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l. INTRODUCTION

Many years have passed since Horton and Rogers (1945) and Lapwood
(1948) published their pioneering studies into the onset of convection in
porous layers heated from below, the well-known Horton—-Rogers—
Lapwood or Darcy-Bénard problem. This configuration, a horizontal
layer of either finite or infinite extent, has been studied in very great detail
and especially so since the weakly nonlinear study of Palm et al. (1972) and
the detailed numerical stability analysis of Straus (1974). The main reason
for such activity lies in the fact that there are many extensions to the gov-
erning Darcy—-Boussinesq equations. Commonly cited examples are bound-
ary, inertia, local thermal non-equilibrium, anisotropic, and thermal
dispersion effects. The presence of one or more of these or other modifica-
tions serves to change the nature of the resulting flow and accounts for the
huge research literature. I will refer to such modified problems by the generic
term ‘Darcy-Bénard’, even though further words such as ‘Forchheimer’ or
‘Brinkman’ could quite legitimately claim a place in that term.

The Darcy-Bénard problem is striking in its simplicity: a uniform-
thickness horizontal porous layer with uniform temperature and imperme-
able upper and lower surfaces. The macroscopic equations governing the
filtration of the fluid in the case where Darcy’s law applies, the fluid is
Boussinesq, the matrix is rigid and isotropic, and the solid and fluid phases
are in local thermal equilibrium, are so straightforward that the linearized
stability analysis proceeds analytically within the space of a few lines. Even
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the associated weakly-nonlinear analysis may be undertaken analytically
within a few pages. However, this is where the simplicity ends. More com-
plicated scenarios either involve the use of numerical methods or sentence
the researcher to heavy-duty algebraic work which, though tractable, will
nevertheless take much longer than a directly numerical approach!

The present author is very aware of how much space was set aside in
the excellent book by Nield and Bejan (1992) to cover the topic of Darcy-
Bénard convection, even though the treatment given even there could not
have been comprehensive, especially in terms of presenting detailed results.
Indeed, this topic is now sufficiently well advanced and mature to merit a
book of its own, much as Koschmeider’s (1593) book describes the analo-
gous subject of Bénard convection and takes a more pedagogical stance.
With this in mind, it has been necessary to restrict the scope of this chapter
so that some material other than references and the author’s name and
affiliation should fit into the allotted space! Therefore the present review
will concentrate exclusively on flows in horizontal layers, rather than on
inclined or vertical layers, and it will avoid multi-diffusive flows. The impor-
tant topic of convection in rotating systems has been dealt with admirably in
two very recent reviews by Vadasz (1997, 1998), and therefore little will be
mentioned here. The author hopes that offense will not be taken by those
whose papers have not been cited.

It seems appropriate to split the review into two main sections, the first
of which describes briefly the classical Darcy-Bénard problem where no
extensions to Darcy’s law or “variations on a theme” are included. This is
organized systematically and describes in turn linearized theory, weakly
nonlinear theory and strongly nonlinear computations. The second section
deals with those aspects which arise from properties of the porous medium
(e.g., boundary and inertia effects, anisotropy, and thermal dispersion), arise
from fluid properties alone (e.g. temperature-dependent viscosity and che-
mical reactions), and external influences such as unsteady heating, different
types of thermal boundary conditions, and mixed convective effects. These
are arranged according to the different type of extension considered. The
majority of papers cover various aspects of linearized theory, the onset
problem. Decreasing numbers deal in turn with weakly nonlinear theory
and strongly nonlinear flows.

Il. THE CLASSICAL DARCY-BENARD PROBLEM
A. Linearized Theory

In apparently independent investigations, Horton and Rogers (1945) and
Lapwood (1948) considered the onset of convection in a horizontal satu-
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rated porous layer heated from below. The two bounding surfaces are held
at uniform temperatures (i.e., infinitely or perfectly conducting), the flow is
assumed to be governed by Darcy’s law, and the Boussinesq approximation
is taken to apply. If the dimensional horizontal coordinates are % and % and
the dimensional upwards vertical coordinate is y, then the governing equa-
tions of motion are
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where all the terms have their usual meanings: K is permeability, p is a
reference density, 8 the coefficient of cubical expansion, u the fluid viscosity,
and

5 = =)o) + ¢loc),
(pC)f
is the heat capacity ratio of the saturated medium to that of the fluid. Hence

¢ is the heat capacity and ¢ is the porosity of the medium. These equations
may be nondimensionalized, using the following substitutions
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where T, and T}, are the upper (cold) and lower (hot) boundary tempera-
tures, respectively, and d is the uniform depth of the layer. Equations (1)~(3)
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is the Darcy-Rayleigh number; this value plays the same role in porous

convection as does the usual Rayleigh number for convecting clear fluids,

as it expresses a balance between buoyancy and viscous forces. These equa-
tions are to be solved subject to the boundary conditions

v=0, 6=1-—y at y=0,1 8))

Ra (10)

and it is straightforward to verify that
u=v=w=0, py = Ra(l — y), 6=1-y (12)

is a solution of equations (7)—~(9); this is referred to as the conduction solu-
tion. The topic of this chapter is the stability and evolution of disturbances
to this and similar basic profiles.

The determination of conditions governing the onset of convection is
usually undertaken using a linearized theory. Here the solution is perturbed
about the basic solution and then linearized. A cellular convective planform
is typically assumed for the disturbance profile which involves one or two
wavenumbers, and a critical Rayleigh number is derived by solving an
ordinary or partial differential eigenvalue problem. In the present case,
the onset of two-dimensional disturbances proceeds initially by defining

the streamfunction ¢ according to u = ¥, v = =¥, w = 0. If we also sub-
tract out the basic profile (for which ¥ = 0) and linearize, there results the
system

Yox + 1pyy = Raex’ 0, =0+ 0yy + Yy (13)

subject to ¥ =0 and 8 = 0 at y = 0, 1. If we assume that convection consists
of rolls in the x-direction with wavenumber k, then the substitution

¥ = eMf(y)sinkx, 6 = eMg(y)coskx (14)
yields
ST=kf+kg=0, Ag=g"—Kg+kf=0 (15)

subject to f = g = 0 at y = 0, 1. Here A is the exponential growth rate. When
A = 0, disturbances are neutrally stable and neither grow nor decay, and the
solution of (15) yields the criterion for the onset of convection. For the
present classical problem, the solutions are, simply, that

2
f() = A(K* + ) sinwy, g(y) = Aksinny, Ra = __(k2 +2”2)

k
(16)
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where A is an arbitrary amplitude. A graph of Ra against k is depicted in
Figure 1. It is easily shown that the minimum value is Ra = 47> and this
occurs when k& = wr, which corresponds to rolls with square cross-section. In
Eq. (14) it has been assumed that exchange of stabilities holds (see Drazin
and Reid 1981 for details of this concept), which is true for this flow and
means that A =0 corresponds to neutral stability. Otherwise, it would be
necessary to represent the x-dependencies in (14) in complex exponential
form and impose Re()) =0 for neutral stability; in such cases nonzero
values of the imaginary part of A would correspond to a translational wave-
speed of the disturbance. The neutral curve given in Figure 1 should be
interpreted as meaning that infinitesimal disturbances will decay whenever
both the Rayleigh number and the wavenumber correspond to points below

the curve.
400
Ra
300
200
100
| | |

k/n

Figure 1. Regions of stable and unstable rolls. The dashed line is the neutral
stability curve for the onset of convection and the solid line, from Straus (1974),
delineates the region of stable steady rolls. Reproduced by permission of Cambridge
University Press.
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The above analysis covers only that case with perfectly conducting,
impermeable bounding surfaces. Other cases involve different combinations
of impermeable (IMP) and constant pressure (FRE), and conducting (CON)
and constant heat flux (CHF) for both surfaces (but note that Nield and
Bejan (1992) refer to the CHF case as “insulating” and label it INS). Values
of the critical Rayleigh number and the associated wavenumber are given in
Table 1. It is interesting to note that when a constant heat flux is specified on
both boundaries the preferred wavenumber is zero; the only other case
where this happens is when both perfectly conducting surfaces are at con-
stant pressure. It is to be presumed that a smooth transition takes place
when any thermal boundary condition is varied smoothly from one extreme
case to the another. Finally, we note that not all the theoretical cases pre-
sented in Table 1 form practical configurations for experimental work.

