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ABSTRACT

In this paper we use asymptotic analysis to examine free convection in
a shallow annular cavity filled with a fluid-saturated porous medium.
The sidewalls of the cavity are maintained at different temperatures and
the upper and lower boundaries are insulating. Results are obtained in
the limit as the aspect ratio A, defined as the ratio of the height of the
annular cavity to its width, goes to zero. This problem was first studied
by Pop, Rees, and Soredetten (J. Porous Media, vol. 1, pp. 227-241,
1998) who considered the case when 6 = O(1/A) where & is the ratio of
the inner cylinder radius to the height of the cavity. The results of Pop
et al. are extended in this paper by considering convection in the limit
as A - 0 with 8=0(1). The results indicate that curvature effects
strongly influence the nature of convection in shallow annular cavities.
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Ra Rayleigh number,
Ra=gKB (Th — To)h/av

T2 dimensiona temperature

Th(Te) temperature of inner (outer) cylinder

u dimensionless radial velocity

v dimensionless vertical velocity
dimensionless displacement from inner
cylinder,x=r -9

z dimensionless vertical coordinate,
z=727h

Greek symbols

a thermal diffusivity

NOMENCLATURE
ck, ok, B thermal expansion coefficient
s, 5 numerical constantsin central core 5 dimensionless radius of inner cylinder,
cK DK numerical constantsin hot end region d=rr/h
g coefficient of gravity n stretched asymptotic matching variable,
h height of annular gap n =A%
k thermal conductivity 0 dimensionless temperature,
K permeability 0= (T"-To)/(Th-To)
Nu Nusselt number A logarithmic temperature profile parameter,
r dimensionless radial coordinate, r =r'/h A =1/In (AS/ (1 +Ad))
rh(rc)  radius of inner (outer) cylinder v kinematic viscosity

displacement from outer cylinder,
E=r-1/A-9
p curvature parameter, p = Ad =rn/(rc — rn)

perturbed temperature, @ =6 — ¢

X stretching factor used during
asymptotic matching

U] cylindrical stream function

Superscripts

* dimensional variable

~ hot end region variable
- cold end region variable
core region variable

INTRODUCTION

Pop, Rees, and Stored etten (1998) used asymptotic analy-
sisto examine steady free convection in ashallow annular
cavity between two concentric circular cylinders filled
with afluid-saturated porous medium. The top and bottom
boundaries of the annular cavity were perfectly insulating
and theinner cylinder was maintained at a higher tempera-
ture than the outer cylinder. Their results are valid in the
limit asthe aspect ratio A, defined astheratio of the height
of the cavity divided by itswidth, issmall. Pop et al. (1998)
have argued that this flow geometry is of relevance to the

modeling of thermal energy storage tanks, petroleum res-
ervoirs, chemical catalytic converters, and theinsul ation of
gas-cooled reactor vessals.

In the limit of small Darcy number (i.e., when momen-
tum transport can be modeled without including the Brink-
man and Forchheimer terms in the Darcy equation), the
heat transfer and fluid flow dueto convectionin cylindrical
annuli depend on three parameters. First, the Rayleigh
number Ra provides a measure of the strength of the
thermd forcing to the diffusion of heat and momentum,
with larger Raleading to more vigorous convection. Sec-
ond is a curvature parameter & defined as the ratio of the
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radiusof theinner cylinder to the height of theannular gap.
The term curvature is used to emphasize the fact that the
heat transfer area in a cylindrical annulus increases in
proportion to the radius when moving from theinner to the
outer cylinder. Prasad and Kulacki (1984, 1985) and
Prasad, Kulacki, and Kulkarni (1986) have already noted
the importance of curvature to flows in annular cavities
filled with porous media. Third isthe aspect ratio A, which
has been defined above. Pop et al. (1998) used asymptotic
analysisto examine convection in thelimit asA — 0 with
and Ra=0(1) and Ra=O(1/A). Their resultswerelimited
to the case of d=0(1/A), where curvature effects are
relatively unimportant.

