
3. Two–dimensional steady-state heat conduction takes place within a circular cylin-
der of unit radius. The temperature field is governed by Laplace’s equation in
polar coordinates:

∂2T

∂r2
+

1

r

∂T

∂r
+

1

r2
∂2T

∂θ2
= 0,

where T is the temperature, r the radial coordinate and θ the tangential or angular
coordinate.

(a) The temperature of the external boundary of the cylinder at r = 1 has the profile,

T = θ2, (−π < θ < π).

Use the technique of separation of variables and the definition of the Fourier Series
given below to find an expression for the temperature field inside the cylinder in
the form of an infinite sum of terms. [25 marks]

(b) Use the solution obtained in part (a) to write down the corresponding solution for
the case when r = 1 represents the inner boundary of a solid lying in the range,
1 ≤ r < ∞, and where the temperature at r = 1 has the same profile as for
part (a). [8 marks]

You may use the following expression for the Fourier Series of a function, f(θ), in the
range, −π ≤ θ ≤ π:

f(θ) = 1

2
A0 +

∞
∑

n=1

[

A
n
cos nθ +B

n
sinnθ

]

,

where

A
n
=

1

π

∫

π

−π

f(θ) cosnθ dθ n = 0, · · · ,∞,

B
n
=

1

π

∫

π

−π

f(θ) sinnθ dθ n = 1, · · · ,∞.
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4. The Fourier Sine Transform of f(x) is given by F
s
[f(x)] = F

s
(ω), where the

definition of the Fourier Sine Transform is given at the end of the question.

(a) Show that

F
s

[

d2f

dx2

]

= ωf(0)− ω2F
s
(ω)

provided that f(x) → 0 and f ′(x) → 0 as x→ ∞. [5 marks]

(b) The function, g(x), is a unit pulse and is defined as follows:

g(x, 0) =







1 (0 ≤ x < 1)

0 (1 < x <∞).

Show also that

F
s
[g(x)] =

1− cosω

ω
. [8 marks]

(c) The conduction of heat in a semi-infinite slab is modelled by Fourier’s equation

∂φ

∂t
= α

∂2φ

∂x2
, x ≥ 0, t ≥ 0,

where α is the thermal diffusivity and φ is the temperature. The initial tempera-
ture profile is given by ψ(x, 0) = g(x), where g(x) is as given in Part (b), while
the left hand boundary is maintained at a zero temperature, φ(0, t) = 0.

If Φ
s
(ω, t) is the Fourier sine transform of φ(x, t) with respect to x, then determine

Φ
s
(ω, t) by first taking the Fourier sine tranform of Fourier’s equation. Then write

down an expression for φ(x, t) in terms of an integral. [20 marks]

You may use the following expressions for the Fourier sine transform and its inverse:

F
s
[f(x)] =

∫

∞

0

f(x) sin(ωx) dx ≡ F
s
(ω),

F−1

s
[F

s
(ω)] =

2

π

∫

∞

0

F
s
(ω) sin(ωx) dω = f(x).
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