all subgroups n-subnormal and that
we want to show that G is nilpotent of class at most n. Without loss of
generality we can assume that G has class at most n+ 1. In this context one
might use the following lemma.

Lemma 2.1 Let G be a torsion-free group with all subgroups n-subnormal
and suppose that G is nilpotent of class at most n + 1. Then G is centre by
(n — 1)-Engel.

Proof We argue by contradiction and assume that there are elements
x,y,z € G such that

a=[r,1y,2] #1.
Let P be some infinite set of primes greater than the class of G. Then
GP = {g? : g € G} for all p € P. Notice that, as the class of G is at
most n, for any g, hy, ..., h, € G we have that [g, [h1, ..., h,]] is a product of
commutators of the form [g, ho(1), . . ., ho(n)] With o € S,,. Using this property
we see that for each p € P we have that

P

a” = [xpan—l y,Z] - [Z’ [xpan—l y]]il € <:L,p’y>

as (xP y) is n-subnormal in G. Notice that any commutator in 2P and y with
two or more occurrences of zP is in GP°. This implies that for each p € P
there is an equation of the form

aP =p2 yr (xp)a(om) [:L,p’ y]o‘(lm) . [:vam_l y]a(n—lm)

where we have used the fact that GG is n-Engel.



We first show that for almost all primes in P all the indices a o), - . ., ¥(n—1,p)
are divisible by p. Assuming this false, there is a least integer ¢ with 0 <
i < n — 1 such that p does not divide a(; ) for infinitely many primes
from P. Omitting those finitely many p that do not divide some of the
Q(0p), - - - A(i—1,p), We Obtain an infinite subset P; of P such that, for each
p € Py, we have an equation

a? =p2 yal’ [l’p,i y]a(im) . [:L‘pan—l y]a(n—lm).
It follows that for all p € P; we have
1= [apm—l—i Y, Z] =p2 ["L‘pm—l Y, Z] =p2 aP*r),

As G is torsion-free and all the primes in P are greater than the class of G,
we have
a=,1

for all p € Py, which gives the contradiction that a = 1. So for almost all
primes in P, all the indices (), . . ., Qn-1,p) are divisible by p. By removing
the finitely many exceptions we can thus assume that this is true for all the
primes in P.

This means that for all p € P, we have
al =, yor.

We claim that for almost all p € P, o, is divisible by p*. Supposing this
false, we have an infinite subset P; C P with the property that p? does not
divide o, for all p € P;. It follows that

1= [xvan Y, a’pu Z] Ep2 [.T,n,1 Y, Z]ap Ep2 a®
and again we get the contradiction that
a=,1

for all p € P; and hence a = 1. So without loss of generality we can suppose
that a? € G?* for all p € P, and as before

a=,1



for all p € P and thus again a must be trivial. This final contradiction com-
pletes the proof of the lemma. O

We remark that this might provide a starting point for an argument to prove
that every torsion-free group with all subgroups n-subnormal is nilpotent of
class at most n. Unfortunately we do not know how to continue with this
general case, and in the rest of the paper we restrict ourselves to groups with
all subgroups 4-subnormal.

3 The groups generated by two or three ele-
ments

For the rest of this paper we work with a torsion-free group G of nilpotency
class at most 5 with all subgroups 4-subnormal. Our aim is to show that
they are nilpotent of class at most 4. In this section we deal with two- and
three-generator groups. The two-generator groups are easily dealt with using
Lemma 2.1.

Lemma 3.1 Let z,y € G. Then v4((z,y)) < Z(G). In particular, any
torsion-free two-generator group with all subgroups 4-subnormal is nilpotent
of class at most 4.

Proof. By Lemma 2.1 we have that G/Z(G) is 3-Engel. Thus modulo Z(G)
we have

1 = [y, yz,yz,yz] = [y, z, 2, y)?

and as G/Z(@Q) is torsion-free it follows that [y, z,z,y

]
clear that all commutators in x,y of weight 4 are in Z(G). O

€ Z(G). It is now
).

Remark. The group G is 4-Engel. Expanding [y,4 x12ex324] = 1 leads
to the linearized 4-Engel identity

I s o), 2o(2), To@)s Tow) = 1.
oESy

In fact any multihomogenous identity of weight 5 satisfied by G implies the
corresponding linearized version. As G is torsion-free these two are equiva-
lent.