Leppinen (2002), used asymptotic analysis to examine
convection in a shallow cylindrical annulus filled with a
Newtonian fluid (i.e., the nonporous medium anal ogue of
the work by Pop et a., 1998). In both the porous and the
nonporous medium cases, the flow can be divided into a
central core region and two end-zone regions. Theflow is
approximately parallel in the central core, with fluid mov-
ing toward the cold cylinder in the top half of the cavity
and fluid moving toward the hot cylinder inthe bottom hal f
of the cavity. Theflow isturned around in end regionsnear
the inner and outer cylinders, which are approximately
square. Leppinen (2002) considered convectioninthelimit
as A - O with Ra= O(1) for the case of d=0(1/A) and
0 =0(1). The purpose of this noteis to extend the results
of Pop et al. (1998) by examining convection in a porous
medium when & = O(1) with Ra= O(1), where it is noted
that the asymptotic analysis is fundamentally of the same
form for flow in both a porous and nonporous medium. It
isour belief that the flows described here arevery likely to
be observable in practice since the studies of Rees (1993)
and Lewiset a. (1995) havedemonstrated that vertical free
convection from a uniform temperature plane heated sur-
faceis stable.

GOVERNING EQUATIONS

We consider convection in an annular cavity of height
between an inner cylinder of radius U= r, that is main-
tained at temperattureTD = T and anouter cylinder of radius
b= rc that is maintained at a temperature of T= Tc with
(see Fig. 1). The enclosure isfilled with a fluid-saturated
porous medium that has kinematic viscosity v, permeabil-
ity K, and effective thermal diffusivity a. The top and
bottom boundaries are insulating and all boundaries are
rigid and impermeable. Following Pop et d. (1998), the
governing equations are
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where u”and w” are the radial and axial Darcy velocities,
respectively, g is the acceleration of gravity, and 3 is the
thermal expansion coefficient. Inwriting Egs. (1)—(3) it has
been assumed that the flow is axisymmetric about the Z
axis, steady, and that it obeys Darcy’ s Law and the Boussi-
nesq approximation.

We introduce the stream function qJDdefined by
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0 5,0 W=570
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(4)

and nondimensionalize the governing equations using
r :rD/h, z:zD/h,

Y=gV (haRa), and 6=(T'-T)/(Th-Td (5)

g
J § axis of symmetry l
z¥=h| ____
z=1] T, A -~ T*=T
_ L insulated _q
0=1 u - 0=0 _
=1, =1,
1= 9 r=1/A+d

Figure 1. Schematic of annular enclosure.
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isthe Rayleigh number to give
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The aspect ratio of the cavity is A=h/(r;—rp) and the
curvature parameter is 6 = rp/h. The governing equations

must be solved subject to L|J=g—2:0 when z=0,1,

Y=0, 6=1 when r=9, and y=6=0 when r=
0+ 1/A. The solution procedure will be to obtain as-
ymptotic expansions in the central core region and to
match these solutions to asymptotic expansions near the
hot and cold end regions.

ASYMPTOTIC ANALYSISWHEN & =0(1/A)

The asymptotic analysis and solution procedure when 6 =
O(1/A) isgiven in Pop et a. (1998) and only the results
that are necessary to understand the solution procedure
when 6 = O(1) are repeated here. The key feature of the
analysis when 6 = O(1/A) isthat r = O(1/A) throughout
the entire domain and the effects of curvature are compa-
rable in each of the hot end, the central core, and the cold
end regions. The analysis begins by introducing the vari-
ablex=r -9 into Egs. (7) and (8) so that 1/r (Ad + AX)
=A/(p + AX) where p = Ad = O(1) as A - 0. This substi-
tution explicitly introduces asmall parameter into Egs. (7)
and (8) and asymptotic solutions of the form
N
W.0)=5 AW,8) ©)
i=0
can be determined. In particular, in the central core the
temperature profileis
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+0O(A%) (10)
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(see Pop et d., 1998, for details and the corresponding
result for ). This coreregion solution isfully specified by
examining the governing equationsin the core region and
then matching with solutions in the hot and cold end
regions. As noted by Pop et a. (1998), the governing
equations in the core region are such that the solution at
O(A") can only be determined by examining the governing
equations at O(A”+2). Aswill be shown below, thisfeature
carries over to the analysisfor the case when 6 = O(1).

