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Abstract The linear stability for convection in an inclined porous layer is considered for
the case where the plane bounding surfaces are subjected to constant heat flux boundary
conditions. A combined analytical and numerical study is undertaken to uncover the de-
tailed thermoconvective instability characteristics for this configuration. Neutral curves and
decrement spectra are shown. It is found that there are three distinct regimes between which
the critical wavenumber changes discontinuously. The first is the zero-wavenumber steady
regime which is well known for horizontal layers. The disappearance of this regime is found
using a small-wavenumber asymptotic analysis. The second consists of unsteady modes with
a nonzero wavenumber, while the third consists of a steady mode. Linear stability corresponds
to inclinations which are greater than 32.544793◦ from the horizontal.

Keywords Porous media · Convection · Constant heat flux boundaries ·
Linear instability

1 Introduction

The first analyses which considered the onset of convection in a porous layer heated from
below were by Horton and Rogers (1945) and Lapwood (1948). These authors considered the
simplest possible configuration, namely an isotropic porous layer of infinite horizontal extent
within which Darcy’s law applies. Moreover, the Boussinesq approximation was taken to be
valid and the solid, and fluid phases were in local thermal equilibrium. The lower impermeable
surface was held at a uniform temperature which is above the uniform value corresponding to
the upper surface, which is also impermeable. This is the porous analogue of the well known
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666 D. A. S. Rees, A. Barletta

and much older Rayleigh–Bénard problem. Thus, the present problem is often known as the
Horton–Rogers–Lapwood problem, the Darcy–Bénard problem or just the porous Bénard
problem. The criterion for the onset of convection for this classical problem is well known:
the Darcy–Rayleigh number, Ra, must exceed 4π2 for convection to ensue, and the critical
wavenumber is π .

The Darcy–Bénard problem has been studied in very great detail over the years, and lengthy
reviews may be found in Rees (2000) and Tyvand (2002). It has also been developed in many
directions even within the domain of linearised theory. Research has also covered weakly
nonlinear theory, the computations of strongly nonlinear convection, and the onset of unsteady
convection. In addition, extensions to Darcy’s law have been included within the governing
equations to determine how such non-Darcy effects alter the quantitative and qualitative
nature of the stability properties. For example, the presence of conducting boundaries may
yield cells with square planform at onset, rather than rolls (see Riahi 1983; Rees and Mojtabi
2010), while Bories and Combarnous (1973) report hexagonal planforms. The primary onset
mode may in some circumstances become oscillatory, such as when the fluid is viscoelastic
(Kim et al. 2003), or a when a second diffusing component, a solute, is present (Nield 1968).
Other effects have been studied which are too numerous to list here.

However, relatively little is known when the bounding surfaces are subject to a constant
heat flux whilst being heated from below and cooled from above. In the idealised situation
of a domain of infinite extent, Nield (1968) shows that the critical parameters become Ra =
12 while the critical wavenumber is zero. Thus, the cells of square cross-section which
correspond to fixed temperature boundary conditions are replaced by very long wavelength
cells for constant heat flux boundaries. Kimura et al. (1995) extended the linear analysis of
Nield (1968) to layers of finite extent in both horizontal directions, and provided computations
of supercritical strongly nonlinear convection well into the unsteady regime. An interesting
variation on this theme was provided by Mamou et al. (1998) who considered the effect
of anisotropy on the onset of convection. They found that critical Darcy–Rayleigh number
varies strongly with the anisotropy ratio, and that the critical wavenumber is no longer zero
in general.

Our present interest lies in how the onset criterion changes when the layer is inclined at an
angle to the horizontal. There exists two papers which present detailed numerical solutions
for layers with constant heat flux boundary conditions, namely those by Vasseur et al. (1987)
and Sen et al. (1987). The former concentrates on finite, but high aspect ratio cavities, and
provides a careful comparison between a theoretical analysis based on a parallel flow approx-
imation and fully nonlinear solutions. It was also shown that the number of cells which appear
as a steady state solution depends not only on the Rayleigh number and the aspect ratio of the
cavity, but also may depend on the form of the initiating disturbance. The latter paper extends
this work and presents solutions which are anti-natural in the sense that the circulation of the
cells are in a direction opposite to what might be expected on physical grounds.

