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ABSTRACT

In this paper we consider the effect of longitudinal surface waves on the thermal
boundary layer flow induced by a vertically aligned heated surface embedded in a
porous medium. The full governing equations are considered and the boundary layer
equations are derived in a systematic way. It is found that, for a wide range of
values of z, the distance from the leading edge. the boundary layer equations for the
three-dimensional flowfield are satisfied by a two-dimensional similarity solution.
Copyright © 1997 Elsevier Science Ltd

Introduction

In this note we consider free convection induced by vertically orientated surfaces which are
not planar but exhibit steady longitudinal surface waves, as depicted in Fig. 1. The wavelength of
the waves is comparable with their amplitude and the Darcy-Rayleigh number is assumed to be
large in order to consider the effect of surface waves on boundary layer flow. This work extends
a recent series of papers by Rees and Pop [1-3] which are concerned with the effects of stationary
transverse surface waves on vertical and horizontal surfaces. To our knowledge this is the first

study of the effect of longitudinal waves for which the resulting flow-field is three-dimensional.

We consider here two different cases, namely, a prescribed power-law variation of the surface
temperature. and a prescribed power-law variation of the surface heat flux. For both cases it is

shown that the fully three-dimensional equations of motion and energy conservation which include
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the effects of transverse surface curvature and which are subject to the usual boundary layer

approximation, remain satisfied by similarity solutions. Conditions are given for the validity of
these solutions.

y = asin 2z

FIG 1
Physical Model and Coordinate System depicting Longitudinal Surface Waves

Analysis

The nondimensional equations of motion governing steady Darcy—Boussinesq free convection
flow for this problem are
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where (z,y, z) are Cartesian coordinates, (u, v, w) are the respective velocity components, p is the

pressure, Ra is the Rayleigh number, and V? is the three-dimensional Laplacian operator.

We shall solve these equations for the case of (i) a prescribed surface temperature, and (ii) a

prescribed surface heat flux. Thus the boundary conditions for Egs. (1) to (5) are
nu=0, (i) 6=z*

ony=asinz
(i) nV=—2z*

(6)

u, f§ —0 as y—©
where n is the unit vector normal to the heated surface.

The three velocity components can be eliminated to obtain the pressure-temperature formu-

lation,

Vip = Ra? Vg = Raﬁg - Vp.Vé. (7,8)
T

Then, in order to ‘straighten out’ the wavy boundaries, we will introduce a coordinate transforma-

tion defined by

=z, ¥y=y—asinz, =2z (9)
Hence Eqgs. (7) and (8) become 2
0
Vip= Raa—I (10)
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The boundary conditions (6) also become
(1+ a” cos? Z)5= = acos 5%
() 8=z (13a)
(i) (1 + a*cos? :)@ = acoséﬁ — (1 + a®cos? z)
a7 a9z
on § =0, and )
TP o 0 as  §—o (13b)
a9y

It is now assumed that the boundary layer approximation is valid, or, more precisely, that

the Rayleigh number is asymptotically large. Thus, convection takes place primarily within a thin
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layer adjacent to the heated surface. Since Ra is based on the wavelength, /, of the surface waves,
this means that the boundary layer thickness is asymptotically smaller than the surface wavelength

at O(1) values of & when Ra — oo.

We will now treat separately the two cases of prescribed surface temperature and prescribed

heat flux at the surface.

(i) Prescribed surface temperature.

For this case we introduce the boundary layer variables, (£,7), where
£=2,  n=gRa/?z0-N2, (14)

Hence, the governing Eqgs. (10) and (11) can be written as

96 (1- A)noé
1
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(1 + a2 cos? 2)Ra1/2§(’\_1)/2@ :acoség?- 9=¢6 on p=0 (17a)
on 0z’
2
2—1712),0 — 0 as 7 — 00. (178)
The differential operator. £, is defined as
9T (1-N)?2pt n &%
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We set
8 =¢&g(n) (19)
and when the Rayleigh number is large, the leading order terms in Eqgs. (15) and (16) are
2 2. 827’ (1-X) dg
2 eos? 3P _ o 99 2
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A further transformation,
= #i(1 + a® cos® 2)/? (22)

reduces Eqgs. (20) and (21) to

82 1-1).98
&p ,\_( )ng

2
072 2 on (23)
9%6 , (1-X)_ 8¢ 08pdyg
—_— = — ——t == — = . 4
o7 = M 2 M35 3707 (29)
The solution of Egs. (23) and (24) is
p= [ rwa+ 2 i, o= s (250,b)
where f is given by the equation
142
AL = 0 (26a)
subject to
f0)=0, f(0)=1, and f'(7)—0 as 7— oo; (260)

here primes denote differentiation with respect to 7.