B. Weakly Nonlinear Analyses

Linearized analyses only yield information on the conditions for which
small-amplitude disturbances have a zero growth rate. They do not give
information on whether the flow above the critical Rayleigh number is
stable, on whether there exists flow at subcritical Rayleigh numbers, or to
decide between competing instabilities. These are the roles, in turn, of
weakly nonlinear and strongly nonlinear studies. Weakly nonlinear analyses
are asymptotic analyses and are therefore valid asymptotically close to the
point of onset given by linearized theory. However, much of the qualitative
nature of their results carries over to the strongly nonlinear regime.

Table 1. Values of the critical Rayleigh number and
wavenumber for various combinations of boundary
conditions. After Nield (1968)

Upper surface Lower surface Ra, k.

IMP CON IMP CON 422 P
IMP CON IMP CHF 27.10 233
IMP CHF IMP CHF 12 0
IMP CON FRE CON 27.10 233
IMP CHF FRE CON 1765 175

IMP CON FRE CHF 7o /2
IMP CHF FRE CHF 3 0
FRE CON FRE CON 12 0
FRE CON FRE CHF 3 0
FRE CHF FRE CHF 0 0
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The seminal paper by Palm et al. (1972) concentrates on the super-
critical flow and heat transfer of unit-aspect-ratio convection using a power
series expansion in (1 — Ra,/Ra)"/ 2, Steady convection at Rayleigh numbers
up to about 5 times the critical value is described well using this power
series, even though it is, strictly speaking, an asymptotic analysis.

Although a rigorous weakly nonlinear analysis for Bénard convection
by Newell and Whitehead (1969) was published thirty years ago, the first
journal paper to appear from which the analogous Darcy—Bénard stability
results may be inferred is Rees and Riley (1989a) (although Joseph (1976)
reports the results directly). In these types of analysis, Ra is assumed to be
within O(e?) of Ra, = 4n* and k within O(¢) of k. = n. The temperature
field, for example, and the Rayleigh number are expanded in power series in
¢ as follows

6 =6y + &6, + 20, + 05+ .. ., Ra=Ry+&Ry+... a7n

where R, = 47°. Here 6, is the conduction solution and 6, comprises one or
more disturbances satisfying the linearized equations of motion. Normally
the O(s?) equations may be solved fairly easily, either analytically or numeri-
cally. However, the nonlinear interactions between the modes introduced at
O(e) give rise to generally insoluble equations at O(¢®) since the inhomoge-
neous terms contain components which are proportional to solutions of the
corresponding homogeneous equations. A solvability condition may then be
derived by choosing an appropriate value of R,. For example, if we set 6, =
7 2A4(7) cos mx sin ry in Eq. (16), where t = %ezt is a slow timescale, then the
solvability condition is-

A, =RyA - A° (18)

It is straightforward to show that 4 = 0 is the only steady solution
when R, <0, which corresponds to Ra < Ra,, and that this solution is
unstable when R, > 0. For R, > 0 there also exist the solutions 4 =
:I:Ry 2. More complicated stability analyses involve allowing for small wave-
number changes, small changes in orientation of the basic roll, and the
inclusion of other rolls. Such stability analyses are known, respectively, as
the Eckhaus, zigzag, and cross-roll instabilities. The first two may be accom-
modated by defining slow x and z variables: X = ex and Z = /2. A three-
dimensional analysis yields the amplitude equation

2
3 i )=
= —_—— ——— — 1
A, R2A+(23X 7[322)A A°A (19)
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Details of the ensuing analysis may be gleaned from Rees and Riley (1989a)
and more directly from Rees (1996). In short, if the basic solution takes the
form of

A = (R, — 4K*)e™¥ (20)

this corresponds to a roll with a wavenumber 7 + ¢K. Solutions with K <0
are unstable to zigzag disturbances, whereas solutions with 4K* < R, <
12K? are subject to the Eckhaus instability. In the former case two rolls
aligned at equal but opposite small angles to the original roll grow at the
expense of the basic roll, forming a sinuous roll boundary. One of these two
rolls eventually dominates, leaving a stable steady-state configuration. In the
latter case a pair of perfectly aligned rolls with wavenumbers either side of
the original roll grow, again with one dominating whose wavenumber lies
within the stable domain.

Finally, the cross-roll instability may be studied by considering a roll
at a finite angle x to the basic roll; if we let

6, = 7 %A cosmxsinmy + w 2Bcos m(xcos x — zsin x) sinmy (21)
then 4 and B may be shown to satisfy the equations

A, = RyA +4Ayy — A[AA + Q(x)BB] (22a)

B, = RyB+4Ay,y, — BIBB + Q(x)AA] (22b)

Here we have suppressed Z-variations in 4, and Xp = &(cos x — zsin x) is
the slow variable perpendicular to the direction of the B-roll. A general
analysis of (22) shows that single rolls are the favored mode when Q(x) >
1 for all values of x, whereas square or rectangular cells are preferred if the
minimum value of Q(x) is less than 1. For the present problem we have

70 + 28 cos® X —2cos* x

Q =
0 49 — 2cos? x +cos* x

(23)

which varies monotonically from 2 at x = 0 to its minimum, 10/7 at x = /2
(Rees and Riley 1989b). Therefore rolls are preferred, and it may be shown
that the roll given by (20) is stable when R; > 40K?/3. This criterion is more
restrictive than the Eckhaus criterion, and therefore there exists a band of
stable wavenumbers lying between K = 0 and K = ++/3R,/40, the corre-
sponding domain of existence of the basic roll being |K| < JR,/4. We note
that Riahi (1983) considered the same problem but with finitely conducting
boundaries. There is a region in parameter-space wherein square cells are
preferred.
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As mentioned earlier, a weakly nonlinear analysis is an asymptotic
analysis and it is therefore valid only in the ¢ — 0 limit. The present analysis
corresponds to the bottom of the Straus (1974) stability envelope shown in
Figure 1 and which is discussed later. We note that Joseph (1976) presents a
more accurate version of the zigzag instability. Similar weakly nonlinear
analyses have been undertaken for more complicated versions of the classi-
cal Darcy-Bénard problem and a wide variety of phenomena ensue, but we
defer discussion of these cases to the next section. Energy stability analyses
also exist for the onset of convection, but for the classical Darcy—Bénard
problem they yield identical results to those of linearized stability theory.

