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Summary. The effect of spatially stationary surface waves on the forced convection induced by a moving
surface in an otherwise quiescent fluid is examined. We consider the boundary layer regime where the
Reynolds number Re is very large, and assume that the surface waves have O(1) amplitude and wavelength.
The boundary layer approximation is valid and the resulting parabolic equations are solved using the
Keller-box scheme. Detailed results for the local skin-friction coefficient are presented, as are results for the
local Nusselt number for both the cases of a constant wall temperature and a constant wall heat flux.

Notation

a amplitude of the wavy surface
skin friction coefficient

f reduced streamfunction

g, h reduced temperatures

k thermal conductivity

l lengthscale associated with the surface waves
n unit vector normal to the wavy surface

Nu local Nusselt number

P pressure

Pr  Prandtl number

q rate of heat flux

Re Reynolds number based on !

Re, local Reynolds number

surface profile

T temperature

u,v fluid velocities in the (x, y)-directions

x,y streamwise and cross-stream cartesian coordinates

Greek symbols

pseudo-similarity variables
notation; see equation (5)
dimensionless temperature
dynamic viscosity
kinematic viscosity
density

skin friction
streamfunction

wave phase
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Superscripts

—  dimensional variables

transformed variables (¢ < 1)
boundary layer variables
differentiaition with respect to % or ¢

Subscripts

w condition at the wall
oo condition at infinity

1 Introduction

The study of the flow and heat transfer created by a moving wall in an otherwise quiescent fluid is
relevant to several applications in the fields of metallurgy and chemical engineering. A number of
technical processes concerning polymers involve the cooling of continuous strips or filaments by
drawing them through a quiescent fluid. In these cases the properties of the final product depend
to a great extent on the rate of cooling which, in turn, is governed by the structure of the boundary
layer near the moving strip. Due to the entrainment of the ambient fluid, this boundary layer is
different from the Blasius boundary layer flow past a flat plate. Sakiadis [1] was probably the first
to study the boundary layer flow due to a moving wall in fluid at rest. Subsequently, many
investigators have studied various aspects of this important problem, but we mention here only
the papers in references [2]—[15].

The present analysis aims to study the flow due to and the heat transfer from a moving wavy
surface in a fluid which is at rest. The effects of the amplitude of the wavy surface is studied in the
forced convection regime where the boundary layer approximation is valid. We consider two
different cases, namely, (i) that of a prescribed constant wall temperature (CWT), and (ii)
a prescribed constant heat flux (CHF). Such surfaces can been considered to be good
approximations to many practical geometries for which flow and heat transfer characteristics are
of interest. The resulting non-similar boundary equations form a set of parabolic partial
differential equations which is solved using the Keller-box method. The distribution of the
velocity and temperature fields, as well as the skin friction coefficient, Nusselt number and the
wall temperature along the wavy surface are presented. We note, in passing, that the method used
in this paper is similiar to that used by the authors [16], [17] for the problem of free convection
flow from a vertical wavy surface embedded in a porous medium.

2 Governing equations

Consider a wavy surface moving tangentially to itself with a constant speed U, through a stag-
nant incompressible fluid of constant temperature T, as shown in Fig. 1. We assume either that
the surface temperature remains uniform at T, (7, & T,), or that the heat flux at the surface
remains uniform at g,. The basic nondimensional equations governing steady flow are

W WY
dy dx 0y  dx 0y? ox Re

oy %y _ op N LR <§_¢_> O
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Fig. 1. Physical model and coordinate system depicting transverse surface waves
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The boundary conditions at y = s(x) = a sin (rx — ¢) are

) 00 00
¥ =0, —-lk=a_1, 0=1 (CWI), 5;—3,’@—)(:-—0‘, (CHF) “.1)

whilst we have, as y — oo,

w

- - 0. 2
w3y & o 2)

Here, o is defined according to

=/1+ ) ©)

The nondimensional variables are obtained using the following scalings:

I A Y _a Ul
=] Y=p V=gp P 4Tp R
T—T, T—T,
= T = HF.
0= =5 ©WD 0= —= (CHP) ©

Here i is a nondimensional streamfunction which is defined in the usual way: (u, v) = (,, —,),
and a is the amplitude of the wavy surface.