Equation (26) is precisely that obtained by Cheng and Minkowycz [4] in their study of thermal

boundary layer flow induced by a heated vertical surface embedded in a porous medium.

(ii) Prescribed surface heat flux.

The appropriate boundary layer variables are now

. Ra'l3
£ =g, n= my- (27)
instead of (14), and we take
9= Ra_l/3£(1+2)‘)/3g(7]) (28)

On substituting (28) into Egs. (10) and (11) and taking the leading order terms when the Rayleigh

number is large, we obtain

8p (1420 1—/\) dg

2 23 —_— = - 29
(14 a®cos 2)8U2 793 817 (29)

0% (14+2))  (1-2X) dg dpdg
2 - _ g === 30
(14 0% cos? )37 = ( g LT ) o - 14 o cost )22 (30)

and the boundary conditions (13) become

g—;’:o, (l+a?c0522)g%:—l at =20 (31a)
p §—0 as n-— oc. (31b)

on?’



424 D.A.S. Rees and 1. Pop Vol. 24, No. 3

Equations (29)-(31) may be rendered independent of Z by means of the transformation given by

(22). Hence, we have
?p (142X (1-4).0g

bl - 32
a7 7 9 3 a5 (32)
0% (1424) (1-X)_0 dp g
— = - —=)g- === 33
a2 ( 3 97 3 "33)9 Bion (33)
subject to the boundary conditions
Op dg . 9%p -
-£ _ A = —. 8 — — 0.
97 0, a7 1 at =0 and Pres 0 as 7 ) (34)
The solution of Eqgs. (32) and (33) is
7 A-1_ s
p= [ f0d+ 2w, o= 1) (35)
0
where f is now given by the equation
i 2 + A 1" 1 + 2/\ !
pro 2y LR (36a)
subject to
f(0)=0, f"(0)=-1, and f'(7) —0 as # — oc. (36b)

Results and discussion

The primary result of this paper is that the effect of longitudinal surfaces of the free convective
boundary layer flow from a heated vertical surface in a porous medium can be described by means
of the similarity solutions which apply for the equivalent plane surface configurations. Such a
result is found to be valid for a surprisingly wide class of vertical free convection flows, namely,
those for which (i) a prescribed power—law temperature is set on the surface, and (ii) a prescribed
power-law heat flux is set. We note that our analysis also applies for inclined heated surfaces where
the similarity variable has to be redefined in a straightforward way to take account of the reduced

buoyancy force operating along the surface.

It is necessary to determine the range of values of z (or ) for which the present analysis is

valid. For the case of a prescribed temperature of the surface. the term, (1 +a%cos? 2)Ra ! 2;2,
was assumed to be the largest term in the definition of the operator, £, given in (18). Therefore
our analysis is valid if it is larger than both 3%/0€% and 9°/03% as Ra — oo. Therefore, when the
surface has a constant temperature (i.e. when A = 0). this means that our analysis is valid as long
as O(Ra™1') < € < O(Ra). More generally. a detailed study of the orders of magnitude of the

various terms shows that our analysis is valid whenever
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O(Ra™YVUH)) ¢ £ « O(RaY"Y)  when -1<A<1
and

O(Ra~Y(+My ¢ ¢ when 1< A

Whenever A < —1 our analysis does not apply. When the surface has a prescribed rate of heat flux

a similar study shows that £ must satisfy the asymptotic relations,
O(Ra~ Y0y ¢ ¢ « O(Ra'(-*)  when —-2<A<1
and
O(Ra~ Y+ )y« £ when 1< A

Again, when A < —2 our analysis is invalid. For all valid cases (i.e. when A > —1 for a prescribed
surface temperature and when A > —2 for a prescribed surface heat flux) the £ = O(1) range of

values admits similarity solutions.
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