ASYMPTOTIC ANALYSISWHEN 8=0(1)

The asymptotic analysis when & = O(1) is complicated by
the fact that curvature effects arerelatively important in the
hot end region and relatively unimportant in the central core
and cold end region. Inthe hot end 1/r = O(1) whilein the
central core and the cold end region 1/r = O(A). Thus, in
the central core and the cold end region a perturbation
parameter can be introduced into the governing equations
by rescaling theradial coordinate. Asit stands, however, the
governing equations in the hot end region are Egs. (7) and
(8). Unfortunately, each of the terms in these equations is
of the same order of magnitude and there is no small
parameter available to perturb. If we were to use an expan-
sionof theformof Eq. (9) for thecaseof & = O(1), wewould
have to solve the full nonlinear, coupled stream function
and energy equations at each order in A in the hot end
region. To avoid this complication, we make a substitution
of theform

e:(p+ eC (12)
where
gA 0O
6:=AlIn 13
¢ +ASH (13)

isthe conduction temperature profile between cylinders of
radiusr =dandr = & + 1/4. Thissubstitution ismotivated
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by observing that the leading order temperature profilefor
the case of & = O(1/A) is precisely the conduction profile
[cf. Eq. (11)]. Upon substitution of Eq. (12), Egs. (7) and
(8) become

2 2
O
10w, 0wg 10y 09,2 (14)
rgors 0z°pgroor or r
a(p 1og, L)
o’ ror o7
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This substitution has introduced the perturbation parame-
ter A into the governing equations, where it is noted that
A isasymptotically small as A - 0. By examining Eqgs.
(14) and (15) and by noting that 1/r = O(A) throughout the
central core and cold end region, we seek asymptotic
expansions of the form

(&@ziNZAwmﬁ) (16)

where it is noted that, in order to obtain an asymptotic
solution, the inner summation must be performed before
the outer summation.

Solution M ethodology

Our objectiveisto determinethefirst convectiveinfluence
(i.e., Rayleigh number dependence) to thetemperature and
stream function fields in the central core. This will be
accomplished by matching asymptotic solutions in the
central coreregion with asymptotic solutionsin thehot and
cold end regions. It will be shown that matching between
the hot end region and the central core is complicated by
the fact that terms for the central core solution jump order
when matching [i.e., terms that appear to be O(A2) are
actualy O(1)]. Thefirst convectiveinfluencein the central
core will occur at O()\4), although a complete analysis to
higher ordersin Aisrequired to show this. Dueto the need
to solve the governing eguations in the hot end region
numerically, matching is not performed beyond thisorder.

Central Core

In the central core we notethat r = O(1/A), so we rescale
the radial coordinate using r=Ar. Denoting the stream
funct|on and temperature perturbation in the central core
by q_u and (p, the core eguations become
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These equations must be solved using expansions of

the form of Eg. (16), where it is noted that the only

boundary conditions available in the central core are
N

A a(p
=—=0when z=0,1.
v 0z

The energy equation at O()\k) is

/\
P
7% _, (19)
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Integrating this equation and applying the boundary con-
N
a k
dition a—(‘[;o =0 when z=0,1 gives

—(‘00 =0 (20)

and hence(po go(') where go isafunctic on of r onIy, which
has yet to be determined. The value of (pg cannot be deter—
mined by examining the governlng equations at O(A )
Instead, aswill be shown below, (po isonly fully specified
by proceeding to O(A A ) For simplicity, Eq. (20) will be
written in the equivalent form

AN

k Kk
% _% (21)
ar T
where Clc() isayet to be determined function of T
The stream function equation at O()\k) is
~k
19°¢; _9¢, 5 1 (22)
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where &y, , = 1if m= nandisequal to 0 otherwise. Upon
subgtitution of Eq. (21) into Eq. (22), we obtain
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Integrating this equation twice with respect to zand apply-
ing the boundary conditions gives

1
05 =5(C +8,)(Z -2) (24
The governing eguations at O(A)\k) are
2~k 2
oo gy 10000 (25)
0z r oz or

and using the same sol ution procedure as above, we obtain

and Lﬁf=%c§(zz—z) (26)
where c'{ isayet to be determined function of r.
The energy equation at O(Az)\k) is
P g, ¥ g, 10g
0z 6?2 7 or
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which upon substitution of Egs. (21) and (24) becomes

%o 1ack Ra
67"2’2 +2 a_? K (22 -1) 28)
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=L@, 0+ Y T e, @)
2 m+n=k 2
In the definition of e'§ and in all other caseswherethereis
asummeation over ordered pairs(m, n) withm + n =k, both
mand n must be greater than 0. Integrating Eq. (28) from
z=0to 1 and applying the boundary conditions that
"k

0
—(‘02:0 when z = 0,1 gives
0z

Ex

9% _, (30)

.
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r

so that 05 is a numerical constant. Thus Eg. (21) can be
integrated to give

N

o = cospk In T+ df (31)

where the unknown constants 05 d'c‘) will be determined by
matching with the hot and cold end regions.

