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Abstract: This article investigates the effect of the radial location of the inlet nozzles on the
performance of a direct-transfer preswirl system in a rotor–stator wheel-space. A commercial
code is used to solve the Reynolds averaged Navier–Stokes equations using a high-Reynolds-
number k−ε/k−ω turbulence model with wall functions. The three-dimensional steady-state
model has previously been validated against experimental results from a scale model of a gas
turbine rotor–stator system. Computations are performed for three inlet-to-outlet radius ratios,
rp/rb = 0.8, 0.9, and 1.0, a range of preswirl ratios, 0.5 < βb < 2.0, and varying turbulent flow
parameters, 0.12 < λT < 0.36. The rotational Reynolds number for each case is 106.

The flow structure in the wheel-space and in the region around the receiver holes for each inlet
radius is related to the swirl ratio. The performance of the system is quantified by two parameters:
the discharge coefficient for the receiver holes (Cd,b) and the adiabatic effectiveness for the system
(�b,ad).

As in previous work, the discharge coefficient is found to reach a maximum when the rotating
core of fluid is in synchronous rotation with the receiver holes. As the radius ratio is increased, this
condition can be achieved with a smaller value for preswirl ratio βb. A simple model is presented
to estimate the discharge coefficient based on the flowrate and swirl ratio in the system.

The adiabatic effectiveness of the system increases linearly with preswirl ratio but is indepen-
dent of flowrate. For a given preswirl ratio, the effectiveness increases as the radius ratio increases.
Computed values show good agreement with analytical results. Both performance parameters
show improvement with increasing inlet radius ratio, suggesting that for an optimum preswirl
configuration an engine designer would place the preswirl nozzles at a high radius.
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1 INTRODUCTION

A simplified diagram of the so-called direct-transfer
preswirl system, where the blade-cooling air is sup-
plied to the rotating blades by stationary angled
preswirl nozzles, is shown in Fig. 1. The nozzles swirl
the air, and this reduces the work done by the rotating
turbine disc in accelerating the air to the disc speed.
This consequently reduces the total temperature of
the air entering the receiver holes in the disc [1]. The
designer is interested in calculating the pressure drop
and cooling effectiveness of the preswirl system, and
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there is also a need to understand the heat transfer
between the cooling air and the turbine disc.

Heat transfer in a direct transfer rig was stud-
ied experimentally and computationally by Wilson
et al. [2]. Total temperature probes were used to
measure the temperature of the air entering the
receiver holes, which was consistently underpredicted
by axisymmetric computational fluid dynamics (CFD)
computations.

Geis et al. [3] made measurements of adiabatic effec-
tiveness, which showed that the measured values of
Tt,b, the total temperature of the air in the rotating
frame of reference entering the receiver holes, were
significantly higher than the values predicted from
their ideal model. Chew et al. [4] made numerical sim-
ulations that were in good agreement with results from
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Fig. 1 Simplified diagram of a direct-transfer preswirl
system

both the ‘Karlsruhe’ preswirl rig used by Geis et al.
and a preswirl rig at Sussex University. Chew et al.
and Farzaneh-Gord et al. [5] derived independently
theoretical models for the adiabatic effectiveness.

Dittmann et al. [6] measured the discharge coef-
ficients for the preswirl nozzles and receiver holes
in a direct-transfer system, and Yan et al. [7] mea-
sured the discharge coefficients for receiver holes.
Lewis et al. [8] carried out a combined computational
and experimental study of a direct-transfer system.
The computed adiabatic effectiveness was in good
agreement with the theoretical expression derived by
Farzaneh-Gord et al., and the computed values of
Cd,b, the discharge coefficient for the receiver holes,
reached a maximum value at a critical value of βp, the
preswirl ratio of the cooling air.

Lewis et al. studied a system having the preswirl inlet
at a lower radius than that of the receiver holes (as
illustrated in Fig. 1), while the Karlsruhe rig used by
Dittman et al. involved preswirl nozzles and receiver
holes at the same high radius. Jarzombek et al. [9] com-
putationally studied a configuration with the preswirl
nozzles located radially outward of the receiver holes,
finding the flow to conform to free vortex behaviour. It
is the objective of the present article to determine the
effect of the radial location of the preswirl nozzles on
system performance.

