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ABSTRACT. This survey on extremal Kéhler metrics is a synthesis of several
recent works—of G. Székelyhidi [39, 40], of Ross—-Thomas [35, 36], and of our-
selves [5, 6, 7]—but embedded in a new framework for studying extremal Kéhler
metrics on toric bundles following Donaldson [13] and Szekelyhidi [40]. These
works build on ideas Donaldson, Tian, and many others concerning stability
conditions for the existence of extremal Kahler metrics. In particular, we study
notions of relative slope stability and relative uniform stability and present ex-
amples which suggest that these notions are closely related to the existence of
extremal Kéhler metrics.
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1. K-STABILITY FOR EXTREMAL KAHLER METRICS

1.1. Introduction to stability. For a Hodge manifold (M, ), the existence of a
CSC Kéhler metric in € is conjectured to be equivalent to a notion of stability 9, 12,
13, 34, 41] for the polarized projective variety (M, L), where L is a line bundle on M
with ¢1(L) = Q/27. This conjecture is drawn from a detailed formal picture which
makes clear an analogy with the well-established relation between the polystability
of vector bundles and the existence of FEinstein—Hermitian connections.

At present the most promising candidate for the conjectured stability criterion
is ‘K-polystability’, in the form given by Donaldson [13], following Tian [41]: a
polarized projective variety (M, L) is K-polystable if any ‘test configuration’ for
(M, L) has nonpositive Futaki invariant with equality iff the test configuration is a
product. We shall explain this definition shortly. We also discuss an idea of Ross
and Thomas [35, 36], who focus on test configurations arising as ‘deformations to the
normal cone’ of subschemes of (M, L), leading to a notion of ‘slope’ K-polystability
analogous to the slope polystability of vector bundles.

(Note that some authors use the term K-stable rather than K-polystable, but the
latter term agrees better with pre-existing notions of stability.)

G. Székelyhidi [39] has extended the theory of K-polystability to cover extremal
Kahler metrics, not just CSC Kéhler metrics. We explain his ideas here.

1.2. Finite dimensional motivation. Let (X, £, Q) be a polarized Kéhler man-
ifold with a hermitian metric on £ with curvature —i§2 (thus ¢1(£) = Q/27).
Suppose a compact connected group G acts holomorphically on X and there is a
momentum map p: X — g* for the action (i.e., d(u,§) = —Q(Ky, ), where K¢ is
the vector field on X corresponding to £ € g, the Lie algebra of GG). There is a lift
of the action to £ generated by IQ + (u, &) K for each & € g, where (u,§) is pulled
back to L, f(g is the horizontal lift, and K generates the standard U(1) action on
L. The action of g on X and £ extends to an action of the complexification g¢ and
we assume this integrates to an action of a complex Lie group G°.

By a well-known result of Kempf-Ness and Kirwan, for any « € X, there exists
g € G°such that u(g-z) = 0 if and only if for some (hence any) nonzero lift Z of = to
L*, the orbit G¢-& = 0 is closed (and then any nonzero lift will have this property).
Such points x are said to be polystable. If XP® denotes the set of polystable points
in X, we then have an equality between XP°/G¢, the polystable quotient of X by
G¢, and the symplectic quotient X//G = u=1(0)/G.

G€ - 7 is closed if and only if a(C*) - Z is closed for any one parameter subgroup
a: C* — G° This leads to the Hilbert—-Mumford criterion for polystability: « is
said to be semistable if for any one parameter subgroup a: C* — G¢, the linear
action of C* on L} has nonpositive weight wg,(a) < 0, where z¢ = limy o a()\) - @
is the limit point; = is then polystable if it is semistable and w,,(a) = 0 only
when x¢ = x; finally x is stable if it is polystable and has zero dimensional isotropy
subgroup.

Suppose now that the Lie algebra g is equipped with a G-invariant inner product
(,). In this situation G. Székelyhidi [39] shows that stability conditions can detect
not only the G¢ orbit of p~1(0), which (assuming it is nonempty) is the set of
absolute minima of ||u||?, but also the G¢ orbit of the set of critical points of ||u||?.
For this note that the weight w, of the linear action of the isotropy algebra g, on
L% is given by w; = (Bs,-): g — C* for some (3, € g,, which is the orthogonal
projection of p(z) onto g,. We refer to (3, (or rather the induced vector field on
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X) as the extremal vector field: for in the infinite dimensional setting it agrees with
the extremal vector field of Futaki and Mabuchi up to a normalization convention.

Clearly x is a critical point of ||u|[* if and only if 3, is in g,. Using this,
Székelyhidi shows that z is in the G¢ orbit of a critical point of ||u||? if and only
if it is polystable relative to the extremal vector field, i.e., for the action of the
subgroup of G¢ whose Lie algebra is the subspace 3; of the centralizer of 3,. The
Hilbert—Mumford criterion may then be modified as follows: the modified weight
Wy, () — (o, Bz) Wy (Bz)/{Bz, Pz) of the limit point x should be nonpositive for
any one parameter subgroup « of the centralizer of 8., with equality if and only if
Trog = x.

1.3. The infinite dimensional analogue. The finite dimensional picture de-
scribed in the previous subsection will now be applied formally to an infinite di-
mensional setting in which X is the space of compatible complex structures on a
compact symplectic manifold (M,w) with H*(M) = 0. The space X has a natural
Kaéhler metric with respect to which the group G of symplectomorphisms of M acts
holomorphically with a momentum map p: X — C§°(M,R) given by the scalar
curvature of the corresponding Kéhler metric on M, modified by a constant in or-
der to lie in g* = g = C§° (M, R), the functions with total integral zero, which is the
Lie algebra of the symplectomorphism group equipped with the Lo-inner product.
A quick way to see this is to observe that the Mabuchi K-energy of M is a Kéhler
potential for the metric on X: the gradient on X of the Mabuchi K-energy is the
scalar curvature [20].

There is no group whose Lie algebra is the complexification g¢, but one can
still consider the foliation of X given by the vector fields induced by g¢. The
complex structures in a given leaf are all biholomorphic by a diffeomorphism in the
connected component of the identity, and pulling back the symplectic form w by
these biholomorphisms, we may identify the leaf with the set of all Kéhler metrics
in a fixed Kéhler class, compatible with a fixed complex structure on M. Hence the
problem of finding a critical point of ||u||? in a fixed G®-orbit reduces to the search
for extremal Kdhler metrics, since these are the critical points for the Lo-norm
of the scalar curvature for metrics in a fixed Kéahler class on a complex manifold
(M, J). In particular if the momentum map vanishes on a given leaf, there should
be a CSC Kahler metric in the corresponding Kéhler class. By analogy with the
finite dimensional setting, the existence of CSC or extremal Kéahler metrics in a
given Kahler class should be equivalent to a suitable stability condition.

In order to make precise this infinite dimensional analogue, we formalize what
is meant by the orbit of a 1-parameter subgroup in terms of ‘test configurations’
and give a Hilbert—-Mumford formulation of stability in terms of the weight of limit
points. This is what we do next.

1.4. Test configurations. Let (M, ) be a Hodge manifold, viewed as a polarized
projective variety with respect to a line bundle L with ¢;(L) = Q/27. Let G
be a maximal torus in Hp(M) and x be the (Futaki-Mabuchi) extremal vector
field of (M,L,G). In [39], Székelyhidi makes the following definition, following
Donaldson [13].

Definition 1. A test configuration for (M, L, x) is a polarized scheme (X, &) over
C together with

e a flat proper morphism p: X — C such that the fibre (X; = p‘l(t),c‘:\xt) is
isomorphic to (M, L) for ¢ # 0;
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e an extension, also denoted Y, of the extremal vector field on X; for ¢ # 0, to all
of X;

e a C* action a preserving x and covering the C* action on C by scalar multipli-
cation.

(Xo,€&lx,) is called the central fibre. Since 0 € C is fixed by the action, (Xo,&|,)
inherits a C* action from «, also denoted by «. Similarly, x also denotes its
restriction to Xj.

A test configuration is said to be a product configuration if X = M x C and « is
given by a C* action on M (and scalar multiplication on C).

