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Abstract Steady state natural convection of a fluid with

Pr & 1 within a square enclosure containing uniformly

distributed, conducting square solid blocks is investigated.

The side walls are subjected to differential heating, while

the top and bottom ones are kept adiabatic. The natural

convection flow is predicted employing the nondimensional

volumetric flow rate (Q�max) by using a network model and

also using numerical simulations. For identical solid and

fluid thermal conductivities (i.e. ks = kf), a parametric study

of the effect of number of blocks (N2), gap size (d) and

enclosure Rayleigh number (Ra) on Q�max is performed

using the two approaches. Network model predictions are

observed to agree well with that from the simulations until

Rad3 * 12. Considering the enclosure with blocks as a

porous medium, for a fixed enclosure Ra number, increas-

ing the number of blocks for a fixed volumetric porosity

leads to a decrease in enclosure permeability, which in turn

reduces the flow rate. When the number of blocks is fixed,

and for a given Ra number, the flow rate increases as the

porosity increases by widening the gap between the blocks.

List of symbols

A Cross sectional area of the enclosure, m2

d Channel width, m

D Solid block size, m

Da Darcy number (K/L2), dimensionless

g Acceleration due to gravity, m s-2

H Height of the cavity, m

J Vector

k Thermal conductivity, W m-1 K-1

K Permeability of the porous medium, m2

L Width of the cavity, m

_m Mass flow rate per unit depth, kg s-1

Q� Volumetric flow rate, dimensionless

N Number of blocks in the first column of N 9 N

blocks configuration

p Pressure, N m-2

p� Pressure, dimensionless

Pr Prandtl number, m
a

Ra Rayleigh number,
gbðTh�TcÞL3

ðamÞf
T Temperature, K

u, v Velocity components along the x and y-axes,

respectively, m s-1

u�, v� Velocity components along the x and y-axes,

respectively, dimensionless

x, y Coordinates, m

x�, y� Coordinates, dimensionless

Greek symbols

a Thermal diffusivity, m2 s-1

b Coefficient of thermal expansion, K-1

d Channel width, dimensionless

j Flow control parameter, dimensionless

/ Porosity of the porous medium, dimensionless

v Kinematic viscosity, m2 s-1

h Temperature, dimensionless
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q Density, kg m-3

w Stream function, m2 s-1

w� Stream function, dimensionless

Subscripts

avg Average

c Cold wall

f Fluid

h Hot wall

i, j Indices corresponding to the x and y directions,

respectively

m Mean temperature

max Maximum

1 Introduction

Natural convection flow within enclosures with obstacles

approximate many real-life situations such as ventilation in

grain silos [1], buildings and storage places for heat gen-

erating containers, cooling of electronic cabinets [2] and

for delineating heterogeneous porous medium behavior [3].

The accurate prediction of fluid flow and heat transfer is of

primary importance in the design and optimization of the

above configurations. This has received recent research

attention. Analyzing such convection configuration using a

network model was first attempted by Oliver [4] and

Koplik [5]. In [4], network model is used to predict tem-

perature inside a transformer. By analysing the associated

probability distribution function for the network, Koplik

[5] calculated the total current flow across the entire net-

work which would be the function of the voltage differ-

ence. Articles of Zhang and Li [6, 7] and Jordan [8] also

provide the methodology and applications of network

model theory. Apart from being used in natural convection

studies, the network method has been applied recently for

various engineering problems, namely, transient radiative

transfer process between the thick walls of enclosures [9],

simulating two-dimensional transient density-driven flow

and solute transport through porous media [10], and for the

simultaneous inverse determination of temperature-depen-

dent thermophysical properties in fluids [11].

Numerical simulations have also been employed to study

convection in enclosures with distributed solid blocks.

House et al. [12] examined the consequence of placing a

centered, square, heat-conducting body in a square enclo-

sure. This work was extended in the parametric range

103 \ Ra \ 106 and 0.1 \ Pr \ 10, by Bhave et al. [13]

and an optimum heat transfer enhancement was deduced by

controlling both the size and thermal conductivity of the

solid block. Natural convection in an enclosure with mul-

tiple blocks was first investigated by Merrikh and Mohamad

[14]. The intrusion of blocks within the side-wall thermal

boundary layers was reported to inhibit convection. In [15],

block distribution effect on the overall enclosure convection

was studied, while in [3], effect of uniformly placed con-

ducting solid objects was studied using a continuum model.

For a given Rayleigh number, strong hindrance effect of the

blocks on the convection process was reported beyond a

minimum number of blocks.

