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In this article, we study the effect of adopting a two-temperature and two-velocity model,
appropriate to a bidisperse porous medium (BDPM), on the classical Cheng—Minkowycz
study of vertical free convection boundary-layer flow in a porous medium. It is shown that
the boundary-layer equations can be expressed in terms of three parameters: a modified
volume fraction, a modified thermal conductivity ratio, and a third parameter incorpo-
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1 Introduction

A bidisperse porous medium (BDPM, see Fig. 1), as informally
defined by Chen et al. [1,2], is composed of clusters of large
particles that are agglomerations of small particles. Thus, there are
macropores between the clusters and micropores within them. Ap-
plications are found in bidisperse adsorbent or bidisperse capillary
wicks in a heat pipe. Since the bidisperse wick structure signifi-
cantly increases the area available for liquid film evaporation, it
has been proposed for use in the evaporator of heat pipes.

A BDPM may thus be looked at as a standard porous medium
in which the solid phase is replaced by another porous medium,
whose temperature may be denoted by 7), if local thermal equilib-
rium (LTE) is assumed within each cluster. We can then talk about
the f-phase (the macropores) and the p-phase (the remainder of
the structure). An alternative way of looking at the structure is to
regard it as a porous medium in which fractures or tunnels have
been introduced. One can then think of the f-phase as being a
“fracture phase” and the p-phase as being a “porous phase.”

The Darcy model for the steady-state momentum transfer in a
BDPM is represented by the following pair of coupled equations
for the Darcy velocities v*, and v*p, where the asterisks denote
dimensional variables,

G:(Kﬁf>v*f+ G (1a)
G:(Kﬁ) LRV ) (1b)

Here, G is the negative of the applied pressure gradient, u is the
fluid viscosity, K; and K, are the permeabilities of the two phases,
and ( is the coefficient for momentum transfer between the two
phases.

These equations were applied by Nield and Kuznetsov [3,4] to
forced convection in a channel and by Nield and Kuznetsov [5] to
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boundary layer is guided by a near-leading-edge analysis and supplemented by a far-field
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the Horton—Rogers—Lapwood problem (the paradigmatic problem
for natural convection in an enclosed region). These studies were
reviewed by Nield and Kuznetsov [6].

In this article, we apply the two-velocity two-temperature for-
mulation to a problem that is paradigmatic for external natural
convection in a porous medium, namely, the problem of convec-
tion past a vertical plate, a problem first considered by Cheng and
Minkowycz [7]. The problem leads naturally to a boundary-layer
formulation. We are guided by a study of Rees and Pop [8]. These
authors used a model incorporating two temperatures (local ther-
mal nonequilibrium (LTNE)) but a single velocity. Related work is
presented in Mohamad [9], Rees and Pop [10], and Haddad et al.
[11,12]. For the more general aspects of convection in a porous
medium past a vertical plate, the reader is referred to the survey
by Nield and Bejan [13]. A preliminary report on this topic was
presented by Nield and Kuznetsov [14].

2 Analysis

We consider steady two-dimensional flow in a BDPM induced
by a vertical heated plate held at the constant temperature 7, and
embedded in the BDPM with ambient temperature 7... The equa-
tions of continuity (expressing conservation of mass) for the ve-
locity components in the two phases are
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We note that in the traditional Darcy formulation, the pressure
is an intrinsic quantity, i.e., it is the pressure in the fluid. We
recognize that in a BDPM, the fluid occupies all of the f-phase
and a fraction of the p-phase. We denote the volume fraction of
the f-phase by ¢ (something that in a regular porous medium
would be called the porosity) and the porosity in the p-phase by &.
Thus, 1- ¢ is the volume fraction of the p-phase, and the volume
fraction of the BDPM occupied by the fluid is ¢+ (1—¢)e. The
volume average of the temperature over the fluid is

. ¢/ + (1= p)eT,”
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Fig. 1 Sketch of a BDPM adjacent to a vertical plate

The drag force (per unit volume) balances the gradient of the
excess pressure over hydrostatic. Our basic hypothesis is that in a
BDPM, the drag is increased by an amount {(vf*—vp*) for the
f-phase and decreased by the same amount for the p-phase. Ac-
cordingly, we write the momentum equations as