We next deal with a 3-generator group G. We can assume that G is a
counterexample of minimal Hirch length; it follows in particular that Z(G)
is cyclic. First we tackle commutators of weight 5 with an entry repeated
three times.

Lemma 3.2 Let z,y,z € G. All commutators of multiweight (3,1,1) in
x,1y, 2 are trivial.

Proof This is also an easy corollary of Lemma 2.1. Let e; = [2,y, x, x, z],
ey = |z,m,y,x,x], e3 = [z,2,x,y,x] and ey = [z, 2,2, 2,y]. Tt suffices to
show that these four commutators are trivial. That e, = 1 is an immediate
corollary of Lemma 2.1. That lemma also implies that

1 = [z [y, x ]
= [Z7 y7 x? x’ x] [Z7 x’ y7 x’ x]i’?) [27 x? x’ y7 x]3[27 x’ x? x? y]

= elez_geg.

As G is 4-Engel we also have

1 = [27y7'r7x7'r:|[z7x7y7x?‘r][z7x7x7y7‘r][z7x7x7‘r7y]
= €1€9€3
and
1 = [y7Z7x7x7'r:|71|:y7x7Z7x7'x]71|:y7x7x727x]71
= [Zayaxax7x]3[zaxayax7x]_3[zaxaxayal‘]
= 6?65363.
As
1 11
1 =3 3|=20+#0
3 -3 1

and G is torsion-free, it follows that e; = e3 =e3=1. O

To prove that all commutators of weight 5 in x,y, 2z are trivial it remains
to show that all commutators of multi-weight (2,2,1) in z,y, z are trivial.
Let €1 = [ZuxwrayayL €2 = [Z7x7y7xay]7 €3 = [Z7x7y7y7x]7 €4 = [Zuyuyaxer
€5 = [Zayaxayal‘] and €6 = [2>y>$a$7y]-



Lemma 3.3 The commutators of multiweight (2,2,1) in x,y, z are all pow-
ers of e = [z,y,x,y,x|. Furthermore

[Z"Z‘7‘/'E7y7y:| = 67
[Z7 y7 y7 x? x:l = 6_

3
3

2,z y,xyl =e [z,2,y,y, 2] =€
2y, 0 y,2] =e [zy,,2,y] =€
)

Proof From Lemma 3.2 (the linearized version) we have

1

z,z, 2, y,9) 22,9, 2,2, 2,9, Y, 7]
€1€2€3,

2,9y, %, 2)z, ¥, 2, v, 2][2, Y, @, ©, Y]
€4€5€5

2,9y, %, 2]z, 2,9, v, 2] [z, 7, y, 2, Y
€4€3€2

z,x,y, 2, 9] 2,9, 2, 2,92, Y, ¥, z, @]
€9€5€E4

z,2,y,y, 2]z, y, 2, y, 2l [z, 9,9, 2, 2]
[z, 2,9, y, 2] [z, 9,2,y 22, y, y, @, 2]~

—3 3 —1
€3 €5€, .

1

By trivial linear algebra calculations one sees that the solution to these equa-
tions is as described in the lemma. O

Lemma 3.4 There exist some x,y,z € G such that [z,y,x,y,z] # 1 but

ly, z,x,x] = 1.

Proof As G has class 5, we know from Lemma 3.3 that there exist z,y, z € G
such that e = [z,y,x,y,2| # 1. Suppose that [y, z,z,z] # 1 and let r, s be
arbitrary integers. Then using Lemma 3.3, we get

aa[2,9]] = [y,2,2,2]" ([y, [2,9], 2, 2]y, @, [2, 9], 2]y, o, @, [z, y])

([y7 x? x? x]r[z7 y7 y7 x? x:l73s|iz7 y7 x? y7 x]38[27 y7 x? x? y]is>

(ly, x,x,z|"e

r2

T 1Os)r2.



As Z(@) is cyclic, there exist some non-zero integers r, s such that [y, z, z, z]"e'% =

1. Replacing = by 2"z, y]* we have the elements x,y, z required. O

Up till now we have used the 4-subnormal property only in the proof of
Lemma 2.1, everything else being a consequence of that lemma. To finish the
proof that G is nilpotent of class at most 4, we need to use the 4-subnormal
property again.

Lemma 3.5 If [z,y,z,y,x] # 1 and [y, z,x,x] =1 then [y, x,x,y] # 1.

Proof Let P be the set of all primes greater than the class of G and let
p € P. As |y, x,z,z] = 1 we have an equation of the form

R R e L K N
WP, 2, 2, y?) " P [, P, P, yP] o).