The effect of the wavy surface can be transferred from the boundary conditions (4) to the
equations by means of the transformation given by

£=x, J=y—sdx). 7
Equations (1) to (3) then become

oy 3y oy oy 6p _
b A SR A S 4 () £ + Re~ 1!
25 9207 3% 35" + 5/(£ ) + e~ Ziy, 8)
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oy 62 oy o* o 0% oy o* 5L A &
WV DV (DL WOV o () -2 ZH
0y 0% 0% 0% 07 0% 89*> 0P 0% 09 oy oy Re
oy o8 oyl £ 10
3y 0% 0% 69 PrRe (10)
which are to be solved subject to
0 00 00
¥ =0, a—‘é =c ', 0=1 (CWI), o*= 5;3 — /(%) il (CHF) (11.1)
on j =0, and
ooy
— — 0 .
% 5 0 pao (112)
as y — o0. In (10) the three operators, ¥, ¥, and ¥ are defined as follows:
9° 0° 0° 0%

P =gt — - 25/(R) —— — 5% , 12.1

1= o Y e W apag — v Wap (121)

3 3 63 3 62
PFy=—5/(%) 6% — 6}73 + (14 35/(%) =— A2 e 8”3 —35/(%) —— %5 ot — 3s/(%) 5% 55
2
350 5/68) 305 — 509 3 (12.2)
2 02 2 a
2 8 17 %)

Li=o0 a—ﬁ;-}—ﬁ—h,(x)m—st (x)a—ﬁ (123)
Next we introduce the boundary layer scalings,
=%, J=Re'y, J=Re'™, f=p—po, (13.1)
=6 (CWT) &=Re'?0 (CHF). (13.2)

Thus, on introducing {13) into (8) to (11) and formally letting Re — oo, we obtain the following
boundary layer equations,

o oy op p i

o T = 45/ ®)/Re = + 0% 5 14

G5asay  axap  ax T Y@V R+ o 149

of Ml ANy op

’ r vty e S, o ___ — -, 15

sﬁ(wai 5 5505) ~ 0 (55) +e@F T =VRe (15)

opob ool 1 0%

o0 a1 00 (16)

oy ox 0% oy Pr of

together with the boundary conditions,

. o - ] 00

¥ =0, —‘/: =¢7t, O0=1 (CWT), o2 _6_: —5/(X) = = —o, (CHF) (17.1)
oy ay 0%
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on § =0, and
%—'}é, 6, p->0 as j—o . (17.2)

Equation (15) indicates that the pressure gradient in the y-direction must be O(Re ~1/2), This
implies that the lowest order pressure gradient in the x-direction can be determined from the
inviscid flow solution. For the present problem, the inviscid flow field is at rest and hence the
pressure gradient is zero. For the present problem, Eq. (15) shows that Re/2 /0§ is O(1) and is
determined by the left-hand side of the equation. Elimination of this pressure gradient Egs. (14)
and (15) results in the following equations,

7 62~ a~62~ ’ a” 2 a3~
%%*l“g-l‘i _!P: ZGZ—Tllgi, (18)
0y 60Xy  OX 0y oy ay
opo6  apobd 1 0%
“‘g-:-dl/i—~=—02‘:3, ' (19)
0y 60X 0% oy Pr 0y
where ¢’ = dg/dx. These equations are subject to the boundary conditions (17).