Leppinenet a.

It is noted that the solution at O()\k) has only now been
determined by proceeding to O(AZ)\") in the perturbation
analysis. It is a general feature of Egs. (17) and (18) that
the complete solution at O(A”)\k) can only be determined
by proceeding to O(A”+2)\k) in the perturbation analysis.
Thisis because there are not enough boundary conditions
availablein the core regl on to fully solvethe partial differ-
ential equationsfor I.IJn and (pn

Theenergy equation at O(AZ)\") issolved by integrating
Eq. (28) twice with respect to zand applying the appropri-
ate boundary conditionsto give

K Ra , L 1 10
o, = - AZ %k % 3 2 2 +EH+T2 (32)

where t'§ is a yet to be determined function of r. The 1—12

in Eq. (32) has been included so that the polynomid is

symmetric about z=1/2. This is acceptable since TE isan

arbitrary function of .
The stream function equation at O(A A ) simplifiesto

P
b, _ ;9 33)
0z or

which can be integrated to give
;=€ (34)
2Ragl 5 1, 1, 1 O, fdrs
X 7 —2Z +—Z zZ —Z

72 0 24”24 GOHZdr( )

The governing equations at O(A A ) can be solved in a
similar manner to those at O(AZ)\"). For our current pur-
poses, it is sufficient to note that the energy equation at
O(AS)\k) can be used to completely specify the solution at
O(A)\k). In particular, it can be shown that c'{ isanumerical
constant and Eq. (26) can be solved to give

o= ckin () + o (35)

where the numerica constants c'{ and d‘i must be deter-
mined by matching with the end regions.
The energy equation at O(A4)\k) is

0°p, 9 (02 L1900 _ 5 Ra@woa@ g 9
022  9f% F of L= Har 0z 0z ar
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P intermediate matching region
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Figure 2. Intermediate matching region when A - 0 with & of O(2).
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;;\nd the objective is to use this equation to fully specify
(pz Thisisachieved by first substituting known valuesinto
Eqg. (36) and then integrating from z=0to z= 1 and using
the appropriate boundary conditionsto give

9°TS lar2

afz f of

_—2Ra’ s 1, 1m0 3

= Iofz 2 -37 +55m2 ﬂdz 37
where

=Y & +d,) (38)

m+n=k

Equation (37) can be integrated to give

R_33 (39)
? 120 2

where the numerical constants c'§ and d'§ must be deter-
mined by matching with solutions in the end regions.
Substitution of Eqg. (39) into (34) will fully specify the
value of 5.

An examination of Egs. (32), (34), and (39) revea sthat
some of the termsin the asymptotic expansion in the core
region jump order when matching with solutionsin the hot
end region. To accommodate this, the matching is per-
formed using an intermediate variable n = rAX = rAXL,
where0 < x < 1. (For adetailed discussion of intermediate
matching, see the book by Hinch, 1991.) Matching is
performed by expressing the core region solutions and the
hot end region solutions in terms of n and then ensuring
that the solutions have the identical form throughout the
entireintermediate matching region (seeFig. 2). For afixed

=cfIn(F) +di +

value of , the intermediate matching region becomes infi-
niteas A - 0. Observing that

2

AT_ 1 x_1 40
A A X (40)
?2 nz r2

it followsthat the 1/ 1 termsthat occur at O(AZ) inthecore
region must be matched with 1/ r? terms at 0(1) in the hot
end region. To complicate mattersfurther, it can be shown
that for dl n > 1 there aretermsin the coreregion solutions
at O(A?") that vary as 1/1?" and hence jump to O(1) when
matching with solutions in the hot end region. For the
purposes of this paper, matching can be performed by
determlnlng the terms in the solutions for (pZn, qJZr,, and
(pZn that jump order when matching with the hot end region
solutions. Recursion relations for these higher order solu-
tions can easily be derlved and solved using the known
starting values of (pz q;z, and (pz

Cold End Region

The governing equations in the cold end region are ob-
tained from Eqgs. (14) and (15) by introducing & =
0+ 1/A-r as the radid variable where § measures the
radia distance from the cold cylinder. If overbars are used
to denote the cold end region solutions, then the matching
condition for the temperature field between the core and
cold end region is given by

lim ¢ ~ lim ¢
where it is noted that, when matching with the cold end
region, notermsin the coreregion solution jump order. For
the current purposes, matching will only be performed for
n=0.