C. Strongly Nonlinear Convection

One advantage of weakly nonlinear theory is that layers of infinite extent
may be considered easily. When the strongly nonlinear regime is encoun-
tered, progress is gained through numerical computation. Although spectral
methods may, by their nature, be said to apply to an infinite domain, finite
difference or finite element techniques must be applied to a finite computa-
tional domain. When Darcy flow is considered and sidewalls are taken to be
insulated and impermeable, then sidewalls coincide with planes of symmetry
in the infinite domain and much may then be said about the infinite case,
even though whole classes of possible disturbances are absent due to the
presence of the side walls.

At Rayleigh numbers slightly higher than that given by linearized
theory, the realized flow is steady and two-dimensional. Straus (1974) under-
took a detailed stability analysis of this strongly nonlinear convection and
determined the whole regime in Ra—k space within which convection is
stable; this region is displayed in Figure 1. It is important to be able to
interpret correctly the information presented in this figure. First, it is essen-
tial to note that this represents only the stable regime; it does not give any
indication as to the relative probabilities of different stable flows given a
random initial condition in a time-dependent simulation. Second, there is no
information as to what the final stable planform will be, for this depends on
the initial disturbance; on the right-hand part of the stability envelope we
know that the most dangerous disturbance is one aligned at right-angles to
the basic roll, but the graph does not give the wavenumber of that distur-
bance. Finally, when Ra is larger than the maximum value on that neutral
curve, the resulting flow may not be deduced without further knowledge—
one could guess that it is three-dimensional, but not whether it is steady.

A long series of papers by Straus, Schubert, Steen and others have
sought to extend our knowledge of the flow at increasing Rayleigh numbers;
see Holst and Aziz (1972), Horne and O’Sullivan (1974), Horne (1979),
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Straus and Schubert (1979, 1981), Schubert and Straus (1979, 1982), Kimura
et al. (1986, 1987), Aidun (1987), Aidun and Steen (1987), Steen and Aidun
(1988), and Caltagirone et al. (1987). In a square box with insulating side
walls, the primary transition from a motionless state to steady convection
takes place when Ra = 477, and the second transition to a time-periodic
flow occurs at roughly Ra = 391. This value was determined very accurately
by Riley and Winters (1991), who used a finite element steady flow solver
and examined the iteration matrix to find when the linearized disturbance
equations admit a Hopf bifurcation. They recorded a value of Ra = 390.72
01 which should now be regarded as being definitive. In the same paper
Riley and Winters also computed how this second critical value of Ra varies
with the box aspect ratio.

At increasing Rayleigh numbers there follows a sequence of transitions
between time-periodic flow and aperiodic flow; the precise demarcation of
the points of transition are, in the present author’s experience, highly depen-
dent on the level of resolution of the numerical scheme. The papers by
Kimura et al. (1986, 1987) are devoted to determining this sequence and
find that the flow undergoes a short sequence of transitions between peri-
odicity and quasi-periodicity before becoming nonperiodic. A very thorough
analysis has been presented by Graham and Steen (1992), who have man-
aged to uncover much of the bifurcation structure of flows at such values of
Ra. In particular, they show that quasi-periodic motion sets in at Ra = 505
where the periodic flow is destabilized by a disturbance at an incommensu-
rate frequency. Other unsteady flows are computed, points of bifurcation
examined with a diagram of possible bifurcation relating each solution to
one another and inferring the existence of unstable quasi-periodic flows.
Furthermore, this bifurcation structure is shown to be able to explain the
observations of Kimura et al. (1986) that there are two stable quasi-periodic
solutions in the range 500 < Ra < 560. Other box aspect ratios are consid-
ered by Graham and Steen; in particular, the aspect ratio 2.495 yields a
double Hopf bifurcation where two periodic solutions bifurcate off the
steady solution branch at the same Rayleigh number.

Other details of modal competition between possible steady-state solu-
tions may be found in Riley and Winters (1989), where attention is focused
on how the bifurcation structure varies with the box aspect ratio. In Figure 2
we display a sample bifurcation diagram for a box of unit aspect ratio. At
increasing values of Ra after the primary 1-cell destabilization at Ra = 47,
a 2-cell state and then a 3-cell flow bifurcate off the conduction solution, but
are initially unstable. The 2-cell solution eventually gains stability and this
point is marked by the bifurcation of a mixed-mode branch of the 2-cell
branch. A similar scenario occurs for the 3-cell solution, except that two
bifurcations to mixed mode solutions must occur before it is stabilized. We
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Figure 2. Computed bifurcation structure for two-dimensional flow in a square
box. The stable and unstable branches are denoted by full and broken curves respec-
tively. The vertical axis is the temperature at the midpoint of the left-hand sidewall.
From Riley and Winters (1989). Reproduced by permission of Cambridge University
Press.

note that a similar study of the bifurcation structure in three dimensions,
even for a cubic box, has not yet been undertaken, for although three-
dimensional flows are unstable in an infinite layer at sufficiently low
Rayleigh numbers, the spatial constriction in a cube or a cuboid is sufficient
to stabilize such flows; see Steen (1983) and Kimura et al. (1990). A very
detailed account of the onset of oscillatory convection is presented in
Kimura (1998).

Other early papers are concerned with the effect of a net mass flux
through the layer. Sutton (1970) considered vertical flow through permeable
boundaries; in this case stabilization (an increased critical Rayleigh number)
or destabilization depends on the strength of the throughflow and the aspect
ratio of the finite cavity. Prats (1967), on the other hand, studied the effect of
a horizontal flow; here the criterion for the onset of convection is unchanged
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since the Darcy equations retain their precise form when expressed in the
frame of reference which is moving with the mean flow. Thus, in an infinite
layer, all the above—quoted results of Palm et al. (1972) and of Straus and
co-workers are unaffected.

fli. VARIATIONS ON THE THEME
A. Inertia Effects

In this subsection we discuss how the presence of fluid inertia (form drag or
Forchheimer drag) influences the onset and development of convection. The
governing dimensionless equations are given by

Uy +vy+w, =0, u(1 + Glu|) = —Vp + Ra(0, 6, 0),
(24)
6, +u-Vo=v39

where G = Kpk/ud is an inertia parameter and K is a material parameter
related to the microscopic lengthscale of the medium (L) and the porosity
(¢) via Ergun’s (1952) relation

1.75L
150(1 — ¢)

for example. Given that the additional term over and above the normal
Darcy-flow problem is nonlinear and given that there is no basic flow, it
is very straightforward to show that the presence of inertia has no effect on
the onset of convection in a horizontal porous layer. This point may also be
gleaned from the paper by He and Georgiadis (1990), who also considered
the extra effects of internal heating and hydrodynamic dispersion. When
there is a basic flow in the porous medium, the presence of inertia serves
to modify the stability characteristics from those corresponding to Darcy
flow. One example is that of the inclined Darcy—Bénard problem, where
unpublished numerical simulations by the present author have shown that
convection is delayed by the presence of inertia when compared with that of
the corresponding Darcy-flow case given in Rees and Bassom (1998). A
more pertinent example is that of the combined effects of a horizontal
pressure gradient with inertia, studied by Rees (1998). In this analytical
study the author showed that two-dimensional celis (whose axes are perpen-
dicular to the direction of the pressure gradient) have a critical Rayleigh
number which rises with both G and the strength @ of the horizonta,{: borizortal L QOW'

Ra, = [(1+GIQD> + (1 + 2G|Q|)‘/2]2 l (26a)

The critical wavenumber is

K= 5)
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1/4
k, = [L‘LZ_GJ_@] (26b)

T 14+ Glo|

We note that it is the combined effect of inertia and the horizontal pressure
gradient which causes this rise; when inertia is absent, Prats (1967) showed
that the dynamics even of strongly nonlinear convection are unchanged
when viewed in the frame of reference moving with the mean flow.
However, when the rolls are aligned with the mean flow direction the critical
Rayleigh is Ra, = 47:2(1 + G|Q)) with k, = &, leading to a clear preference
for such rolls in an unbounded layer.