Taking commutators on both sides with [z,y,z,y] and using Lemma 3.2
gives [z,9,7,y,2]*® = 1 and thus a(p) = 0. Similarly, the equation 1 =
2,y 2, e” 2] = [z,y,x, 947, 2]°® = 1 gives B(p) = 0. We continue in this
manner. Next

1 = [z9,z, ep2]

= [z,9,m, [y, 2]

= ([27 Y, Ty, ZC] [Zv Y, T, x, y]—1>pﬂ/(p)
e~ P(P)

)

which shows that v(p) = 0. Then
1 = [zy,¢]
= [zy, ly, @, a?]"?

= (5 v,y 2,2y, =y, 2,9 2,9, @, x, y])P"®
e—3pn(p)

which gives n(p) = 0 and

1 = [z,3,¢]

= [z, [z,y,y" )
6—3p20(p)

(»)
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giving p(p) = 0. So we have shown that for each p € P, there is an equation

2

e =y ly,x 3,y

This implies that [y, z, x, y] # 1, since otherwise
e=,1

for all p € P that gives the contradiction that e = 1. This finishes the proof
of the lemma. O

Proposition 3.6 Fvery torsion-free 3-generator group with all subgroups 4-
subnormal is nilpotent of class at most 4.

Proof We argue by contradiction and suppose that this is not the case.
Working with a minimal counterexample G as before we know by Lemma
3.4 that there exist x,y, 2 € G such that [z,y,z,y,x] # 1 but [y, z,z,z] = 1.
From Lemma 3.5 we then have that [y, z, z,y] # 1. But we also have for any
non-zero integers r, s that

2

2.y 121 2,y ly, 2] 2] = [z, 9,2, 2] # 1
and (using Lemma 3.2)
'zl @2, 0] = [y, 2,2, 2] [2,y, 2, 2,2 = 1.

Thus Lemma 3.5 also gives that [y"[z,y]*, z, x,y"[2,y]?] # 1. We obtain a
contraction from this. Expanding gives

2

L # [y, z,2,9]" ([2, 9,2, 2,9y, =, 2, [2,9]])"
= [y.z,y" (5 y 20,9y, 2 2,29)"
= [,y ([zy 2y 2z e,z )"
= ([y.z,z,y]"e™)".

By Lemma 2.2 we know that [y, z,z,y| is a nontrivial element of Z(G).
But the centre is cyclic so we can choose nonzero integers r,s such that

[y, x, x,y]"e> = 1. By this final contradiction we know that the proposition
holds. O
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4 The general case

We wish to extend the result of Proposition 3.6 to all torsion-free groups with
all subgroups 4-subnormal. This will be deduced easily from the 4-generator
case.

Let G be a 4-generator group that is torsion-free and with all subgroups
4-subnormal. Our aim is to show that G is nilpotent of class at most 4.
First we will see how much information we can get using only the result
from the last section that all 3-generator subgroups are nilpotent of class at
most 4. From now on until the final paragraph of this section, we shall as-
sume that G = (y, 1,29, 23). Let e; = [x1,y,y, 2, 23], €2 = [x1,y, T2, ¥y, T3],
es = [r1,y,m9, x3,y], €4 = [x1,22,Y,y, 23], €5 = [T1,29,y,x3,y] and eg =
(1,29, 23,y,y]. From Proposition 3.6 it follows that any commutator of
multiweight (1,1,1,2) in 21,29, 3,y is antisymmetric in z;, 9, r3. Notice
also that the Hall-Witt identity gives

1 = [:L‘ly Lo, X3,Y, y] [:E27 T3, T1,Y, y] [:E37 T1,T2,Y, y]

_ 3
= €5

which gives that e = 1 as G is torsion-free.

Lemma 4.1 Let e = [x1,y,x2,y,x3]. Then
[$1,y,y,l‘2,l‘3] =¢c
[961,?/@2,%903] €
[21,y, 72, 73,y] = €~
[z1 ]=e
[ J=e

T1,T2,Y,Y,X3
T1,T2,Y,23,Y

Proof From Proposition 3.6 we have the following identities.

1 = m7y7y7x27ﬂ]m7y7x27y7ﬁ]m7x27yuyuﬁ]

= €1€2€4
1 = maﬂa"L‘37yay]maﬂayax?ny][ﬁ)ﬂayayal‘?)]