In [16], steady laminar and turbulent natural convection

within a cavity with solid conducting blocks were inves-

tigated. Their conclusion that the macroscopic model did

not predict the average Nusselt number well, when com-

pared with those obtained from the continuum model with

several obstacles, was also reported by Massarotti et al.

[17]. In [18], natural convection in enclosure with a ran-

dom distribution of solid blocks was studied. An oscillatory

behaviour was observed in the local wall Nusselt number

and a critical Rayleigh number for the onset of convection

was also predicted.

The objective in this study is to predict the natural

convection flow rate inside a square enclosure distributed

with solid blocks using the network model and compare it

with corresponding predictions from equivalent numerical

simulations. The comparison provides bounds for the

applicability of the developed network model in predicting

such enclosure convection flow rate, a contribution

unavailable at present in the published literature. For

completion, a parametric study, using porous medium

approach, is also performed.

2 Geometry and problem formulation

The system being investigated is shown in the two

dimensional schematic in Fig. 1. It consists of a fluid-

saturated square enclosure containing several conducting

square solid obstacles. They are disconnected and distrib-

uted uniformly within the enclosure, which is itself sub-

jected to a horizontal temperature difference (DT = TH -

TC) applied at the walls as shown in Fig. 1. The resulting

natural convection of the fluid due to buoyancy effects

results in a flow within the enclosure through the gaps

between the solid blocks.

The flow is governed by the two-dimensional version

of the three conservation equations: mass, momentum

(Navier–Stokes) and the heat transport equations subject to

various assumptions. The Boussinesq approximation, where

the local density varies only with temperature and only

within the buoyancy term, has been invoked. Further, the

Newtonian fluid is assumed to remain in a single phase state

with constant thermal and physical properties. The resulting

laminar incompressible flow is then in steady state natural

convection. The governing equations for mass, momentum

in the x and y directions and heat transport are as follows:
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Inside the conducting solid blocks, the heat transport

equation, Eq. 4, is solved by setting k = ks and both the

velocity components to zero.

The governing equations Eqs. 1–4 are nondimensional-

ized using the following variables

x� ¼ x

L
; y� ¼ y

L
; u� ¼ uL

af
; v� ¼ vL

af
; p� ¼ pL2

qðamÞf
;

h ¼ T � Tc

Th � Tc
; Ra ¼ gbðTh � TcÞL3

ðamÞf
ð5Þ

leading to the nondimensionalized forms of Eqs. 1–4,

written as
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The associated boundary conditions for Eqs. 6–9 with

respect to the geometry shown in Fig. 1 are

At the left hot wall

x� ¼ 0 : u� ¼ v� ¼ 0; h ¼ 1: ð10Þ

At cold wall

x� ¼ 1: u� ¼ v� ¼ 0; h ¼ 0: ð11Þ

And at the upper and lower walls

y� ¼ 0; 1: u� ¼ v� ¼ 0;
oh
oy�
¼ 0: ð12Þ

Velocity boundary conditions similar to the above Eqs.

10–12 are applied to the corresponding vertical and

horizontal walls of the conducting solid blocks along

with the following continuity of temperature and heat flux

conditions,

hf ¼ hs; kf
ohf

on

� �
¼ ks

ohs

on

� �
; ð13Þ

where n denotes the direction normal to the corresponding

wall of each block.

3 Solution methodology

The governing equations Eqs. 6–9 are solved together with

associated boundary conditions Eqs. 10–13 by means of

two approaches, namely, an analytical network model [19]

and the primary-variable-based numerical simulation [20].

The two approaches are explained as follows.

3.1 Network model theory

The schematic in Fig. 1 is one instance of a more generic

case of an enclosure with blocks as depicted in Fig. 2. This

would prompt one in the first instance to study the natural

convective flow in an enclosure saturated with a fluid,

bathing a single conducting block as shown in Fig. 2a,

before generalizing the analysis to enclosure containing

larger numbers of blocks (Fig. 2c).

On substituting the relations u� ¼ ow�=oy� and v� ¼
ow�=ox� into Eqs. 7 and 8 one obtains the equivalent stream

function formulation. This enables the plotting of stream-

lines—lines that are, at given instant, tangent to the

Fig. 1 Schematic of enclosure configuration with 5 9 5 block array
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direction of flow at every point in the flow field. These

equations are then cross differentiated with respect to y�

and x� and the resulting equations are subtracted from one

another to eliminate the pressure term, resulting in a single

momentum equation of the form,

ow�

ox�
r2 ow�

oy�

� �
� ow�

oy�
r2 ow�

ox�

� �
¼ r4w� þ oh

ox�
Ra ð14Þ

Equation 14 may only be solved if the temperature

profile (h), is known. For the network model, it will be

assumed the flow within the gaps is sufficiently weak that

the isotherms remain vertical, at least to leading order in d,

where d is the gap width; this is depicted in Fig. 2b.