*
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Here, pr is the density of the fluid, ﬁ is the volumetric thermal
expansion coefficient of the fluid, and ¢ is the gravitational accel-
eration. In writing Eqs. (4a) and (4b), we have recognized that
variations of pressure due to buoyancy are intrinsic (rather than
volume averaged) quantities, and so the usual procedure of aver-
aging over a representative elementary volume is not necessarily
appropriate. In the case of buoyancy, the solid and thermal con-
ductivities are not involved, and so it is reasonable to treat the
thermal aspect of buoyancy in a special way. It was found in Ref.
[5] that a coherent mathematical representation required that the
buoyancy terms in Egs. (4a) and (4b) be the same.
The thermal energy equations are taken as

Plpc) v, - VT, = pkN*T," + h(T," - T,") (5a)

(1 - ¢)(PC)1;Vp

Here, ¢ denotes the specific heat at constant pressure, k denotes
the thermal conductivity, and 4 is an interphase heat transfer co-
efficient (incorporating the specific area). The precise definition of
k, is not important for our present purpose. It could be estimated

VT = (1= 9kVT," + h(T = T,") (5b)
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by the weighted average, taken over the p-phase, of the fluid and
solid conductivities.

It should be noted that since the velocity in the p-phase will
generally be small in comparison to that in the macropores, it is a
good approximation to assume thermal equilibrium within the
p-phase. We assume homogeneity on the global scale. For further
discussion on LTE, the reader is referred to Rees et al. [15].

We introduce dimensionless variables as follows:

O .7/
(x*y*) =d(%,y), p*= (pc)fop (6)
(/" v, = o )d(uf,vf) (u,"v,) = ( ),,d —+(,.0,) (7)

Tf* = (Tw - Toc) 0f+ TOOs Tp* = (Tw - TOO) 0]’ + T°° (8)

We also introduce the stream functions fo and 12/], defined so that

A Ay, dY,
Up=—"72" Up==7"7" Up=""7", Up=—"71 )
dy a g a

(We use the sign convention in Rees and Pop [8] rather than that
in Nield and Kuznetsov [5].) We define a Rayleigh number R
based on properties in the f-phase by

_ préP(T, - T.)Kd
udk(pc),

Elimination of the pressure from Egs. (4a)—(4d) then leads to

(10)

. .90
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Here, we have introduced the dimensionless parameters
K 1-¢)k
_ _ -~ Yp\PRf
o= Lf’ _ (1= @)k, (pc) (13)

Thus, oy is an interphase momentum transfer parameter, while 8
is a modified thermal diffusivity ratio. Also, the thermal energy
equations ((5a) and (5b)) become

X L)
V20,= (6, 6, + 2020 _ 0% (14a)

Y

) 96, 3,99,
V20p=yh(a,,—0f)+—'/fﬂ—2 Wy %% (14b)
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where
ks ~ hd®

VL L (15)

(1- )k, Pky

Thus, 7y is a modified thermal conductivity ratio and h is an inter-
phase heat transfer parameter.
Next, we introduce the boundary-layer scaling,

A

i=x, y" =R_1/2y, lpf:Rl/zl#f, wp =R1/2¢p (16)

and the shorthand notation
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K
= A K,=—* (17)
d+(1- e Ky
Then, we get
Py L) 96
(1+af);‘€1-ﬁafgﬁﬂ=7yf+(1-f)3yﬂ (18a)
P 1 Py, 90 96
—af—l€f+ﬁ —+o0y —lp{z:r—[+(l—7’)—2 (18b)
dy K. 7] ad dy dy
70 N30, Iy 90
T t(g,- g + 120 _ 0% (18¢)
; dy ox  odx dy
el a0, i, 0,
T g, - 0) + L% % (18d)
dy dy ox ox dy
where
H=hR (19)
The appropriate boundary conditions are
=0, ¥,=0, 6=1, 6,=1 aty=0 (20a)
J J
Wi M g6 0 sy (206)

ay
These boundary conditions allow Egs. (18a) and (18b) to be inte-
grated once to yield

(1+ Uf)%ypf— Bo'f%ie =70;+(1-17)6, (21a)
—Uf%ypf+ﬁ(%r+af)%ﬁ2=76f+(l—T)Gp (21b)