= €564
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1 = mwr%ﬁuy7y]m7y7£7x27y][ﬂ7y7£7y7x2]

I
= €3 €

Solving these equations together gives
es = e;l, e = e;l, e = 651621.
Then using the antisymmetry, we also have
(21, y, 22, y, 3] = [wa,y, @0, 28]

['rlu ['r27 y]7 Y, .T3]

-1
= [$1a$2>y>ya$3][$1jij2a?/ax3] )
which gives e = €3 and thus e; = €2 and
-3 ~1 2 —2

This proves the lemma. O

To go further we need to use the subnormality condition. We want to show
that the class of GG is at most 4. We argue by contradiction and take a coun-
terexample with minimal Hirsch length. In particular it follows that Z(G) is
cyclic. Let

H={xeG: [g,x,2] € Z5(G) Vg € G}.

Lemma 4.2 Without loss of generality we can assume that H is a charac-
teristic subgroup of G such that G/H is infinite cyclic.

Proof G has class 5 and we can thus apply Lemma 4.1 to deduce that
[1,y,x2,y, 23] # 1 for some generators xq,xs,x3,y for G. Now Z(G) is
cyclic. Suppose that

|Z(G)/([x1,y, 2, y, 23])| = 7.

Now the commutators [y, z1, xe, x1, 23], [y, T2, T3, 2, 1], [y, T3, 21, T3, T2] are
in the centre of G. Thus the r-th powers are in ([z1,y, 2, y, x3]). Suppose

[y7x17x27x17x3]r = [x17y7x27y7x3]a

[?/>$2>$3a$2a$1]r = [x25y7x37y7x1]6

[’y,l’g,l’l,l‘g,wg]r = [x3ay7$17y7x2],y'
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Notice that it follows from the antisymmetry in xq, 29, 23 that [x1, y, 22, y, 23] =
[, y, 3,1y, X2] = |23, Yy, T1, Yy, 22]. It is convenient to write this same element
differently as we want to apply some symmetry arguments.

Let 7 = 2y, 7 = a4y” and @3 = 2%y?. Then, using the fact that all
3-generator subgroups have class at most 4, we have

[yaflv'f%fhx—fi] = [y7x7117x;yﬁ7x§ya7xgyw]
ly, @7, 25, 27y”, 3]
4 _ 3
= [y7x17x27x17x3]r [xluyux%yux?)] ne
= 1.

By symmetry we also have that [y, To, £3, T2, 71] = 1 and [y, &3, T1, T3, T2] = 1.
As (x1, T3, T3, y) has nilpotency class 5, we can without loss of generality as-
sume that z; = x;. From what we have done we know that all commutators
of weight 5 in xy, xo, x3,y that are of multiweight different from (1,1,1,2)
are trivial, and that v5(G) = ([z1, y, ©2,y, x3]).

We next show that H = (x1,x9,23)72(G). Firstly it is easy to see from
the work above that [g,z;,2;] € Z2(G) for i = 1,2,3 and all g € G. Also
by the antisymmetry in x;,xs, x5 we have that [g, z;, x;][g, xj, 2] € Z5(G)
for all 1 < 4,5 < 3. It follows that (x1,x9,23)7(G) C H. But if h €
(x1, T2, x3)72(G), then for each non-zero integer s

[$17 ysha ?/sh> T2, "L‘3] = ["L‘la Y,Y,Z2, $3]52

which is non-trivial by Lemma 4.1. Thus no element in G \ (21, 3, £3)72(G)

is in H and it follows that H = (1, s, 23)72(G).

It is clear from the definition of H that it is a characteristic subset of G.
Finally if modulo Z5(G) we have that

S S| — 52
1 =[g,2° 2°| = [g, z, 2]

then, as G/Z5(G) is torsion-free, s must be 0. This shows that G/H is
torsion-free and thus infinite cyclic. O

Lemma 4.3 We have that [g,z,z,x] =1 for allg € G and all x € H.
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Proof Take generators y, x, z9, x3 for G such that G = (H,y) and H =
(21, T2, x3)72(G). We will show that

[y,901,IE1,$2][?/>$1,$2,$1][?J,902,901,901] =L (2)

From this we will then derive the lemma.

