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Exercise 1. Let H,K be subgroups of a group G. Show that HK is a subgroup of
G if and only if HK = KH.

Exercise 2. Let H1, . . . , Hn be normal subgroups of a group G such that G = H1 · · ·Hn

is an internal direct product. Show that the external direct product H1 × · · · × Hn is
isomorphic to G.

Exercise 3. Suppose thatH1, . . . , Hn are normal subgroups of a groupG whereH1, . . . , Hn

are all finite and of pairwise coprime orders.

(a) Show that |H1H2 · · ·Hn| = |H1| · |H2| · · · |Hn|.
(b) Show that H1H2 · · ·Hn is an internal direct product.

Exercise 4. Let G be a finite group and let φ : G → G be an automorphism that
only fixes 1 and where φ ◦ φ = id. Show that φ(x) = x−1 for all x ∈ G and that G
is abelian. (Hint. consider the map θ : G → G, g 7→ gφ(g)−1. Show first that θ is a
bijection).

Exercise 5. We say that a group G is simple if G 6= {1} and the only normal sub-
groups are {1} and G.

Let G be a finite group that is an (internal) direct product of finite non-abelian sim-
ple groups

G = H1H2 · · ·Hn

Suppose we have another factorization

G = K1K2 · · ·Km

into an (internal) direct product of non-abelian simple factors. Show that the factors are
unique up to order, i.e. show {H1, . . . , Hn} = {K1, . . . , Km}.

Give an example that shows that the result does not hold without the assumption that
the simple factors are non-abelian.
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