A weakly nonlinear stability analysis was undertaken by He and
Georgiadis (1990), who found that the standard pitchfork bifurcation is
modified to one with straight lines intercepting the zero amplitude axis;
this aspect is a consequence of the Forchheimer term. They also found
that the positive amplitude flow arises at a different value of Ra from that
of negative amplitude flow. This was attributed to the combined effects of
inertia, internal heating, and dispersion. More recently, Georgiadis (perso-
nal communication, 1996) has indicated that these combined effects actually
cause a splitting of the bifurcation “curve” into two, corresponding to
different modes of convection, in much the same way as Rees and Riley
(1986) found two different modes in the case of Darcy flow in a layer with
symmetrical boundary imperfections. The one arising at the lower value of
Ra is generally stable in an infinite layer, while the other is unstable Such
results are easily proved using the appropriate amplitude equations.

In the work of He and Georgiadis (1990) the imperfections to the
classical problem were sufficiently strong to cause the weakly nonlinear
analysis to progress only to second order. A suitable third-order analysis
was undertaken by Rees (1996), who assumed that inertia effects were weak.
The straight line behavior of the solution curves near onset are reproduced,
but at higher Rayleigh numbers the usual square root behavior is re-estab-
lished. This counter-intuitive result, which says that inertia effects are stron-
gest when the flow is weakest and vice versa, is a direct consequence of the
fact that the destabilizing effect of buoyancy is balanced at high Rayleigh
numbers by the most nonlinear term in the amplitude equation

A, = RyA + aAd|A| — A*A4 @7

where « is a scaled inertia parameter. The author also developed a full
weakly nonlinear stability analysis and found that inertia causes some wave-
numbers less than the critical value to regain stability, but the cross-roll
instability is more effective and reduces the stable wavenumber range.
Strongly convecting flow was considered by Strange and Rees (1996),
who undertook a finite difference computation of flow in a square cavity.
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Using a 32 x 32 grid and a streamfunction/temperature formulation they
found that unsteady convection is delayed by the presence of inertia, and
that, for values of G less than 0.05, the critical value is given by

Ra = Ra +2.95 x 10°G (28)

where Ra,, is the value corresponding to incipient unsteady flow in the
absence of inertia. The same qualitative result was found by Kladias and
Prasad (1989, 1990), who also used the Brinkman terms in their fundamen-
tal model.

B. Brinkman Effects and Advective Inertia

The appropriate momentum equation is now taken to be
¢™'(u- V)u = Vp + (Pr/Ra)*V’u — (F¢pDa Mlulu

(29)
— (¢/Da)(Pr/Ra)*u+ 4(0, 6,0)

(Lage et al. 1992) where the first term is the advective inertia term and the
second term on the right-hand side is the Brinkman term. The paper by Lage
et al. (1992) discusses at length the role of the Prandtl number on the onset
of convection, concluding that the criterion for onset is unaffected by the
value of Pr. In this regard these authors show that earlier work by Kladias
and Prasad (1989) is incorrect in stating that the criterion is dependent on
Pr, and therefore verify much earlier work by Walker and Homsy (1977). In
fact, the nondimensionalization used to derive the above equation obscures
this result: if we replace all occurrences of u by uDa(RaPr)™" 2, then Eq. (29)
becomes

(Da’¢~2Pr="Yu - V)u = (Ra/$)Vp + (Da/$)V'u

(30)
— (FDa/Pr)|ulu —u+(0,6,0)

The Prandtl number is now seen to appear only in nonlinear terms and
therefore will not affect linearized analyses based on a no-flow solution.
However, we see that the criterion for onset will depend only on (Da/¢),
the coefficient of the Brinkman term, rather than on Da as suggested by
Lage et al. (1992). Walker and Homsy (1977) computed the neutral curve
shown in Figure 3 which depicts the transition between Darcy flow when Da
is very small and clear fluid flow at sufficiently large values (10~ and
greater). The reader is referred to the very detailed introductions in Lage
et al. (1992) and Georgiadis and Catton (1988) for a description of earlier
work on this topic.
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Figure 3. Critical fluid Rayleigh number as a function of the Darcy number. From
Walker and Homsy (1977). Reproduced by permission of ASME.

A very recent paper by Néel (1998) considers how a horizontal pres-
sure gradient affects convection in the presence of inertia and Brinkman
effects. The results presented therein correspond to a cubic inertia term
replacing the usual quadratic term, and therefore they cannot be compared
directly with the above papers. In her work, the author does not include
advective inertia, but performs a small parameter expansion in terms of an
inertia parameter and an equivalent to the Darcy number to show that these
effects cause an increase in the critical Rayleigh number. The effects of a
horizontal mean flow are also considered.

C. The Effects of Throughflow

Throughflow has been studied in two different types of case: (i) horizontal
flow and (ii) vertical flow. We have already discussed briefly the papers by
Prats (1967) and Néel (1998) on the effects of horizontal flow, but a further
paper by Dufour and Néel (1998) considers Darcy flow in finite horizontal
channels. Here various end-wall boundary conditions are imposed and the
resulting flow patterns investigated. Weakly nonlinear stability analyses are
performed, as are numerical simulations. Given a reasonable entry condi-
tion (uniform flow and an imposed temperature profile), an entry-region
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effect is obtained whereby increasing flow rates yield increasing distances
before strong traveling-wave convection is obtained.

A somewhat neglected paper by Sutton (1970) was the first to consider
the effect on Ra, of a vertical throughflow of fluid. On taking the nondimen-
sional upward mean velocity as a small parameter, a perturbation analysis is
undertaken which shows that the correction to the critical Rayleigh number
is positive, i.e., that the effect of very small throughflow is stabilizing. Some
numerical analysis of the perturbation equations was also presented for a
small range of values of the throughflow parameter. Sutton showed that,
although destabilization occurs for small vertical velocities, stabilization is
re-established at higher flow rates. This is consistent with the fact that the
overall temperature drop occurs in a decreasingly thick region as the flow
rate increases. The small destabilization may be argued as being a conse-
quence of a nonlinear temperature profile. Nield (1987) considered the ana-
logous case of convection between insulating boundaries and showed that
throughflow is always stabilizing. In the case of mixed-type boundaries,
stabilization or destabilization depends on whether the throughflow is
towards or away from the more restrictive boundary.

Riahi (1989) performed a weakly nonlinear analysis using the method
of Schliiter et al. (1965). At a sufficiently high Péclet number (equivalent to a
scaled throughflow velocity) the resulting finite-amplitude flow takes the
form of hexagons (three rolls aligned at 60° to one another) initially with
subcritical motions occurring. At higher convection amplitudes, square cells,
originally unstable, are stabilized. The existence of multiple stable states
implies that the realized flow depends on the initial disturbance.

