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This paper details a study of the combined forced and [ree convection
boundary layer fow of 8 viscous, incompressible and electrically conducring
fluid along a verlical porous plate in the presence of transverse magnetic tield.
MNumercal solutions of the local non-similar boundary layer equations
governing the Oow and enerpy are obtained by employing an implicit finite
differetice approximation together with the Keller box method, The resolis
thus obtained are compared with perturbation selulions in leoms of buth the
local rate of heat transfer and the locul surface shear stress for different
physical paramelers, The dimensionless velocity and temperature funclions in
the flow are also prescnbed.
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1. Introduction

The problem considered here is that of the combined forced and free conveclion
boundary layer flow of an electrically conducting and viscous incompressible fluid
along vertical porous plate with a unifonn surface temperature and vectored mass
transfer in the presence of a transverse magnetic ficld of the form,

/ : o .
4 where x measures the distance along the surface from the leading

B, = x0T,
edge.

Extensive studies on mixed convection along vertical surfaces have been
conducted by Sparrow ef al. (1959}, Sparrow and Gregg (1959), Merkin (1969),
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Lloyd and Sparrow (1970) and Wilks (1973}, It has been gencrally recognizad
that £ (defined as Gr/Re” where Gr iy the Grashol number and Re the Reynolds
number) is the governing parameter for a verlical plale. Forced convection
cxists as a limit when £ goes to zero which occurs at the leading edge, and the
free convection limit can be reached at large values of £ Perturbation solutions
have been developed in hoth cases, since both the forced convection and free
convection limits admit similarity solutions. Empirical patching  of two
perturbation solutions has also been carried cut to provide a uniformly valid
solution by Rajn e al. (1984) which covers the whole range of values of &.
They ubtained a finite difference solution applying an algebraic transformation
Z={(J+E"). Many solutions have been developed by considering the free
convection effect as a perturbation quantity. Tingwei et af (1982) have also
studied the effect of forced and free convection along a vertical flat plate with
uniform heat flux by considering the transpiration parameter & 1o be small.

Becanse of ils application in nuclear engineering where convection aids the
cooling of reactors, the natural conveetion boundary layer flow of an
cleetrically conducting [luid up « het vertical wall in the presence of a strong
magnetic field has been studied by several authors, such as Singh and Cowling
(1963), Sparrow and Cess (1961), Riley ([964) and Kuiken (1970). Later,
Cramer and Pai (1974) presented a simulanity solulion for the above problem
with a varying surface temperature. On the other hand, Wilks {1976)
investigated the problem with uniform heat flux by formulating it in terms of
both a regular and an inverse series expansion of a characterizing coordinate
that provided a link between the similarity states close to and far from the
leading edge. The combined effect of the lorced and free convection with
uniform heat flux in the presence of a strong magnetic field has been smdied by
Hossain and Ahmed (1984). Recently Hossain et al. (1996) have investigated
the MHD free convection flow along a vertical porous flat plate with & power
law surface temperature in the presence of variable transverse magnetic field by
employing two different methods, namely: (i} perurbation methods fur both

small and large values of the scaled streamwise variable & ( =V, {2x/vU_ ),

where V, is the transpiration velocity) and (i) a finite difference method
(Hossain er al.; 1994 Keller, 1978). In the above analysis, solutions were
obtained for a wide range of the values of the Prandt] number £r and selected
values of the magnetic field parameter. In the present paper we investigate the
title problem by employing the same methods for a wide range of values of £
and those values of the Prandtl number Pr which are appropriate for liguid
metals. The resulting solutions to the present problem are compared and
presented in terms of local surface shear stress and the local rate of hcat
transfer in both tabular and graphical forms. Representative nondimensional
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velocity and lemperatuee profiles are also presented graphically showing the
effects of varying the different physical parameters.

