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Horizontal Porous Layer: Onset of
Convective Instabilities

Parallel Darcy—Forchheimer flow in a horizontal porous layer with an isothermal top
boundary and a bottom boundary, which is subject to a third kind boundary condition, is
discussed by taking into account the effect of viscous dissipation. This effect causes a
nonlinear temperature profile within the layer. The linear stability of this nonisothermal
base flow is then investigated with respect to the onset of convective rolls. The third kind

boundary condition on the bottom boundary plane may imply adiabatic/isothermal con-
ditions on this plane when the Biot number is either zero (adiabatic) or infinite (isother-
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mal). The solution of the linear equations for the perturbation waves is determined by
using a fourth order Runge—Kutta scheme in conjunction with a shooting technique. The
neutral stability curve and the critical value of the governing parameter R = GePe® are
obtained, where Ge is the Gebhart number and Pe is the Péclet number. Different values
of the orientation angle between the direction of the basic flow and the propagation axis

of the disturbances are also considered. [DOI: 10.1115/1.3090815]

Keywords: laminar flow, mixed convection, Darcy—Forchheimer model, porous medium,
linear stability, viscous dissipation

1 Introduction

Convective instabilities in porous layers have been the subject
of very many investigations in the past decades. A cornerstone in
this field is the so-called Horton—Rogers—Lapwood (HRL) prob-
lem [1,2]. This problem consists of the linear stability analysis of
a fluid at rest in a porous plane layer where the bottom isothermal
boundary is held at a relatively high temperature while the top
isothermal boundary is at a lower temperature. Physically, the
HRL problem is the porous medium analog of the classical
Bénard problem for a clear fluid and is often called the Darcy—
Bénard problem. The HRL problem admits a very simple analyti-
cal solution for the basic state, which is compatible with both the
Darcy and the Darcy—Forchheimer models. Several other variants
of the original HRL problem have been investigated in the past
years. Reviews of the wide literature on this subject may be found
in Refs. [3-5]. An important problem closely related to the HRL
problem is the much less well-known Prats problem [6]. This
latter problem is the linear stability analysis, according to the
Darcy model, of the HRL configuration in the presence of a uni-
form horizontal flow.

The present paper investigates the onset of linear instabilities in
a horizontal porous layer induced by the viscous heating effect, a
topic on which very few papers have been published (see Refs.
[7-9]). Unlike in the Prats problem [6], the vertical temperature
gradient causing the onset of convective rolls is not imposed ex-
ternally through the boundary conditions. Rather, it is the inter-
nally generated heat due to viscous friction that causes the vertical
temperature gradient and thus gives rise to the possibility of con-
vective instability. In this paper, the top boundary surface is con-
sidered to be isothermal, while the bottom boundary is subject to
a thermal boundary condition of the third kind for which a Biot
number, Bi, may be defined. This latter boundary condition is
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studied including the two limiting cases, Bi— 0 (adiabatic bound-
ary) and Bi— oo (isothermal boundary). A linear stability analysis
of oblique rolls, which are inclined arbitrarily with respect to the
uniform base flow direction, is performed. The disturbance equa-
tions are solved numerically by a fourth order Runge—Kutta
method. The governing parameter for the onset of convective in-
stabilities is defined as R=GePe2, where Ge is the Gebhart num-
ber and Pe is the Péclet number.

2 Mathematical Model

A laminar buoyant flow in a horizontal parallel channel with
height L is considered (see Fig. 1). Both the Darcy—Forchheimer
model and the Boussinesq approximation are invoked. The hori-
zontal boundary walls, y=0,L, exchange heat with an external
environment at temperature 7,,: the top surface is taken to be
perfectly isothermal at temperature 7,, (infinite Biot number),
while the bottom surface is taken to be imperfectly isothermal
(finite Biot number).

The governing mass, momentum, and energy balance equations
may be expressed as

V.u=0 (1)
C-s“yl—( - 19P
1<1+—L\u~u)ﬁ=———_ (2)
K v p ox
C E - 19P _
£<1+—f—\ \u-u)5=———_+/3g(T—Tw) 3)
K v p dy
C} et 19P
Z<1+—\L\’u-u>v7=———_ (4)
K v p 9z
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Fig. 1 Sketch of the horizontal porous channel

aT CNK ——=
o—+U-VT= aV2T+K—(1+—L\'u u)u u (5

or Cp v

where o is the ratio between the average volumetric heat capacity
(pc[,)m of the porous medium and the volumetric heat capacity
(pcy)y of the fluid. In Eqgs. (1)—(5), the x, y, and z components of
velocity are denoted as u=(u,v,w); then the velocity and tem-
perature boundary conditions are expressed as