Despite these detailed numerical studies, nothing is known about how the onset criterion
changes for the idealised layer of infinite extent as the inclination increases from the horizontal
towards the vertical. To this end we apply the various numerical schemes which were adopted
in Rees and Bassom (2000) for the analogous layer with Dirichlet boundary conditions.

2 Governing Equations

We consider a fluid-saturated porous layer (see Fig. 1) of infinite extent which is inclined
above the horizontal. The layer is heated from below and is thereby subject to thermoconvectve
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Fig. 1 Inclined porous layer

instability. Buoyancy-induced flow is described by assuming that Darcy’s law and the Oberbeck–
Boussinesq approximation are both valid, that the solid and fluid phases are in local thermal
equilibrium, and that the effect of viscous dissipation is negligible. Thus, the local balance
equations for mass, momentum and heat transport may be written in the form,

∇ · u = 0, (1)
μ

K
u = −∇ p + ρ g β

(
T − T0

) (
sin φ ex + cosφ ey

)
, (2)

σ
∂T

∂t
+ u · ∇ T = α∇ 2

T , (3)

where u is the Darcy velocity, p is the pressure, T is the temperature,μ is the dynamic viscos-
ity, K is the permeability, ρ is the density, g is the modulus of the gravitational acceleration,
β is the coefficient of thermal expansion, T0 is the reference temperature, α is the average
thermal diffusivity, σ is the ratio between the overall volumetric heat capacity of the porous
medium and the volumetric heat capacity of the fluid.

The boundary planes of the porous layer, y = 0, L , are impermeable. The lower plane at
y = 0 is heated with a uniform flux, q0 > 0. This heat input is transferred entirely to the
external environment through the upper boundary at y = L , so that

y = 0, L : v = 0, − k
∂T

∂ y
= q0. (4)

In the above equations the Cartesian components of u have been denoted by (u, v, w), while
the unit vectors along the coordinate axes are

(
ex , ey, ez

)
. We note that the reference tem-

perature T0 which is used in the buoyancy force term in Eq. 2 does not appear explicitly in
the boundary conditions, Eq. 4, and it is intended as the average temperature of the layer.

2.1 Dimensionless Quantities

The overline has been adopted to denote the dimensional velocity, pressure and temperature
fields, the space and time coordinates and the differential operators. Equations 1–4 may be
rendered dimensionless by defining the following scalings,

x = (x, y, z) = 1

L
(x, y, z) = 1

L
x, t = α

σ L2 t,

u = (u, v, w) = L

α
(u, v, w) = L

α
u, T = T − T0

q0 L
k. (5)
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Thus, we obtain

∇ · u = 0, (6)

∇ × u = R

[
−∂T

∂z
cosφ ex + ∂T

∂z
sin φ ey +

(
∂T

∂x
cosφ − ∂T

∂y
sin φ

)
ez

]
, (7)

∂T

∂t
+ u · ∇T = ∇2T, (8)

y = 0, 1 : v = 0,
∂T

∂y
= −1. (9)

Equation 7 was obtained by applying the curl operator to both sides of Eq. 2 to eliminate the
pressure field. The governing dimensionless parameter,

R = ρ g β q0 K L2

μα k
, (10)

is the Darcy–Rayleigh number, where q0 L/k has been taken as the temperature scale.

2.2 The Basic Solution

The stationary solution of Eqs. 6–9 which has a zero mean flow in the x-direction is given
by

uB = R

2
(1 − 2 y) sin φ, vB = 0, wB = 0, TB = 1 − y, (11)

where the subscript “B” stands for “basic solution”.