In previous papers by the authors, in which only one
location for the preswirl nozzles was considered, the
preswirl ratio βp was defined as the ratio of the tan-
gential velocity of the air at the preswirl inlet to the
disc speed at the preswirl radius

βp = Vφ,p/�rp (1)

In an engine, the total pressure upstream of the
preswirl nozzles is fixed. If the static pressure in the
core was also fixed, then the preswirl velocity Vφ,p

would be invariant with radius. Under these condi-
tions, it is convenient to define a new preswirl ratio, βb

say, where

βb = Vφ,p/�rb (2)

i.e. where the disc speed at the receiver hole radius is
used as the reference so that βb is invariant with rp,
which is the assumption made for the computations
presented below. This will make it easier to identify
the effect of nozzle location on preswirl performance.
(As shown in Appendix 2, the static pressure in the
core does vary with radius, and this has an effect on
βb that reduces, but does not negate, the advantages
of locating the preswirl nozzles at as high a radius as
practicable.)

The computational method is described below, and
subsequent sections consider the effect of nozzle loca-
tion on the flow structure, the discharge coefficient
for the receiver holes, the pressure drop in the system,
and the adiabatic effectiveness.

2 COMPUTATIONAL METHOD

The computational method and configuration are
similar to that described in Lewis et al. [8], with adjust-
ments made for multiple inlets; the salient details
are included here for completeness. The computa-
tional domain, Fig. 2, is a 6◦ section of a wheel-space
bounded by a rotor and a stator disc with axial gap
ratio G = 0.051. Cyclic symmetry is imposed at the cir-
cumferential boundaries. The system is sealed at its
periphery (where b = 0.216 m) by a shroud attached
to each disc, and the centre of the system is sealed by
a stationary hub. Clearances between rotating and
stationary surfaces are set to zero.

Fig. 2 Schematic diagram of the flow domain used for
the computational study
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A cylinder, representing the blade cooling passage,
of diameter 8 mm and length 10 mm is attached to the
rotor at a radius rb = 0.200 m and rotates with the disc.
The preswirl nozzles are represented by an annular
slot that can be placed at one of the three radial loca-
tions such that rp/rb = 0.8, 0.9, or 1.0. The height of
the annular slot is adjusted so that the preswirl inlet
area remains the same at each of these three radial
locations. The same set of values for the turbulent flow
parameter, in the range 0.12 < λT = cwRe−0.8

φ < 0.36, is
used for each configuration, and the preswirl ratio βb

is varied as a parameter. The turbulent flow param-
eter combines the effects of flowrate and rotational
speed in characterizing the flow found in rotor–stator
systems [10]; for fixed rotational Reynolds number
λT varies with non-dimensional mass flowrate cw.
The rotational Reynolds number considered here is
Reφ = 106 (corresponding to a rotor disc speed of
3800 r/min). This is lower than the values expected in
engines; however, the values of λT used are represen-
tative of engine conditions. Yan et al. [7] among others
have shown that it is the value of λT rather than Reφ

that determines the flow structure.
The surface mesh for the geometry is created using a

Delaunay triangulation with prismatic elements near
the boundaries for better near-wall resolution. An
advancing front mesher is then used to resolve the
volume. Grid refinement tests were conducted and it
was found that flow structure and velocity magnitudes
achieved convergence using a mesh size containing
≈810 000 cells.

CFX-10, a commercial three-dimensional finite-
volume multi-grid computational fluid dynamics
package is used to solve the Reynolds-averaged
Navier–Stokes equations. The second-order accurate
advection scheme is based on the method of Barth and
Jesperson [11]. The energy equation is solved includ-
ing the viscous work term, and the effects of variable
density are taken into account. Gravitational buoyancy
effects within the wheel-space are ignored.

The turbulence model used is the high-Reynolds-
number BSL (BaSeLine) model of Menter [12]. This
is a blend of a k−ω formulation with wall func-
tions in the near-wall region, Wilcox [13], and a k−ε

model away from the wall. This gives rise to generally
reduced turbulence levels compared with k−ε models
and overcomes sensitivities to free stream turbulence
levels experienced by k−ω models. The model was
found by the authors to give improved predictions of
measured velocity distributions in rotor–stator flows
compared with k−ε models. Other workers (for exam-
ple, Evans et al. [14], using the closely related SST
model) have reached similar conclusions.