At O()\k), the governing equationin the cold end region are
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Combining the above equations with the boundary conditions
ogb

E:OWhenz:O,landT(p'é:OWhenE :Orequireszp'o‘:o

for adl k. The solution to the energy equetion a O()\k) in the
core region is smply % = c(k) Inf + d(k). By expressng /(E)'o‘ in
terms of &, the matching condition is given by cﬁ In
(L+A(5-8) +dS~ @ = 0which can be expanded to give

CK(AO —&)-12A* (0 -&)* +..) +d¢ ~ 0 (42)

Henceto leading order in A, d'c‘, =0foral k.

Hot End Region

The solutions in the hot end region will be denoted as
W=y and =@, where it is noted that the governing
equationsin the hot end region are given be Egs. (14) and
(15) without any rescaling. M atching between the hot end
region and the core region is complicated by the fact that
terms jump order when attempting to match. The match-
ing proceeds by first examining the general form of (p'o‘
throughout the intermediate matching region and noting
that the matching procedure involves two steps-the first
is performed analytically and the second is performed
numerically.

The energy eguation in the hot end region at O()\k) can
be written as

2 ~k ~k 2 ~k
°9,2%% .9 %= 1(,
o’ ror o7
where f(r, 2) is a forcing function that can be written
explicitly by examining Eq. (15). The general solution to
Eq. (43) is %‘ = (&f)h + (?pb‘)nh where (&f)h is the homoge-
neous solution to Eq. (43) with f(r, z) replaced by 0, and
(%) nh IS aparticular solution to nonhomaogeneous Eg. (43)

(43)

when f(r, z) # 0. The boundary conditions on ~(p.'§ are 6'5 =0
ogh ~K
whenr =9, and N =0 when z=0,1. Moreover, (gp)n and

(%)nh must be of the correct form to match with solutions
from the core region. Noting that the core region solutions

Leppinenetal.

behave as the sum of logarithmic terms, congtant terms and

terms that jump order with aradial dependence of 1/ r?in
the intermediate matching region, it follows that the hot
end region solutions must display the same behavior inthe
intermediate matching region. The homogeneous solution
to Eq. (43) that satisfies dl of the boundary conditionsand
that is of the correct form to match with the core region

solutionsissimply % = C'(‘) In (r/3), where C'(‘) isanumeri-
cal constant that must be determined by matching. Thus,
to ensure that the hot end regions solutions are of the
correct form to match with the core region solutions, it
followsthat the parti cular nonhomogeneous solutionto Eq.
(43) must behave as

(@)nn ~ Db+ 301, 2) (44)

throughout the intermediate matching region, where D'(‘) is
an as of yet undetermined numerical constant and where
JE(r, 2) isused to denotethe sum of termsthat jump to order
O()\k) when matching between the core region and the hot
end region.

L ogarithmic and Constant Terms

Thefirst stepin matchinginvolvesmatching thelogarithmic
and congtant termsin the coreregion withthe corresponding
termsin the hot end region, and the matching is performed
using the intermediate variable n =rAX =rAX! where
0 < x < 1. The matching condition is

ZAk(Cgln(r/5)+D§)~ZAk(cglang) (45)
which is expanded to yield
CixAINWA) +(CHIn(n/d) + DY A +CZXA% In(LIA) +...~

G (X —DAIn(UA)
+cInn +d)A +GE(x DA In@A) +... (46)

By expanding Eq. (11) intermsof Aas A - 0, it can be
shown that

Aln(/A)

=-1+A(Ind —(Ad) +%(A5)2 —%(Aé)3 -.) (47)

Thus, to leading order in A, A In(/A) =-1+AIn§, and
when this substitution is made into Eq. (46) and the coeffi-
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cients of the powers of A are compared, it is seen that
CiX = cospl (x — 1) and

CIn(n/d) +DE +CExInd -Cx

=cyInn +dg +c5(x ~DInd —c5™(x 1)
for k> 1. Since Eq. (48) must be satisfied for all values of
0<x <1,itfollowsthat C§ = c§ = 0, and that C§ = cfwith
D'c‘) = dk c'(‘f'lwhenk > 1. Matchinginthecoldendregion
has shown that d§=0 for al k so it follows that c§™
— CIc()+1 D