Notice first that if y, x1, xo are replaced by y = yv, 7 = 21 u1, T3 = x52Usg
with s, 71,79 non-zero integers and v, uy, us € v2(G), then

[ga fla fla f?][ga fl) fZa fl][gv fZa fla fl] - [ya fla fl) $2]T28[?/7 fla X, fl]ms[?/, T, fl) 51]7’28

Furthermore, if 7 = [y, 1]%[y, 22)°[y, 23]7c, with ¢ € H'y3(G), then

[y, T1, T1, 2o]ly, T1, T2, T1][y, T2, 71, 71] = [y7217173717£172]r%[y7371,$27$1]r%[y,1’2,1’17371]T%
[, [y, 3], 21, 2]y, 21, [y, 23], 2] ™
[, [y, 23], w2, 21y, w1, w2, [y, 23]
[y, z2, [y, @3], 1]y, w2, 21, [y, 23]
[

y, xy, 11, 2] [y, 21, w2, 21) "1 [y, w2, w1, 1]

Here the last equality holds because every commutator of multiweight (2, 1,1, 1)
in y,x1, Te, 3 is antisymmetric in xy, x5. From these calculations it is clear
that (2) holds if and only it holds for z,xs, z3,y replaced by 1,22, 73, ¥.
The idea is now to chose 77, @3, 3,y in such a way that we can apply the
subnormality property effectively. Before finishing the proof of Lemma 4.3,
we summarise those properties needed in two separate lemmas that we will
also make use of later.

Lemma 4.4 There ezists an integer r and elements uy, us, ug € v2(G) such
that for ©; = xju; we have that

[ya T, 'fl]
commutes with T,y when i # j, and

commutes with y when 1,5 are distinct. Furthermore the choice can be made
such that

[ya T1, T2, .T_g] [y7 To, L1, f3] =L
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Proof Suppose that (4,7, k) is one of (1,2,3),(2,3,1),(3,1,2). Then the
elements

[y7 Tiy Ty, y]a [yu Tiy T, ZZ']], [yu Tiy T, .’L’k], [yu Ti, 'rju y] [yu xju Ti, y]
all lie in the centre. Suppose that

r (673

—Bk

[y,l',,l‘l, Ly Y, Tpy Y, T4

Y] [
([:%xiv'rj’y][yvxj’xh ])r = ['T Y, T, Y, Tk

] [

] [

r
[y,l'z‘,l'z, £ TiyY, L5, Y, Tk

r
[y7x27xl7xk TiyY, Ty, Y, Tk

g3

I”
I”
]’Yz
I”

Let

28r [ 40'7;

T; =X l’j,l’krai[«rk’xirﬁk [yaxk]4Wi[y7xj]

We then have, using Lemmas 4.1 and 4.2,

[waiu'fhy] = [y7 ?ST[xj,xk]’Yai x?Sr[xj’ ]7041’y]
21612 o
— [yaffia%,yr 16 [y’l‘i’l'j’l‘k’y]7 16
= 1,
. @25, 9y, 7, Tyl = [y, 2 ok, 2], 22 )y, 23, a3 g, ] )

= (v, xi, 25, Y)Y 2 y)) ™ [y, g i, )"
R 17

. @i @i, 25] = [y, @y, ] [y, o] 23]

3.73,3 37202,
= [yvxiv'rivxj]4 ! ([yv [y,xk],xi,xj][y,xi, [yvxk]vxj]>4 T

_ 3.72,.2.,.
T R (T O
- [y’xirrlax]] [ZL‘k,y,fEi,y,fL‘j]_43.73r2%
L,
ly, @i @iy ] = [y, a7 [y, w7 2P [y, ) 2]

3.73,3 372,24,
[y7 Xy Ty, "L‘k]4 ! ([y7 [y7 I’]], X, $k][?/> Zi, [ya "L‘]]a fL'k])4 ’

3.-3,3 1\43.72,2
= [yaxiaxiaxkrl o (["L‘jayayal‘iaxk]z[l‘jayal‘iayal‘k] 1)4 e
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]43.737,.3 [ 43'737’2'Yi

[yaxiaxiaxk xiayal‘jayal‘k]

1.
Finally suppose that

([ya Ty, T2, 53] [?/7 T, L1, f3])l = [fla Y, T2, Y, f3]7—'
Let 2, = ;" [y, 21]". One easily checks that all the previous properties still
hold if x; is replaced by x; and furthermore we have

Y, &1, Ta, T3)" [y, do, @1, T3]
Y, [y, 1], @2, 23]y, To, [y, 4], 25]"
Y, &1, To, @3)" [y, To, 41, T3] "
01, Y, Y, T, T[T, Y, To, y, )T
y, &1, To, @3)" [y, To, B1, T3] "

= = = 17T
1,Y,22,Y,T3

—

[ya 'fb f?v 'f3][y7 f?u 'fh 'f3] =

— —

—

—_

This finishes the proof of the Lemma 4.4. O

Notice that the above lemma still holds if y is replaced by any element from
(¥)72(G) and z; by any element from (z;)v3(G). To simplify the notation we
assume that we have replaced z; by x; and thus we use x; as notation instead
of T;.