3 Linear Disturbances

The basic solution is now subjected to small-amplitude disturbances of magnitude ε � 1 as
given by,

u = uB + εU, T = TB + ε θ, (12)

where U = (U, V,W ). On substituting Eq. 12 into Eqs. 6–9, and keeping only those terms
which are of O(ε), we obtain the governing equations for the linear disturbances,

∇ · U = 0, (13)

∇ × U = R

[
−∂θ
∂z

cosφ ex + ∂θ

∂z
sin φ ey +

(
∂θ

∂x
cosφ − ∂θ

∂y
sin φ

)
ez

]
, (14)

∂θ

∂t
+ R

2
(1 − 2 y) sin φ

∂θ

∂x
− V = ∇2θ, (15)

y = 0, 1 : V = 0,
∂θ

∂y
= 0. (16)

The fate of rolls aligned at a general orientation, γ , to the x-direction may be determined by
first introducing a coordinate rotation in the xz-plane so that the new coordinates are,

x̃ = x cos γ + z sin γ, z̃ = −x sin γ + z cos γ, (17)

while the new velocity components are,

Ũ = U cos γ + W sin γ, W̃ = − U sin γ + W cos γ. (18)
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In the rotated frame, Eqs. 14 and 15 may be rewritten as

∇ × U = R

[(
−∂θ
∂ z̃

cosφ − ∂θ

∂y
sin φ sin γ

)
ex̃+

(
∂θ

∂ x̃
sin γ+∂θ

∂ z̃
cos γ

)

× sin φ ey+
(
∂θ

∂ x̃
cosφ−∂θ

∂y
sin φ cos γ

)
ez̃

]
, (19)

∂θ

∂t
+ R

2
(1 − 2 y) sin φ

(
∂θ

∂ x̃
cos γ − ∂θ

∂ z̃
sin γ

)
− V = ∇2θ, (20)

where ex̃ and ez̃ are the unit vectors along the x̃-direction and the z̃-direction, respectively.
General oblique rolls are wavelike solutions endowed with a translational invariance along
the z̃-direction, namely,

∂

∂ z̃
(U, θ) = 0. (21)

While a general γ ∈ [0, π/2] describes oblique rolls, the choice γ = 0 defines transverse rolls
(and hence convection remains two-dimensional), and γ = π/2 corresponds to longitudinal
rolls.

By employing Eq. 21, the x̃-and y-components of Eq. 19 are satisfied when,

W̃ = − R θ sin φ sin γ, (22)

and

∂V

∂ x̃
− ∂Ũ

∂y
= R

(
∂θ

∂ x̃
cosφ − ∂θ

∂y
sin φ cos γ

)
, (23)

while Eq. 13 is identically satisfied by defining a streamfunction ψ such that

Ũ = ∂ψ

∂y
, V = −∂ψ

∂ x̃
. (24)

Therefore, the governing equations for the linear disturbances, 16, 20 and 23, subject to the
condition Eq. 21, may be rewritten in the following temperature-streamfunction formulation,

∂2ψ

∂ x̃2 + ∂2ψ

∂y2 = −R

(
∂θ

∂ x̃
cosφ − ∂θ

∂y
sin φ cos γ

)
, (25)

∂θ

∂t
+ R

2
(1 − 2 y)

∂θ

∂ x̃
sin φ cos γ + ∂ψ

∂ x̃
= ∂2θ

∂ x̃2 + ∂2θ

∂y2 , (26)

y = 0, 1 : ψ = 0,
∂θ

∂y
= 0. (27)

Equation 22 is not needed in the solution of Eqs. 25–27. Equation 22 shows that the oblique
rolls, although invariant by translations in the z̃-direction, are such that the velocity stream-
lines are winding lines in the z̃-direction. These streamlines are the result of the combination
of a multicellular flow in the x̃ y-plane and the drift flow described by Eq. 22 in the z̃-direc-
tion. The drift flow component W̃ vanishes either when the layer is horizontal (φ = 0) or
when the direction z̃ of the translational invariance is orthogonal to the x-axis (γ = 0, i.e.
transverse rolls).

Plane waves propagating in the x̃-direction are expressed as

ψ = �
(

i f (y) eλt ei a x̃
)
, θ = �

(
h(y) eλt ei a x̃

)
, (28)
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where a is the wave number, a real quantity, and λ is the complex growth rate, while �(·) and
�(·) denote the real part and the imaginary part. When �(λ) is positive, then the magnitude
of the disturbance grows exponentially in time and the basic state is unstable. On the other
hand, we have stability for �(λ) < 0 and neutral stability for �(λ) = 0. We now substitute
Eq. 28 into Eqs. 25–27, so that we obtain,

f ′′ − a2 f + R
(
i h′ sin φ cos γ + a h cosφ

) = 0, (29)