The equations were solved in the rotating frame such
that a steady-state analysis could be used. Axial and
circumferential velocities were specified at the annular
slot being used for the inlet. The two remaining slots
in each analysis were treated as part of the solid stator.

A static pressure boundary condition was used at the
outlet. A normalized total residual convergence crite-
ria of 10−7 was used for each variable, and velocities
were monitored at points within the flow to ensure
that a converged state of the flow structure had been
obtained.

3 FLOW STRUCTURE

The computed flow structure in the radial (r−z) plane
for typical flowrates and preswirl ratios is shown in
Fig. 3(a), (b), and (c) for the case where the inlet is
located at rp/rb = 0.8, 0.9, and 1.0, respectively. The cir-
cumferential location φ of the plane shown coincides
with the centre-line of the receiver hole. (There is little
effect of circumferential location on the flow struc-
ture except in the immediate region of the receiver
hole.) For rp/rb = 0.8 the inlet flow impinges upon the
rotating disc and travels radially outwards, forming
the rotor boundary layer. Radial inflow occurs on the
stator and a pair of counter-rotating vortices can be
observed inboard of the inlet.

As the inlet is moved radially outwards, the cir-
culation in the outer part of the system becomes
more compressed. The pair of counter-rotating vor-
tices inward of the inlet expands to fill the available
space, the larger of the two vortices being that with
outflow on the rotor.

The flow is most complex for the case when rp/rb

is unity (see Fig. 3(c)). Some of the inlet flow enters
the receiver holes directly, while the remaining flow
impinges upon the region between the holes. The
impinging flow spreads both radially inwards and
radially outwards from the impingement region. The
inward flow encounters the rotor boundary layer flow
and separates from the disc, creating the small recir-
culation on the rotor side inward of the receiver
hole.

Fig. 3 Computed flowfields in the axial–radial plane
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Fig. 4 Computed flow structure in the tangential plane
at the receiver hole radius, in a frame of reference
rotating with the rotor (direction of motion from
left to right), λT = 0.24

Figure 4 shows flow streamlines in the tangential
(φ−z) plane at the receiver hole radius rb in a frame
of reference rotating at the speed of the rotor (in the
left to right direction). In each image, the stator is
at the bottom and the receiver hole and outlet are
at the top. The three columns represent the three
inlet positions, rp/rb = 0.8, 0.9, and 1.0, respectively,
and the rows represent increasing values of preswirl
ratio.

For rp/rb = 0.8, Fig. 4(a) shows a case for which βb =
0.40 and is therefore ‘under-swirled’. The receiver hole
rotates more quickly than the flow in the core; there-
fore, the flow enters at an acute angle, separating at the

leading edge of the hole, and causing a recirculation
inside the hole. As the preswirl ratio is increased, the
angle at which the flow enters the receiver hole tends
towards the axial direction. At the point where syn-
chronous rotation between the flow and the hole
occurs, the flow would be expected to flow axially
into the receiver hole, as can be seen in Fig. 4(j), for
which βb = 1.6.

As the inlet radius is increased, the inlet preswirl
ratio required to produce this synchronous rotation is
reduced. For rp/rb = 0.9, synchronous rotation occurs
when βb = 1.35 as shown in Fig. 4(h) and for rp/rb =
1.0, when βb = 1.0 as shown in Fig. 4(f). When the swirl
ratio is increased further, or ‘over-swirled’, the flow
rotates more quickly than the receiver hole, causing
separation and a region of recirculation at the trailing
edge of the hole.

The variation of the swirl ratio β = Vφ/�r midway
between the rotor and stator (z/s = 0.5) and on a
radial line midway between the receiver holes is shown
in Fig. 5. Figures 5(a), (b), and (c) again correspond
to the inlet at rp/rb = 0.8, 0.9, and 1.0, respectively.
The horizontal axis is 1/x2, where x = r/b is the
non-dimensional radius.

In each case, a peak is seen in the swirl ratio at
the inlet radius due to the high momentum inlet
fluid. At higher radii (i.e. lower values of x−2) there
is a linear variation of β with x−2, consistent with
free vortex behaviour. The dashed line on each plot
is a least-squares best fit of the data in the linear
region.