(48)

Nonhomogeneous Solutions

While the above analysis has shown how the constants
D'c‘) are matched with solutions in the core region, the
numerical value of these constants can only be determined
by cal culating the nonhomogeneous sol utions noted in Eq.
(44). The energy equation at O(A) in the hot end region is

62(00 1 d¢ (po o° E’i

o’ roor 622
and the only solution that satisfies the appropriate bound-
ary conditi onsand that canbematched with the coreregion
solutions is (pg CO In(r/d). (At O(A) there are no terms
in the core reglon solutions that | Jump order.) Noting from
above that CO 0, it follows that (pg 0. Since Eq. (49) is
homogenous, it follows that there is no nonhomogeneous
solution and that D(l) =0. This, in turn, implies that C(Z) =
¢4 = 050 that the homogeneous sol ution at O()\Z) vanishes.

The stream function equation at O(A) is

=0 (49)

1%}, 00 10g} 1 50
rgor® 9z rtor r’

3
r
Figure 3. Leading order stream function (g in the hot end region when &= 1. The contours are i§

3.5 4+ +.5 5

=-0.02, -0.04, .., 012

The boundary conditions on i are (s = 0 when z = 0 and
whenr = . Throughout the entire matching region, lTJcl, must

satisfy Jid ~ % (Z2-7). The solution of Eq, (50) iss plotted in

Fig. 3 for the specific value of d = 1. (The solution for other
values of  has the same general featuresasfor 6 =1). It is
seen that theleading order stream function smoothly turnsthe
flow through 180°. Equation (50) was solved using astand-
ard second-order centra differencing technique. Theradial
coordinatewastruncatedatr = ¢ + 16 (although dataisonly
plotted betweenr = dandr = & + 4inFig. 3) and numerical
solutions were obtained on a uniform 2048 by 128 (radial
by vertical) grid. (Preliminary calculationswere performed
onmuch coarser gridsandit isfelt that theresults presented
herein are effectively grid independent.)
The energy equation at O()\Z) simplifiesto

75,108 G __Raot)
o ror o7F r? oz
~>

- 9
subject to g2 = Owhenr = 5, anda—(‘;) = Owhenz=0,1. The

(51)

matching condition for ~(pg is

@0~ C2In(r/d)

+D2 +(A2¢2 +A4 (52)

+A6 @+
throughout the intermediate matching region, where |t is
noted that the homogeneous part of the solutlon ((PO)h
= CO In (r/d) can in fact be neglected smceCO 0.

The value of the constant Dcz) can be determined by
integrating Eq. (51) from z= 0,1 to give
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(b)

(©)

- ¥
Figure 4. The O()\Z) temperature perturbation ((p%)’ in the hot end region when @ 6=0.1, b) d=1, and c) 6=10. (See Table

1 for details.)

2~ 2~2
Da o, 16% Az =0 (53)
ﬁar r or 7% H

Thisequationisvalidinthehot end region and throughout
the entire intermediate matching region. Since (po 0
when & =0, Eq. (53) can be integrated twice with respect
tor to give

[, @iz = (Y In(r/3) (54)

where (C(Z))' isanumerical constant of integration. Since
1

it can be shown that [ ¢Zdz=0 for all n, substitution of
0
the matching condition of Eq. (52) into Eq. (53) yields

(C8)' = Cand moreimportantly D3 = 0. Thisimpliesthat
C3=ci=0.

Equation (51) can be rewritten using Eﬁ =Ra ((135)' togive

0°(gy) ,10(q) (@
o r or 07

The mar[chmg cond|t|on for (~<p0) is obtained from Eq. (52)
by setting Co DO 0. Equation (55) was solved using a
second-order central differenceformulation usingthesame
numerica grids that were employed to calculate EI](l) Dur-
ing the numerica integration, the sum given in Eqg. (52)
was truncated at O(Alo). The numerically determined so-
lution of Eq. (55) isplotted in Fig. 4 for 3= 0.1, 1 and 10.
The minimum, maximum, and contour increment values
for Fig. 4 are listed in Table 1. In al cases, the O(\?)
correction to the temperature field leads to positive pertur-
bations in the top half of the enclosure, and negative
perturbations in the bottom half of the enclosure. The
perturbations are considerably larger for smaller val ues of
0, and the contours become more tightly bunched near the

