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(a) Given that θ = 0 at x = 0 and θx = 0 at x = 1, we use a quarter-range series. Hence let
θ = T (t) sin(nπx/2) for n = 1, 3, 5, · · · . 5

Hence T ′ = −α(n2π2/4)T , and the solution is

T = Be−αn2π2t/4.
5

Superpose all of these to get,

θ =

∞
∑

n=1

n odd

Bne
−αn2π2t/4 sin(nπx/2).

3 marks off if neither n = 1, 3, 5... nor ‘n =odd’ appears here. 3

(b) At t = 0 we have θ = 2x− x2, hence 2x− x2 =

∞
∑

n=1

n odd

Bn sin(nπx/2). 5

Using the given formula,

Bn = 2

∫ 1

0
(2x− x2) sin(nπx/2) dx,

= 2

[

(

2x− x2
)(

−
2

nπ
cos(nπx/2)

)

−

(

2− 2x
)(

−
4

n2π2
sin(nπx/2)

)

+
(

−2
)( 8

n3π3
cos(nπx/2)

)

]1

0

=
32

n3π3
.

10

Hence the full solution is

θ =

∞
∑

n=1

n odd

32

n3π3
sin(nπx/2)e−αn2π2t/4.

5

Total 33
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(a) This is bookwork. F [f ′′] =

∫ ∞

−∞
f ′′e−jωx dx =

=
[

f ′
][

e−jωx
]∞

−∞
−

[

f
][

−jωe−jωx
]∞

−∞
+

∫ ∞

−∞

[

f
][

−ω2e−jωx
]

dx

= −ω2F (ω) (since f, f ′
−→ 0 as x → ±∞). 5

(b)

F [e−a|x|] =

∫ ∞

−∞
e−a|x|e−jωx dx = 2

∫ ∞

0
e−ax cosωxdx =

2a

a2 + ω2
,

using symmetry, and then either integration by parts or by taking the imaginary part of the
integral of e−(a+ωj)x. The symmetry theorem now gives,

F

[ 2a

a2 + x2

]

= 2πe−a|ω|.

Dividing by 2π gives the required result. 8

(c) The application of the Fourier Transform, using the result of part (a), gives the result

immediately:
∂2Θ

∂y2
− ω2Θ = 0. 5

(d) The general solution is, Θ = A(ω)eωy + B(ω)e−ωy, which may be compressed into the
form, Θ = C(ω)e−y|ω|, given that decaying solutions are required as y → ∞ (Bookwork). 5

At y = 0 we have θ = δ(x), and hence its transform is Θ = 1. Therefore C = 1 and hence
the solution is Θ = e−y|ω|. Using the result of part (b) with a set equal to y we get

θ =
1

π

( y

x2 + y2

)

.

5

The θ = 1/2π contour gives us

1

2π
=

1

π

( y

x2 + y2

)

⇒ x2 + (y − 1)2 = 1,

which is a circle of radius, 1, centred at (x, y) = (0, 1). 5

Total 33