2. Mathematical formulation

A steady two-dimensional, laminar mixed convection boundary-layer flow of a
viscous incompressible and conducting fluid along a semi-infinite vertical
porous heated plate is considered here. Let the temperature of the free stream
be Ty and its uniform  velocity be (.. A magnetic feld ol sirength Balx) 1s
considerad to be applicd parallel to the y-axis which is normal 1o the plate and
is allowed to move past the plaic with the fluid. Here we assume that the
induced magnetic field produced by the motion of the electrically conducting
flunid is negligible, This assumption is valid for sufficiently small values of the
magnetic Revnolds number. Further, since no external ¢lectric field is applied
and the effect of polarization of the jonized [luid is negligible, we may also
assume that the electric field E=0. Under the usual Boussinesq approximation
the boundary layer equations governing the flow along a vertical surface at
which the tcmperature 7, is uniform (Cobble, 1979) are:

ey O 2.1)
dx  dy (2.1;
du  Ju_ d%u .. ... oB
ua+ua—y:vaz-‘y+gﬁu -t — U 1), (2.2)
y 2
€, u£-+ua—TJ=ka_T (2.3)
dx dy dv’

where, ¢ and v are the velocity components associated with the direction of
increasing coordinates x and v, respectively, v - the kinetic cocfTicient of viscosity, p
- the density of the ambient fluid, g - the acceleration duc to gravity, [ - the
coefficient of volume cxpansion, & - the electrical conductivity, & - the coefficient of
thermal diffusivily, ¢, - the specific heal at constant pressure and T is the
temperature of the [luid. The boundary conditions for the present problem are:

y = =1}, u=¥, T=T7,

| (2.4)

y—3 2 n==u T=T,.

[
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Near the lcading edge, the flow is caused mainly by the effect of the buoyancy
force which arises from the difference in temperature between the plate and the
ambient fluid. Therefore, the following group of transformations are introduced
in (2.2 and (2.3):

T-T,
T, _7}1

W

w={BTA rD5E ) omb= @)

where f is the stream function satislying the equation of continuity (2.1}, and:

Vo
n=-22 and E=V,

vE

2x

2.6
U, (2.6)

In Eqs. (2.5) the upper sign is taken throughout for suction and the lower sign
corresponds to blowing or injection; in this paper we consider the case of
suction only. Bgs. (2.1)+(2.3) now become:

i g 52 vy 2o - rF a}‘ fafr}
ol 0+ 2M - + = s ’ 27
Fo o 7 o (J— f5yEf g{; f_¢ . 2

The correspending boundary conditions transform into:

" = = A H:jr t :ﬁT
f=0, f a g 0.9)
=1 B=0 as n— e
where
_— ir 1
pr=Y, a=2-, G, =EBATL g, ==t (2.10)
k Re; 5 ¥ W
2

i Y 2L . _ aghB g

By=Bx "L S =V T and M= (2.11)
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The physical quantities of interest are the local shear stress 1., and the local
ratc of heat transfer O, These are defined by:

1, = ”—%[-‘1—] =E e (2.12)
v oldy/)
Q-éf}—“} = —£~'(2.0) (2.13)
VG'{TL-; - Tﬂ) a}' i) > I I
3. Methods of solution

In many important practical situations similarity solutions do not exist
and the resulting momentum and thermal bowndary liyers are not self simlar,
In the present analysis, we invesligale the problem governed by Hgs, (2.7) o
{2.9) by cmploying the extended series solution method together with Pade's
approximation {Gerald 1980), the implicit finite difference approximation
known as the Keller box method (Keller 1978), and a large-C asymptotic
analysis.

3.1. Perturbation solution

Forced convection exists as a limit when & goes to zero which occurs at the
leading edge, and the free convection limit can be reached when £ becomes
large. Tn this section solutions have been developed for both limits of £

Series solution {(denoted - 55}

The series solution is valid for sufficiently small values of §. Accordingly, the
functions f(&,m) and B(%, 1) arc cxpanded in a power series in &, that is, we
take,

FEmM=YE L0 and  BEM)- 3 E"8, (). (3.1)

n={ n=

Substituting the ahove expansion into Egs. (2.7+(2.8) and cquating the
cocllicients of varions powers of £, we get the following squalions:

fo ¥ folfg™ 2M{T - =0, (3.2)
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Fit o= Jidi 2155y £~ 2M =00 6.3
B, +P8, =0, (3.4)
8, +Pr(f,8, - £8,+2£8, +8,)=0 . (3.5)