There is considerable uncertainty associated with
the fit (especially as the region of linear behaviour
becomes smaller); however, these results suggest that
the flow is related to a Rankine (combined free and
forced) vortex, for which

β = A + Bx−2 (3)

where A and B are constants. This behaviour was found
by Mirzaee et al. [15] to occur in a rotating cavity with
a stationary outer casing.

Figure 6 shows the variation of swirl ratio in the
core at the radius of the receiver hole, β∞, with the
preswirl ratio at the inlet βb. Each line represents
a different inlet location and is approximately lin-
ear. Extrapolating back to the βb = 0 condition, the
value for β∞ would be expected to lie between 0.43,
the value for turbulent flow in a sealed rotor–stator
system (see Owen and Rogers [10]), and zero, due
to the effect of a zero-swirl superposed flow on the
swirl in the rotating core of fluid between the discs.
It can be seen that a significant increase in inlet
preswirl is required for the inlets at lower radii to
achieve the synchronous rotation condition discussed
above, and is illustrated by the horizontal dashed line
in Fig. 6.
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Fig. 5 Computed tangential velocity distributions on
the axial mid-plane: (a) rp/rb = 0.8, (b) rp/rb =
0.9, and (c) rp/rb = 1.0

Fig. 6 Computed variation of β∞ with βb for the three
inlet locations, λT = 0.24

4 DISCHARGE COEFFICIENT

The discharge coefficient Cd,b is defined here as the
ratio of the actual mass flowrate through the receiver
holes ṁb to the isentropic mass flowrate ṁi such that

Cd,b = ṁb

ṁi
(4)

The isentropic mass flowrate through the receiver
holes was derived by Yan et al. [7] using the first law
of thermodynamics for an adiabatic system, taking
into account the work done by or on the fluid as it
passes from station 1 in the fluid core to station 2 in
the receiver holes. It is given by

ṁi

Ab
=ρ0,1

(
p2

p0,1

)1/γ
{(

2γ

γ − 1

)
p0,1

ρ0,1

[
1 −

(
p2

p0,1

)γ−1/γ
]

+ 2�(r2Vφ,2 − r1Vφ,1) − V 2
φ,2

}1/2

(5)

The first term inside the curly brackets is the stan-
dard result for compressible flow in a stationary noz-
zle; the second term is the work term resulting from
the change of angular momentum of the air; the last
term is due to the fact that the air in the receiver holes
has an absolute tangential, as well as an axial, compo-
nent of velocity. The derivation of equation (5) is given
in Appendix 3. It should be noted that failure to use the
correct equation for ṁi can result in calculated values
of Cd,b exceeding unity, which is clearly nonsensical.

Figure 7 shows this discharge coefficient calculated
using locations 1 and 2 as a point in the core at
the radius of the receiver holes and the outlet plane,
respectively. Figure 7(a), where βb is on the horizon-
tal axis, clearly shows that to maximize the discharge
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Fig. 7 Computed variation of discharge coefficient Cd,b:
with (a) βb and (b) β∞

coefficient for low radius inlets, the preswirl ratio must
be greater than unity. The effect of varying preswirl
ratio at a fixed non-dimensional flowrate λT (the equiv-
alent of physically altering the inlet preswirl angle) is
to produce a sharp change in the relationship between
Cd,b and βb when the maximum value of Cd,b is reached.

Lewis et al. [8] presented computations and mea-
surements, for the rp/rb = 0.8 configuration also
considered here, for a fixed inlet flow angle of 20◦ to the
tangential in the direction of rotation of the disc and
variable flowrate. In this case, the inlet preswirl ratio is
proportional to the non-dimensional flowrate λT used
(at fixed Reφ). Results for computations at this same
fixed inlet flow angle (for 0.12 < λT < 0.36) are also

shown in Fig. 7(a), and show a smaller effect of rp/rb

on the variation of Cd,b with βb. Figure 7(b) shows that,
when the preswirl ratio is varied at a fixed value of λT,
a nearly symmetric variation of Cd,b around the point
of synchronous rotation (β∞ = 1) is obtained. (The
values of inlet preswirl ratio βb required to achieve
synchronous rotation at the receiver hole radius are
discussed above in connection with Fig. 4.) There is
reasonably good agreement between the computa-
tions and the measurements made by Lewis et al. for
rp/rb = 0.8 and fixed inlet flow angle.