We now introduce the usual boundary-layer transformation appro-
priate to the Cheng—Minkowycz problem:

Pr=x"f(x,m), ¢,=x"g(x,n) (22a)
0;=0/x.m), 6,=6,(x,7) (22b)
where
Y
== 23
n 2 (23)
One then has the system
(I +0p)f" = Bosg' =70,+(1-17)6, (24a)
! 1 !
-of' +8  tor)e =70+ (1-17)0, (24b)
0/ +3f6; = Hx(6; 0,) + x(f 0.~ 0/'f.) (24¢)
0, +580, = yHx(6,- 0) +x(g'0,,— 0,'g)  (24d)
subject to the boundary conditions
f=0, ¢=0, 6,=1, 6,=1 atn=0 (24¢)
Of, Hp —0 asp—o»® (249

It is worth noting that the boundary conditions (24f), together with
Egs. (24a) and (24b), imply that f',g’ —0 as np—oo. In these
equations, the primes denote derivatives with respect to # and the
x-subscripts denote derivatives with respect to x.

Equations (24a)—(24d) contain six parameters. Before we pro-
ceed further, we demonstrate that the number of parameters can be
reduced to 3. The transformation
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f(m) = CsF () (25a)

g(n)=C,G(n) (25b)
where
1+2K, +2LK
Cf: r(Tf = Lt g L (2651)
l+o,+K0op p+ K+ K,
K, +2K K, \( kg
sz r Iy — ¢ (_E)( ik (pc)f)cf (26b)
Bl +op+K,0p) 1-¢\K;/\ky/(pc),
reduces Eqgs. (24a), (24b), and (24e) to the form
F'=70,+(1-17)8, (27a)
G'=70;+(1-1)6, (27b)
F=0, G=0, 6;=1, 6,=1 atn=0 (27¢)

From Eqs. (27a) and (27b), F-G has zero derivative everywhere,
and by Eq. (27¢) has zero value at =0, and so F—G is identically
zero; that is, F=G. Using this fact, Eqgs. (24c) and (24d) then
reduce to

C,
0/ + —21Fe/ = Hx(6;- 0,) + Cx(F'0;,— 6/F)  (27d)

n C ! !’ ’
0,"+ —2’1F0p = yHx(6, - 0) + C,x(F'6,,— 0,'F,) (27¢)

We now introduce

A=(Cl+C )" (284)

5=tan_l(C[,/Cf)=tan_l<%ﬁ<&><m>) (285)

K/ \k,/(pc),
so that
Cp=Acos 6 (28¢)
C,=Asiné (284d)
and rescale so that
F(n) = F(7)/A (29a)
n= A (29b)

At the same time, one can then eliminate the parameter H by
using the transformation

é=Hx (30)
to get the set of differential equations
F’=7'6‘f+(1—7')0p (31a)

n, COS o~ ’ i3 '
6/ + ——Fb/ = 06;=6,) +cos S&F b= 6, F) (31b)

” sin 6~ ’ : - I
0, +TF0" = y&(6, - 6)) +sin S &(F' 6, 0, Fy)

(31c)

The primes now denote derivatives with respect to 7. These dif-
ferential equations are subject to the boundary conditions,
F=0, at =0 (31d)

o=1. 6=1

(31e)

We observe that we now have just three parameters, 7, y, and J, as
defined by Egs. (17), (15), and (28b), respectively, representing a
volume fraction, a modified thermal conductivity ratio, and a

0,0,—0 as&—o
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combination of thermal and BDPM parameters. The dependent
variables are a single stream function and two temperatures.

3 Analysis Near the Leading Edge

We now perform an expansion in powers of & to third order
starting from equations Eq. (31a)-(31¢). Accordingly, we make
the expansion

(F, oy, 49”) = (ﬁo, 00, 0,;0) + §(ﬁ1, 01 apl) + §z(ﬁ29 0, 0p2)

+ E(F3,0:3,0,3) + ... (32)
and obtain the equations
F, =16,+(1-186,, forn=0,123 (33a)
, COsO~ |
O + Fobp' =0 (33b)

, €Co0sd - o~ = =
0f| +T(F00f] +F10f0 )=0f0—0p0+COS 5[F()0f1_0ﬂ) Fl]