__10gy
" 1% oz 9
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Table 1

The minimum, maximum, and contour increments for the plotsin Figs. 4 and 5. Positive (negative) contours
are printed as solid (dashed) lines, and zero is plotted as a dot-dashed line

Figure Minimum Maximum Increment
4a) —6x 1072 6x 1072 1x 1072
4(b) ~1x1072 1x1072 2x107°
4(c) -3x 107 3x1074 5x 107
5(a) -8x 107 8x 1074 1x 107
5(b) -3x1074 3x 107 1x 1074
5(c) ~7x107° 7x107° 1x107°

inner cylinder for smaller values of 9, indicating the in-
creased influence of curvature for smaller values of o.
The stream function equation at O()\Z) is

1EPZQ00 atﬁgD 16‘[’0 a(po (56)
rgor® 0z’ g r>or  or

with L|_|0 0 whenz= 01 anquo 0 whenr = 0. Sinceit
hasbeen shownthat Co Oand hencethat qu 0,itfollows
that the matching condltlon for qu is the sum of the terms
in the solutionsfor qJZn that jump to O(A ) when matching
with the hot end reglon By noting the Rayleigh number
dependence of (po and of the matchl ng terms that jump
order, wecan write qJO Ra (qJO) The governmg equatlon

for (I.IJ()) is given by | Eq (56) with qJO replaced by (qJO)
and (pg replaced by ((po) The matching condition is

W)~ NP +A@Y +A@Y +.. 6D

The solution of Eq. (56) subject to the appropriate bound-
ary and matching conditions has been obtained numeri-
cally and theresultsfor 6 = 0.1,1 and 10 are plotted in Fig.
5 (see Table 1 for details of the contour values), where it
is noted that the summation in Eq. (57) was truncated at
O(AlO) to obtain the numerical solutions. It is seen that the
(E[J(Z))' perturbation consists of four counterrotating cells
with two of the cells confined near the inner cylinder and
the other two cells extending into the intermediate match-
ing region. For smaller values of o, the cells near theinner
cylinder are relatively narrower and the magnitude of the
stream function perturbation is increased, again showing
the increased influence of curvature at small d.

The energy equation at O()\?’) in the hot end region is
given by
2 ~3
0°¢, 10¢, g
o> ror o7

_Ralpy0¢, 09,941 Raoy (58)
r Hor 9z oz ar@ r?2 oz
~3

~ 0
subject to g3 = Owhenr =3, anda—(po = Owhenz=0,1. The
matching condition for ¢y z

¢ D3+A2(p +A' ¢ +A6%+ (59)
Where |t is noted that previous matching has shown that
Ci=c3= 0, so that the homogeneous solution ((pg')h van-
ishes. The (P2n terms represent core region solutions that
jump order when matching with the hot end region. The
matching condltlon and Eq (58) are such that @y can be
decomposed ascpg (Ra) ((pS’) with the constant Do writ-
tenas Do (Ra) (Do) .

Following Leppinen (2002), the unknown constant
(DS)’ is determined as part of the solutions to Eq. (58). In
particular, matching condition (59) is replaced by

(@) _ 9 ( . ‘
ga —ar(A( )+A((,,4)+A(%y+)

and the value of (DS)’ is determined from the numerical
solutions of (g5)’ by calculating

Q%) =(p) - (A (p) +A' (@) +A°(g) +.) (61)

(60)
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Figure 5. The O()\z) stream function perturbation (LTJ%)' in the hot end region when @) 6=0.1, b) d=1, and c) d=10. (See

Table 1 for details)

and then examining the value of (AS)' throughout the
intermediate matching region. In the numerical implemen-
tation, the summationsin Egs. (60) and (61) weretruncated
a o(A9). _

The numerical solution for (@3)’ when & = 1 was used to
generate the plot of (Ag)' in Fig. 6. The solid curve corre-
sponds to the minimum value of (AS)' over the interval
0<z<1asafunction of r, while the dashed curve corre-
spondsto the maximum value. Figure 6aplots (AS)’ Versus
r, while Fig. 6b replots the same data as (Ag)' versus 1/r2.
The datain Fig. 6b can be extrapolated to show that (D)
approaches a constant value of (DS)' =-1.81x 10 3inthe
intermediate matching region. Thus, Dg = (Ra)2 (DS)' isthe
first nonzero value of D'c‘, and this term forces the first
convective contribution to the core region solutions at
O()\4) since 03 = Dg.