Since relevant properties of test configurations are unchanged if we replace £ by
E" for a positive integer r, we can let £ be a Q-line bundle in the definition above
(i.e., £ denotes a ‘formal root’ of a line bundle £ for some positive integer r).

A particularly important class of test configurations are those associated to a
subscheme of (M, L), as studied by Ross and Thomas [35, 36]. We shall state it
here for complex submanifolds of (M, L), but the same definition actually makes
sense for subschemes.

Definition 2 (Deformation to the normal cone). For a polarized complex manifold
(M, L), the normal cone of a complex submanifold Z is M Ug P, where M is the
blow-up of M along Z with exceptional divisor £ = P(vz), P = P(O®vz) and vz
is the normal bundle to Z in M. This is a singular projective variety (for example
the normal cone of a point p € CP! is CP! Up CP!, which is a line-pair in CP?).

The normal cone is the central fibre of the family p: X — C obtained by blowing
up M x C along Z x {0} (where p is the projection of the blow-down to C) called
the deformation to the normal cone of Z in M. We equip this with the polarization
E =1L ® O(—cP), where O(P) is the line bundle associated to the exceptional
divisor P, w: X — M is the projection of the blow-down to M, and c is a positive
rational number such that &. is an ample Q-line bundle. This last condition gives
an upper bound € on ¢, called the Seshadri constant of Z with respect to L.

We let a be the C* action coming from the trivial action on M and multiplication
on C. This clearly defines an action on X with a lift . to &.. Let us suppose further
that the (a given) extremal vector field x vanishes on Z. Then it extends to X and
so the deformation to the normal cone determines a family of test configurations,
parameterized by ¢ € (0,£) N Q.

Remark 1. Nakagawa shows [32] that the (Futaki-Mabuchi) extremal vector field
associated to a Hodge Kéahler manifold (M, ) has closed orbits, and therefore

defines an effective C* action which we will refer to as the extremal C* action of
(M, Q,G).

1.5. The modified Futaki invariant. The notion of K-stability will be defined
using a Hilbert—-Mumford weight of a test configuration, which will involve the
Futaki invariant of the central fibre; however, since the latter is typically a singular
projective variety, we need an algebraic geometric definition of the Futaki invariant.
Such a definition has been given by Donaldson [13].

Let V be a scheme of dimension n over C (in our examples it will be be a singular
projective variety) polarized by an ample line bundle L and suppose that « is a C*
action on V with a lift to L. Then « acts on the vector spaces Hy = H°(V, Lk),
k € Z". If w(«) denotes the weight of the highest exterior power of Hj, (that is,
the trace Tr Ay, of the infinitesimal generator Ay of the action) and dj denotes the
dimension of Hj then wy(«) and dj are given by polynomials in k for sufficiently
large k, of degrees at most n + 1 and n respectively. For sufficiently large k the
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quotient wy(«v)/(kdy) can be expanded into a power series with rational coefficients
and no positive powers, and its residue at k = 0, i.e., the coefficient of the k~! term
in the resulting expansion, is a rational number which turns out to be independent
of the choice of lift of a to L.

The Futaki invariant F(a) is is defined to —4 times this residue. (When V
is a manifold, this definition coincides with Futaki’s original definition with our
normalization convention.) We note that Donaldson [13] uses the opposite sign
convention.

We next define a modified Futaki invariant of a polarized scheme (V,L) (of
dimension n over C) relative to a C* action 3. We first need to define an inner
product between such actions.

Assume then that V' has two C* actions « and 3 with lifts to L and infinitesimal
generators Ay and By, of the actions on Hy. Then for k sufficiently large, Tr (AgBy)
is a polynomial of degree at most n + 2. The inner product («, ) is defined to be
the coefficient of k"2 of the expansion of Tr (A By) — wi(a)wy(B)/dy for large k,
which is independent of the lifts of a and § to L: indeed it depends only on the
trace-free parts of Ay and By. (When V is a manifold, this inner product coincides
with Futaki-Mabuchi bilinear form [19] up to a normalization convention.)

Finally, the (modified) Futaki invariant [39] §g(c) of a relative to [ is defined

to be §s(a) = F(a) — (o, B).

1.6. K-stability. The ingredients of the previous two subsections can now be put
together to yield Székelyhidi’s extension [39] of K-stability to the context of ex-
tremal Kéahler metrics. The analogue of the Hilbert—Mumford weight will be a
negative multiple of a modified Futaki invariant.

Definition 3. The Futaki invariant of a test configuration is defined to be the
Futaki invariant §, (o) of the central fibre relative to the extremal vector field ¥,
where a denotes the induced C* action.

A Hodge manifold (M, L, x) is said to be K-polystable if the Futaki invariant
of any test configuration is nonnegative, and equal to zero if and only if the test
configuration is a product configuration.

Here we prefer the term K-polystable to K-stable, since it is analogous to the
corresponding notion in the finite dimensional case, intermediate between stability
and semistability.

As we shall see later, an example in [7] strongly suggests that K-polystability
is not a strong enough notion to detect the existence of extremal Kahler metrics.
Székelyhidi [40] has a stronger notion of uniform K-stability, such as the following,
might address this issue.

Definition 4. A Hodge manifold (M, L, G) is said to be Lo-uniformly K-polystable
if there is a constant A > 0 such that the Futaki invariant F(a) of any test
configuration satisfies I (a) > A||[prg(«)||, where prg is the Lo-projection, with
respect to the Futaki-Mabuchi inner product, of o away from the subspace induced
by the generators of the action of G¢ (where G is the maximal torus), and || - || is
the corresponding Lo-norm.

Such a uniform bound on the Futaki invariant appears already in the work of
Donaldson [13] on toric surfaces, with the Lo-norm replaced by a boundary integral
over the momentum polygon. Using Donaldson’s work, Székelyhidi [40] shows that
K-polystability is equivalent to uniform K-polystability for toric surfaces. With
this case in mind, he suggests that that the Lo-norm needs to be replaced by an
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Ly j(m—1) for Kahler 2m-manifolds, but we do not find his argument compelling. We
believe that the boundary integral of Donaldson is a technical device which works
in the case of toric surfaces, but does not necessarily have a wider significance.

In the context of slope K-stability, introduced by Ross and Thomas [35, 36],
there is an alternative way to strengthen the notion of stability. Slope K-stability
is essentially the notion of stability obtained by considering only test configurations
(X, &) arising from a deformation to a normal cone of a submanifold Z. In this
case, Ross and Thomas show that the Futaki invariants §(c.) are rational in ¢ €
(0,€) N Q, where ¢ is the Seshadri constant, and so can be extended to ¢ € (0,¢).
When the extremal vector field vanishes on Z, the same is true for the relative
Futaki invariant §y(a.). We thus have the following analytic notion of slope K-
polystability, extending the notion of Ross and Thomas [35, 36] to the extremal
context.

Definition 5. A Hodge manifold (M, L, x) is said to be slope K-polystable if for the
deformation to the normal cone of any submanifold on which the extremal vector
field vanishes, the Futaki invariant §,(a.) of the corresponding family (X, &) of
test configurations is positive for ¢ € (0,¢).

Actually, the definition in [35, 36] is more subtle, since it requires that §, (az) > 0
unless ¢ is rational and the semi-ample configuration (X,&.) is the pullback by a
contraction of a product configuration. We shall not worry about this refinement.

At any rate, the motivation of §1.2 suggests the following conjecture [39].

Conjecture 1. Let (M, 2, L) be a polarized Hodge manifold and G' a mazimal torus
in Ho(M). Then there is a G-invariant extremal Kdhler metric in Q = 2mei (L) if
and only if (M, L) is Ly-uniformly K-polystable relative to the extremal C* action
of (M,Q,G).

Following Ross and Thomas [36], one might hope that slope K-polystability im-
plies uniform K-polystability. This would imply the following corollary of the above
conjecture.

Conjecture 2. If (M, L) is slope K-polystable relative to the extremal vector field,
then there is an extremal Kdhler metric in 2wey(L).