D. Hydrodynamic Dispersion

Dispersion in the porous medium context is the local mixing which takes
place due to the complex paths the fluid takes through the porous medium;
the reader is referred to Section 2.2.3 of Nield and Bejan (1992) for a
detailed discussion of the modeling. In the papers by Neichloss and
Degan (1975) and Kvernvold and Tyvand (1980), dispersion was modeled
using an energy equation of the form

0,+u-V6=V-(D-V6) G1)

where D = (1 +&u - wl+ (gy — &y)uu is the dispersion tensor with the
values of &, = D/15 and &, = D/40 chosen. Here D is a dispersion factor
which takes small values. On the other hand, Georgiadis and Catton (1988)
use D = 1 + Dilu| where Di is also a small parameter. It is clear that dis-
persion is a nonlinear effect and, in the presence of a no-flow basic state, has
no influence on the onset problem.
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Neichloss and Degan (1975) performed an analysis using the same
series expansion technique as Palm et al. (1972) to obtain steady supercri-
tical flows. They show that increasing dispersion decreases the overall
Nusselt number, and the influence is significant for coarse materials.
Although these authors undertake a two-dimensional stability analysis,
they conclude that the flow is stable within the limitations of the theory.
A more comprehensive analysis was presented by Kvernvold and Tyvand
(1980), who extended the results of Straus (1974) to flows with dispersion.
At values of D as small as 1/150 the stability envelope, similar to that shown
in Figure 1, extends to much higher values of Ra and indicates that stable
steady convection can persist for a considerably greater range of Rayleigh
numbers.

E. Internal Heating

When the porous medium is subject to a uniform distribution of heat
sources the nondimensional energy transport equation takes the form

6,+u-vo=Vo+1 (32)

the final term representing the steady uniform generation of heat. Often two
Rayleigh numbers are used to categorize the flow: an external Rayleigh
number, which is based on any physically imposed temperature difference
in the system (i.e., heating from below), and an internal Rayleigh number,
Ra;, which depends on the rate of heat generation. Problems involving
internal heat generation are frequently referred to as “penetrative convec-
tion,” although such a term is used quite legitimately in a wider context such
as those flows presented in Section 7.4 of Nield and Bejan (1992).

When the horizontal bounding surfaces are held at identical constant
temperatures the critical value of Ra; is approximately 470. As the tempera-
ture of the lower surface is raised, this value decreases until it reaches zero
when Ra = 47%. The detailed Ra/Ra; map is given in Figure 4, where the
stable and unstable regions are delineated. A nonlinear stability analysis of
the case Ra = 0 was carried out by Tveitreid (1977), who showed that down- A
hexagons (those with fluid flowing dowriwards in the centre of the hexagonal
pattern) are stable up to approximately 8 times the critical value (i.e., 8 x
470), whereas up-hexagons are always stable. Initially rolls are unstable, but
regain their stability at about 3 times the critical value. No information is
given about the relative stability of square or rectangular planform flows.

Other aspects involving different boundary conditions are discussed briefly
in Nield and Bejan (1992).

A substantially different problem ensues when considering a rectan-

gular porous cavity. If all four bounding walls are maintained at the same
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Figure 4. Critical internal Rayleigh number against the external Rayleigh number
for stabilizing and destabilizing temperature differences. From Gasser and Kazimi
(1976). Reproduced by permission of ASME.

uniform temperature, then there is flow at all nonzero values of Ra;. Indeed,
at high values of Ra; (with Ra = 0) convection at the vertical sidewalls
becomes of boundary layer type; see Blythe et al. (1985). However, in
such a situation, the upper part of the cavity is unstably stratified and the
flow described by Blythe et al. (1985) is unlikely to be realized in practice. A
very recent numerical study by Banu et al. (1998) has sought to investigate
the onset of unsteady convection in rectangular cavities; the authors have
found that incipient unsteady flow occurs at values of Ra; which are highly
dependent on the aspect ratio of the cavity. Since convective instabilities at
the time-dependent motion are confined to the top of the cavity, it is possible
to show that the critical value is proportional to the inverse third power of
the aspect ratio for tall thin cavities. On the other hand, the detailed
dynamics becomes very complicated at large aspects ratios where the cavity
is shallow. In this case the flow may become chaotic and it loses left/right
symmetry; snapshots of a chaotic sequence are shown in Figure 5, where the
downward pointing plumes may be seen to be generated whenever there is
sufficient room near the top of the cavity, and subsequently travel towards
the nearer side wall. A detailed numerical study of possible flow regimes in
Ra;-aspect ratio space is needed.

Nield (1995) considered the case of internal heating which decreases
with depth and varies periodically with time, such as would occur in solar
energy collectors or solar ponds. The author assumed that the time-depen-
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Figure 5. Instantaneous isotherms displaying a chaotic solution for a 4 x 1 cavity
with uniform internal heating at Ra = 3000. The individual frames represent snap-
shots at equal time increments. Time progresses downwards from top left.
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dence is quasi-static, in line with the physics of such applications. A linear-
ized analysis using a one-term Galerkin approximation is presented since the
flow inhabits a very large parameter space.

Ames and Cobb (1994) consider the onset of convection in a layer with
a temperature drop between the infinite horizontal surfaces and where the
saturating fluid is water close to its density minimum at approximately 4°C.
The results are necessarily detailed, but the authors also use a nonlinear
energy theory. In many circumstances the linear and nonlinear onset criteria
are different, suggesting that subcritical motions may occur. The extra effect
of an anisotropic permeability is examined in Straughan and Walker
(1996a); they find that convection arises with a complex growth rate, a
Hopf bifurcation to unsteady flow.

The paper by Rionera and Straughan (1990) considers the effect of a y-
dependent gravity (to use the present notation) on convection in a layer with
a linear density-temperature relationship and nonzero Ra. Again, linearized
and nonlinear energy analyses were used, and since the critical value of the
Rayleigh number using the energy method lies below that obtained using a
standard linearized analysis, it is again deduced that subcritical motions
arise.

The addition of Brinkman effects was considered by Vasseur and
Robillard (1993), who also assumed that the layer (without internal heat
generation) is heated using a uniform heat flux at the lower horizontal sur-
face. The other three bounding surfaces are insulated. As there is no heat
sink, the mean temperature rises. On subtracting out this rise, the resulting
mathematical problem resembles one involving heat generation. As the
‘thermal boundary conditions are different from those assumed by the
above-quoted authors, no direct comparison can be made with their con-
clusions. Analytical solutions are presented for various values of the critical
Rayleigh number.

F. Local Thermal Nonequilibrium

The great majority of papers dealing with convective flows in porous media
assume that the solid matrix and the saturating fluid are in local thermal
equilibrium (LTE), meaning that the difference between the fluid and solid
temperatures is negligible throughout the medium. Vafai and Amiri (1998),
in their review article on forced convective flows in porous media, state that
sufficiently slow dynamic processes allow the use of the LTE assumption.
Although we believe that this is true for the Darcy-Bénard problem, recent
boundary-layer analyses by Rees and Pop ((9_9)) and Rees (1999) show that
LTE is not always recovered in steady-state §ows.