Lemma 4.5 There exists some non-zero integer r and v € v2(G), such that
for y =y v, we have
[xiu g7 ga g] =1
[g7 xj7 [g7 xl]][g7 Ti, xju g]_4 =1
for all (i,5) € {(1,2),(2,3),(3,1)}.
Proof We have that the commutators [z;,y,y,y], i = 1,2,3, are in the
centre of G. Suppose that

[x17y7y7y]r = [55171972132,%553]&
["L‘Qayayay]r = [552,?/@3,%351]5
[xg’y’%y]r = [l‘g,y,l‘l,y,l‘g]ﬂ/.
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Using Lemma 4.1, we also have

[y7x27[y7x1]][y7x17x27y]747x3] = ['r27y7yaxlux?)]il[x?uy7x17y7x3][x17y7x27y7x3]4

= [$1ayay7$2ax3][l‘1ay7$27lyax3]3
= 1.

This shows that [y, x2, [y, z1]][y, 21, T2, y] * lies in the centre of G. By symme-
tI'y the same is true for [yu I3, [y7 x?]] [yu T2, T3, y]_4 and [y7 T, [y7 .Tg]] [y7 T3, X1, y]_4'
Suppose

([yaan [y7x1]][y7x17x25y]_4)r = [$1ay7$27y7x3]0
([yux?n [y7x2]][y7x27x3ay]74)r = [x27y7x37y7'r1]7—
([yuxla [y7x3]][y7x37x17y]74)r = [x37y7x17y7x2]p'
Let
§ = y¥ [x2, 23 [ws, 21)° [0, 2] [y, 3] [y, 1] [y, @] P

Calculations show that ¢ has the properties required. O

We can now finish the proof of Lemma 4.3. By replacing z1, x9, 3,y by
Z1,To, T3,%, we can assume that all the equations from the last two lemmas
hold.

First we notice that we can without loss of generality assume that either
[y, 1,21, 21] # 1 or [y, z1, 1] = 1. To see this suppose that [y, z1, z1, x1] = 1.
This together with previous lemmas then implies that [y, 21, x1] is in the cen-
tre of G. Suppose that

[yv Iy, xl]r = ['xl, Y,r2,Y, x3]_8'

Let 77 = 3"[y, 2, 23]°. Then

[waTl’fl] = [?/7$1>$1]9r2([?/7 [ya$2>$3]>$1][?/7$1> [97552,553]])3”
= [?/7 Ty, $1]9T2 [$1a Y,r2,Y, x3]6r8[$1a Y, T2, T3, y]—37’8
= [y7x17x1]9r2[x17yax2ayax3]9rs

= 1.

By replacing =7 by 27 we would thus have the property wanted. Notice
that, as we have remarked before, the change of x; has no influence on all
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the previous established properties. By replacing xs by a suitable element
if necessary, we can also assume that either [y, xo, T9, 5] # 1 or [y, 29, 2] = 1.

Let P be a infinite set of primes greater than the class of G, and let p € P.
2
As H = (2} |24, y) is 4-subnormal in G, we have

2 2
1 7£ ['rllj 71973712)7%373] = [x37y7x11) 7y7x12)] e H

We can thus express [:U{’2,y,:c§’,y,x3] in basic commutators in x’l’z,xg,y of
weight at most 4. We will eventually work modulo GP and we will thus
not write down those of the commutators which are in G?'. These are the
commutators that have either at least two occurrences of z; or include x;
and have at least two occurrences of zo. With the order x’f < zh < y and

[:cg,a:’fQ] <y, x’f] < [y, 28], the basic commutators are

2 2 2 2 2 2
oy, by, [, | [y 2] [y, ) [, oyl [y 20 25 [y, 21yl

2 2 2
ly, 5, 8], [y, 28, yl, (5, 21, v, yl, [y, 20, 25, v], [y, 2% Ly, v,

2
ly, x5, b, 25, [y, 25, 25, yl, [y, 25, y, yl, [y, 25, [y, = ]],

and commutators that lie in GP*, all of which lie in v3(H). The elements
written can clearly be replaced by

