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Mark

(a)

The boundary condition, T' = 62, is even, so we only need cosines and the constant term.
Therefore let, T'(r,0) = R(r) cosnf.

Hence r?R” +rR' —n?R = 0, a Cauchy-Euler equation, for which solutions take the form,
R = rP. Substitution yields,

p(p—1)+p—n2}rp:0 = p=n =  p=*n.
Therefore R = Ar~™ + Br™, when n # 0 and hence a fundamental solution is,
T = {Anr_” + Bnr”} cosnb, (n=1,2,---).

When n = 0 we have r?R” +rR' = 0. Division by r and a slight rearrangement gives,
(rR’) = 0. Integration gives R' = B/r. Further integration gives R = A + Blnr. We
may add all of these solutions to give,

T=Ay+ Bolnr + i [Anr_n + Bnrn} cosnb. (1)

n=1

We need By =0 and B, =0 in Eq. (1) to avoid singularities at = 0. Hence

o0
T=14,+ Z A,r" cosnb,

n=1

where the usual % has been used as the coefficient of Ag.

o0
At 7 =1 we have T = 62, hence 0% = 1 4, Z A,, cos nf, where

n=1

1 [ 2 (7 4
A, = —/ 62 cosnf = —/ 62 cosnf = —(=1)",
0 n

T ) m

after integration by parts. Also Ay = %772. Hence the required solution is,

o
4
T = %712 + Z n—z(—l)nrn cos nd.

n=1

15

10

For the region occupying the exterior of a unit circle then Eq. (1) still applies, but now we
retain terms which do not grow as r — oco. As the boundary condition at r = 1 is the same
as for part (b) the same Fourier series analysis applies. Hence the solution is

o0

4
T=3r" 4+ —(=1)"r""cosnf.
3T+ n2( )'r " cosn

n=1
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(a) | This is bookwork. Fy[f"] = / fsinwz dx =
0
o9 o9 © 9
= [f’} {sinwx]o — {f] [wcosw:v}o —i—/ [f} [—w sinwx] dx
0
= wf(0) — w?Fy(w). 5
(b) | The Fourier sine transform of g(x) is
e’} 1
1 _ ‘
Fslg(z)] = / g(x)sin(wz) de = / 1 sin(wx) dx = Rk
0 0 w
8
(b) | The application of the Fourier Sine Transform to Fourier's equation (together with the zero
boundary condition at z = 0) gives
0P
8158 = —aw2<I>s
The general solution is, ¢, = A(w)e‘”wzt 8
At t = 0 we have ¢ = g(z), and hence &5 = (1 — cosw)/w. Therefore A = (1 —cosw)/w. 2
. . (1 —cosw) _ 2
The solution for ® is therefore &, = ——~¢ . 5
w
Applying the inverse Fourier Sine Transform gives
2 [ (1 —cos
¢ = —/ weﬂwgtsin wz dw.
™ Jo w
5

Total

33