It was shown above that the effect of ‘under-swirling’
or ‘over-swirling’ the core body of fluid caused the flow
to enter the receiver hole at an angle to the axial direc-
tion. This means that the effective area of the receiver
hole, as ‘seen’ by the flow, is reduced. It is logical that,
since the flowrate is proportional to the orifice area,
Cd,b will reduce linearly as the effective area is reduced.

The reduction in effective area Ae can be expressed
as a function of the flow angle at the receiver hole,
shown in equation (6), where α is the flow angle
measured from the axial direction

Ae

Ab
= cos α (6)

An equation can be formed for α by considering the
ratio of the tangential velocity in the rotating frame
and the axial velocity. The radial component of velocity
is ignored as a large volume of the flow enters the hole
from the core rather than from the boundary layer and
therefore has very low radial velocity (see Lewis et al.’s
discussion on ‘direct’ and ‘indirect’ routes). Hence

tan α = |Vφ,∞ − �rb|
Vz,b

(7a)

where

Vz,b = ṁb

ρAb
(7b)

and

|Vφ,∞ − �rb| = |β∞ − 1|�rb (7c)

Using the definition of λT given in the nomenclature,
it follows that

Cd,b

Cd,max
= Ae

Ab
= 1√√√√1 +

(
Abρ|β∞ − 1|�rb

μbλTRe0.8
φ

)2
(8)

where Cd,max is the value of Cd,b when β∞ = 1.
Figure 8 shows Cd,b/Cd,max for a range of conditions

and flowrates. The model underpredicts the compu-
tational data, which suggests that the predicted flow
angle is too large, so that the predicted effective area is
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Fig. 8 Variation of Cd,b/Cd,max with β∞

too small. At the entrance to the hole, the circumfer-
ential velocity will be somewhere between that of the
fluid in the core and that of the receiver hole.

Figure 9 shows the total pressure loss through the
system, using the total pressure in the stationary frame
at the inlet and in the rotating frame at the outlet. This
difference is largely independent of flowrate. There is
a significant increase in pressure loss as the preswirl
ratio is increased. Figure 7(a) shows that the discharge
coefficient for the receiver holes increases as the ratio
rp/rb increases; Fig. 9 shows, however, that increasing
rp/rb causes a slight increase in pressure drop.

Fig. 9 Computed variation of pressure drop from the
preswirl inlet to the receiver-hole outlet with βb

5 ADIABATIC EFFECTIVENESS

The adiabatic effectiveness �b,ad is defined as the non-
dimensional change in total temperature between the
nozzles in the stationary frame and the receiver holes
in the rotating frame

�b,ad = cp(To,p − Tt,b)

1/2�2r2
b

(9)

A theoretical value for �b,ad was derived by Karabay
et al. [16] for a cover-plate system using the first
law of thermodynamics. The equivalent theoretical
expression derived by Farzeneh-Gord et al. [5] for the
direct-transfer system considered here is

�b,ad = 2βp

(
rp

rb

)2

− 1 − Ms

1/2ṁ�r2
b

(10)

When expressed in terms of βb, the preswirl ratio
based on the receiver-hole radius, this relationship
becomes

�b,ad = 2βb
rp

rb
− 1 − Ms

1/2ṁ�r2
b

(11)

Figure 10 shows the computed effectiveness plotted
against the relationship in equation (11). Note that a
computed moment on the stator is necessary to evalu-
ate the relationship and hence only discrete values are
available. The agreement between the two is excellent.
As shown in the Appendix 2, in practice the increase of
�b,ad with increasing rp will be less than that shown in
Fig. 10.

For turbine blade cooling, the effectiveness should
be as high as possible as this ensures that the fluid
reaching the blades has the lowest possible total tem-
perature. In general, configurations with low preswirl

Fig. 10 Computed variation of adiabatic effectiveness
�b,ad with βb
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Fig. 11 Computed values of moment coefficient CM on
the rotor and the stator, λT = 0.24

ratios require work to be performed on the flow by
the rotor to bring its tangential velocity to that of the
receiver holes, and this work input raises the total tem-
perature of the flow. Conversely, configurations with
high preswirl ratios perform work on the rotor, thus
reducing the total temperature.