0=0=T7-T, (6)

2.1 Nondimensionalization. Let us introduce nondimen-
sional variables such that

2

_ a
(x,9.2)=(x,y,2)L, T=t—, (u,0,w)=(u,v,w)—
a L
_ _ ua
T=T, T— =p— 7
wt Kc, P=rY (7

Then, Egs. (1)—(5) may be rewritten in the form
v o

+—+—=0 (8)
dx dy 0z
— 17
1+ pu-wu=-2 )
dx
— dp
(I+pVu-wv=——+GeT (10)
dy
— J
(1+m“u-u)w=——p (11)
%4
aT  oT 9T T ﬂZT aZT FT
—HUT— v +Ww ="
ot ox dy 9z ox* (?y ﬂz
+ @+ 07+ w1+ pu-u)
(12)
where u=(u,v,w) and Ge is the Gebhart number, namely,
L
Ge= $BL (13)
p
and # is a nondimensional Forchheimer coefficient,
CDa K v
7]=~f— where Da=— and Pr=— (14)
Pr L a
The boundary condition (6) may be expressed in dimensionless

form,
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JoT )
y=0: v=0=—-BiT
dy
y=1: v=0=T (15)
where Bi is the Biot number, which is defined as
hL
Bi=— 16
. (16)

2.2 Basic Flow. For the basic solution, we assume a horizon-
tal steady parallel flow in the x-direction and a purely vertical heat
flux. Then, the basic state, which has to be analyzed for stability,
is given by

MB=Pe>0, UBZO, WB=O
7]
s _ _ Pe(1 + 7Pe)
ax
J
LB _ Ger,y
dy
s _,
a9z

y*(Bi+ 1) —Biy -1

Tp=-Pe*(Pen+1
p=—PePens D0

(17)

where

gl
Pe= 2= (18)
o
defines the Péclet number referred to the dimensional uniform

base flow velocity ip.

2.3 Linearization. Perturbations of the base flow given by
Eq. (17) are defined as

u=ug+elU, v=vg+eV, w=wp+eW, T=Tz+¢eb,

(19)

where e is an asymptotically small perturbation parameter. On
substituting Eq. (19) into Egs. (8)—(12) and neglecting nonlinear
terms in the perturbations, i.e., terms of 0(&?), one obtains the
linearized stability equations, namely,

p=pp+eP

au v aw
—+—+—= (20)
ox dy 9z
U(l+2nPe)=—— (21)
P
V(1 + Pe) =— — + Gef (22)
dy
W(l + nyPe)=—— (23)
2, pe2? Pe’(1 +Pen)VB(y) = 70 &20+820
- e—— e e —
at MYE =02 T ayr 0
+PelU(2+3Pen) (24)
where B is a function of both Bi and y and is defined as
Bi
B(y)zy—- — 25
0=y 2Bitl) (25)
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3 Instability With Respect to Rolls

Now, one may differentiate Eqs. (21)—(23) and substitute the
results into Eq. (20). Then one may also substitute the velocity
components in Egs. (21) and (22) into Eq. (24) in order to obtain
the following pressure/temperature formulation:

1+Pey \&#P &P &FP 30
|3+ T3 +-53=Ge—- (26)
1+2Pen/ dx* dy a9z dy
0 30 _ [dP #0 ;0 F0
—+Pe—+Pe’| —-Gel|B(y)=—5+ 5+
at dx dy ox®  dy” oz
2+3P aP
- e(—e77 ) = @)
1+2Pen/ dx
Let us assume that the disturbances are given by
P(x,y,z, t) — %{P(y)e}\reia(x cos x+z sin X)}
G(x,y,z,t) — m{@(y)e}\reia(x cos x+z sin X)} (28)

where A=\ +i\, is a complex coefficient and y is the angle be-
tween the base flow direction and the propagation direction of the
disturbance. The system of Egs. (26) and (27) now reduces to

1+Pe
P”—az[<—7l>cos2 X + sin? X]P—Ge@’ =0 (29)
1+2Pen

O" — [\ +a® + iaPe cos y — GePe’B(y)]0 — Pe’B(y)P’
2+ 3Pe77) o
1+2Pey)

where primes denote differentiation with respect to y. The bound-
ary condition (15) may be expressed in terms of pressure and
temperature as

P'=Ge®, ©O'-Bi®=0;

— iaPe cos X( (30)

P'=0=0
(1)