(33¢)

|+ cos 6[2(?60_,9

, €SO ~ o~
aﬂ +T(F00f2 +F10f1 +F20f0 )=0f1_0p

- 0/0’F2) + (F{ O — Qﬂ’fl)] (33d)
" cos S ~ ! - ’ - ’ - !
0" + T(Foaf3 +F 0, + Fy0, + F30y)
= 0/2 - 0P2 + COS 6[3(1’;(,)013 - 0m/173)
+2(i‘:i'9f2— Qf‘1,f2)+(ﬁ£0f'l —sz/i’:ﬂ] (33¢)
together with similar equations for 6),.
In particular, the zero-order system is
F'= TOp + 1-7 00 (34a)
, COSO~ |
O + TF(‘)fU =0 (34b)
, Sind~
00" + 5 Fo,"=0 (34c¢)
F=0, 6p=1, =1 atx=0 (34d)
00,00 — 0 as x — o (34e)

For the regular (monodisperse) porous medium (the case o,=0,
K,=0, =1, that is, for §=0, 7=1) the system of equations re-

duces to
fo' =6 (35a)
0" + 55000 =0 (35b)
Op=1 (35¢)

the solution of which was presented by Cheng and Minkowycz
[7]. The chief features of interest are that

fo— 1.61613 (36a)

as n—

0,'(0) =—0.44378 (36D)

and 6, becomes exponentially small as 77— . The numerical val-
ues are those obtained by Rees and Pop [8].
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4 Analysis Far From the Leading Edge
We consider the situation when x (and therefore &) is asymp-

totically large. We expand F, 6y, and 6, in the form

(F.0,0,)=(F.00.60)+ £'(FV, 60,6+ ... (37)
Substitution into Egs. (31a)-(31c) gives at leading order
00 -6 =0 (38)
and hence 0}0)= 9;0) =0, say.
Using this result, at the next order, one has
FO = g0 (39q)
0, €08 F=0) o) _ 1) _ 1)
o9+ o F 00 = 6" -6 (39b)
sin 6 ~
Ot =5 F0) =76, = 6 (39¢)
A linear combination of the last two equations then gives
|
0) , — 7(0)g0) _
60 + SF g9 =0 (39d)
where
cos 8+ sin &
p= YR OTARO (40)
y+1
Then the transformation
=Ty FOQ=T"F) 1)
gives
P = 0 (42a)
© Lo 0 _
9{{ + > 9{ =0 (42b)

The boundary conditions for this set of differential equations are

FO=0, #9=1 atf{=0 (42¢)

09 0 asl— o (42d)

Thus, again, we have the system studied by Cheng and
Minkowycz [7].

At the next order of asymptotic approximation, one has a ho-
mogenous linear system of differential equations and boundary
conditions for 0}1) and 0;1), which admits an eigensolution of ar-

bitrary magnitude. This means that we have an insoluble system
of equations at O(&™1). One could, in principle, proceed further by
introducing &' In ¢ terms, as was done by Rees and Pop [8], but
we judged that in the present case there would be little gain in
doing so since the & ! In & and ¢! terms can only be differentiated
in terms of their magnitude at exceptionally large values of &.

5 Numerical Solutions

Three different numerical schemes were used to obtain the re-
sults displayed in Figs. 2—6. First, a standard fourth order Runge—
Kutta scheme was used together with a multiple shooting strategy
to solve the small-¢ equations given in Egs. (34a)—(34e). We
found that 7,,,,=10 is sufficient to contain the boundary layer for
the leading order terms, Fj, 00 and 0,0- However, when four
terms are taken, it is essential to take 7., to be at least 25,
although 7,,,,=40 was used with 400 uniformly spaced intervals.
We define Q; and Q,, to be the derivatives of the temperature
fields at the surface:
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va Qp -\\é ="

-3 =) = 0 ] 2 3
logo &

Fig. 2 Variation of Q; (continuous lines) and Q, (long dashes)
with £ for 7=0.5 and y=1, where & takes the values of 1 deg,
10 deg, 20 deg, 30 deg, 40 deg, and 44.9 deg. Also shown are
the four-term small-£ expansions (dotted lines).