2000
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If we use 8 and @ to denote the fluid phase and solid phase tempera-
ture fields, respectively, then the two energy transport equations may be
written in the dimensionless form

6, +u-VO=V0+H®—6), ab, =VPO+yH@O- D) (33)
The three parameters, «, y, and H, are defined according to

2
PO 2 R S O (4)
(pO)sks (1 — &)k, eky
respectively, and may be described as a diffusivity ratio, a porosity-scaled
conductivity ratio, and a dimensionless inter-phase heat transfer coefficient.
Discussions on typical values for A, the dimensional inter-phase heat trans-
fer coefficient, may be found in Kuznetsov (1998) and Vafai and Amiri
(1998). For such problems the Darcy—Rayleigh number is based upon the
thermal properties of the fluid phase, rather than on the average properties,
and is also inversely proportional to the porosity. LTE corresponds to con-
ditions where |6 — ®| is negligible compared with typical values of 6 and ®.
Combarnous (1972) presented a numerical study of steady large-
amplitude convection using the above model. At a fixed value of Ra=
200 with a unit aspect ratio convection cell, he showed that the Nusselt
number is independent of y when H is sufficiently large (which recovers
LTE), and that LTE is established at decreasing values of H as y increases. _pcoc?
Much more recently, Banu and Rees (@@ ave sought to determine
conditions for the onset of convection. These authors obtain the same qua-
litative results as Combarnous in the sense that LTE corresponds either to
large values of H or to sufficiently large values of y. In Figure 6 we show the
detailed neutral curves for various values of y. Comparison with the classi-
cal Darcy-Bénard case for which LTE applies is afforded by plotting
yRa/(1 + y), which corresponds to the usual Darcy-Bénard Rayleigh num-
ber. It is assumed that the layer is infinite in horizontal extent and therefore
yRa/(1 + y) has been minimized with respect to the wavenumber. We
note that large values of y or sufficiently large values of H correspond to
LTE. When H 1is very small, the neutral curves correspond to
yRa/(1+y) = 4’y /(1 +y).

G. Anisotropy, Layering, and Heterogeneity

Storesletten (1998) has very recently presented a thorough and comprehen-
sive review of convection in anisotropic porous media, taking into account
anisotropy in both the permeability and thermal diffusivity. Most of that
review concentrates on the Darcy-Bénard problem. In the very short time
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Figure 6. Values of Ra.y/(1 + y) against log,y H for various values of y. From
Banu and Rees (K9993).

2000

since the submission of the manuscript of Storesletten (1998) only two
further papers have appeared. Mamou et al. (1998) consider how anisotropy
affects the onset of convection in a layer where the upper and lower surfaces
are cooled and heated by uniform heat fluxes rather than having constant
temperatures imposed. In the isotropic case the critical Rayleigh number for
an infinite layer is 12 (Nield 1968). Mamou et al. restrict attention to media
where one of the principal axes of the permeability tensor is horizontal. It is
shown that the criterion for the onset of convection depends very strongly
on the ratio of the principal permeabilities, as does the detailed pattern of
convection. The second paper, by Parthiban and Patil (1997), considers the
combined effects of anisotropy, internal heating, and an inclined tempera-
ture gradient.

Frequent mention is made of the connection between anisotropy and
layering in the Darcy—Bénard context. McKibbin (1985) gives a comprehen-
sive account of work in the area of layering, and further comments may be
found in McKibbin (1991). Rees and Riley (1990) provide an extension to
the earlier weakly nonlinear (two-dimensional) heat transfer analysis of
McKibbin and O’Sullivan (1981). In this paper Rees and Riley consider
whether or not two-dimensional rolls are stable in layers composed of iso-
tropic sublayers of different permeabilities and thicknesses, and conclude
that in some circumstances square cells are to be preferred. The necessary
modification to the overall rate of heat transfer is given. Of particular inter-
est is the fact that layering allows the possibility of multimodal neutral
curves; these allow for sudden changes in the preferred wavelength and
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pattern of convection when a parameter (such as a sublayer permeability)
changes. Comprehensive details may be found in McKibbin and O’Sullivan
(1980). In a three-layer medium Rees and Riley (1990) found a parameter set
with the critical Rayleigh number corresponding to three preferred wave-
numbers simultaneously, suggesting that increasingly complicated modal
interactions may be uncovered as the number of sublayers increases.

The effects of continuous variations in the permeability and thermal
diffusivity (as opposed to the discontinuous changes corresponding to layer-
ing) were considered in quite general terms in Braester and Vadasz (1993). In
general, weak heterogeneities (i.e., small-amplitude variations) modify the
manner in which convection ensues. Convection is maintained at all nonzero
Rayleigh numbers and a smooth transition to a convecting regime is
obtained as the Rayleigh number increases.

H. Inclined Temperature Gradient

Now we consider the case where there is an additional horizontal tempera-
ture gradient superimposed on the standard vertical gradient. In nondimen-
sional terms, the horizontal surfaces have the following linear temperature
variations

y=0: 6=1-Bx, y=1 6= —PBx 395
where B is the ratio of the horizontal to the vertical temperature gradients.
Unlike the classical Darcy-Bénard problem in which there is a basic flow
whose stability is analyzed, there is always a horizontal flow when 8 # 0.
This is referred to as a Hadley circulation, but there is no net horizontal
flow.

Weber (1974) considered small values of B and determined criteria for
the onset of convection in the form of longitudinal rolls (i.e., with axes in the
x-direction): Ra, = 47*(1 + %) at a wavenumber of 7. Later, Nield (1991)
relaxed the restriction of small values of 8 and used a low-order Galerkin
expansion to confirm the qualitative result that a horizontal temperature
increases the critical Rayleigh number. He also presented details of station-
ary and traveling transverse modes. In another paper Nield (1994) discov-
ered that Ra, for longitudinal rolls does not increase indefinitely as B
increases, but reaches a maximum before decreasing to zero. The implica-
tion is that the vertical temperature difference, which is a characteristic of
the Darcy-Bénard problem, is not essential to induce instability in this type
of problem. More detailed linear analyses are presented in Lage and Nield
(1998), where the authors also provide strongly nonlinear computations (for
transverse modes using a variant of the well-known SIMPLE algorithm)
and extend the work to doubly diffusive convection. In the strongly non-
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linear regime a complicated bifurcation structure involving both stationary
and travelling rolls is found. Further references may be found in Lage and
Nield (1998). Of some considerable interest is the nonlinear energy stability
analysis of Kaloni and Qiao (1997); their results suggest that strongly non-
linear convection may in many circumstances arise at Rayleigh numbers well
below that predicted by the standard linearized theory as given by Nield
(1991, 1994).

Nield (1990) also considered the additional effect of introducing a
horizontal pressure gradient to induce an overall fluid flux in the positive-
x direction. As the surface temperature gradient is negative, this additional
effect destabilizes the basic flow relative to when there is no mean horizontal
flow. Again, it is found that a local vertical temperature difference is not
always essential for instability to arise.

The additional effects of anisotropy and an internal heat source were
considered by Parthiban and Patil (1997). The authors conclude that long-
itudinal modes form the preferred pattern of convection at onset, even with
the strong tendency towards hexagonal convection brought about by the e
presence of internal heating, as shown by TveiKeid 1977). >\

. Boundary Imperfections

Here we consider how the classical Darcy-Bénard problem is modified by
the presence of perturbed boundary conditions such as wavy boundaries and
nonuniform bounding temperatures (both steady and unsteady). We note
that these two types of boundary imperfection have identical qualitative
effects within the weakly nonlinear regime when the imperfection is steady
and applies to the upper and lower surfaces, although the quantitative
results are different. Here the nonuniformity is described by sinusoidal
variations in the x-direction.