We will set R(\)=\;=0 in order to investigate neutral stability.
Moreover, for numerical convenience, we shall also set

y=0: y=1:

y=\,+aPe cos x (32)
so that Eq. (30) may be rewritten as
0" —[a*>+iy— GePe’B(y)]® — Pe?B(y) P’
2 +3Pe
—iaPe cos X<—7]>P=O (33)
1+2Pey

3.1 Transverse Rolls (y=0) . The condition y=0 identifies
the transverse roll case. Equations (29), (31), and (33) become

1+P
P —az(—en)P ~Ge®' =0 (34)
1 +2Pey
0" —[a*+iy— GePe’B(y)]® — Pe?B(y) P’
2+ 3P
-iaPe<—e’7>P=o (35)
1+2Pey
y=0: P'=Ge®, O'-Bi®=0; y=1: P'=0=0
(36)

3.2 Longitudinal Rolls (y=/2) . In the case y=7/2, Egs.

(29), (31), and (33) become
P"-a’P-Ge®' =0 (37)

0" —[a*+iy—GePe’B(y)]® — Pe’B(y)P' =0 (38)
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P'=Ge®, 0O'-Bi®=0; P'=0=0

(39)

It is important to note the absence of the parameter 7 in Egs.
(37)—(39). Thus, longitudinal rolls are not affected by the depen-
dence on the Forchheimer term in the momentum equation. More-
over, the problem becomes self-adjoint as one may now set y=0
and determine the solution {P,®} in terms of real-valued func-
tions.

y=0: y=1:

4 Eigenvalue Problem

Equations (29) and (33) are a pair of coupled homogeneous
complex second order ODEs and are subject to the four homoge-
neous boundary conditions (Eq. (31)). The system always admits a
null solution, but it may also be interpreted as an eigenvalue prob-
lem for A where values for A depend on Ge, Pe, 7, x, and a.
Alternatively, incipient instability is given by A;=0; therefore the
system may now be regarded as a double eigenvalue problem for
Pe and v, for example, as functions of the remaining parameters.
The computation of these eigenvalues requires a further normal-
ization condition to force the solutions for P and ® to be nonzero;
we choose the following:

Bi®'(0) +©(0)=Bi+ 1 (40)
It also proves convenient to work with the parameter
R = GePe? (41)

rather than Ge. The critical value of R, which is denoted by R, is
now determined by seeking the minimum of R as a function of a
in the neutral stability curve. In practice this is done by extending
the system, Egs. (29) and (33), by differentiating it with respect to
a and by setting dR/da=0.

4.1 Stability Analysis. In order to solve Egs. (29), (31), (33),
and (40), a numerical solver based on the classical fourth order
Runge—Kutta method coupled with the shooting method has been
used. In all cases we used 100 intervals, and this, coupled with the
fourth order accuracy of the method, yields highly accurate re-
sults. The change in R, as a function of three parameters has been
studied. These parameters are the Biot parameter Bi, the angle y,
and the parameter 7,, which is defined as

(42)

and allows one to remove the explicit dependence on Ge in the
physically reasonable range of very small Ge. Indeed, if one sub-
stitutes Eq. (42) and the relationship

P(y)

P.(y)= G (43)

in Egs. (29), (31), (33), and (40), one obtains

-

1+VR

P -a (#)coszﬁsinzx P.-0'=0 (44)
1+2VR7,

0" -[a*+iy—RB(y)]® - RB(y)P..

— 2+3\VR
—iaVGeR cos )(( —\,—7’+>P+ =0 (45)
1+2VR7n,
y=0: P:_=®, ®' -Bi®=0, Bi®'+O®=Bi+1;
y=1: P.=0=0 (46)

It must be mentioned that, on account of Eq. (42), the limit 7,
— 0 can be interpreted as the limit of the negligible form-drag
effect, i.e., the limit of validity of Darcy’s law. On the other hand,
the limit 7, — is the limit of a very small Gebhart number.
Under the physically realistic assumption of Ge<<1, if R is of
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Fig. 2

O(1), then the last term on the left hand side of Eq. (45) is of
0(Ge'”?). As a consequence, this term is significantly smaller than
the other terms. Thus, one can easily infer that neglecting this
term allows one to set y=0, so that the problem becomes self-
adjoint and only admits real solutions for (P,®). The Biot number
Bi affects the bottom boundary condition. On account of Eq. (25),
in the limit of an adiabatic boundary, one has

Bi—0=B(y)=y (47)

while, in the limit of a perfectly isothermal boundary, one has
(48)