2 2 2 2 2 2
'l x’z’y b, 2], [y, 2], [y, 28], [y; Y ,x’z’][y,:c’ﬁ,ajf |, [y, 2f ;x’é],
[y, b, yl, [y, 2b, 25), [y, 25, yl, [y, 27, b, yly, ob, 27, yl, [y, 24, 25, ],

2 2 2
[y, 2y, yl, [y, o, b, 28], [y, 25, 25, yl, [y, 25, v, yl, [y, 25, [y, 28 [y, 2}, 25, y] =2

From the previous lemmas we know that, of those elements listed of weight
4, the only possible non-trivial elements are [y, 2], 25, y] and [y, 25, 25, 28]
We thus have an equation of the form

2 2 2 2
[y, ah,y,z5] = (af ) (b)) 2y [ahy, ] |y, 2] % [y, 25]
2 2
[y, 27, 2] [y, 2, y]*® [y, o5, y]*° [y, 8, 2]
2 2 2
([y, 2%, 5[y, 25, 2% )Py, o5, 25, 25 [y, 2%, o, y]"C.

Where C' is a product of commutators which all lie in v3(H) and have two
occurrences of either z; or x5 and thus lie in the second centre of G.
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Before continuing we introduce some notation. For elements g, ¢1,...,9, € G
we define the commutator of g and (g1, ..., ¢,) as the element [g, g1, .. ., gnl.
Now we work with the equation above. Taking commutators on both sides

with (y, za,y, x3), (v, 21,y,x3) and (x1, 9, y, x3) gives
1= [$1jij27fya$3]p2al = [$Zaya$1>?/>$3]pa2 = [?/7$1,$Qaya$3]a37

which implies that oy = as = a3 = 0. Similarly, taking commutators on both
sides with (y,y,x3), (z2,y,x3) and (y, 1, x3) gives that ay = a5 = ag = 0.
We continue like this, taking next commutators on both sides with (y, x3),
(x9,23) and (21, x3) which gives a; = ag = a9 = 0. We have thus shown
that for all p € P there is modulo GP" an equation of the form

oy a5y ws) = [y a5 ) (fy, o aBlly, o, af )Ly, a5, o, a7y, o af )™
We next show that, for all but finitely many primes p in P, p divides 7,.
Otherwise there would be an infinite subset P; of P such that 7, is coprime
with p for all p € P;. From the previous lemmas we know that [y, 25, 28],
[y, :E’f, 5ly, b, ZL‘IfQ] and [y, 25, 25, 28] commute with x3, thus taking commu-
tator on both sides with x5 gives that [y, x1, z2, ¥, l’g]pg isin G*' for allp € Py.
But then we get the contradiction that

[xlayax%y)x?)] S ﬂ GP = {].}

pEP1
Without loss of generality we can thus assume that p divides 7, for all p € P.
So for each p € P we have the equation
2 @ 2 2
28,y 2h, y, 23] = [y, ob, 2b]* ([y, o1, ab)ly, ab, 2f )P [y, b, b, ). (3)

We next show that for all but finitely many primes in P, we have that j,
is coprime to p. To see this we argue by contradiction and suppose this is
not the case. Then there is a infinite subset P; of P such that we have an
equation of the form

2
[, y, 05, y, ws] =pe [y, w5, 03] [y, w3, w3, 23], (4)

for all p € P; There are then two possibilities. For infinitely many of the
primes p € Py, we have that p* does not divide «, and taking the commutator
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with x5 on both sides gives that [y,l’2,$2,$2]p3 =, 1 for all those primes.
Otherwise we have the equation

2
[0y, 25, y, ws] =pe [y, 5, w3, 25] ()

for infinitely many primes. Then for infinitely many primes we must have
that =, is coprime to p since otherwise there is an infinite subset P, of P; such
that [x1,y, 22, v, x3]p3 =,4 1 for all p € P, and we have the contradiction that
[21,y, T2, y, ¢3] = 1. Thus in both cases we have that [y, zs, 22, 2]P" =, 1 for
infinitely many primes, which shows as before that [y, zq, X2, 25] = 1 and by
our choice of z5 we then have that [y, x9, 2] = 1. Thus our equation becomes

[:Ela Y,x2,Y, "L‘3]p3 =p4 1

for infinitely many primes and as before we get the contradiction that [z1,y, o, y, x3] =
1.