L

R M DR g, =iy Jr e, = 2F+ (7, =0, (36)

=i
8 +Pry [{r+ 1118, —if_ 8 1=0, (n22). (37
=i

The comesponding boundary conditions are :

F(0) = £10)=8,(0)=08,(0) — I =0,
(3.8)
Fe=)=8,(=2)=0

for i=0,...,n. Equations (2.13), (3.1), (3.2) und (3.3) are linear, but coupled, and
may be solved independently pairwisc one after another. The implicil Runge-
Kutta- Butcher (Butcher, 1964) initial value solver together with Nachsheim-
Swigert iteration scheme of Nachsheim and Swigert (1965) are cmployed Lo
solve the first pair (2.11) and (2.12), and the other pairs up to O(5™} are solved
exploiting the method of superposition. Here Pade's approximant is used to
obtain a more accurate approximation for the local skin-friction, 1,,, and the rate
of heat transfer, ¢, instead of using the direct sum.

Pade's approximant of a serics is considercd as the ratio of two polynomials.
For example, Pade's approximant |M,N] is the fraction P/ where P is a
polynomial of degree M and ("is a polynomial of degree N. The cocfficients of
these polynomials are obtained by imposing the condition that the expansion of
Pade’s approximant and the original series must agree to the order M+N, and
0'(0)=1 As remarked by Van Dyke (1975), the diagonal approximunts where
M=N are most uscful in improving the convergence. In the present problem, M
and N are chosen as M=~=3, for which the cocfficient of the series has to be

taken up o HE™).
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Lavge-£  asymptotic expansion (denoted -ASY)

In this subsection attention shall be given (o the behaviour of the solution to
equations (2.7) and (2.8) when § is large. Given that we considering only the
suction case, for which we take the positively signed terms in (2.7) and (2.8}, an
order-of-magninude analysis of the various terms in these equations shows that

the largest are #7,E /" and UEE,EB in {(2.7) 8 and £8° in (2.8). In their
respective equations, both terms have to be balanced in magnitude and the only
way to do this is to assume that 1) is small, and hence 1) derivatives are large.

Given that 8 =0(7) as § — <o, it is necessary to find the appropriate scaling for
fand 7. On balancing the [”.8, and & f” terms in (3.7), it is found that

n= {}(E_,"‘r} and f= ﬂ{a_x) as £ —» e=. Therelore, the following substitutions are
made:

FepFED, 0=2OGY wih L=ng ad X=F.  (39)

Bquations (2.7) and (2.8) become:

F™ 1 P+ 0B= %[F’-— f]+~;£~[F’FJ; - Fry ). {3.100

Lorro=Liror—reo) . (3.11)
FPr X

The boundary conditions are simply:

F=0, F=0 and @=1 a (=0, (3.1}
and

Fr=0, 8-, as {—ea (3.13)

Equations (3.3) and (3.7) can in fact be solved by using a straightforward
perturhation expansion in X, Let:

F=FL+ X R+ X TR+, (3.14)

0 =0,(L)+ X 70,(5)+ XTO )+ (3.15)
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By cquating the various power of £, we oblain:

O+ Prey,=0 (3.16)
Er Fr= —0.0,, (3.17)
&)+ Prey =0, (3.18)
El4 F= 0@, + 2M(F; - D, (3.19)
@+ PraY, = 25,0, + 2F,8Y, (3.20)
Fi' Bfe —0.0 , + 2ME; + 2(E)Fy = FjF). @2

"The corresponding boundary conditions are:

ﬁb:FE;:Fz:F;:F“:F;:{J,
8,-1=0,=0,=0 at n="0, {(3.22)

F—i=FR=F=0, 9,=0,=0,=0 as T|— o=
Solutions of the equations for Pre I are obtained as follows:

0, =exp(-Frl) , (3.23)

(L [ #2
Y =y Cxp(—P % lexp(-f -1 (32
F, Prz{Pr—I}EKP{ rf;jl+<{f Fr{Fr—fj}mp( L) P L (3.24)

@.1 =0, {3.25)