Therefore the temperature field is taken to be,

h ¼ 1� x� ð15Þ

A further assumption that is made is that the flow in all

the channels shown in Figs. 1, 2a is unidirectional. The

possible errors incurred due to entrance and corner effects

are neglected. Observe that, by imposing these assumptions

for flow and temperature as in Eq. 15, one doesn’t preclude

the overall two dimensionality of the flow through the

channels in the enclosure shown in Fig. 1. After

substitution of Eq. 15, Eq. 14 becomes,

ow�

ox�
r2 ow�

oy�

� �
� ow�

oy�
r2 ow�

ox�

� �
¼ r4w� � Ra ð16Þ

The solution procedure for the flow in the channels for

both the single block and multiple block cases is given in

detail in [19]. To summarise briefly, within each channel it is

possible to find the detailed flow, which is a combination of

plane Poiseuille flow and buoyancy-induced channel flow.

Thus it is possible to relate the overall mass flow within each

channel to the uniform pressure gradient along the channel.

In turn, this leads to an equation relating the pressure drop

along the channel to difference between the values of the

stream function across the channel. The pressure change

when moving around any one chosen block must be zero, and

therefore this becomes equivalent to an equation relating the

value of w stream function (dimensional) on the chosen

block to the corresponding values of its four neighbours.

The maximum mass flow rate circulating within the

cavity (e.g. from the heated wall to the centre of the

enclosure) can be written as

_m ¼ q� A� 1

L

ZL=2

0

udy ð17Þ

Fig. 2 a Single block

configuration, b Isotherms,

c Multiple block configuration,

d Block (i, j) and its

neighbouring blocks and gaps
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where _m is mass flow rate per unit depth and A(=L/2 9 1)

is the cross sectional area of the enclosure from the heated

wall to the centre.

Using the above _m definition in Eq. 17, a non-dimen-

sional volumetric flow rate can be written in the form,

Q� ¼ _m

ðqaÞf
¼
Z1=2

0

u� dy� ¼
Z1=2

0

ow�

oy�
dy� ð18Þ

By following the procedure described above, it is possible

to determine the stream function corresponding to each of

the blocks within the cavity, and hence it is possible to

determine the volumetric flow rate in each channel. For the

single block case, as shown in Fig. 2a, we obtain,

Q� ¼
Z1=2

0

u�dy� ¼ 1

48
Ra d3 ð19Þ

For multiple block situations the stream function at

block (i, j) (see Fig. 2d) is given in terms of its four

neighbours:

4Q�i;j �Q�i�1;j �Q�iþ1;j �Q�i;j�1 �Q�i;jþ1 ¼
2

3

d
2

� �3

Ra ð20Þ

Equation 20 is applied over M 9 M blocks, and the

resulting simultaneous equations can be expressed in

matrix/vector form where the matrix contains M2 9 M2

elements. This may be written in the form

MN2�N2 � Q�
N2 ¼ j� JN2 ð21Þ

where M is a block tri-diagonal matrix, Q� is the vector of

values of the stream function on each block and J is a

vector of length N2 consisting entirely of ones. The

parameter j controls the flow and is defined as

j ¼ 2

3

d
2

� �3

Ra ð22Þ

Thus, from Eq. 21 the values of the volumetric flow rate

array Q�N2 can be calculated using standard matrix inversion

method like Gauss Siedel iterative procedure.

3.2 Direct simulations using primary variables

For validating the above network model results, a separate

primary variables based numerical simulation of the

enclosure with corresponding number of blocks was also

performed. The numerical simulations are performed using

the finite volume formulation of Eqs. 6–9 together with the

associated boundary conditions given in Eqs. 10–13. The

convective terms of Eqs. 6–9 are discretized using a power

law scheme and the diffusion terms with the central dif-

ference scheme. The pressure and velocity coupling are

performed by using the SIMPLE algorithm [20], and are

solved iteratively using the tri-diagonal matrix algorithm.

Suitable grids were chosen after performing grid inde-

pendence tests of the steady state results for all the number

of blocks and gap sizes considered. The convergence cri-

teria for the mass, momentum and energy equations were

set as 10-5, 10-5 and 10-13 respectively. Owing to space

constraints, representative grid independence results for the

N = 10 and 20 with size, d = 0.005, are reported in

Table 1. Based on these results, a grid of size (the number

of grid points in solid block is approximately five times that

in fluid within the gaps) 1200 9 1200 was used for N = 10

and, for the N = 20 case, a 1440 9 1440 grid was taken.