26, 20
0,=—1 and Q,= —£ (43)
(97] 7=0 (97’ 7=0

and these are plotted in Figs. 2—4.

Second, the parabolic system of equations given by Egs.
(31a)—(31¢) was solved using the Keller-box method. The govern-
ing equations were rewritten in first order form in 7, discretized
using central differences in both # and &, and the resulting non-
linear difference equations were solved using a multidimensional
Newton—Raphson scheme. The details of the block-Thomas algo-
rithm, which is used for this purpose is now quite standard. For
these simulations, we used 7,,,=25 with 500 uniformly spaced
intervals. Although this method is formally of second order accu-
racy, the solutions obtained at £=0 are precisely the same as those
obtained for Fy, 0y, and 6, to four significant figures. We used a
nonuniform grid in the &-direction, which was formed by using a
uniform grid in log;, & for all points except for at £=0.

vaQp -0.

-5 -4 -3 -2 -1 0 1 2 3
logyo &

Fig. 3 Variation of Q; (continuous lines) and Q, (long dashes)
with £ for 7=0.5 and §=30 deg, where y takes the values of 102,
10", 1, 10, 102, and 103. Also shown are the four-term small-¢
expansions (dotted lines).

Journal of Heat Transfer

QfﬂQP -0.

3 = T 0 i 2 3
logyo &

Fig. 4 Variation of Q (continuous lines) and Q, (long dashes)
with & for y=102 and =30 deg, where rtakes the values of 0.0,
0.1, 0.2, 0.3, 0.4, 0.5, and 0.6

Third, the full elliptic system given by Egs. (11a), (115), (14a),
and (14b) was solved using an implicit time-stepping code. Rees
and Bassom [16] considered the flow induced by a uniformly hot
semi-infinite surface bounding an otherwise cold monodisperse
porous medium subject to LTE, and found that the full steady
elliptic equations reduce to ordinary differential form when writ-
ten in parabolic coordinates, and when the porous medium is
taken to occupy the semi-infinite region y=0. Thus, parabolic
coordinates offer a computationally efficient means for solving the
governing equations for complicated cases, such as the stability
analysis of Rees [17] and the study of LTNE effects by Rees [18].
In both these cases, time stepping was undertaken using a back-
ward difference in time with second order central differences in
space. The fully implicit scheme also employed coordinate
stretching to increase the efficiency of the code, and the solution
at each time step was obtained using the full multigrid methodol-
ogy with V-cycling; further details may be found in Rees [17].

The parabolic coordinate system we used is given by the trans-
formation

X=(&-7)4, Y=Ey2 (44)
following the transformation of Eq. (18) by
Y=R"y, X=R"x, Y=R"% (45)
to obtain
e [ £E00, 700 £00, 700
AN SR LS I B L
(46a)
-
+ a6
(&+7) — 4 Hcos 60— 91,)}
4 | ot
P*0, &6 oV 96, IV 96,
=—t+—l4coss| —L-——1 (46b)
& 9 9E 0m I GE
(&+7)| 99, .
T ;;—+Hys1n 5(6,-6y)
>0, 70 Va6, ¥ a0
=—L4+——Lgisins| —L-——2L (46¢)
08 o7 gE Om I 5F
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Fig. 5
phase (dashed lines) for y=1.0, 7=1, 6=0 for various values of H

We note that when x is large (and therefore & is large), the coor-
dinate 7 is almost identical to the boundary-layer coordinate, 7. In
our simulations, we also employed an exponential coordinate

stretching in both the € and % directions. In particular, we took
7=e—1, where #),,,x was taken to be 3.5. This means that 7.
~31.16, which is in excess of the value, 25, which we deemed
earlier to be the minimum that could be used. We employed 128

grid points in the & direction and 64 in the 7 direction.

6 Results and Discussion

Figures 2—-4 show how the surface rates of heat transfer, O and
Q,, vary with £ for various combinations of the governing param-
eters, 7y, 0, and 7. These figures show the results of the parabolic
simulations, while comparisons to the four-term small-£ expan-
sion are shown in Figs. 2 and 3 only.

Figure 2 concentrates on the values 7=0.5 and y=1 and depicts
how the heat transfer characteristics change with the value of &,
where we note (i) that §=0 corresponds to a monodisperse system
where the p-phase is solid (and therefore we should also have 7
=1) and (ii) that 6=45 deg corresponds to a situation where the
two phases act identically.