h′′ +
[

i a R

(
y − 1

2

)
sin φ cos γ − λ− a2

]
h + a f = 0, (30)

y = 0, 1 : f = 0, h′ = 0, (31)

where the primes denote differentiation with respect to y.
Following the procedure described by Rees and Bassom (2000), we may define a trans-

formed angle Φ ∈ [0, π/2] and a transformed Rayleigh number, S, using

tanΦ = tan φ cos γ, S = R
√

sin2 φ cos2 γ + cos2 φ, (32)

in order to reduce the number of nondimensional parameters by one. Thus, Eqs. 29–31 may
be rewritten as

f ′′ − a2 f + S
(
i h′ sinΦ + a h cosΦ

) = 0, (33)

h′′ +
[

i a S

(
y − 1

2

)
sinΦ − λ− a2

]
h + a f = 0, (34)

y = 0, 1 : f = 0, h′ = 0. (35)

Equations 33–35 are an alternative representation of the eigenvalue problem for general
oblique rolls, Eqs. 29–31. They show that the solution of Eqs. 29–31 with an arbitrary γ
is equivalent to the solution of the same system of ODEs with γ = 0, provided that the
replacements R → S and φ → Φ are performed. This means that the solution of Eqs. 29–31
for an arbitrary γ can be always reduced to the solution for transverse rolls (γ = 0). This
result was first used by Rees and Bassom (2000).

The representation of Eqs. 33–35 as an eigenvalue problem implies that, for every assign-
ment of (a, �(λ), Φ), the eigenvalue pair (�(λ), S) is determined through the solution of
Eqs. 33–35. The ensuing analysis is focused on the solution of the eigenvalue problem for
the condition of neutral stability, i.e. for �(λ) = 0.

We note that when the rolls are longitudinal (γ = π/2) then Eq. 32 yields Φ = 0 and
S = R cosφ. This means that the stability analysis for longitudinal rolls reduces to that
of the horizontal case where R cosφ plays the role of the Darcy–Rayleigh number. This
has already been pointed out by Nield and Bejan (2006) for the classical case of Dirichlet
boundary conditions, but it also applies here for Neumann boundary conditions. Therefore
the stability criterion for longitudinal rolls is, simply,

Rcr = 12/ cosφ, acr = 0 (36)

when the layer is of infinite extent in the x-and z-directions (see Nield and Bejan 2006).

4 Asymptotic Analysis

Given that the critical values of S and a are 12 and 0, respectively, when the layer is horizon-
tal, it is of interest in the first instance to determine how the critical value of S changes as the
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inclination of the porous layer increases from zero as this may be determined analytically. We
begin, therefore, with the perturbation equations 33 and 34 subject to the boundary conditions
Eq. 35. The analytical solution for small values of a follows by assuming time-independent
disturbances, i.e. λ = 0. The method we use is closely related to that which is summarised
in Nield and Bejan (2006). We use the expansions,

( f, h, S) =
∞∑

n=0

( fn, hn, Sn) an . (37)

Upon substitution of Eq. 37 into Eqs. 33 and 34 we obtain the following equations and their
solutions in turn.

At leading order we have,

h′′
0 = 0, f ′′

0 = − i S0 h′
0 sinΦ. (38)

and hence the solutions are,

h0 = 1, f0 = 0. (39)

The function h0 could have taken any nonzero constant at this point, and therefore we have
chosen unity for the sake of convenience.

At O(a) the governing equation for h1 is,

h′′
1 = − i

(
y − 1

2

)
S0 sinΦ, (40)

for which the solutions are,

h′
1 = − i

(
y2 − y

2

)
S0 sinΦ, h1 = − i

(
y3

6
− y2

4

)
S0 sinΦ. (41)

We note that we have omitted the arbitrary constant when determining h1 from h′
1; it is argued

that any nonzero arbitrary constant arising at this point could be removed by redefining the
value of h0.