L)
F‘J = Ef'!'f{m axp{—f F‘t_:} - {I - -m}gﬂxp{—gj +

(3.26)
41 o
~41- P |
{1 PP D) + PR exp(—Fri) H
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Higher order terms are not shown here because the expressions are too large.
Hence, the expressions for F7and @ at {=0 may be obtained from Eq.
(3.213+(3.24) together with the expressions given below:

e, =—>Fr,
o+ P
B
Fr
0, =0,

o
Fr=2M J———|.
! M£ Prz]

2Py - 20Pr -0,
PrPr+1y

o, =2M

In a similar manner, for Pr = 1, the corresponding cxpressions  for
F"and @]
for ¢=1234 are given by:

O =-1, Fi=u+],
0, =0, Frr= 2M( 1 =),

O, =M({-3/20).
3,2. Finite difference method (denoted - FDM)

In the presenl analysis, an efficient and accurate implicit finite difference
method (the Keller box method) is employed to solve the system of Egs,
(2.7)=(2.8). To begin with, Egs. (2.7) and (2.8) are written in terms of u system
of first order equations in 1, which is then expressed in finite difference form
by approximating the functions and their derivatives in terms of the central
differences in both coordinate dircctions. Dencting the mesh points in the (£,
1)-plane by &; and n; where i=1,2.3, ... ., M and j=1.2.3, ..., N, central

difference approximations are made such that those equations involving
explicitly are centered at (§;_;;5.M;_y;) and the remainder at (& Mgz h
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where Mgz =M+ Mg gtc.. There results a set of nonlingar difference
equations for the unknowns al £, in terms of their values at £;_;+ These
equations are then linearized by Newlons gunasi-linearization technique and
solved using a block tridiagonal algorithm, taking as the initial interate the
converged solution at £ =58, . Now to initiate the process at § = 0, we first
provide guess profiles for all five variubles (arising from the reduction to first
order form) and use the Keller box method to solve the governing ordinary
differential equations. Having obtained the leading-edge solution it is possible
to march step by step along the boundary layer. For a given value of &, the
iterntive procedure is stopped when the difference in computing the velocity
and the temperature in the next iteration is less than 10 'j, i.¢c. when

|E-fi| <1079 where the superscript ¢ denotes an ileration number. The

computations were not performed using a uniform grid in the 1} direction, but a
non-uniform grid was used and defined by n, =sinh(j/«}, with ¥ = 25/ and

a=80. The 1, values were chosen so that the outer boundary 7, =& which is

sufficiently laree, and they arc such that the grid is sufliciently dense in the
vicinity of the boundary to ensure accuracy; this is imporiani because the
boundary layer thins substantially as & increases, as shown in the asymptotic
solution above. In the presenl numerical investigation the maximum values of g
was chosen to he sufficiently large that the solutions compare well with the
asymptotic values for the local skin-friction and the local rate of heal fransfer.
The numerical results thus obtained are shown graphically and in tabular form.

4. Results and discussion

In the present investigation we have oblained the solutions of the nonsimilar
boundary layer equations governing the combined forced and free convection
boundary layer flow of a viscous incompressible and electrically conducting
fluid along a vertical porous plate in the presence of a transverse magnetic
field. To this end we have employed a series perturbation method for small
values of & an asymptotic cxpantion for large values of £, and the implicit
finite difference scheme known as the Keller box method for intenmediate
values of £, Numerical values of local shear stress and the rate of heat iransfer
for selected values of the magnetic field parameter, M, with Pr=0.1 and o=1.0,
as a function of the transpiration parameter & in the range 0.07 to 600.0
obtained by the above methods are compared in Table 1. From this table we sce
that, for smaller £, the solutions obtained by pertarbation methed (8§) are in
good agrecment with the numerical solution (FDM) up to £=0.1. On the other
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hand, the solutions obtained by the finite difference method approach those
solutions obtained by asymptotic analysis as £ increases. These observations
lend support to the accuracy of the numerical method. From the same table, it 15
also observed that the rate of heat transfer obtained by the finite difference
method converges towards the asymplotic solutions faster than the local shear
stress. This can he explained by noting that @5 = 0, on the surface, whereas the

second order expression for the shear stress given just below Egq. (3.39) is
nonzero, in general. We further observe that, near the leading edge, the elfect of
changing the magnetic [ield paramcter, M, gives substantial changes in both the
surface shear stress and the rate of hear transfer, but this effect diminishes
downstream where buoyancy and suclion dominate the flow.