For other cases with larger number of blocks, the grid sizes

were meticulously chosen by performing similar grid

independence tests.

4 Results and discussion

Using the two approaches detailed in the previous section,

the effect of number of blocks (N2), channel width (d) and

Table 1 Grid independence

study for N = 10 and 20 with

uniformly spaced blocks with

d = 0.005, L� = 1 using

Rad3 = 1.2

Grid size Q�avg Q�max Percentage error

in the maximum

volumetric flow

rate
jQ�new�Q�

old
j

Q�new
� 100

N = 10, Q�max = 0.0873 (Network model theory)

160 9 160 0.0474 0.0894

300 9 300 0.0461 0.0915 2.295

600 9 600 0.0453 0.0907 0.820

1,200 9 1,200 0.0448 0.0900 0.778

N = 20, Q�max = 0.1615 (Network model theory)

200 9 200 0.0778 0.5415

300 9 300 0.0889 0.1690 220.41

520 9 520 0.0863 0.1727 2.14

1,440 91,440 0.0847 0.1697 1.77
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Rayleigh number (Ra) on the maximum volumetric flow

rate (Q�max) are studied in detail.

For an enclosure of unit aspect ratio (i.e. H = L in

Fig. 1), once the volumetric porosity / of the enclosure

and the number of solid blocks N2 placed within it are

known, the block size (D�) and the channel width (d) can

be determined uniquely using the relations,

/ ¼ 1� N2D�2 ð23Þ

and

d ¼ 1� D�N

N þ 1
; ð24Þ

where the latter is obtained by observing that a cavity wall

has the same length as N ? 1 channel widths and N blocks.

The present enclosure with conducting blocks may be

treated as an equivalent porous enclosure without losing

the generality of the results. This equivalent porous med-

ium allows one to calculate the permeability, K, using the

Carman-Kozeny relationship [2, 21]. Here, K will be a

function of the enclosure volumetric porosity, the number

of blocks (porous medium particle length scale) and the

gap width (pore length scale). The non-dimensional version

of this relationship may be written as

Da ¼ K

L2
¼ 1

180

/3D�2

ð1� /Þ2
ð25Þ

where Da, Darcy number, is the non-dimensional repre-

sentation of the permeability of the block-filled enclosure

when treated as a porous medium.

In the numerical simulations for the enclosure with

conducting blocks, the enclosure volumetric porosity / is

kept fixed at 0.2 and the N2 is changed from 25 to 400, with

the corresponding reduction in the block size (D�). The

streamlines and the isotherms are shown in Figs. 3, 4 and 5

for several combinations of values of Rad3 and N2. The

blocks are shown as dotted lines in these Figures. It is

important to note that, when these configurations are treated

as a porous medium, their corresponding permeabilities

decrease as the number of blocks increases, as deduced

from Eq. 25. The corresponding Da values, as calculated

from Eq. 25, are given in the respective figure captions.

For a chosen enclosure configuration, with a fixed

number of blocks as shown in Fig. 3 and a fixed gap width,

the isotherms bend increasingly from (a) to (c), indicating

that convection effects are becoming progressively stron-

ger as Ra is increased. This effect is also observed when

the number of blocks is increased from 5 to 10 and 20, as

shown in Figs. 4, 5. However, in general, increasing the

number of blocks for a fixed volumetric porosity leads to

decrease in effective permeability of the cavity and causes

reduction in flow rate. Hence, the temperature gradients

near the hot wall will become lower. This, in turn, results in

lesser heat transfer. Indeed, while the Rayleigh number

remains fixed for these three cases, a porous-Rayleigh

number based upon KL (instead of L3 for the pure fluid

Rayleigh number) decreases as the number of blocks

increases for a fixed porosity.

For Pr & 1 and ks = kf, the maximum volumetric flow

rate (Q�max) for the above configurations have been calcu-

lated using the two methods (network model and simula-

tions), and are plotted in Fig. 6 as a function of Rad3 and

number of blocks (N2). The results are seen to be in good

agreement. However, it is important to note that the results

of the network model are independent of Pr and ks/kf.

When the enclosure permeability is the least (N2 = 400

case), the isotherms as observed in Fig. 5, remain roughly

linear, irrespective of the Rayleigh number. The isotherms

in Fig. 3 deviate greatly from the assumption in Eq. 15

explaining the fairly large difference between the results

from the two methods in Fig. 6 when N2 = 25.