2. RIGID TORIC BUNDLES WITH SEMISIMPLE BASE

2.1. The rigid Ansatz. Let 7: M — S be a bundle of toric kahlerian manifolds
of the form M = P xpV, for an ¢-torus T, a principal T-bundle P over a kahlerian
base S of dimension 2d, and a toric 2¢-manifold V' with Delzant polytope A C t*.
We let A; (i =1,...n) denote the codimension one faces of A and u; the primitive
inward normals (with respect to A).

Let 2m = 2(d + ¢) be the dimension of M. By choosing a connection 1-form on
P with curvature ¢ € Q2(S,t), and letting 6 € Q'(M, t) be the induced connection
on M, it follows that M admits Kéhler metrics (g,w) of the form

g = gh(z> + <dzv (Hg)_ladz> + <07Hg79>7
w:wh(z)+<d’2/\0>7 Wh = <¢7Z>+¢7 do

Il
-

where:

o 2 € C°(M,t*) is the momentum map of the 7" action with image A;
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e HY9 € C*(A, S?t*) is a matrix valued function which, firstly, satisfies the bound-
ary conditions that on any codimension one face A;, there is a function h; with

g
S HA =0, 3G )= ()il

and (hi(y),u;) == >, hi(y)s(ui)s = 2 for all y € A;; secondly the inverse (HY)™!
C>(A, S%t) of HY is the hessian of a function Uy on A; thirdly, HY induces a positive
definite metric on the interior of each face F' of A (as an element of S?(t/tx)*, where
tp is the isotropy algebra of F');

e 1) is a 2-form on S such that w, = (¢, z) + ¢ is positive for z € A, and gy, is the
associated family of Kéhler metrics.

Throughout, angle brackets denote natural contractions of t with t*, and we omit
pullbacks by z and 7. In particular z itself will denote the standard t*-valued
coordinate on A, as well as its pullback to M.

Uy is called a symplectic potential for H9. The remaining (boundary and posi-
tivity) conditions can be formulated in terms of U, [2, 15] by requiring that it is
smooth and strictly convex on the interior of each face F of A, and that in a neigh-
bourhood in A of this interior face, Uy is equal to 1 >, ((u;, ) v;) log((ug, 2) — v;)
plus a smooth function, where the sum is over the codimension one faces containing
F and (u;,z) = v; on F. We let S denote the space of these symplectic potentials
on A. (Note that in [1, 13, 43], the strict convexity condition on the interior of the
proper faces is omitted: this condition is essential. In [2], it is realised equivalently
as a condition on the determinant of Hess Uy.)

We shall assume that the metrics (g (2),wp(2)) are fixed and have constant scalar
curvature for each z € A. (More generally, we could assume that these metrics are
extremal, but this would complicate our formulae.) Note that ¢ and u; determine
the bundle M and its complex structure, while ¢ and v; determine a Kahler class
Qon M.

Remark 2. Because the generators of the T-action have constant inner products
for each fixed value of z (which is equivalent to the fact that the connection on
m: M — S is induced by a principal T-connection), the T-action is said to be rigid.

We note that for metrics of this form, we have

Scaly = Scalp(z Z 82 62 z)HY,)

Vol, = p(z)Volg A (dz A 0)

where Volg is a fixed volume form on S, Vol,, (.) = p(z)Volg and Scaly(z) is the
(constant) scalar curvature of wy,(z) for each fixed z. It follows that integrals over M
of functions of z (pullbacks from A) are given by integrals on A with respect to the
volume form p(z) dv, where dv is a constant volume form on t*. The normalization
of dv will be largely irrelevant in the following, and it is often more convenient to
tak dv to be the volume form of the lattice of circle subgroups of T

Remark 3. If HY is not the inverse hessian of a function Uy, then the above metric
is an almost Kéhler metric on M, and one can show (at least in the semisimple case
below) that the above formula for Scal, actually computes the hermitian scalar
curvature of g (the trace of the curvature of the Chern connection on the canonical
bundle).
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2.2. The semisimple case. Suppose that the first Chern class of P is diagonal-
izable with respect to a Kéahler class [wg] on S. By this we mean that (S,wg) is
covered by a product of Kéhler manifolds (S;,w;) such that 2mwc;(P) pulls back to
> jlwj] ®b; for some constants b; € t.

In this case we can take the curvature ® =) ; bjw;, and the Ansatz becomes:

9= _((bjs2) +cj)g; + (dz, (H) ™", dz) + (0, HY, ),
J
W= ((bj,2) + ¢j)w; + (dz A O), o =" bjw;,
J J
Because the Kéahler quotient metrics on S are simultaneously diagonalizable with
constant eigenvalues, we say S is semisimple. In order that wp(2) = >_;((bj,2) +
c¢j)w; has constant scalar curvature for each z, we require that the metrics (g;,w;)
have constant scalar curvature. The constants b; (together with the u;) then deter-

mine the bundle M as a complex manifold, while the constants ¢; (together with
the v;) determine the Kéhler class .

We let Volg = ( Aa w;\dj ) be the volume of wg, where 2d; is the dimension of S}
(so >_;dj =d=m—{). Then:

Sealy(2) = Y <b5>l+ p(2) = [T (s 2) + )%

J

2.3. The isometry Lie algebra in the semisimple case. For a compact Kahler
manifold (M, g), we denote by ig(M, g) the Lie algebra of all Killing vector fields
with zeros. Since M is compact this is equivalently the Lie algebra of all hamiltonian
Killing vector fields.

Proposition 1. Let g be a compatible metric on M 2, S and equip S and with the
metric (gs,ws) induced by [[;w;. Let 3(K,g) be the centralizer in io(M,g) of the
{-torus generated by K = Jgrad,z € C°(M,TM) @ t*.

Then the vector space 3(K, g) is the direct sum of a lift of i9(S, gs) and the span
of K in such a way that py: i9(M,g) — i9(S, gs) is the natural projection.

Proof. Let X be a holomorphic vector field on S which is hamiltonian with respect
to wg; then the projection X; of X onto the distribution H, (induced by 7'S; on the
universal cover [];.5; of S) is a Killing vector field with zeros, so ¢ X;Ws = —df; for
some function f; (with integral zero). Thus ) ; f3bj is a family of hamiltonians for
X with respect to the family of symplectic forms covered by > j bjw;: since this is

the curvature df of the connection on M?, X lifts to a holomorphic vector field X =
Xu + >, fi(bj, K) on M?, which is hamiltonian with potential > (s, 2) + ¢5) f;
and commutes with the components of K. (Here Xy is the horizontal lift to M°
with respect to 6.) X and its potential extend to M since M \ M° has codimension
> 2 and X has zeros.

Converse the image of any element V' of 3(K, g) in the normal bundle to the fibres
of p: M — S is holomorphic hence constant on the (compact) fibres by Liouville’s
Theorem (the normal bundle p*T'S is trivial on each fibre), so V is projectable;
since V' is the pullback of a Killing vector field which commutes with K, it maps to
zero iff it comes from a constant multiple of K. This gives a projection to ig(S, gs)
splitting the inclusion just defined. O
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In particular a maximal torus G can be taken to be the product of a maximal
torus in the group of hamiltonian isometries Isomg(S, gs) and the ¢-torus generated
by K.

2.4. The extremal vector field. If the extremal vector field lies in the ¢-torus
tangent to the fibres of M over S (as it does in the semisimple case, by Proposition 1,
since it is central, and S has constant scalar curvature), then the projection of Scal,
orthogonal to the Killing potentials of g takes the form:

pr;Scalg = (A, z) + B + Scaly,
{ZSaSAS—l—aB—i—QB =0,

where

ZS arsAs +a,B+26, =0,
and a= / p(2)dv, ap = / zrp(2)dv, Qs = / zrzsp(z)dv,
A A A
1 1
8= / Scalgp(z)dv :/ p(z)do + / Scaly(z)p(z)dv,
2/a oA 2/a

8, = 1/ Scalyzyp(z)dv :/ zrp(Z)dUJrl/ Scalp(z)zrp(z)dv.
2 Ja oA 2Ja

Here do is the (n — 1)-form on OA with u; A do = dv on the face A; with normal
u;. These formulae are immediate once one applies the divergence theorem and the
boundary conditions for HY, noting that the normals are inward normals, which
introduces a sign compared to the usual formulation of the divergence theorem.