Perturbation analyses of temperature variations were first carried out
by O’Sullivan and McKibbin (1986), Rees and Riley (1989a,b) and Rees
(1990), using weakly nonlinear theory. The general conclusion from these \H-.e_
studies is that&resulting flow depends very strongly on the wavelength and >\
symmetry of ‘the boundary imperfection. When the imperfection has the
critical wavelength (i.e., with a wavenumber of ), and is not symmetric,
then the transition to convection is smooth and the concept of a critical
Rayleigh number is inapplicable (O’Sullivan and McKibbin 1986; Rees and
Riley 1989a). When the wavenumber is greater than 37 longitudinal modes
are preferred, causing convection to be three-dimensional (Rees and Riley
1989b). At smaller wavenumbers it is possible for rectangular planforms to
arise abruptly, and these are composed of a pair of rolls aligned at equal but
opposite angles from the direction of the x-axis. At slightly higher Rayleigh
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numbers these cells destabilize and one of the pair dominates the other. This
is a mutual resonance effect mediated by the boundary imperfection. At
wavenumbers close to the critical value rolls with spatially deformed axes
or spatially varying wavenumbers may arise (Rees and Riley 1989a), and
when the wavenumber is very small the pattern of convection at onset may
then be quasi-periodic (Rees 1990).

Further and more detailed weakly nonlinear analyses have been under-
taken by Riahi (1993, 1995, 1996, 1998) and a centre manifold analysis by
Néel (1992). The first three of these papers and that of Néel form an exten-
sion of the work of O’Sullivan and McKibbin (1986) and Rees and Riley
(1989a,b), who consider the boundary imperfection to have only one sinu-
soidal component, to the multicomponent case. Given the complexity of the
possible patterns when given one component (Rees and Riley 1989b), the
number of different possibilities multiplies enormously in the more general
cases. Generally, convection is three-dimensional and nonperiodic, although
many special cases exist for which this is not true. Examples are cited where
the flow may undertake a transition between different patterns as the imper-
fection amplitude is altered. Riahi (1998) considers the same type of funda-
mental problem, but assumes that the boundaries are poorly conducting, an
extension of earlier work contained in Riahi (1983). Other aspects are
studied, using reduction methods, by Néel (1990a,b).

Limited results are available for strongly nonlinear convection in the
presence of boundary imperfections. As part of their study, Rees and Riley
(1986) undertook a two-dimensional numerical simulation of convection in
a symmetric layer with wavy boundaries. The onset of convection is abrupt
and is delayed by the presence of the nonuniformity. However, the onset of
time-periodic flow takes place at much smaller Rayleigh numbers than those
corresponding to the uniform layer. The mechanism generating unsteady
flow is no longer a thermal boundary layer instability, but appears to be a
cyclical interchange between two distinct modes which support each other
via the imperfection, and its onset is not a Hopf bifurcation. At relatively
high amplitudes of the wavy surface, the basic flow may bifurcate directly to
unsteady flow. Rathish Kumar et al. (1998) have also studied the effects of
large-amplitude undulations of the lower surface of a porous cavity. They
investigate the effects of varying the wave phase, the wave amplitude, and
the number of waves, using a finite element technique.

In the above papers the boundary imperfections were held stationary
in space and in most cases the preferred mode of convection at onset is
steady. Indeed, rolls show no tendency to exhibit a horizontal mean motion
in the absence of moving boundary conditions or a horizontal pressure
gradient, although the presence of an inclined temperature gradient may
sometimes cause such motion, as mentioned earlier. Just as stationary
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small-amplitude imperfections cause weak fluid motion whose presence
affects the onset of convective instability, so a moving imperfection will
cause the basic fluid motion to be unsteady, which may influence the loca-
tion of the convective cells.

The first paper in this subtopic deals with moving thermal boundary
conditions of the form

y=0: 6=0, y=1 8 = acos[k(x + Ut)] (36)

In their paper, Ganapathy and Purushothaman (1992) assume that the
wavenumber of the imperfection, k, is large and also include Brinkman
and advective inertia effects. This is not a stability problem as the mean
temperature gradient across the layer is zero. They perform a long-wave
approximate analysis to determine the subsequent motion. Mamou et al.
(1996) use the boundary conditions

y=0: O=I1+asinfk(x—Unl, y=1 6=0 (37)

in a numerical simulation of strong two-dimensional convection. These
authors assume that k = m, the critical value for the classical Darcy-
Bénard problem, that the flow is spatially periodic, and that both a
and U take finite (rather than infinitesimal) amplitudes. Additionally, they
compute the flow in a frame of reference which is moving with the imperfec-
tion, and reduce the problem to one in which the imperfection is stationary
but which has an overall mean horizontal flow. The main result of their
computational work is to demonstrate that there are two main flow regimes:
(i) where the convective motion follows the thermal wave, and (ii) where the
convective pattern drifts at a slower speed than the thermal wave. In parti-
cular they deduce that there is a critical value of Ra at which one behavior
gives way to the other. Much of this qualitative behavior has been explained
by Banu and Rees ({999b), who perform a weakly nonlinear stability ana- Q44
lysis based on the boundary conditions

y=0: 6 = 1 + acosfr(x — Ut)],

(3%)
y=1 8 = acos[n(x — Ut)]

The amplitude of convection is taken to be O(e) and the transitional case,
mimicking the computations of Mamou et al. (1996), requires a = O(&*) and
U= 0(82). For a given wave speed, convection follows the boundary wave
until a certain value of R, (see Section II) is exceeded. The resulting non-
linear motion is governed by a straightforward ordinary differential system
and has to be computed numerically. As R, increases the flow may be either
periodic (taking all possible multiples of the forcing period) or quasi-

{12:11 24/1/00 n:3583 VAFAIL.605/3583-012.3d] Ref: 3583 Vafai: Handbook of Porous Media: Chapter 12 Page: 546 521-568



Stability of Darcy—Bénard Convection 547

periodic, but the overall mean horizontal motion of the convective pattern
decreases. An asymptotic analysis, using the technique of multiple
scales analysis for large values of R,, shows that the horizontal drift is
proportional to Ry ! in this limit; a typical flow for such a regime is given
in Figure 7.

An entirely different type of imperfection has been investigated by
Impey et al. (1990) and Vadasz and Braester (1992). These authors consider
the effect of imperfectly insulated sidewalls on convection in a horizontal
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Figure 7. Evolution of the flow for R, = 19.05707 with o = 0.5. The real part of
the complex amplitude is given by the solid curve, and the imaginary part corre-

sponds to the dashed curve. This flow has 9 times the forcing period. From Banu and
Rees 1%
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cavity with upper and lower surfaces at a uniform temperature. Vadasz and
Braester (1992) use weakly nonlinear theory to show that weak imperfec-
tions modify the usual pitchfork bifurcation to a so-called imperfect bifur-
cation. Thus weak convection persists at relatively low Rayleigh numbers
and grows sharply in strength near the critical Rayleigh number correspond-
ing to the classical Darcy-Bénard problem. A second stable flow also exists
within the weakly nonlinear regime if the Rayleigh number is sufficiently
large. Impey et al. (1990) provide a comprehensive account of the effects of
different shapes and symmetries of the sidewall imperfections, and extend
their results well outside the weakly nonlinear regime by using numerical
continuation techniques drawn from bifurcation theory. Great emphasis is
laid upon how different solution branches gain or lose stability as the
Rayleigh number increases.

Vadasz et al. (1993), while also summarizing the results of Vadasz and
Braester (1992), also consider strong convection in a cavity with perfectly
conducting sidewalls. Conditions are determined under which a conducting
no-flow state may be obtained. For general sidewall temperature profiles,
flow exists at all nonzero Rayleigh numbers. In shallow cavities convection
is confined to the regions near the sidewalls at subcritical Rayleigh numbers,
but the patterns migrate towards the middle and fill the cavity as the
Rayleigh number increases. Cases with heating from above as well as heat-
ing from below are considered.