As shown in equation (11), the relationship between
the preswirl ratio and the adiabatic effectiveness is
approximately linear, with the gradient dependent on
rp/rb. As the radius of the inlet increases, there is
consequently a resulting increase in effectiveness.

A secondary effect adding to the improvement in
effectiveness for high radius inlets is the reduction in
moment on the stator. This is shown in Fig. 11; as the
preswirl ratio is increased, the moment on the stator
increases and that on the rotor decreases. The change
in moment coefficient is slightly less for rp/rb = 1 than
that for the other two locations.

6 CONCLUSIONS

The effect of nozzle location on the fluid dynamics
of a preswirl system has been studied computation-
ally. The model, which has been validated previously
using an experimental rig at the University of Bath,
produces a flow structure representative of that found
in gas turbine engines. Computations were performed
at Reφ = 106, 0.12 < λT < 0.36, and 0.5 < βb < 2.0.

The main conclusions from the study are as fol-
lows.

1. Cd,b, the discharge coefficient for the receiver holes,
is maximized when the core flow is in synchronous
rotation with the holes (β∞ = 1).

2. A simple model based on the effective receiver-hole
area can be used to estimate the reduction in Cd,b

when β∞ �= 1.

3. The maximum Cd,b is achieved at a value of βb that
decreases as rp/rb increases, with a corresponding
slight increase in the pressure drop in the system.

4. The adiabatic effectiveness increases as rp/rb

increases, and computed values are in excellent
agreement with the theoretical analysis.

As shown in Appendix 2, the variation of static pres-
sure in the core will reduce, but will not negate, the
advantages of locating the preswirl nozzles at as high
a radius as practicable. It is also shown in Appendix
2 that the increase in effectiveness as rp increases is
caused solely by losses in the nozzles and in the core.
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APPENDIX 1

Notation

a, b rotor inner radius, rotor outer radius
A, B combined free and forced vortex

coefficients
Ab receiver hole area
cp specific heat capacity at constant pressure
cw non-dimensional mass flowrate (=ṁ/μb)

Cd discharge coefficient (equation (4) or (12))
CM disc moment coefficient (=M /(1/2)ρ�2b5)
G gap ratio (=s/b)
ṁ mass flowrate
M moment on one side of the disc
r radius
rp, rb radii of preswirl nozzles and receiver holes
Reφ rotational Reynolds number (=ρ�b2/μ)
s rotor–stator separation distance
T temperature
V velocity
x non-dimensional radius (=r/b)

α flow angle relative to the axial direction
β swirl ratio (=Vφ/�r)

βb preswirl ratio based on rb(=Vφ,p/�rb)

βp preswirl ratio based on rp(=Vφ,p/�rp)

γ ratio of specific heats
θ inlet nozzle angle to the tangential

direction
�b,ad adiabatic effectiveness

(cp(To,p − Tt,b)/(1/2)�2r2
b)

λT turbulent flow parameter (=cwRe−0.8
φ )

μ dynamic viscosity
ρ density
� angular velocity of the rotor

Subscripts

ad adiabatic
b blade-cooling
e effective
i isentropic value

max maxium value
o total value in the stationary frame
out at the receiver hole outlet
p preswirl
s stator
t total value in the rotating frame
w rotor
φ, r, z circumferential, radial, and axial direction
∞ value in core at z/s = 0.5, r/rb = 1
1,2 upstream, downstream locations in the

streamtube

APPENDIX 2

Effect of core swirl on preswirl ratio

If VT is the total velocity leaving the nozzles, then for
incompressible flow

VT = Cd,p

[
2(p0 − pp)

ρ

]1/2

(12)

where p0 is the total pressure upstream of the nozzles,
pp is the static pressure in the core at the radius of the
nozzles, and Cd,p is the discharge coefficient for the
nozzles, and

VT = Vφ,p

cos θ
= βb�rb

cos θ
(13)

θ being the nozzle angle to the tangential direction.
Hence

βb = Cd,p cos θ

� rb

[
2 (p0 − pp)

ρ

]1/2

(14)