The equation for f1 is,

f ′′
1 = − S0 cosΦ −

(
y2 − y

2

)
S2

0 sin2Φ, (42)

and the solution is

f1 = − S0 cosΦ

(
y2 − y

2

)
− S2

0 sin2 Φ

24

(
y4 − 2y3 + y

)
. (43)

The equation for h2 which arises at O(a2) is

h′′
2 = 1 − i S0 h1

(
y − 1

2

)
sinΦ − i S1

(
y − 1

2

)
sinΦ − f1. (44)

After substitution for f1 and h1, Eq. 44 may be integrated and the first boundary condition,
h′

2(0) = 0, is then applied. This yields

h′
2 = 12 y

[
S2

0 y (5 − 10 y + 15 y2 − 6 y3) sin2Φ − 20 S0 y (3 − 2 y) cosΦ

+ 240 + 120 i S1(1 − y) sinΦ] . (45)
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This expression must also satisfy h′
2(1) = 0, and therefore, S0 must satisfy the equation,

S2
0 sin2Φ − 5 S0 cosΦ + 60 = 0. (46)

Hence,

S0 = 5 cosΦ ± (
25 cos2Φ − 240 sin2 Φ

)1/2

2 sin2Φ
. (47)

It is clear that, for small values of Φ, the two possible values of S0 are the following,

S0 ∼ 5

Φ2 or S0 ∼ 12, (48)

the latter of which is the well-known value for the horizontal constant-heat-flux layer. Thus,
the familiar single zero-wavenumber solution for the horizontal layer is joined by a second
when inclinations are nonzero. From Eq. 47, the two solutions merge when,

tan2Φ = 5

48
⇒ Φ = 17.887413◦, S0 = 5 cosΦ

2 sin2Φ
= 2

√
159 ∼= 25.219040. (49)

This special value of Φ coincides with the threshold angle above which the first branch of
instability disappears; this statement will be clarified later by reference to Fig. 2.

5 The Numerical Methods

From a purely numerical point of view, the main aim of the present work is the solution of
Eqs. 33–35 to obtain either neutral curves or decrement spectra, i.e. the variation of �(λ)with
S. This was undertaken by reducing the system of equations and their boundary conditions to
a matrix eigenvalue problem. Using a uniform distribution of N mesh points between y = 0
and y = 1, both inclusive, second order accurate finite difference approximations were used
to transform Eqs. 33–34 to the following matrix vector equations,

M1f = M2h, M3h + M4f = λh, (50)

where f and h are the vectors of f -values and h-values at all the grid points, and where M1

to M4 are matrices arising from the discretisation process. We note that a straightforward
ficitious point technique has been used at y = 0 and y = 1 to satisfy the Neumann conditions
for the temperature perturbations at those points. These equations may be rearranged into the
form,

(M3 + M4 M−1
1 M2)h = λh, (51)

which is a matrix eigenvalue problem for λ. This was solved using the NAG graphics library
routine, f02gbf. We note that this procedure has also been used in Rees and Bassom (2000),
Rees and Postelnicu (2001) and Rees and Tyvand (2009).

Other critical points such as minima and the detection of isola points were found by
employing a fourth order Runge Kutta scheme coupled with a shooting method to solve the
appropriate extended systems of equations which correspond to these critical points. Details
of these extended systems may be found in Rees and Bassom (2000) and are therefore not
reproduced here.

In our computations we used 30 intervals for the matrix-eigenvalue calculations, but the
critical point calculations used 100 intervals. The former was sufficient to render good graph-
ical accuracy, while the latter gave at least six significant figures of accuracy in all cases.
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Fig. 2 Neutral curves for selected angles of inclination. The horizontal axis corresponds to 0 ≤ a/π ≤ 5
while the vertical axis corresponds to 0 ≤ S ≤ 2000
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As a test for the absolute accuracy of the matrix eigenvalue scheme, we determined the
two critical values of S which correspond to a = 0 when Φ = 12◦. The exact analytical
values are given by Eq. 47 and are S = 14.0006 and S = 99.1395. The matrix eigen-
value solver yields values which are in error by 0.17% and 0.32%, respectively. Further
tests were undertaken to match up the matrix eigenvalue solutions with the Runge-Kutta
computations of various critical points (minima and isolae) and these too yield excellent
comparisons.

6 Discussion of the Results

6.1 Neutral Curves

Figure 2 displays the neutral stability curves, namely S against a, for suitably chosen values
of Φ. very many of the curves shown correspond to stationary modes, i.e. where �(λ) = 0,
but some significant curves correspond to travelling modes where �(λ) �= 0. These will be
identified below.