In all cases (except for =45 deg), the porous medium is sub-
ject to strong LTNE between the phases near the leading edge.
The mathematical reason for this is that the boundary layer equa-
tions for the respective phases are decoupled at leading order,

092601-6 / Vol. 130, SEPTEMBER 2008
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Isotherms for both the fluid phase (continuous lines) and solid

while the physical reason is the asymmetry between the phases, in
general, where advection is much stronger in the fluid phase. As &
increases, the source/sink terms become more effective and this
results in the gradual approach to LTE. The detailed numerical
results show that LTE is established later as & reduces toward
zero; this is because of the decreasing amount of advection in the
p-phase in that limit.

The effect of varying v is shown in Fig. 3 for the case where
7=0.5 and 6=30 deg. Here, we have taken 7 in the range from
1073 to 10°. Given that y multiplies the source/sink terms in the 6
equation, it is not a surprise to see that LTE is established very
early (i.e., at small values of &) when v is large, but is delayed
considerably when 7 is small. We can also see that the range of
validity of the small-¢ expansion depends very strongly on the
value of v, unlike the situation shown in Fig. 2.

When 7 is allowed to vary, we are allowing the relative magni-
tudes of the buoyancy forces corresponding to the two phases to
change. When y=10"2 and §=30 deg, the curves shown in Fig. 4
indicate that there is a little change in the detailed evolution of the
rate of heat transfer with £ This is not unexpected, because 7 is a
volume fraction independent of any thermal property. At any cho-
sen value of ¢, the corresponding set of curves for larger values of
v are found to vary even less than those shown in Fig. 4.

Table 1 shows how the large-£ asymptotic analysis given in
Sec. 5 compares to the parabolic simulations at &=103 for one
typical parameter set. This table shows that the leading order so-
lutions are reproduced exceptionally well by the parabolic simu-
lations.
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Isotherms for both the fluid phase (continuous lines) and solid

phase (dashed lines) for y=1.0, 7=0.8, H=0.001 for various values of &

The above discussion centered on situations where the
boundary-layer approximation is valid, and therefore streamwise
diffusion has been neglected. Thus, the small-¢ analysis is, strictly
speaking, valid only while the boundary-layer approximation re-
mains valid. We therefore turn our attention to the detailed con-
vection, which takes place near to the leading edge of the heated
surface. Figures 5 and 6 depict the isotherms for both phases for a
variety of cases within this elliptic regime.

Figure 5 shows how the magnitude of H affects the thermal
fields when y=1, 7=1, and 6=0 deg. For relatively large values
of H, which, in the present context means values that are greater
than 0.01, the two phases are almost in LTE even in the region

Table 1 Comparison of the large-¢£ asymptotic solutions [see
Eqgs. (41), (42a), and (42b)] with the values obtained using the
parabolic solver at £=105 (with =30 deg and 7=0.5). At least
four significant figures of accuracy are attained.

b% Sf(=) 0'(0) 1.61613/T12 -0.44378I'12
0.001 2.284701 -0.313899 2.28472 —-0.31391
0.01 2.277300 —-0.314920 2.27731 —-0.31494
0.1 2.213098 —-0.324057 2.21310 —-0.32407
1 1.955555 -0.366739 1.95552 -0.36676
10 1.771048 —0.404950 1.77100 —-0.40497
100 1.740335 —-0.412096 1.74029 -0.41212
1000 1.737057 —0.412874 1.73701 —-0.41290
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near the leading edge. However, as H decreases, the p-phase is
affected decreasingly by the fluid movement in the f-phase, and
therefore the temperature field in the p-phase is able to conduct
with decreasing hindrance. Conversely, as the f-phase is increas-
ingly isolated from the p-phase, the thickness of its boundary
layer decreases as H decreases.

Figure 6 indicates how variations in ¢ affect the thermal fields
when H=0.001, y=1, and 7=0.8. When 6=0, we recover a situ-
ation with fairly strong LTNE because H is fairly small. However,
the fact that y=1 means that, once again, the phases satisfy iden-
tical energy equations when =45 deg and they will then be in
global LTE. This figure shows the approach to LTE as & varies
from zero toward 45 deg.