To solve Eqgs. (18) and (19), we introduce the further transformation,
E=% Y=o)/EfEn), (20.1)
0=g&n (CWD, G=)cn&n (CHP), (202)
where
y
= (20.3)
is the pseudo-similarity variable. Substituting (20) into Eqgs. (18) and (19) gives
ffrm 2y _

Jom + 574+ — i(fﬁm Io)) = &Untne — Sefun)» (21)
1 /g
Pr & t 7" + - ifgn S(fuge — S8 (22
for the (CWT) case and

1 Jhy — Juh
o+ I T S o), 3)
for the (CHF) case. The corresponding boundary conditions are

1

=0, f,= - 8= 1 (CWT), h,=-1 (CHF) at =0, (24.1)

and

Jo8h—>0 as n-o0. (24.2)
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Important physical quantities are the local skin friction coefficient and the local Nusselt
number defined as

Tw Xy
C,=—2, Nuy= —>="__ 25
1= wr M KT, - T 9
where
T, =unVi, q,=—knVT (26)

and n = (—s/(x), 1)/o is the unit vector normal to the wavy surface. Using (6), (7) and (13), we
obtain

Cy

o = o6 0, @)
N &0, WD @12)

/Re,

where the local Reynolds number is Re, = Uyx/v. For the CHF case the wall temperature is
given by T,, — T, = (q,/k) Re,~ /2 £h(s, 0) and hence

N 1
uo_ 27.3)

VRe  hEO)

3 Results and discussion

Equations (21) to (23) subject to the boundary conditions (24) were solved numerically using the
Keller-box method for different values of the wave amplitude, a and wave phase, ¢. In all the
computations presented here we used a step size of 0.01 in the £-direction and we took a
nonuniform grid comprised of 80 points over the range 0 £ 5 < 40; we claim that our solutions
are accurate to between the 3rd and the 4th significant figure. Using a Prandtl number of 0.7, to
which we restrict ourselves in this paper, we find that the code reproduces the plane-wall (a = 0)
solutions given by

f(& 0) = —0.4438  (see Ref. [11]), (28.1)
g6 0) = —0.3492  (see Ref. [2]), (28.2)
h(¢,0) = 2.8633, (28.3)

where the final figure has been computed by ourselves.

In Figs. 2a, b, c we present the variations of f,,(¢, 0), g,(0), and h(Z, 0), respectively, for various
wave amplitudes when the wave phase is ¢ = n/2; this phase corresponds to the surface being
parallel to the x-axis at the origin. As the wave amplitude increases the skin-friction coefficient
and the Nusselt number for both the (CWT) and (CHF) cases decrease. The graph of f,,(¢, 0)
seems to settle very quickly into a periodic state, whilst the graphs of g,(£, 0) and A(&, 0) both have
a periodic component which decays, the decay being very slow in the (CWT) case but quick in the
(CHF) case. The corresponding graphs for the wave phase, ¢ = 0, are given in Figs. 3a, b, ¢. For
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Fig. 2. Variation of a the skin-friction,
(&, 0), b the local rate of heat transfer,
2,(£,0) (CWT), and ¢ the wall tempera-
ture, (¢, 0) (CHF), for wave amplitudes,
a=0, 01, 02, 0.3 and 04 and phase,
¢ =90°
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Fig. 3. Variation of a the skin-friction,
f,m(f, 0), b the local rate of heat transfer,
£,(£,0) (CWT), and c the wall tempera-
ture, A(¢, 0) (CHF), for wave amplitudes,
a=0, 0.1, 0.2, 0.3 and 0.4 and phase,
¢=0°
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2ol Fig. 4. Variation of a the skin-friction,
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this wave phase, and indeed for all others, the skin-friction coefficient and the Nusselt number
decrease with increasing amplitude and exhibit correspondingly identical behaviour as ¢ be-
comes large.

The variation of the solution with changing wave phase is given in Figs. 4a, b, c for the wave
amplitude a = 0.3. We note that solutions for wave phases ¢ and ¢ + = are identical. Again we
see the approach to spatial periodicity for the skin-friction coefficient and the differing rates of
decay of the sinusoidal components of the Nusselt numbers.

It is our intention to extend this work to considering the effect of longitudinal surface waves
on the flow and heat transfer from a moving surface in a quiescent fluid.
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