When the layer is horizontal, Φ = 0◦, all the neutral curves correspond to the constant
heat flux analogue of the Darcy–Bénard problem, and although they were all computed to
be stationary modes, this fact may be confirmed by a simple demonstration that the linear
stability equations are self-adjoint. For this inclination, Mode 1, the lowest mode, has its
minimum at S = 12 and a = 0, as mentioned earlier.

As the inclination increases from zero, there are two general changes to the morphology
of the Φ = 0 neutral curves. The first is the merging of two neighbouring curves when a is
sufficiently large. This may be seen at S � 230 and a/π � 4.22 whenΦ = 3◦, for example,
but two such mergings may also be seen when Φ = 10◦; these are called Type 1 travelling
modes. The second is the formation of the vertically elongated loops, two complete exam-
ples of which may be seen when Φ = 5◦. In all cases, as one is travelling in the direction
of increasing values of S along a stationary mode curve, then the travelling mode branch
bifurcates to the left, and then reattaches from that side at a higher value of S. These are
Type 2 travelling modes.

At slightly larger inclinations each of the latter type of travelling mode branches eventually
becomes smaller and disappears. When Φ = 5◦ the loop on what is the mode 3 curve when
the layer is horizontal is just about to disappear as Φ is increased further. This phenomenon
appears to be a general feature of the evolution of the neutral curves with Φ. However, the
one exception to this is the loop on the mode 2 branch which executes a different route to
annihilation. As Φ increases from 15◦ the now last remaining loop becomes increasingly
separate from the mode 2 curve. In the meantime the two stationary mode branches which
have their minima at a = 0 join together and upper of these branches separates from the
rest of the mode 2 branch. The newly coupled stationary modes shrink and disappear at
Φ = 17.887413◦, as given in Eq. 49, after which there is a sudden jump in the critical value
of S. Finally, the travelling mode loop detaches from its adjoining stationary mode branch
to form a closed curve, and it then proceeds to diminish in size and disappear. This disap-
pearance takes place at an isola point when Φ = 21.506827◦ at which S = 123.999977 and
a = 0.547538π .

After this point a second travelling mode branch descends the right hand stationary branch,
as seen for Φ = 26◦, and this latest loop eventually shrinks, disappears, and leaves the sys-
tem with only stationary modes. Eventually the stationary modes themselves also disappear
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Linear Instability of the Isoflux Darcy–Bénard Problem 675

via another isola point when Φ = 32.544793◦ and the corresponding values of S and a are
S = 293.254772 and a = 0.905772π .

6.2 Decrement Spectra

Given that the evolution of the neutral curves with Φ is not straightforward, it is necessary
to provide some explanation of how such complication arises. To this end we have chosen
six cases and have created their decrement spectra, i.e. the variation of �(λ) with S for fixed
values of Φ and a. These are shown in Fig. 3; here we display stationary modes with a

Fig. 3 Decrement spectra for selected inclinations and wavenumbers
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continuous curve, while travelling modes correspond to dotted lines. For this subsection the
mode numbers will refer to the order of the modes when S = 0 where mode 1 is the least
stable mode.

The case, Φ = 0◦ and a = 2π , confirms our previous remark that modes are stationary
when the layer is horizontal. Further, all modes are stable when S is sufficiently small, and the
value of λ increases with S in all cases, so that all higher modes eventually become unstable.

When Φ = 7◦ and a = π modes 2 and 4 eventually coalesce into a pair of travelling
modes, the dotted line corresponding to both which are distinguished by having values of
�(λ) of opposite sign. However, there is also a very small range of values of S wherein
modes 2 and 3 have merged into a pair of travelling modes, but they separate again very
quickly.

