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(a) Separation of variables: let θ = T (t) cosnπx for n = 0, 1, 2, · · · . Hence T ′ = −αn2π2T.

When n = 0 we have T = A. When n 6= 0 we have T = Ae−αn
2
π
2
t.

Reconstructing θ and superposing yields (where 7 marks is allocated if A0 is missing),

θ = 1
2
A0 +

∞
∑

n=1

Ane
−αn

2
π
2
t cosnπx.

10

(b) At t = 0 we have θ = x− x2, hence x− x2 = 1
2
A0 +

∞
∑

n=1

An cosnπx, where

An = 2

∫ 1

0

(x− x2) cosnπx dx.

After integration we obtain An = 0 when n is odd, and An = −4/n2π2 when n is even.
When n = 0 we have

A0 = 2

∫ 1

0

(x− x2) dx = 1
3
.

Hence the full solution is

θ = 1
6
−

∞
∑

n=1

n even

4
cosnπx

n2π2
e−αn

2
π
2
t.

16

(c) The sketch is as below.

t = 0




y

t = ∞

0 1
x

All curves must have zero slope at x = 0 and x = 1 for full marks. 5

(d) The value 1
2
A0 is the mean initial temperature or the long-term temperature which is

achieved. 2
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(a) This is bookwork. Fs[f
′′] =

∫

∞

0

f ′′ sinωxdx =

=
[

f ′

][

sinωx
]

∞

0
−

[

f
][

ω cosωx
]

∞

0
+

∫

∞

0

[

f
][

−ω2 sinωx
]

dx

= ωf(0)− ω2Fs(ω). 8

(b) The application of the Fourier Sine Transform to the wave equation (together with the
nonzero boundary condition at x = 0) gives

∂2Ys

∂t2
+ c2ω2Ys = c2ω.

The general solution is, Ys =
1

ω
+A(ω) cos cωt+B(ω) sin cωt. 6

At t = 0 we have zero displacement, i.e. y = 0, and hence Ys = 0. Therefore A = −1/ω. 2

At t = 0 we also have a zero velocity, i.e. ∂y/∂t = 0, hence ∂Ys/∂t = 0. Therefore B = 0. 3

The solution is Ys =
(1− cos cωt)

ω
. 2

Applying the inverse Fourier Sine Transform gives y =
2

π

∫

∞

0

(1− cos cωt)

ω
sin ωxdω. 2

(c) The given analytical solution, y = H(ct−x) is equal to 1 when x < ct (i.e. when ct−x > 0),
and equal to zero when x > ct. Therefore the Fourier Sine Transform of this function is

Fs[H(ct− x)] =

∫

∞

0

H(ct− x) sinωxdx =

∫

ct

0

1 sinωxdx =
(1− cos cωt)

ω
.

This final answer is the same as Ys above. 5

This solution corresponds to a shock wave moving with velocity c in the positive x-direction. 5
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