J. Large Wavenumber Effects

In two separate recent studies the flow within a tall cavity heated from
below has been considered, but different sidewall boundary conditions are
imposed and this leads to very great qualitative differences between the
two cases. Lewis et al. (1997) allow the sidewalls to be insulated, and
perform a large-wavenumber asymptotic analysis of nonlinear convection.
Three separate nonlinear regimes appear as the Rayleigh number increases,
but convection remains unicellular. On the other hand, Rees and Lage
(1997) use perfectly conducting boundary conditions by setting a linearly
decreasing temperature profile up the sidewalls. For all cell aspect ratios
the onset problem is degenerate in the sense that any combination of an
odd and an even mode is destabilized simultaneously at the critical
Rayleigh number. This degeneracy persists even into the nonlinear regime.
A large-wavenumber analysis of the tall cavity problem shows that strong
boundary layers form on the top and the bottom of the cavity and a third
may exist in the interior.
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K. Recent Experimental Advances

A primary difficulty in experimental work involving porous media is the
determination of the detailed macroscopic flowfield. Conventional visuali-
zation techniques suffer due to the random nature of most media and the
difference in refractive indices of the fluid and the matrix of those media
which are transparent. Invasive techniques yield only a small amount of
information, and others provide information only at boundaries. Howle et
al. (1993) overcame these difficulties using suitably regular media (stacked
square cross-section bars or punched disks) and a shadowgraph technique.
Despite the relatively coarse nature of the media, a remarkably sharp transi-
tion to convection was observed for the barred medium. A more compre-
hensive account is given in Howle et al. (1997).

The magnetic resonance imaging technique was used by Shattuck et al.
(1995, 1997) to provide accurate imaging and heat transport measurements
for both ordered and disordered media consisting of spheres. It was found
that pattern selection in disordered media is influenced strongly by the pre-
sence of packing defects. On the other hand, well-defined convective pat-
terns appear when the spheres are uniformly packed. The authors provide a
very comprehensive account of the effects of different container geometries
and conclude that theoretical modeling of macroscopic laws may well need
more detailed information on the pore structure.

L. Miscellaneous Topics

Finally, we present brief descriptions of various studies which cannot be
categorized easily into the above subsections.

Parthiban and Patil (1996) consider the onset of convection of a rare-
fied gas for which the Knudsen number is close to unity. Compressibility
effects are included, as are thermal dissipation effects (in the usual fluid-
dynamical sense of heat being generated by sufficiently high fluid velocities).
The authors study both the Darcy and Darcy-Brinkman models. It is found
that rarefaction serves to increase both the critical Rayleigh number and the
wavenumber. A simpler model was used by Stauffer et al. (1997) in an
independent study of strong convection using numerical methods. We also
note that the time derivative of the density in the continuity equations used
in these papers is multiplied by 1 in Parthiban and Patil (1996) and by the
porosity in Stauffer et al. (1997), and that the Rayleigh numbers are defined
differently. Therefore it is difficult to compare these studies.

Malashetty et al. (1994) performed a linear stability analysis of a layer
saturated with a chemically reacting fluid. The basic state consists of a
nonlinear temperature profile whose degree of nonlinearity depends on
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the size of the Frank—-Kamenetskii parameter. A low-order Galerkin expan-
sion of the linearized stability equations was used to yield criteria for the
onset of convection. It is found that this type of chemical reaction enhances
convection and destabilizes the layer in comparison with the classical
Darcy-Bénard problem.

The presence of a vertical baffle occupying part of the vertical extent of
a porous cavity was considered by Chen and Wang (1993). The primary
effect of the presence of the baffle is to inhibit the onset of convection by
restricting the space within which convection can occur, although a suitably
placed baffle will not influence onset criteria.

Sometimes it is advantageous to delay the onset of convection in order
to reduce the rate of heat transfer across a porous layer. With this in mind,
Tang and Bau (1993) have presented and analyzed a particular feedback
control stabilization strategy. The controller modifies the boundary tem-
perature using (i) a measured deviation of the temperature from the con-
ductive state, and (ii) its time derivative. It is found that the critical Rayleigh
number may be increased by a factor of 4. The conduction state is main-
tained through small modulations in the boundary temperatures.

The possibility of combining surface tension effects in a highly porous
medium with standard instability mechanisms in order to explain the fre-
quent occurrence of hexagonal planforms was postulated by Hennenberg et
al. (1997). The Darcy flow model with a linear equation of state is insuffi-
cient to cause stable hexagonal patterns, and the addition of Brinkman
effects does not change this qualitative result as the symmetry of the layer
has not been changed. Hennenberg et al. refer to their paper as tentative,
and detailed comments are given in Nield (1998) about the modeling of the
free surface and about other mechanisms which could explain the presence
of hexagonal cells.

Skeldon et al. (1997) present a method for investigating the bifurcation
structure associated with competition between hexagonal patterns and rolls.
Although the paper uses directional solidification as the application, the
primary aim is to devise suitable finite element grids which will capture
correctly all the symmetries involved in hexagonal/roll interactions. The
computation of points of bifurcation is of great importance in understand-
ing the roles played by the many competing solutions of a convection pro-
blem. In this regard much information may be gained from analyzing the
eigenvalues of the Newton-Raphson iteration matrix when computing
steady-state solutions. At relatively low Rayleigh numbers this is quite inex-
pensive, but efficiency and accuracy are of increasing importance at increas-
ing Rayleigh numbers. Both may be achieved by means of two different
methods described in detail in Straughan and Walker (1996b), who also
give applications in porous medium convection. The first is a modified

[12:11 24/1/00 n:3583 VAFAI.605/3583-012.3d) Ref: 3583 Vafai: Handbook of Porous Media: Chapter 12 Page: 550 521-558



Stability of Darcy—Bénard Convection 551

version of the compound matrix method, and the second is the Chebyshev
tau method.

Porous rocks may exhibit large-scale imperfections such as layering or
faulting. Although much work has been presented in the literature on the
onset problem for layered media, little exists for faulted media, such as is
presented in Joly et al. (1996). In that paper the authors devise a method for
analyzing stability which involves the finite element technique. The method
is able to test whether complicated two-dimensional flows are unstable to
three-dimensional disturbances. It is illustrated by an application to a
layered medium, the middle sublayer of which has vertical faulting modeled
by a relatively high permeable porous medium.

NOMENCLATURE
Roman Letters

amplitude of thermal wave

amplitudes of weakly nonlinear convection
heat capacity

macroscopic length scale

dispersion factors

Darcy number

dispersion tensor

reduced streamfunction

inertial coefficient

temperature

inertia parameter

gravity

inter-phase coefficient of heat transfer
nondimensional inter-phase coefficient of heat transfer
wavenumber of convection

permeability, small perturbation to wavenumber
dimensional inertia parameter

microscopic length scale

pressure

Prandtl number

fluid flux speed

Darcy—Rayleigh number
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Greek Letters

scaled inertia parameter, diffusivity ratio
coefficient of cubical expansion
ratio of temperature gradients
porosity-scaled conductivity ratio
small expansion parameter
scaled temperature

thermal diffusivity

exponential growth rate

viscosity

fluid density

heat capacity ratio

slow time scale

porosity

temperature of the solid phase
angle between rolls
streamfunction

inter-roll coupling coefficient

HEeX GO 9 AT T XA DO W™ R

Superscripts and Subscripts

P

dimensional
c cold, critical

f fluid

h hot

K solid

0,1,2,3 terms in weakly nonlinear theory
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