It follows that the extremal vector field is —(A, K), where K € C®°(M,TM)®t*
is the generator of the T action. Notice that this computation does not use the fact
that (HY)~! is the hessian of a function. It follows that the extremal vector field
can be computed from any almost Kéahler metric compatible with w.

A Killing potential of integral zero for the extremal vector field is given by
—(A,z) + > asAsJao=—((A, z) + B+ 25/a). The Futaki invariant of the vector
field with affine Killing potential f(z) = (C, z) 4+ D is therefore

Z Crlaras — apsa) Ag /o = Z 2C, (Bra — Bay) /.

Of course the modified Futaki invariant of any such vector field is zero.

2.5. K-energy and the Futaki invariant. If we parameterize compatible Kéhler
metrics g by their (relative) symplectic potentials U (satisfying suitable boundary
conditions), then (under the same assumption as the previous subsection) the mod-
ified (Mabuchi-Guan-Simanca) K-energy £ on this space satisfies the functional
equation

(dE2), (1) = /A (prSealy)U (2)p(z)dv

2 .
= /A<(<A, z)+ B+ Scalh(z)) p(z) — 82?8735 (p(z)Hﬂs))U(z)dv

=2 U(2)p(z)do + / ((A,2) + B + Scaly(2)) U(2)p(2)dv
0A A

- / (H9, Hess U(z))p(z)dv.
A

This last equality reduces to Donaldson’s formula [13] in the toric case (when S is a
point). The relationship between the (modified) Futaki invariant and the derivative
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of the (modlﬁed ) K-energy shows that if f(z) is an affine linear function then

/ f(2)p(z)do + = /A(<A, z) + B + Scaly,(2)) f(2)p(z)dv =0

as one can easily check directly by writing f(z) = (C, z) + D as above.
Using the fact that the derivative of log det V is tr V~1dV we obtain the following
generalization of Donaldson’s formula for £:

£2(U) = 27U — / (log det Hess U ())p(=)dov.
A

(In case of doubt about the convergence of the integrals, one can introduce a refer-
ence potential U, and a relative version Sg% of £2, but in fact, as Donaldson shows,
the convexity of U ensures that the positive part of logdet Hess U (z) is integrable,
hence — log det Hess U(z) has a well defined integral in (—oo, 00].)

2.6. Stability under small perturbations. On a given manifold M of the type
we consider in the semisimple case, finding a compatible extremal metric g is equiv-
alent to solving the equation (for a unknown symplectic potential U esS(A)Y

Scal
(1) ch’b].,gcal].(Ug) = <A, Z)—‘rB-f—; Z 8zr8zs gs) =0,

b],z

where HY = (Hess U9)™!, ¢;,b;, Scal; are fixed constants, p(z) = Pejb;,Seal; (2) =
[1;(c; + (b, z))% is trictly positive on A, and A = A¢; b; Scalys B = Be; b Scal; are
determined in § 2.4.

If we leave the parameters b;, Scal; unchanged and move c; a little bit, solutions
to the equation (1) correspond to compatible extremal Kahler metrics in nearby
Kahler classes on M. Following LeBrun—-Simanca [26], we will use a Banach space
implicit function theorem argument to show that the existence of compatible ex-
tremal Kéhler metrics is an open condition.

To do so, let us suppose U9 is one such solution, corresponding to a compatible
extremal K&hler metric go on M, with parameters ¢ty = (¢ 97597 Scalo) e RUEAN
We want to establish the existence of solutions of (1) for arbitrary ¢ close to to.
Note that, by the general theory of extremal metrics, for ¢ = ¢y the linear system
in § 2.4 has a unique solution A,, B,. The same is true, therefore, for any ¢ close
to tp; moreover, the corresponding solution (A, By) depends smoothly on ¢.Thus,
fot t close to tg, (1) defines a smooth family of forth order quasi-linear differential
operators acting on S(A).

Proposition 2. Let (gg,wo) be a compatible extremal Kihler on M, with symplectic
potential U% and parameters ty = (¢ 9, b?, Scalo). Then there exists € > 0 such that
for any t € REFDN with |t — to| < € there exists a symplectic potential U9 € S(A)
such that P,(UY) = 0.

Proof. To avoid dealing with boundary conditions on A, we will reformulate our
equation (1) on the closed toric 2¢-manifold V.

Recall that [2, 15] the space of symplectic potentials S(A) parametrizes T-
invariant Kahler metrics on V', which are compatible with a fixed symplectic form
w(‘)/ (equal to the restriction of wy to a fibre). In particular, the potential U% defines
a compatible Kédhler metric (g, Jo,wy ) on V (equal to the restriction of gg to a
fibre).

1S(A) stands for the space of symplectic potentials of compatible toric Kéhler metrics on V,
cf. [2, 15]
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Recall also that, by a well-known result of Schwarz [38], the space of C3°(V) of
T-invariant smooth functions on V' is identified with pull-backs (via the momentum
map z) of smooth functions on A.

In terms of these identifications, we have the following

Lemma 1. Let (¢V,J,w)) be a T-invariant Kihler metric on V with symplectic
potential U9. Then for t = (¢4, bj, Scal;)

Scal
P(U9) =(Ay, 2) +Bt+z T,
— Cj 55

+ Scal(g") — ptEZ) Z <(8§j§;3> (2)g" (K, Ks))
2 S () -).

pe(2)

where A9 is the Laplacian of ¢V, and dz, = —LKTw(‘)/.

Proof. On an open dense subset of V, the Kihler structure (g",wy) has the
form [22, 2]
¢ =3 (GTs(z)dzrdzs v Hrs(z)dtrdts),

T8

w(‘)f = Zdzr A dty,
T

where t1,--- ,t,, are coordinates on T', K1 = aity e Ky, = % are some (fixed)

generators of the hamiltonian ¢-torus T, z1,---, 2z, are the corresponding mo-
2

mentum coordinates, and G,s(z) = 82%;, (H.s(2)) = (G,s(2))~t. Note that

Jodt, = = > Grrdzy, Jodzy = ), Hyrdty, and therefore

Agv(zr):—f(ddczr (W (Wl ) Za(i:“.

According to [2],

Scal(g") = — Z (gjg:;»

from where the lemma follows. O

The above lemma allows us to reformulate our problem as an existence result on
the space ML = {f € C®(V) : wo +dd°f > 0} (an open set in C3°(V) with respect
to || - ||c2) of T-invariant Kéhler metrics on V', which are compatible with the fixed
complex structure Jo and whose Kihler form is in the cohomology class 2 := [w}].
Indeed, if (g}/,w}/) is such a metric with w}/ = wy +dd°f, f € M, we then want
to solve

_pi(z)) _ Sealj
Q«(f) '_pto(zf) [<At, zf> + B; + ; P (bj,]zf>

) + Seal(gf) - =3 o) () (1 )

+ pt(i'f) 3 ((gg)(zf)AgY(z;)ﬂ _o,
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where z/ := z— (JoK)- f is the momentum map of T’ with respect to (g}/, w}/) The
principal part of Q; is concentrated in S cal(g}/); it follows from [26] that it is a quasi-

linear 4-th order elliptic operator acting on MS Note also that, by the equivariant
Moser lemma, g}/ is T- equivariantly isometric to a Kahler metric compatible with

f
wy; moreover, by the Delzant theorem, 2/ (M) = A. The positive factor Zi t((zzf))
0

introduced so that Q;(f) is Lo-orthogonal with respect to the measure p,(z/ )vg}/

is

to all affine functions of zf (see Lemma 1 and the preceding section).
In the spirit of [26], we have

Lemma 2. Let I} be the orthogonal Lo-projection of C¥(V) to the finite dimen-
sional sub-space of (pull backs to V' of ) the affine functions of z, with respect to the
global inner product relative to the measure py = pi,(2) (w(‘)zf!)f). There exists a 6 > 0
such that if a function f € MY with ||f||cr < 0 satisfies (Qt — 1§ o Qt> (f) =0,
then Q+(f) = 0.