From Fig. 2 one can see that, for any chosen parameter set, the
values of R are higher in the case of an isothermal bottom
boundary than in the case of an adiabatic bottom boundary. This
feature could have been expected. In fact, when examining the
basic flow in the case of isothermal bottom boundary (Bi— ),
one can see from Eq. (48) that the midplane y=1/2 is adiabatic,
i.e., B(1/2)=0. In other words, in the analysis of the basic flow,
the layer with adiabatic bottom boundary is coincident with the
upper half of the layer with isothermal bottom boundary, except
for the thickness. One sees that R is proportional to L. Therefore,
one would expect that the critical value of R in the case of a layer
with isothermal bottom boundary is eight times that in the case of
a layer with adiabatic bottom boundary. The factor of 8 would be
exact if in the perturbed flow of the layer with isothermal bottom
boundary, the midplane y=1/2 is both adiabatic and impermeable.
In fact, these conditions are perfectly fulfilled by the basic flow
but not by the disturbances. It should be mentioned, however, that
the lower half of the layer with isothermal bottom boundary is
expected to be affected only marginally by roll disturbances as the
midplane y=1/2 is, in the basic state, hotter than the bottom
boundary y=0.

In Fig. 2 one may also notice that R, for every Biot number
Bi, is not affected by the orientation angle y in the limit of validity
of Darcy’s law, 7, — 0. On the contrary, in the limit of important
form-drag effects with Ge<<1 (7,— ), one finds an important
dependence of R, on the orientation of the oblique rolls. In par-
ticular, longitudinal rolls (y=/2) appear to be the most unstable.
For longitudinal rolls, R, is independent of 7,. This feature is
evident from Egs. (44)—(46) as the parameter 7, disappears from
the equations when y=w/2. For 7,—0 there appears an
asymptotic behavior described in Table 1. For 7, — o0, a different

Bi—>oo:>B(y)=y—%

072602-4 / Vol. 131, JULY 2009
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R, as a function of 7, for different values of x for Bi=0,1,10,x

asymptotic value of either R, or a is reached for every x. The
highest asymptotic values of R or a. refer to transverse rolls
(x=0). These values are reported in Table 1.

Figure 3 shows the plots of the critical wavenumber a, versus
7, for different orientation angles y and Biot numbers Bi. The
qualitative behavior of a, is similar to that of R.. The curves
display the asymptotic behavior for 7, —0 as for 7,— . Both
the lower and the upper asymptotic values are specified in Table 1.

The plots reported in Figs. 4—7 suggest a not too strong depen-
dence of ©,(y) on both 7, and y. In particular, for 7,=107>, the
solid and dashed lines corresponding, respectively, to y=0 and
x=1/4 are perfectly coincident. Indeed, the eigenvalue problem
(44)—(46) becomes independent of y in the limit 7,—0 (i.e., in
the limit of validity of Darcy’s law). The temperature profiles
0., (y) represented in Fig. 4 refer to an adiabatic bottom boundary,
while those reported in Figs. 5-7 refer to an imperfectly isother-
mal boundary (Bi=1,10) and to a perfectly isothermal boundary
(Bi— ). Due to Eq. (46), all the profiles reported in Figs. 4-7
display at y=0 a fixed temperature, ©(0)=(Bi+1)/(Bi’>+1), and a
fixed heat flux, ®'(0)=Bi(Bi+1)/(Bi2+1).

Figures 811 refer to critical conditions and show the iso-
therms, #=const, and the streamlines of the two-dimensional ve-
locity disturbance field (U,V), respectively, for the orientation
angle y=0 and #,=10%. In fact, from Eq. (23), one has W=0 as
Eq. (28) predicts for x=0 that P is independent of z. For the
adiabatic case, Bi=0 (Figs. 8 and 9), one may see that the velocity
rolls are spread over the whole channel width and are almost
symmetric with respect to the horizontal midplane. When the bot-
tom boundary is isothermal, Bi— o0 (Figs. 10 and 11), the velocity
rolls are placed predominantly within the upper part of the chan-

Table 1 Asymptotic values of a.,, and R, for different Biot
numbers
7,—0 7, —%; x=0
Bi aCI‘ RCT aCl' RCT
2.4483 61.867 3.0342 97.184

1 2.9697 135.71 3.6482 202.88

10 4.2573 362.32 5.0722 526.30

® 4.6752 471.38 5.5616 684.36
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nel. This upward displacement is justified since the fluid is unsta-
bly stratified only in the upper part of the porous layer. In fact, in
the basic flow solution Eq. (17) for Bi— oo, the horizontal mid-
plane is hotter than the boundary planes.

0.0 0.2 04 0.6 08 1.0
y

Fig. 4 Plots of ©®, as a function of y for Bi=0 and 7,
=1075,0.03,10%. Solid lines refer to =0, while dashed lines re-
fer to y==/4.