If βb,1 is the value of βb when rp/rb = 1, it follows that

βb,1 = Cd,p cos θ

� rb

[
2 (p0 − pb)

ρ

]1/2

(15)

and hence

βb

βb,1
=

[
1 − C 2

d,p cos2 θ(pb − pp)

1/2ρβ2
b�2 r2

b

]−1/2

(16)

Consider a combined vortex in the core, as shown in
Fig. 5, where

Vφ

�r
= A + B

( r
b

)−2

(17)

It follows that

dp
dr

= ρ
V 2

φ

r
= ρ�2r

[
A2 + 2AB

( r
b

)−2

+ B2
( r

b

)−4
]

(18)
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Integrating from r = rp to r = rb

pb − pp = 1
2
ρ�2r2

b ×
{

A2

(
1 − r2

p

r2
b

)
− 4AB

(rb

b

)−2

× ln
(

rp

rb

)
+ B2

(rb

b

)−4
[(

rp

rb

)−2

− 1

]}

(19)

and from equation (16)

βb

βb,1
=

{
1 − C 2

d,p cos2 θ

β2
b

×
[

A2

(
1 − r2

p

r2
b

)

− 4AB
(rb

b

)−2

ln
(

rp

rb

)
+ B2

(rb

b

)−4

×
((

rp

rb

)−2

− 1

)]}−1/2

(20)

The results corresponding to Fig. 5 are shown in Table 1
for an assumed value of Cd,p = 0.9 and θ = 20◦, which
corresponds to the nozzle angle in the experimental
rig.

Consider the ideal case where Cd,p = 1, θ = 0, and
free-vortex flow occurs in the core, such that A = 0 and

Vφ

�r
= B

( r
b

)−2

(21)

It follows that

Vφ,p

�rp
= B

(rp

b

)−2

(22)

and

βb = Vφ,p

�rb
= B

(rprb

b2

)−1

(23)

Hence

B = βb
rprb

b2
(24)

and equation (20) reduces to

βb

βb,1
= rb

rp
(25)

Reference to equation (11) shows that for this ideal
case (where βbrp/rb is constant) the nozzle location

has no effect on the adiabatic effectiveness! How-
ever, Table 1 shows that for the real case, although
the core swirl reduces the advantage, the effectiveness
increases as rp increases. It can therefore be concluded
that the increase in effectiveness as rp increases is caused
solely by losses in the nozzles and in the core.

APPENDIX 3

Discharge coefficient for holes in a rotating disc

Referring to Fig. 12, air leaves station 1 at the exit
from preswirl nozzles, with resultant speed U1, in a
stationary frame of reference, where

U 2
1 = V 2

r1
+ V 2

φ1
+ V 2

z1
(26)

Vr , Vφ , and Vz being the radial, tangential, and axial
components of velocity in a stationary frame of refer-
ence, and

Vφ1 = βp�r1 (27)

βp being the preswirl ratio.
Air enters the axial receiver holes in the rotating disc

with resultant speed U2, in a stationary frame, where

U 2
2 = V 2

φ2
+ V 2

z2
(28)

and the radial component, Vr2 , is taken to be zero. If the
air achieves solid-body rotation in the receiver holes,

Fig. 12 Streamtube for derivation of isentropic mass
flowrate

Table 1 Effect of core swirl on βb/βb,1 according to equation (20) with θ = 20◦ and Cd,p = 0.9

rp/rb 0.8 0.9

βb 0.40 0.80 1.20 1.60 0.45 0.90 1.35 1.80
A 0.17 0.32 0.42 0.43 0.31 0.35 0.46 0.49
B 0.13 0.21 0.32 0.48 0.11 0.28 0.43 0.62
βb/βb,1 1.12 1.09 1.08 1.07 1.08 1.05 1.04 1.04
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then

Vφ2 = �r2 (29)

but this is not necessarily the case in practice.
Define the discharge coefficient, CD, for the receiver

holes as

CD = ṁ
ṁi

(30)

where ṁ is the actual mass flowrate and ṁi is the
isentropic value.