If one were to consider a fixed value of Rad3 in Fig. 6,

then one may observe that Q�max increases as the number of

blocks increases from N2 = 25 to N2 = 400. This appears

to be counter-intuitive as one would expect the flow rate to

decrease as an increasing number of blocks at a fixed

porosity necessarily results in a decrease in the channel

widths. On treating the configuration as a porous media,

this translates to a decrease in permeability as indicated in

Fig. 6, which is also expected to decrease the flow rate.

However, in this situation, the effects of Ra and gap size

(d) are not mutually exclusive. For a fixed value of Rad3 on

the abscissa, an increasing number of blocks decreases the

gap size, but it also increases the value of the Rayleigh

number since Rad3 is held constant. This results in stronger

convection as one proceeds from N2 = 25 to N2 = 400

blocks, which, in turn, results in the higher flow rate

observed in the Fig. 6 results.

To corroborate the validity of this reasoning, a

decreased permeability can be shown to decrease the flow

rate within the enclosure. This result can be obtained from

the results in Fig. 6 itself in the following way. For a

constant porosity / = 0.2, for N2 = 25 one could predict

the flow rate from the ordinate of Fig. 6 when, say,

Rad3 = 12, as marked by point A in the Figure. Given that

N2 = 25 at point A and that the gap width is known, one

could obtain a Rayleigh number from the equation

Rad3 = 12. For this same Rayleigh number, in the

N2 = 100 case, the corresponding flow rate is smaller, as

marked by point B, since the permeability is reduced as the

gap size is reduced. A similar argument leads to an even

weaker flow rate for the same value of the Rayleigh

number, when the number of the blocks increases to

N2 = 400 as marked by point C. This effect is captured

well by both the network model and the numerical

simulations.
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Figure 7 depicts the variation of maximum volumetric

flow rate Q�max with Rayleigh number for three different

porosities while retaining a fixed number of blocks at

N2 = 100. It is to be expected that convection is enhanced

when Ra is increased for a fixed value of d and it is also

enhanced as the gap width, d, increases for a fixed Rayleigh

number. In the latter case the effective permeability

increases, which must lead to stronger flows. Both the

network model and numerical simulations agree well in the

prediction of these results.

These observations can be summarized in a plot as done

in Fig. 8 subsuming the permeability variation in RaDa,

Fig. 3 Streamlines and

isotherms for enclosure with

N = 5, / = 0.2 and

Da = 0.22 910-6 at

Rad3 = (a) 0.12, (b) 1.2,

(c) 12
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the conventional KL length scale based porous medium

Rayleigh number. This plot reduces effectively the flow

rate information for several enclosure with obstacles con-

figurations into a succinct porous medium range, exploiting

the use of treating enclosures with obstacles as a porous

medium.

5 Conclusions

Steady natural convection inside a side wall heated square

enclosure filled with uniformly distributed conducting solid

blocks has been investigated using two approaches. Results

from network model theory were compared with numerical

Fig. 4 Streamlines and

isotherms for enclosure with

N = 10, / = 0.2 and

Da = 5.56 910-7 at

Rad3 = (a) 0.12, (b), 1.2

(c) 12
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simulation results using primary variables. For the con-

sidered range of parameters, the network model predictions

of enclosure flow rate (Q�max) agree well with the numerical

simulations until Rad3 * 12.

For a fixed porosity (/), both the network model and

the simulations predict an increase in the maximum vol-

umetric enclosure flow rate when the number of blocks is

increased. This counter-intuitive result is because of the

constancy of the Rad3 group. This leads to stronger

convection due to increase in Ra number, when the gap

size decreases (due to increase in the number of blocks

N). For identical Ra numbers, the maximum volumetric

flow rate decreases, as expected, when the number of

blocks is increased.

Treating the enclosure with blocks as a porous medium,

for a fixed Ra, an increase in the number of blocks for a fixed

Fig. 5 Streamlines and

isotherms for enclosure with

N = 20, / = 0.2 and

Da = 1.39 910-7 at

Rad3 = (a) 0.12, (b) 1.2,

(c) 12
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porosity leads to a decrease in the enclosure permeability

(Da), reducing the flow rate. For a configuration with fixed

number of blocks, increasing the porosity by increasing the

gap size, increases the flow rate for a given Ra.

Using conventional porous medium Ra number (=RaDa)

the flow rate information for several enclosure with

obstacles configuration is shown to be reduced into a few

equivalent porous medium configuration. This result

highlights the engineering use of treating such enclosure

configurations as a porous medium.
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