The two cases for which Φ = 14◦ and Φ = 16◦ where a = π/2 depict a situation where
an unusual transformation in the modal curves takes places as Φ increases. On numbering
the modes as described above, modes 1 and 2 soon merge into a travelling mode pair, but
then split again into stationary modes. In the meantime, the line corresponding to mode 3,
a stationary mode, rises up to meet the newly split off mode 2 curve, and they subsequently
merge to form a new travelling mode branch. In the figure, the curve which starts off as
mode 3 takes an S-shape and eventually becomes mode 1. However, as Φ increases, the ‘S’
straightens out, allowing the two travelling mode curves to join together. The curves shown
for Φ = 16◦ corresponds to just after this has taken place. Now the original mode 3 curve
rises and eventually becomes the dominant mode, while modes 1 and 2 merge and thereafter
maintain their identity as a pair of travelling modes. It is also of some interest to note that,
forΦ = 16◦ and a = π/2, there are three intervals of stability. The second and third of these
are very short, but they nevertheless exist.

When Φ = 26◦ and a = 3π/2, all six modes that are depicted merge in their turns pair-
wise to form travelling modes. However, it is only the second pair which yield instability
at any point. The behaviour of the decrements may also be cross-correlated with the neutral
curves shown in Fig. 2.

Finally, when Φ = 31◦ and a = π , the stationary modes merge in a different order, but
mode 3 remains as a stationary mode and yields only a short interval of instability. Again,
the effect of this on the shape of the neutral stability curves may be seen in Fig. 2.

6.3 Onset Criterion

Figure 4 shows the critical value, Scr, of the modified Darcy–Rayleigh number, Eq. 32, as
a function of the angle Φ which have been obtained by minimising the value of S over
all wavenumbers as Φ increases. Figure 5 shows the associated critical wavenumber, acr.
Figure 4 reveals that there are three main branches which, in turn, take over as being the
most unstable. The first one, for small Φ, corresponds to the zero-wavenumber solution
described by the asymptotic analysis given earlier. After the disappearance of the loop which
is associated with the two zero-wavenumber solutions, there is a jump in the value of Scr

at Φ = 17.887413◦ from Scr = 25.219049 to Scr = 68.52326, which is a travelling wave
branch. Then, at Φ = 21.153739◦ and Scr = 99.147018, there is a switch to a third branch
of stationary modes. Finally, the maximum inclination for instability is Φ = 32.544793◦,
at which point we have Scr = 293.254772 and acr = 0.905772π . When Φ > 32.544793◦
the basic solution is linearly stable, although this does not preclude the possibility of large
amplitude nonlinear solutions.
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Fig. 4 Plot of Scr versus Φ; the dashed lines denote the threshold angle above which the first branch of
instability disappears, Φ = 17.887413◦, and the threshold angle above which no instability is possible,
Φ = 32.544793◦

Fig. 5 Plot of acr versus Φ; the dashed lines denote the threshold angle above which the first branch of
instability disappears, Φ = 17.887413◦, and the threshold angle above which the second branch becomes
subdominant, Φ = 21.153739◦

7 Conclusions

In this paper we have presented a thorough analysis of the onset of convection in an inclined
porous layer subject to constant heat flux boundary conditions. We have presented a suffi-
cient number of neutral curves at chosen angles of inclination so that the manner in which the
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neutral curves change with inclination can be understood. Decrement spectra for some cho-
sen cases were also shown to understand more fully some aspects of the shapes of the neutral
curves. Given that zero-wavenumber modes play an essential role at moderate inclinations,
we have also provided a small-wavenumber asymptotic analysis.

These results were then summarised by showing the variation of the overall critical value
of S and the minimising value of the wavenumber with inclination. There are three different
regimes for the onset of convection. The zero-wavenumber mode is the favoured one when
Φ < 17.887413◦, while an unsteady mode with a nonzero wavenumber dominates in the
range 17.887413◦ < Φ < 21.153739◦. Another steady mode, but one with nonzero wave-
number, then occupies the range, 21.153739◦ < Φ < 32.544793◦, while the basic state is
linearly stable at higher inclinations. This is in quite strong contrast to the analogous constant-
temperature case studied by Rees and Bassom (2000), in which the preferred mode is always
stationary and where there are no transitions between competing modes. For that paper, the
maximum angle for which the basic state is unstable was found to beΦ = 31.49032◦, which
is surprisingly close to the present value. Indeed, the final extinction of the steady mode as
Φ increases displays very similarly-shaped neutral curves, and therefore it is possible that
the extinction of linear stability is almost independent of the detailed boundary conditions
that are imposed.
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