Finally, we mention that variations in 7 yield almost no discern-
able change in the isotherms; this is in accord with Fig. 4.

7 Concluding Remarks

If one wishes to generalize the interphase coupling in the
BDPM model by replacing Eqgs. (1a) and (1b) by

G= (%)v* LV by ) (47a)

_ ﬁ EY o *
G= (K],)v o L(ev ) dv f) (47Db)
then our previous analysis carries through but now Egs. (26a) and

(26b) are replaced by
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1+ (b+o)K,0;

Cr= 48a
T7 14 (14 K)oy + (e - bd)K, 0 (48a)
K, +(1+dK
Cp= U+ DR,y - (48)
Bl1+(1+cK)op+(c—bd)K,0/]
As a consequence, one then has
K. 1+(1+d
o= tan_l —r ML (49)
BL1+(b+0o)K,.op

rather than this expression with b=c=d=1, but everything else is
the same. For small values of o and K,, the angle & changes little
with variation of b, ¢, and d. In this respect, our BDPM model is
robust.

It appears that the number of parameters in the analysis cannot
be reduced beyond 3. This reinforces our belief that the BDPM
system is a distinctive system that is well worth studying.

Our present interest is largely in the way the BDPM situation
differs from the LTNE model for a regular porous medium. It now
appears that the latter is the nongeneric case, one that requires an
asymptotic analysis involving the matching of inner and outer
solutions, occasioned by fact that the solid-phase temperature in a
regular medium decays relatively slowly with distance normal to
the boundary wall.

We conclude with some remarks about the status of our model,
which is radically new and in some respects tentative. As far as
we are aware, the only published works on the model are our
papers [3-5,14]. In formulating this model, we aimed for the sim-
plest possible model that would capture the main physical phe-
nomena, such as velocity dispersion, in a BDPM. No attempt at
derivation by volume averaging has yet been made, and to the best
of our knowledge, no suitable experimental correlations for a
BDPM are available. We hope that our work will stimulate rel-
evant experimental and theoretical investigations. Our interphase
momentum transfer parameter is currently a parameter to be de-
termined by subsequent experiment. Brinkman effects can be
treated by adding the usual Brinkman term, as in Refs. [3-5].
(These are necessary if information about wall friction is desired.)
The effect of Forchheimer drag (and quadratic advective inertial
terms) is a topic for further investigation.

Nomenclature
¢ = specific heat at constant pressure
= characteristic length scale
= negative of the applied pressure gradient
= gravitational acceleration
= interphase heat transfer coefficient (incorporat-
ing the specific area)

o0 @

=
Il

dimensionless interphase heat transfer param-

eter, hd?*/ Pks

H = n/R

k = thermal conductivity

K = permeability

K, = permeability ratio, K,/ K¢

p* = pressure

R = Rayleigh number,
preB(T,=T)Kd/[nksl (pe),]

T# = temperature

f; = volume average temperature defined in Eq. (3)

T,, = wall temperature

T, = ambient temperature

u* = x-component of velocity

v* = y-component of velocity

v* = filtration velocity, (u*,v*)

x* = vertical coordinate

horizontal coordinate

<
*
Il
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Greek Symbols
B = modified thermal capacity ratio,
(1=@)k,(pc)s! [ dkslpe), ]
B = volumetric thermal expansion coefficient of the
fluid
modified thermal conductivity ratio, d)kf/[(l
- d’)kp]
= parameter defined in Eq. (40)
parameter defined in Eq. (28b)
= porosity within the p-phase
= coefficient for momentum transfer between the
two phases
= boundary-layer parameter defined in Eq. (23)
= modified boundary-layer parameter defined in
Eq. (29b)
0 = dimensionless temperature defined in Eq. (8)
p = fluid viscosity
& = parameter defined in Eq. (30)
p
ia

<
I

~ 0o, ™
Il

= density
= density of the fluid
oy = f-phase momentum transfer parameter, {K/u

7 = ¢llp+(1-¢)e]

¢ = volume fraction of the f-phase

Subscripts
f = fracture phase (macropores)
p = porous phase (micropores)

Superscript

= dimensional variable
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