Table 1: Values of the local shear steess and the rate of heat transfer due (o the
three methods for different values of M with Pr=1.0 and c=1.00

g T, g,
55 and ASY EDm 58 and ARY FIm

M=
iy FL7 5007 47 5703 0 G358 20,0030
s #0678 I8, 0623 + o (R 20721
0.0 5433 FA4279 Y0815 20840
[reii) # 2 5485 3.2037 ) qanl T
a0 * 3 5820 21425 ) 5472 X7
1.0 21649 JI3E
L0 R .4 202
J00 00 N PR w10 FERend]
GO 00 += 1IN 16,598 =+ (] [iNR (2 00k

=24
s LR . AXT.a44] ¥24 00N EEN N
.05 £4.01 39 $h.04 7Y T, 64T 465700
i, 10 *33.2026 232524 *2, 26003 13608
0,20 BRI IR LX) 8273 J2108
0.3 * X7 52821 K 3553 n52a0
Lo ERAYF) [.3034
1200 57129 0.7181
T30 w¥ 7 JAHD J0.83a * ¥ N ), [
el eirild] I I7A0 T YRS s el . T

M=50
0.4 B350 i EFEX e #2316318 230427
ey o, 237 e, 2ORT *q, Tk o, 77
i ¥33 4252 32425 *¥2. 41006 2412
.2 H].2320d 105134 RS 12340
.50 t g FATT FO4e8 . 3560 05304
1.1 EXE T 0.3 3
10.4K) 50698 )
100,441 *Ed GIRST ML EE0S *RL AN 0. 1000
A0 bR RN J0,9874 T 0D (1 K0

* for small & and *# for large .
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B0

1.0
TH.'
Lo
FDM —
PRE —
ﬂ_l 1 L 1
0.1 1.0 LEL0 I R UE
£
Fig. la. Local shear stress against £ for differcnt values of ¢ with M=71.0 and

Pr=01.

0.0 1 .
Lo 10.0 filku

Fig. 1b.Local rate of heat transfer against & for different values of & with
M={.0and Pr=0.1.

For M =1.0 and Pr =0.1 and different values of the buoyancy parameter t, the
values of the shear stross and the rate of heat transfer are shown graphically in
Tigs. la and 1b, respectively. From Fig.la it can be seen that the effect of
varying ¢t on the shear stress near the leading edge is less significant than in the
downstream region. From the same figurc we further observe that the shear
stress increases with the increase of ¢ On the other hand, (rom Fig. 1b it can be
seen that the effect of varying the buoyancy parameter in the region very close
to the leading edge and in the downstream region is small compared with the
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intermediate region, which we can define as £(0.3,50.0). We observe that an
increase in the buoyancy parameler leads to increase in the heat transfer.

L]
0t - FD —
PRE — ASY
T
100 FYy 55
0,73
—
1.0 1 [l L]
0.1 1.0 1.0 107 2w 107
£
Fig. 2a. Local shear stress against £ for different values of Pr with M=1.0 and
o=1{
5.00
.00
@
010
'} uua H L 1

(.10 1.00 140,00 0?2 x 10%
£
Fig. 2b.Local rate of heat ransfer against £ for different values of Pr with
M=f0and c=10

Figures 2a and 2b represent the shear stress and the rate of heat transter against
& for u=7.0 and M= 1.0 and for Pr taking the valucs, .72, 0.7, 0.05 and 0.04.
We observe from Fig. 2a that the values of the local shear stress vary only
slightly with changes in the Prandil number when in the region £ e (0.00.8),
but these ditferences increase with the increasing values of . It may also be
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seen that the shear stress increases as Pr decreases. Here, it should be noted
that a decreasing value of the Prandtl number delays the point where the FIOM
selution becomes almost indistinguishable from the asymptotic solution.