Proof. Denote by H? the orthogonal projection of C2°(V) to the finite dimensional

sub-space A};(V) of affine functions of zf, with respect to the global inner product

Ve
on V relative to the measure py = pto(zf ) (w";!) ). The orthogonal projection H? :

AOT — AJ:C depends continuousely on f; since for f = 0 it is the identity, it is
invertible for any ||f||ct < d. For such an f, therefore, H? o IITQ:(f) = 0 if and
anly of II7'(Q¢(f)) = 0, from where our claim follows. O

Following [26], we introduce the space C3*(V) of T-invariant smooth functions
on V', which are Ly-orthogonal to (the pull backs to V) of affine functions of z
with respect to the measure pg := po(z)vg(\)/. Let WE(V) be the closure of C3°(V)

with respect to the Sobolev norm || - ||5. For & big enough we have an embedding
WﬁH(V) C C2(V) which allows us to extend the quasi-linear elliptic operator Q;
to a C'-map from a neighbourhood of (tg,0) € RCHIN x WEF (V) into WE(V) with
Q1o (0) = 0; thus Q(¢, f) := (¢, Id—TI7)(Q+(f))) is a C'-map from a neighbourhood
of (tg,0) € REHON s WWEH (V) into RUFDN 5 WP (V) with Q(to,0) = (to,0). The
inverse function theorem, Lemma 2 and the standard elliptic theory imply that for
Q: to have a smooth solution f; € C3°(V') for any |t —to| < ¢ is sufficient to establish
the following

Lemma 3. Let Lo : C3°(V) — C2(V) be the linearization at 0 € ME(V) of Qy,-
Then Lg : C2 (V) — C°(V) is an isomorphism of Fréchet spaces.

Proof. Let (M, go, Jo,wp) be the extremal Kahler manifold corresponding to the
initial value ¢t = %.

The momentum map z : M — A allows us to lift any smooth function on
A (or, equivalently [38], any T-invariant smooth function on V') to a T-invariant
smooth function on M, constant on the level sets of z. Conversely, any smooth
T-invariant function on M which is constant on the level sets of z defines a T-
invariant smooth function on V. Furthermore, if G denotes the maximal torus of
Isomg (M, go, Jo) defined in § 2.3, then the lifts of T-invariant smooth functions on
V will be automatically invariant under GG since our identification is a homothety
with respect to the global inner product on V/, relative to ug = po(z)v,,v, and the

global inner product on M induced by gg, it follows that f € C~j’~°(V) if and only if
the corresponding lift to M is in CZF (M), where C& (M) is the space of G-invariant
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smooth functions on M which are Lo-orthogonal (with respect to gg) to all Killing
potentials of vectors in Lie(G) (these potentials are explicitly identified in the proof
of Proposition 1 from where the claim follows easily).

In view of the above correspondence, for any f € MS(V) we can define a Kahler
metric gy on M, with Kéhler form wy = w+dd°f. According to [6], T acts in a rigid
and semisimple way with respect to (¢g¢,wys) and, therefore, the expression Qy,(f)
is equal to the normalized scalar curvature (with respect to of the maximal torus
G) of gr (see [5] and § 2.4 above). It follows from [26, 20] that the linearisation
Ly of Qy, (at go), viewed as an operator acting on the sub-space of lifted functions
C®(V)), is equal to —2 times the Lichnerowicz operator

1 1
L(f) := §A§O I+ 90(dd" £, pgo) + 5.90(df, dSealy, ).

Note that L is a (formally) self-adjoint 4-th order elliptic operator acting on C*°(M);
standard elliptic theory gives an Ly-orthogonal splitting C*°(M) = ker(LL) @ im(L),
where ker(IL) is the space of all Killing potentials with respect to go [26]. Since L
is G-invariant, the latter splitting refines to C(M) = ker(L%) & im(LY), where
LY stands for the restriction of L to the subspace C& (M) of G-invariant smooth
functions on M. Observe that , since GG is a maximal torus, ker(LG) is the space
of all Killing potentials of vector fields in Lie(G). LeBrun and Simanca show [26]
that L is an isomorphism of C¥ (M) = ker(L%)* (= im(L%)).

Denote by LY = —%Lo the restriction of L to the yet smaller subspace (?%O(V) It
follows from our discussion above that ker(ILY) is the space of lifted affine functions
of z, while its Lo-orthogonal complement, ker(IL)*, is nothing but the lifted space

CX(V) of C3°(V). Our lemma claims that LY is an isomorphism of C3°(V). The
only missing piece to establish this from the facts mentioned above is the surjectivity

of LV on the space C3°(V). In what follows we shall establish this.

Suppose for a contradiction that LY : C:ff’(V) — C3°(V) is not surjective. Consid-
ering the extension of LL to a linear operator between the Sobolev spaces W4 (M) —
Lo (M) (by the elliptic theory L is a closed operator), our assumption is equivalent

to the existence of a non-zero function u € Ly(M), which is in the closure of C3°(V),
and such that

(3) /M LY (¢)uvgy = 0,

for any T-invariant smooth function ¢ on V. We claim that (3) implies

(1) ] 1@y, =0

for any G-invariant smooth function on M. This would be impossible because LE
is surjective by [26].

Since any sequence of functions converging in Lo(M) has a point-wise converging
sub-sequence, we can assume that u = wu(z) is a Le-function on A. It is enough
to establish (4) on M? = 271(A") (which is the complement of the union of sub-
manifolds of real co-dimension at least 2). Let ¢ be any G-invariant (and hence
T-invariant) smooth function on M. It can be written as a function depending on
z and S. Using [5, Prop. 7] and the specific form of gg, one can easily see that on
MO

L(¢) =LY (¢) + L5 (¢) + 2A5(AY (¢ +ZR ) + P;(2)A% (AY (),
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where LV and AV are the Lichnerowicz and Laplacian operators of (V, g¥'), for any
fixed value of z LY stands for the Lichnerowicz operator of S with respect to the
Kéhler metric h(z) = 3, (cﬁ—(b?, 2))g;, A% is the Laplacian of g;, and R;(2), P;(2)
are functions of z only, depending on gg. If we integrate this expression against
u(z), with respect to the volume form vy, = py,(2) (/\a w;\dj> A {dz A 9>M>, we get

const /MO L(¢)u(z)vy,
-1 /S | ( /A LY (@)u(e)pa()d=)w) Y + /A u@)pa()( /S LE(6)oncr) ) =

w0 (e [ asew?

kot Sk

+ Pj(2) /S ASJ'(AV(@)Mfdj)dz) N “igdk]'
: ki
O

All the terms vanish, by using (3), and the fact that .7 (¢) and A are orthogonal
(with respect to the global inner products) to constants. This concludes the proof
of the proposition. O

Corollary 1. The existence of a compatible extremal Kdahler metric is an open
condition on admissible Kdhler classes (parametrized by the constants c;).

To give another application, we observe that the operator P, has the symmetry
Py, = P, for any real number \ # 0. For instance, start with M = CP’ x ¥ =
P(O ® CH*1) — %, where ¥ is a compact complex curve of genus g > 0. We then
have a product CSC solution gg corresponding to the data tg = (cp,0---0,2(1 —g).
The perturbation result implies that for any integers pg, p1, - - - , pe there is a solution
with respect to the data t, = (co,22,---2£ 2(1 — g)) if n >> 1. For any such n,
this is a solution with respect to the data (ncg, po,---pe,2n(1l — g)) too, because
P,t, = P;,. Now such a solution defines a compatible extremal Kahler metric
on the manifold M,, = P(Ly® --- ® Ly) — X,, where ¥, is any curve of genus
g, =1—n(1—g) and L; are holomorphic line bundles over ¥,, with deg(L;) = p;.