Consider isentropic flow from 1 to 2, where the work
done by the air, Ẇ12, is given by

−Ẇ12

ṁ
= �(r2Vφ,2 − r1Vφ,1) = cp(T0,2 − T0,1) (31)

where T0, the total temperature in a stationary frame,
is

cpT0 = cpT + 1
2

U 2 (32)

T being the static temperature.
Now for isentropic flow

p
ργ

= constant (33)

and

ρ2 = ρ0,1

(
p2

p0,1

)1/γ

(34)

Also, for a perfect gas

R = cp
γ − 1

γ
(35)

Hence

cp(T0,2 − T0,1) = γ

γ − 1
p0,1

ρ0,1

[(
p2

p0,1

)γ−1/γ

− 1

]
+ 1

2
U 2

2

(36)

Equation (31) subsequently becomes

γ

γ − 1
p0,1

ρ0,1

[(
p2

p0,1

)γ−1/γ

− 1

]
+ 1

2

(
V 2

φ,2 + V 2
z,2

)
= �

(
r2Vφ,2 − r1Vφ,1

)
(37)

Hence

Vz,2 =
{(

2γ

γ − 1

)
p0,1

ρ0,1

[
1 −

(
p2

p0,1

)γ−1/γ
]

+ 2�
(
r2Vφ,2 − r1Vφ,1

) − V 2
φ,2

}1/2

(38)

Now

ṁi = ρ2A2Vz,2 (39)

where A2 is the area of the receiver holes. Hence, using
equations (34) and (38)

ṁi

A2
= ρ0,1

(
p2

p0,1

)1/γ
{

2γ

γ − 1
p01

ρ0,1

[
1 −

(
p2

p0,1

)γ−1/γ
]

+ 2�
(
r2Vφ,2 − r1Vφ,1

) − V 2
φ,2

}1/2

(40)

This is equation (5) in the article.
If Vφ,1 = Vφ,2 = 0, then equation (15) becomes

ṁi

A2
=

{
2γ

γ − 1
p0,1 ρ0,1

(
p2

p0,1

)2/γ [
1 −

(
p2

p0,1

)γ ]}1/2

(41)

which is the standard result for a stationary nozzle.
Alternatively, if solid-body rotation is achieved in the

receiver holes such that

Vφ,2 = �r2 (42)

Then with the preswirl ratio, βp, is defined as

βp = Vφ,1

�r1
(43)

Equation (40) becomes

ṁi

A2
= ρ0,1

(
p2

p0,1

)1/γ
{

2γ

γ − 1
p0,1

ρ0,1

[
1 −

(
p2

p0,1

)γ−1/γ
]

+ �2r2
2

[
1 − 2βp

(
r1

r2

)2
]}1/2

(44)

This is appropriate for long receiver holes or for a gas
turbine disc in which the air achieves solid-body rota-
tion. (In principle, solid-body rotation can be achieved
without friction – e.g. using radial vanes, as in a com-
pressor – and the process could still be treated as
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isentropic.) For this case, if βp(r1/r2)
2 < 1/2 then ṁi

is greater than that for the zero-swirl case given by
equation (41). Thus, if CD defined in equation (30)
were based on equation (41), it would be possible that
CD > 1, an undesirable result.

Some authors have expressed ṁi in terms of relative
total pressures. This is equivalent to using equation
(41) with p0,1 and ρ0,1 replaced by relative values (i.e.
values referred to a rotating frame of reference). This
is based on the assumption that

T0,2,rel = T0,1,rel (45)

where

cpT0,rel = cpT + 1
2

[
V 2

r + V 2
z + (

�r − Vφ

)2
]

(46)

(�r − Vφ) being the tangential component of velocity
in a rotating frame of reference.

Equation (46) can be written as

cpT0,rel = cpT + 1
2

(
V 2

r + V 2
φ + V 2

z

) + 1
2
�2r2 − �rVφ

(47)

= cpT0 + 1
2
�2r2 − �rVφ (48)

Hence

cp(T0,2,rel − T0,1,rel) = cp(T0,2 − T0,1) − �(r2Vφ,2

− r1Vφ,1 + 1
2
�(r2

2 − r2
1 ) (49)

Referring to equation (31) it follows that, for isentropic
flow

cp(T0,2,rel − T0,1,rel)
1
2
�(r2

2 − r2
1 ) (50)

which is only zero when r1 = r2. In other cases, the
assumption in equation (45) is invalid.
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