50

]

cr
4t

7, =107,0.03,10°

0.0 0.2 0.4 0.6 0.8 1.0

y

Fig. 5 Plots of O, as a function of y for Bi=1 and 7,
=10-%,0.03,10%. Solid lines refer to xy=0, while dashed lines re-
fer to x=w/4.
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5 Conclusion

A stability analysis of the basic parallel uniform flow in a hori-
zontal porous layer with impermeable boundaries has been per-

7, =10%,0.03,10°

0.0 02 04 06 08 1.0
Y

Fig. 6 Plots of ®, as a function of y for Bi=10 and 7,
=10-%,0.03,10%. Solid lines refer to y=0, while dashed lines re-
fer to y=w/4.

7, =107,0.03,10°

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 7 Plots of O, as a function of y for Bi—~ and 7,
=10-5,0.03,103. Solid lines refer to x=0, while dashed lines re-
fer to xy=w/4.
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formed. The Darcy—Forchheimer model, together with the
Oberbeck—Boussinesq approximation, has been adopted. The ba-
sic temperature profile is nonlinear due to the effect of viscous
dissipation. The top boundary plane has been taken to be isother-
mal. The bottom boundary has been assumed to be subject to a
third kind boundary condition described in the dimensionless
equations through the Biot number, Bi. The conditions of vanish-
ing heat flux and of uniform temperature at the bottom boundary
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Fig. 9 Streamlines for Bi=0, 7,=10%, and xy=0
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Fig. 10 Disturbance isotherms for Bi— «, 7,=10%, and x=0
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are mathematically expressed as two limiting cases Bi— 0 (adia-
batic boundary) Bi— o (isothermal boundary). Arbitrarily orien-
tated roll disturbances have been studied by adopting a pressure-
temperature formulation. The resulting eigenvalue ODE problem
has been solved numerically by means of a fourth order Runge—
Kutta method coupled with the shooting method.

The main results obtained are the following:

1. The governing parameter describing the onset of convective
instabilities is R=GePe2, where Ge is the Gebhart number
and Pe is the Péclet number.

2. Under the physically reasonable assumption Ge<<1, the ei-
genvalue ODE problem becomes self-adjoint, thus admitting
real solutions.

3. The most unstable rolls are the longitudinal ones.

4. The critical wavenumber and the critical value of R for the
onset of longitudinal rolls are independent of the form-drag
coefficient.

5. The critical wavenumber and the critical value of R for the
onset of transverse or oblique rolls other than longitudinal
ones depend on the form-drag coefficient.

6. The layer with an isothermal bottom boundary is more stable
than the layer with an adiabatic bottom boundary.

Nomenclature
a = nondimensional wavenumber, Eq. (28)
Bi = Biot number, Eq. (16)
B(y) = nondimensional function, Eq. (25)
¢, = specific heat at constant pressure
C; = Forchheimer parameter
Da = Darcy number, Eq. (14)
g = modulus of gravitational acceleration
= gravitational acceleration
Gebhart number, Eq. (13)
= external heat transfer coefficient
= permeability
= effective thermal conductivity
= channel height
integer number
= nondimensional pressure, Eq. (7)
= nondimensional pressure disturbance, Eq. (19)
P(y) = nondimensional function, Eq. (28)
P.(y) = nondimensional function, Eq. (43)
Pe = Péclet number, Eq. (18)
Pr = Prandtl number, Eq. (14)
R = nondimensional parameter, Eq. (41)
R = real part
t = nondimensional time, Eq. (7)

&
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T =

T, =
u,v,w =
U, v,w =
xX,¥,2 =

Greek Symbols

I RWVR

nondimensional temperature, Eq. (7)

boundary temperature or external temperature
nondimensional velocity components, Eq. (7)
nondimensional velocity disturbances, Eq. (19)
nondimensional coordinates, Eq. (7)

effective thermal diffusivity

volumetric coefficient of thermal expansion
reduced exponential coefficient, Eq. (32)
nondimensional Forchheimer parameter, Eq.
(14)

nondimensional modified Forchheimer param-
eter, Eq. (42)

perturbation parameter, Eq. (19)
nondimensional temperature disturbance, Eq.
(19)

= nondimensional function, Eq. (28)

exponential coefficient, Eq. (28)

real and imaginary parts of A

kinematic viscosity

mass density

heat capacity ratio

angle between the propagation direction of the
disturbance and the x-axis
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Superscript and Subscripts

= dimensional quantity
B = base flow
cr = critical value
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