2.7. Existence? It is natural to speculate (as Donaldson does at the end of his pa-
per [13]) that there are S?t*-valued functions H on A satisfying the same boundary
conditions as HY and such that the double divergence of pH is equal to

((4,2) + B+ Scaly(2)) p(z)

on A, For any such H, we have

(5) FOUf) = / (H, Hess f)(2)p(=)dv
A

If such an H exists, then so do many because the double divergence is underde-
termined. Indeed there are locally exact adjoint complexes of linear differential
operators on A C t*:

(6) Co(R) — C(5%) — C®(A* O t) — -+

C®(R) — C®(S*t*) «— C®(A*t* O t*) — -- -,

where A%t ® t denotes the alternating-free tensors in A%t ® t (the kernel of the
projection, alternation, to A3t). The first two arrows in the top line are the hessian
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and the exterior derivative (of a t valued 1-form). The adjoint operators in the
bottom line are the double divergence and the symmetrized divergence.

Notice that if H is positive definite then F(f) is nonnegative for convex f.
It is natural to conjecture, following Donaldson [13] that the converse holds, and
that if the Futaki invariant F(f) of any analytic toric test configuration (given
by piecewise linear convex f—see below) is nonnegative, with equality for product
configurations (given by affine linear f), then there are positive definite H satisfy-
ing the above conditions. Now, since log det is strictly convex on positive definite
matrices, the function [, (logdet H(z))p(z)dv is strictly convex on these potentials
and therefore has at most one minimum H = H®. Such a minimum would auto-
matically have its inverse equal to the hessian of a function Uq, by the adjointness
of the above complexes and the fact that the derivative of logdet H is tr H~'dH.
Setting HY = H® would then give an extremal Kéhler metric in the given Kéhler
class.

It is natural to wonder if a (not necessarily positive definite) H®* might exist
without any positivity assumptions on this invariant, generalizing the extremal
polynomial when ¢ = 1: F*(2) = p(2)H®(z) would be the precise generalization.

2.8. The homogeneous formalism and projective invariance. The momen-
tum map of a hamiltonian torus action is only defined up to translation, and so it
is natural to consider that it takes values in an affine space. For this, suppose that
t* is a codimension one subspace of a vector space W. Then the momentum map
can be considered to take values in P(W) \ P(t*) which can be identified with any
affine space parallel to t* in W. Many aspects of the geometry we have already dis-
cussed simplify in this formalism, especially with a particular choice of affine slice,
say ¢ = 1, where ¢ € W* has kernel t*. Let w denote the tautological W-valued
coordinate on A, viewed as a subset of the affine slice v» = 1, and also the pullback
of this function to M.

The sequences (6) of linear differential operators are affine invariant. In fact, after
tensoring the first sequence by O(1) and the second by O(—¢ — 2), and replacing
t with T*A and t* with TA, they are even projectively invariant. Powers of v,
viewed as a section of O(1), can be used to apply these operators, e.g., to p(w)HY.

The constants ¢; € R and b; € t can be replaced by constants a; € W* so that
the Kahler quotient metric is . (a;,w)g;. It follows that p(w) = [1,(aj,w)% is
naturally a section of O(d). Note also that t is a quotient of W*, and the constants
b; are the quotient classes of the a;.

The scalar curvature and a potential for the extremal vector field are given by

Scal ; 1
=5 — — Hess* (p(w)HY
Scaly j a0 pw) ess” (p(w)HY)

and pr,Scaly = (C,w),

where Z drscs + 237" = 07

and Qs = / wrwsp(w)dv,
A

R 1 1 Scal
By = 3 /A Scal gw,p(w)dv = /6A wyp(w)do + 3 A(Xj: <aj’t5>)wrp(w)dv.
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Powers of ¢ can be used to make these formulae projectively invariant if desired.
The Futaki invariant

1
FUS) = /BA fw)p(w)do + Q/A(<C’w> +zj:

now vanishes on linear functions.

When the Delzant polytope is a simplex, it is particularly natural to take the slice
Y(w) = wo + - - +wy in R so that the simplex is the subset of wg + - - - +wy; = 1
where w; is nonnegative for all 7. In this case elements of S?t* can be identified
with (¢ 4+ 1) x (£ + 1) symmetric matrices whose rows (and columns) sum to zero.

Scal ;

<aj7 w>

) Fw)p(w)dv

2.9. Examples. (i) Let M be CP™, fibred over a point, with the Ké&hler class
and momentum map normalized so that A is the standard simplex. Then H,; =
2p0ps — 2pZs.

(ii) More generally if M is a weighted projective space with a Bochner-flat metric,
then, according to Abreu (the orbifolds paper) H,s is an inhomogeneous cubic in
z, the homogeneous cubic term having (A, z) as a factor. (This is easy to check in
the orthotoric case using Vandermonde identities—see below.)

(iii) The examples of [7] on (possibly) blown-down projective line bundles fit into
our framework as follows. Recall (with a minor change of notation) that the metric
has the form

9= (1+zaz)(ga/7a) + (1 +2)g0 + (1 = 2)g0 +

a

w= Z(l + z42)(wa/xa) + (14 2)wo + (1 — 2)weo +dz A0,

a

dz?

9 ()82

where df = ), wa + wo — Woo, (90, wo) and (goo, weo) are Fubini-Study metrics of
scalar curvature 2dg(dp+1) and 2doo (deo+1), ©(2) = (1—2%)(1+q(2)(1—2%) /p(2)),
p(2) = [[,(1 + 242)% and ¢(2) is a polynomial of degree at most d — 1 satisfying
an ODE. By choosing toric structures for wg and we, this metric is defined a
toric CP%*d+1hundle. In particular, when ¢ = 0 and g, = 0 for all a, this
is the Fubini-Study metric on CP%*d=+1 " In general, the metric on the torus
fibres gets perturbed (compared to the Fubini-Study metric) by a rank one metric
q(2)((1 — 22)0)?/p(2). Note that the range of the index a does not include {0, oo},
so »_,d, = d is the complex dimension of the base of the toric projective bundle,
and the polynomial p. of [7] is p(2)(1 + )% (1 — z)de.

If wo = (dyo A dto) and weo = (dyoo A dts), then we can take 6 = 6 + (yo, dtg) —
(Yoo, dtoo) with df' =", w,. Hence

w= Z(l + 202)(wa/Ta) +dz A0 + {(d((1 + 2)yo) Adto) + (d((1 — 2)Yoo) A dlso)
A momentum map for the torus action is therefore given by (z, 20, 200), Where
20 = (1 + 2)y0, 200 = (1 — 2)Yoo. Thus, on pulling back to the torus fibres, we can
write

=1 —220=(1—22)dt + (1 — 2){z0,dto) + (1 + 2)(200, dtso).

Hence q(2)((1 — 22)6)? has coefficients of degree at most (d — 1) +4 = d + 3 in the
momenta.

Note that the image of (2,20, 200) is a rather nonstandard simplex. This de-
scription arises from a standard simplex in homogeneous coordinates by split-
ting the (nonnegative) variables into two groups wy,...wq, and o, ...xq,, where
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Zj wj + Y, = 1, and then setting 1 4+ z = QZ]- wi and 1 — 2z =2)", x5. Then
we can take zg = (wi, ... wg,) and zeo = (21, ... 24, ). After making the dual trans-
formation of the angle variables, and introducing homogeneous coordinates, ¢ has
the form:
¢ = >, 1 2zpw;(dty — duy).

Obviously this vanishes on the U(1) generator };d;; 4+ ) Ou, and hence defines
a 1-form on the quotient torus. Note also that along any codimension one face,
¢ vanishes on the corresponding normal. This ensures that H 4 ¢? satisfies the
boundary conditions whenever H does.

The Fubini-Study metric on the simplex is the pullback of 3 dw; ® dw; /(2w;) +
> o dxp @ dxy/(2xy), where {dwj,dxy} is dual to {dt;, duy}, so the contraction of
this metric with ¢ is X := 37, (zpdw; — wjdxy). A further contraction with ¢
yields ¢(X) = 2(3; w])(zk 2) (D2 wi + Yo k) = 237, wizy (on the simplex,
where this reduces to (1 — 22)/2 in the old coordinates).