A T

fimé] 25

00 .
v 1.0 2.0
7
Fig. 3a. Velocity profiles against 1 for different valucs of M with Pr=0.{
and ¢ =100
L
Bim. Lo
0.0 .
0.0 S R 2.0
7

Fig. 3b. Temperature profilcs against 7 for different values of M wih
Pr=0.1 and =10

Om the other hand, from Fig. 2b, one can see that the rate of heat transfer
decrcases with decreasing values of Fr.

Figurcs J3a, 4a and 3a represent the velocity distribution showing the separalc
effects of changing the parameters M, Pr and &, respectively. From Fig. 3a it
can be concluded that the velocily decreases in magnitude as M increases. From
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Fig. 4a, it is observed that the maxinwm [uid veloeity increases as the Prunddl
number decreases, and the point of maximoem velocity recedes from the wall.
Finally, from Fig. 5a we see that the point of maximum velocity gets closer to
the wall as £ increases. However, this conclusion is only valid in terms of 1; in
terms of y the boundary layer tends te.a uniform thickness due to the action of
suction, and therefore the velocity maximum asymptotes to a constant distance
[rom the surface as £ increases.

5.0 T
Pr=[.72 —
n_'H'l AEEw
y 5 =
B b
/]
7€
Fl )4. o B i
20 f \ ., .
.‘1- h"'—-_ _—
0.4 i
0.0 : . 7.5 1D

Fig, 4a. Velocity profiles against n for different values of Pr owith M=1.10,
a=F0and £=70.00.

oo
= ket —
—_— by

e

B 120

Fig. 4b. Temperature profiles againstm for different values of Pr with =10,
¢ =].0and E=/0.0.
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ﬁ??%
.:cl?l:
19 :1

=3

Fig. Sa. Velocity profiles against n for different £ while M=/.0, Pr=1.0 and
o =10

M, £}
0.3 =

Fig. Sh. Temperature profiles against 7 for different values of & with M=1.0,
Pr={0and at=10

The separate effects of varying the parameters M, Pr and § on the temperature
distribution are shown, respectively, in Figs. 3b, 4b and 5b. From Fig. 3b it is
seen that the effect of magnetic field parameter on temperature distribution is
negligible. From Figs. 4b and 5b, it can be sce that the effeet of varying the
Prandt] number and transpiration parameler on temperature ficld is very strong
near the surface. From these figures, it may, further, be seen that an increase in
the Prandtl nurnber or increasing vahues of £ lead to a thinning boundary layer.
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3. Conclusions

In the present study, the MHD forced and free convection flow along a vertical
porous plate has been mvestizated theorstically by emploving two distinet
methodologics, namely, (i) the perturbation method for small and large values
aof £ and {ii) the Keller box scheme.

It has been found that, near the leading edge, the effect of magnetic field
parameter variations is to cause corresponding changes in both the local shear
stress and the surface rate of heat transfer, but in the down-stream region its
cficets are abscni. From the asymprotic analysis, it has been observed that the
shear stress approaches (o 4+ Pryf Prund the rate of heat transfer to Pr, bat that

they do so at different rates,

Acknowledgment

One of the authors (K.CA, Alam) would like to acknowledge the gratitude to
the Minfsiry aof National Science and Technology, Government of the Peoples’
Republic of Bangladesh for providing him a research fellowship during the
period of deing this work.

Numenclaturt_&

Byx) — trunsverse magnetic Neld congonent
¢, — specific heal al conslant pressure
f — dimensionless stream function
g —aceeleration of gravity
Fr — Prandtl nomber
T —plale twemperatee
¥ — velocity component in the x-divection
1 — velocity component in the y-direction
¥y — uniform transpiration velocity
x — coordinate measuring distance along the plate
¥ — coordinate meusuring distance normal to the plate
o - buoyancy parameler
B - eoefficient of volume capansion
o — electrical conductivily
N — kinematic coclficient of viscosity
L —scaled similarity variable
§ - scaled streamwise conndinate
8 —scaled temperature
1 — similarity variable
W — stream function
T,. = nondimensional shear stress
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