This shows that we can assume without loss of generality that [, is co-
prime to p for all p in P. Taking the commutator with z; on both sides in
(2) and using previous lemmas gives that

([1%37173727371][%552,551,551])p3 =p 1
for all p € P and this implies that [y, z1, xs][y, x2, 1] commutes with z.
But, as [y, z1, x1, 22] = 1, it follows that
[yaxlaxla1’2][y7x17x27x1”y71’271’17551] =1.

So we have established that (2) holds. This is true for any choice of generating
set {y, 1, To, x3} with x1,z9, 23 € H. Thus we can replace x5 by x22, which
gives
ly, x1, 21, 1] = 1.

Replacing 1 by xix3 in (2) also gives

11 : #o01), %o2)s o) = 1.

o€Ss3
It is now clear that [y, z,z, 2] =1 for all x € H and all y € G\ H. Replacing
y by yh for some h € H we get also that

[h,x,z,z] =1

for all h € H. This finishes the proof of the lemma. O
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Proposition 4.6 G is nilpotent of class at most 4.

Proof We argue in a similar manner as in the proof of Lemma 4.3. By
Lemma 4.4 and 4.5 we can assume that G is generated by elements x1, x5, 3,y

with xq, 29, £3 € H such that the elements [y, 1, x1], [y, T2, x2] and [y, x1, 22|y, 22, 21]
commute with y and x3. By replacing x5 by xs[y, z3] if necessary we can fur-
thermore assume that

[1%37273727371] # 1. (6)
Notice that as

[?/> X2, T2, :L‘l][ya To, X1, xz][lya X1, T2, :L‘Z] =1

we also have that
[y, 1, T, T2 [y, T2, 71, 7] # 1. (7)
Let P be a infinite set of primes greater than the class of G. The subgroup

(:U{’2,x§ ,y) is 4-subnormal in G. As in the proof of Lemma 4.3 we have an
equation of the form

Tp

2 2 2 2
[y, 2h,y, ws) =y [y, ab, 5] (ly. ", abl[y, ab, @) P [y, 28, b, 28] [y, 1, a5, y]

But now we know from Lemma 4.3 that [y, 2}, 25 25 = 1. Also, taking
the commutator with x3 on both sides, using the fact that [y, x5, x5], and
[y, x1, T2][y, T2, 71] commute with z3, we see that 7, must be divisible by p
for almost all the primes in P. (Otherwise we would get the contradiction as
in the proof of Lemma 4.3 that [y, z1, 22, y, x3] = 1.) So we can assume that

2 2 2
[y, 28y, @] =g [y, a8, 8] ([y, 2f 2] [y, of, a7 ) (8)

for all p € P. We use from Lemma 4.3 the fact that [y, 25, 25, 25] = 1. Thus
taking the commutator with x5 on both sides in (8), gives

([y, 21, T2, ][y, T2, 21, 22))P" P =pa 1.

But then we must have that for all but finitely many [,, we have that p
divides (3,. Otherwise

[yu Ty, T2, 1’2][3/7 T2, T, 1'2] = 17
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which contradicts (7). Thus we can assume that

2
21,y 5, y, w8] =po [y, 75, 73] (9)

for all p € P. Taking the commutator with x; on both sides in (9) gives that
([yv T2, T2, xl]pQPQ =pt 1

for all p € P. Again it follows that for almost all primes p, we have that p?
divides a,, since otherwise we would get [y, z2, x2, x1] = 1 which contradicts
(6). Thus we can assume that

[$17y7x27y7x3]p3 Ep4 1 (10)

for all p € P. Hence

[xlayax%yax?)] S ﬂ G? = {].}

peEP

This gives the final contradiction! Hence every torsion-free 4-generator group
with all subgroups 4-subnormal is nilpotent of class at most 4. O

We can now prove our theorem.

Theorem 4.7 Let G be a torsion-free group with all subgroups 4-subnormal.
Then G is nilpotent of class at most 4.

Proof By Proposition 4.6 we have that G satisfies the law
ly,z,x, 2z, t] = 1.

Hence G/Z5(G) is a torsion-free 2-Engel group. But it is well known that
such a group is nilpotent of class at most 2. Hence G is nilpotent of class at
most 4. O
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