Now to find the perturbation of the Fubini—Study metric on the simplex, and
hence check the existence of a symplectic potential, we have to invert I — f¢p ® X
for a function f (such as —q(z)/p(z)). We readily check that the inverse is I + f¢p®
X/(1— fo(X)) (found by a geometric series argument), and so the perturbation of
the Fubini-Study metric on the simplex is (the pullback of) fX ® X/(1 — fo(X)).
By construction this ought to reduce to something like dz?/0(z) — dz?/(1 — 2?) in
our setting, but one wonders more generally when such an expression is the hessian
of a function.

(iv) Extremal Kahler metrics with a hamiltonian 2-form of higher order would pro-
vide further examples on projective bundles if we knew that they existed. There are
at least solutions to the extremal equations on CP2-bundles over a Riemann surface,
albeit for inadmissible data. In this case, following the notation of [5]-[7], the mo-
mentum map z is denoted ¢ and its components are the elementary symmetric func-
tions of coordinates (&1,...&). The polynomial p(c) is [, Pne(na)% = £ [T pe(&))-
The metric on the torus takes the form
l

= F(&)or-1(6)0s-1(&)
H;?S B Z pc(gj)A

where F'(t) has degree < m+2. To compute the degree of p(c) Hfs in o, we suppose
that d, = 1 for all a (the general case will follow by a limiting argument) SO a ranges
from 1 to d and introduce formal variables &y, £o.. Then

J=1

L

Y (C)™plo)HLL TEL”

r,s=1

B F(&))
= pnc(&))pnc(goo apnc na Z A]pc 5] f ]60)(5 500)

Since F' has degree at most m + 2, it now follows by Vandermonde identities using
the m + 2 variables &y, &1, ... &, €0, M1, - - - Mg that this expression is a polynomial of
degree < d + 3 in 0. This will still be the case if the 1, are not distinct, which is
the limiting argument mentioned above.

In view of this evidence, it is natural to conjecture that F(z) := p(2)H®(2)

is polynomial of degree < d + 3. Unfortunately, Calabi’s extremal metrics on
P(O®0O(k)) — CP!, regarded as toric metrics by choosing a circle action on CP?!,
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already show that F*(z) (if it exists) is not a polynomial in general. However,
it remains possible that a polynomial F® exists on CP*-bundles, as it does when
¢ = 1. Let us then consider the next simplest case, £ = 2, and take the base S to
be a Riemann surface (d = 1).

We work in the homogeneous formalism with ¢ (w) = wo+w; +w2. We therefore
seek a 3 x 3 matrix polynomials of degree 4 satisfying the boundary, extremality
and integrability conditions (we do not concern ourselves with positivity at this
stage, nor with integrality conditions on the constants y).

We first impose the boundary conditions by writing F* as a perturbation of the
Fubini-Study matrix. The r, s component is then

2¢(w)2p(w)wr5rs - 2w(w)p(w)wrws + WrWsPrs

where p(w) = apwg + ajw; + agws. In order that the rows and columns sum to
zero, the quadratic perturbation p,s(= ps,) is given by

Poo = Taw}i + T1W5 + 2yowqwa,
P11 = Tows + Towd + 2y1wawy,
pa2 = T1wh + Towi + 2y2wowy,
Po1 = y2w§ — T2WoW1 — YoWaWo — Y1wW1wW2,
Po2 = ylw% — T1WWo — Y2wiw2 — YoWoWi,

2
P12 = YoWy — ToW1W2 — Y1WoW1 — Y2waWp,

for six unknown constants (o, 1, 2, Y0, Y1, y2). The extremality condition is then:

Y(w)?(4ag + 4a1 + 4as + )
+2(yo + 71 + 22) (W — 2wowr — 2wawp + 2wiws)
+2(y1 + 2 + o) (W] — 2wiwa — 2wowy + 2wawy)
+2(y2 + o + 1) (w5 — 2wowy — 2wiws + 2wew)
= p(w)(24¢(w) + Cowg + Crw; + Caws),

where s is the scalar curvature of the base S. This is a linear system of rank 3 in
(zo,21,%2,Y0,Y1,y2). The condition that the inhomogeneous term is in the image
of the linear map determines C' = (Cy, C1,C2), and is of course the condition that
Cowg + Chwy + Cows is a potential for the extremal vector field.

The integrability condition that H* is the inverse of a hessian is harder to com-
pute, but eventually reduces to six equations:

To = Y1 + Y2, 1 = Y2 + Yo, T2 = Yo + Y1,
Yoy1 + 2yo(ar — az) + 2y1(ap — az) = 0,
Y192 + 2y1(az2 — ag) + 2y2(a1 — ag) =0,
Y290 + 2y2(ao — a1) + 2yo(az —a1) = 0.

These last three are not independent, and imply in particular that

(7) Yoy1 + Y12 + y2y0 = 0.
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We can use the equations for the z; to reduce the extremality condition to a linear
system for the y;, which is readily solved. We obtain

yo = K(ap — a2)(ag — a1)(ao + 2a1 + 2a2)(4ap + 4a; + 4az + s)
(8) y1 = K(a1 — ap)(a1 — a2)(2ag + a1 + 2az)(4ap + 4a; + 4agz + )
y2 = K(az — a1)(az — ap)(2a0 + 2a1 + az)(4ao + 4ay + 4az + s),

)

for some common denominator K. Substituting (8) into (7), we find that

((ap — a1)(a1 — az)(az2 — ap)(4ap + 4a; + 4az + s))2 =0.

It is easy to check that the vanishing of any of these factors ensures all the integra-
bility conditions are satisfied. The solutions with a; = aj for some k # j have a
hamiltonian 2-form of order one, whereas the solution with 4ag + 4a1 + 4a2 +s =10
is trivial (the Fubini-Study matrix being unperturbed).

By the openness result for the existence of solutions, we see that even in this
simple case, there are solutions which are not polynomial of degree < 4.

3. K-STABILITY FOR RIGID TORIC BUNDLES

3.1. Toric test configurations. Let us suppose that [}, cjw;/2n] = c1(Lsg) for
a positive line bundle Lg, so S is projective, and that A has integral vertices, so M
is a bundle of toric varieties over S. Then M is also projective, with polarization
L=7n*Lg® (P xr Ly), where Ly is the polarization of V' defined by A.

Thus . LF = L’g ® (EB&AO%Z[ Ak<)7 where A, is the line bundle P x¢ C,, C,

being the 1-dimensional representation of T with weight x € Z* C t*.
Define P(¢) = ¢1(Ls ® A¢)?/d! and Q(¢) = e1(Ls @ A)T U e (S)/(2(d — 1)!).
For sufficiently large k we have, by Riemann—Roch, that

dim H°(S, LE ® Age) = X (S, LE @ Age)
= (1L ® Ae) + Ler(KK5h) 18] + O(k42)
= POk + QOK" + O(k7).

Hence, using the standard formula for summation over a lattice in a polytope [13,
43, 40], we have

dim H°(M, L*) = dim H°(S, 7, L*)

:km/ Pdv+km1(1/ Pda+/ de)+0(km*2)
A 2 Jon A

for sufficiently large k.

Suppose f is a positive rational piecewise-linear (PL) concave function on A, i.e.,
f is the minimum of a finite collection of positive affine linear functions on A with
rational coefficients. Then, A" = {(z,t) : z € A,t € (0, f(2))} C t* ® R is a convex
rational polytope corresponding (up to homothety) to polarized toric variety V'
for (the complexification of) the (¢ 4+ 1)-torus T/ = T x S!. Following work of
Donaldson, Zhou and Zhu, and Székelyhidi [13, 43, 40], it turns out that, with
P =PxS'"—> S8 X=n":PxpV =PxpV' — 8is a test configuration for M,
polarized by & = (7')*Ls @ (P’ X7+ Ly+). Let Ly = £|x, where mp: Xg — S is the
central fibre. Then (7). L§ can be identified with m, L* (since P’ = Px S1), and the
C* action on Xy has weight kf(¢) on Ay for k sufficiently large and divisible [43].
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Thus the total weight of the action on HY(Xo, L§) is
we= Y EAQPQOF + QK™ + O(k?))