In principle, it is possible at this point to continue to
higher ordersin A to determine values of DS fork>3.To
do so, however, would requirethe numerical solution of an
ever-increasing number of equations. Since the effort re-
quired to solve these equations in the hot end regionisin
effect comparable to the effort that would be required to
solve the full nonlinear equations in the entire annular
enclosure, it has been decided to terminate the asymptotic
analysisat 0(7\3).

THE INFLUENCE OF VARYING &

The results presented in Fig. 6 show that DS isnonzero for
the specific value of & = 1. The results for 6 varying be-
tween 0.1 and 10 are given in Fig. 7, which plots (DS’)' as
afunction of 8. Figure 7 shows that (DS’)' is adecreasing
function of 8. For a fixed (but small) value of A, the
asymptotic solutions for the case when & is of O(1) should
approach the asymptotic solutions for the case when & is
of O(1/A) when b becomes sufficiently large. Since the
first convective contribution in the core region occurs at
O(AZ) for the case when & isof O(1/A), it follows that the
O()\4) convective contribution in the core region for the
case when ¢ is of O(1) must vanish for large &. This is
indeed consistent with the results plotted in Fig. 7.

NUSSELT NUMBER

A fundamental quantity when examining natural convec-
tion within enclosures is the Nusselt number Nu, which
representstheratio of thetotal rate of heat transfer to some
relevant conduction heat transfer scale. For convection in
the annular gaps considered here, it is the radia heat
transfer between the inner and outer cylinder that is of
interest and Nu is defined as
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Figure 6. Maximum (dashed line) and minimum (solid line) of (Ag)' as a function of r when 6=1. In @) (Ag)' is plotted versus

r while in b) (A3) is plotted versus 1/r2

0
_ Ctotal
2rthr1k (T1 - Tp)/I

where qt%td istheintegrated radial heat transfer through any
concentric cylindrical shell between the inner and outer
cylinder and k isthethermal conductivity of the fluid in the
annular cavity. In terms of the nondimensional variables
definedin Eq (5), the Nusselt number is evaluated as

(62)

dz (63)

=r J'%?aAuG - —E

o Qe

where 5 <r' <6+ 1/A. Note that globa conservation of
energy implies that Nu is independent of the choice of r’

used in EQ. (63). Substituting the core region solutionsinto
Eq. (63) gives

AL

where it is noted that the asymptotic parameter A is nega-
tive with

T+ o) (64)

O+1

The quantity co
= (Ra)* (DY)

in Eg. (64) is a function of & with
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Figure 7. Variation of (D§) with 3.

SUMMARY

This paper has presented asymptotic solutions for convec-
tion in shalow cylindrical annuli filled with a porous
medium as the aspect ratio A — 0. This paper extends the
results of Pop et al. (1998) who considered convection in
shallow cylindrical annuli with & = O(1/A) where  isthe
dimensionless radius of the inner cylinder. The current
results are for the case of =0(1). In both cases, the
anaysis involves matching solutions in the end regions
near theinner and outer cylinderswith solutionsinacentral
core region. When A - 0 with & of O(1), the asymptotic
anaysisis considerably complicated by thefact that terms
in the core region solutions jump order when matching
with solutionsin the hot end region. It has been shown that
curvature effects dramatically dictate the order at which
convection influences the core region solutions (i.e., there
isaRanumber dependence). When disof O(1/A), thefirst

convective influence occurs at O(A2). When 8 is of O(1),

the first convective influence occurs at 0(7\4) where
1 . . .
A= . 0 3 gwhllesmall, isamuch larger asymptotic
d+1n
parameter than Aas A — 0. Thusthe asymptotic solutions
as A - 0 are fundamentaly different when & is of O(1/A)
andwhendisof O(1). Popet al. (1998) considered convection
when & = O(1/A) with both Ra= O(1) and Ra= O(1/A).
Thispaper hasonly considered convectionwith é = O(1) and

Ra= O(1) as A - 0. The case of convection with
0=0(1) andRa= O(1/A) asA - 0 hasyet to be solved.
Tothebest knowledge of theauthors, there are no experimen-
tal results available with which to compare the results pre-
sented herein.
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