CeAnZt

:km“/Adev—i—ka/(Mdea—i—/Adev) + O™,

Combined with the formula above for d = dim H°(M, L¥), it follows that the
residue of wy/(kdy) at k=0 is

1 _3JpaPdo+ [y Qdv
2/aAdea+/Adev fAPdv /Adev,

as shown by Székelyhidi [40]. In our setting, we can compute P and @ using the
base metrics on S to provide representatives for ¢i(Ls ® A¢) and ¢1(S). We thus
obtain, up to a common multiple,

P(z) =p(2), Qz)= %p(z)Scalh(z)

It then follows that the Futaki invariant of C* action on Xy is a negative multiple
of

1 B
| o+ 5 [ Saimea =2 [t

The modified Futaki invariant is then obtained by subtracting from the Futaki
invariant the (correctly normalized) L? inner product of f and the Killing potential
—((A, z) + B+23/«a), with integral zero, for the extremal vector field [39, 40]. The
result is easily computed to be a negative multiple of F(f ). Replacing the concave
function f by the convex function —f (plus a constant if desired), it follows that
the F(f), which vanishes for affine linear functions, computes the Futaki invariant
of toric test configurations for convex rational PL functions.

3.2. K-energy and K-stability. Let C be the set of continuous convex functions
on A (continuity follows from convexity on the interior of A), Cs the subset of
those functions which are smooth on the interior of each face of A (including A
itself of course), and S C Co the set of symplectic potentials. Note that if u € S
and f € Co, with f smooth on all of A, then u+ f € S.

The affine linear functions act on C and C by translation. Let C5_ be a slice for
the action on Co which is linear (i.e., closed under positive linear combinations)
so any f in Co can be written uniquely as f = w(f) + g, where ¢ is affine linear
and 7(f) € C%, for a linear projection 7. Functions in C} are sometimes said to be
normalized.

Let || - || be any semi-norm on Cs inducing a norm (in the obvious sense) on
C, which bounds the L; norm [, |f|pdv and such that the functions in Cj, which
are smooth on A are dense. The first condition implies in particular that F* is
continuous on Cs. Donaldson [13] shows that £ is also well defined as a function
on Cs (in fact on a slightly larger space) taking values in (—oo, +00].

Donaldson also shows that the L boundary integral on A satisfies the required
assumptions, where C% consists of those functions in Co, which vanish to first order
at a chosen basepoint in the interior of A. However, we find it more flexible to
abstract the setting as above.

In this general situation, two elementary arguments of Donaldson [13], together
with an enhancement by Zhou—Zhu [43], can be used to prove a surprisingly strong
result.
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Lemma 4. For any A > 0 the following are equivalent:

(1) FHf) = Al (f)]] for all f € Coos
(ii) for all0 < & < X there exists Cs such that £ (u) > d||w(u)||+Cs for allu € S.

Proof. As F(f) and and £%(u) are unchanged by the addition of an affine linear
function, it suffices to prove the equivalence for normalized f and u.

(i)=(ii) For any bounded function a on A, one can define a generalized Futaki
invariant F, by replacing the second integral (over A), in the formula for F%, by
S a(2)f(2)p(2)dv. Similarly one can define a generalized K-energy &, using F,
instead of F.

For any bounded functions a, b, there is a constant C = C,p > 0 with |F,(f) —
Fo(f)| < C||f]| for all f € Ck,, because || - || bounds the L; norm on C},. Let us
write C' = (1 + k)C — kC for an arbitrary k£ > 0 and take b to be the bounded
function such that F, = F.

Then, by assumption, |F,(f) — FE(f)] < CAH1 + k)FLf) — kC||f|| for all
f e and so Fo(f) < (1+CA L1+ k) FL(f) — kCJ| f||. Turning this around,

FUL) 2 eFalD) + 01111
where 0 < ¢ := (14+CA 11+ k)™ < 1and 6 := kCX\ + C(1 + k))~!. Notice

that J is an injective function of k € [0, 0c0) with range [0, A). Now we can estimate

£%u) = —% /Alog det(Hess u)p dv + F*(u)

v

1
—3 / log det(Hess u)p dv + eF(u) + 0||ul|
A
= Euleu) + 0||ul| + mloge.

As in [13], we can choose a so that &, is bounded below on C and we are done.
(ii)=(i) Suppose E*(u) > §||u|| + C;s for all normalized u € S. By density and

continuity, it suffices to prove (i) only for f € CX which are smooth on A. Then

for fixed w € Sand all k > 0, u+kf € S and so EX(u+kf) > 6|ju+ kf||+ Cs. By

comparing with £2(u), we find

det Hess (u + kf)

)
det Hess u pdv—&E(u)

1
KFE(f) = olfu+ k£ +05+2/ log
A
> b||u+kf]| + Cs

with C5 = C5 — & ©(u), since the ratio of the determinants is at least one. Dividing
by k and letting k — oo (for fixed u € S) we obtain F(f) > §||f||. Since this is
true for all 0 < § < A, we have F¢(f) > M|f|| for all f € C%. O

In the case that the norm is the L; boundary integral, (i)=-(ii) is due to Donald-
son [14] when 6 = 0, and to Zhou—Zhu [43] for some § > 0—we have just abstracted
their arguments and found the range of 0. (ii)=-(i) also extends an elementary
argument, of Donaldson from the case of § = 0 and the Li-boundary integral.

Donaldson’s normalization condition has the disadvantage that there is not a
unique way to normalize a convex function which is not smooth (for instance a PL
convex function). It seems more natural to use instead the Ly norm on A with C%,
equal to the functions in Co, which are Lg orthogonal to the affine linear functions.
Then 7 is the Ly projection onto C3 . Let us say that the K-energy is Lo-proper
on compatible metrics if, modulo a constant, it is bounded below by a multiple
of the Lo norm on symplectic potentials which are Ly orthogonal to affine linear
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functions. Then the above lemma essentially establishes an equivalence between
Lo-uniform K-polystability and Lo-properness of the K-energy.

Theorem 1. Let M be a rigid toric bundle over a semisimple base with a compatible
Kdhler class Q2. Then (M,Q) is La-uniformly K-polystable with respect to toric
degenerations if and only if the K-energy is Lo-proper on compatible metrics in 2.

Proof. If M is Lo-uniformly K-polystable with respect to toric degenerations, then
there is a A > 0 such that F*(f) > M||x(f)||2 for all rational PL f € C. Such
an estimate then clearly also holds without the assumption of rationality. Now
functions in C are uniformly continuous, because A is compact. It follows that
an argument of Donaldson, which he uses to establish a L; density result for PL
convex functions [13, (5.2.8)], actually shows that the PL convex functions are dense
in C in the Lo norm, hence in the Ls-norm for any 1 < ¢ < oo. (Given f € C,
Donaldson’s construction provides a sequence f, of PL convex functions which are
bounded by values of f in cubes of side lengths §, — 0 as n — oo. Since f is
uniformly continuous, it follows that the convergence of f,, to f is uniform.) Thus
FELUL) > M|w(f)]2 for all f € C, hence for all f in Cs. Hence the K-energy of
(M, Q) is Lo-proper on compatible metrics by the lemma.

Conversely, if the K-energy is Lo-proper, then by the lemma, F2(f) > A|7(f)]|]2
for all f € C». However, the smooth convex functions are dense in C with respect
to the L, norm for any 1 < ¢ < oo (by the usual convolution argument, together
with a dilation argument about an interior point of A to maintain convexity near
the boundary), so that in particular F2(f) > A||7(f)||2 for all rational PL f € C.
Hence (M, ?) is Lo-uniformly K-polystable. O

Of course the lemma actually shows more: the modulus of Lo-properness of the
K-energy and the modulus of Lo-uniform K-polystability agree in an obvious sense.

It is traditional in the literature (following Tian) to define properness of the K-
energy using one of Aubin’s functionals, which have an L nature in the Ké&hler
potential. Since the Lo norm bounds the L; norm, an argument of Zhou and
Zhu [43] shows that Lo-properness implies properness in this traditional sense. For a
converse, one would need to change the norm and notion of uniform K-polystability.

A compatible extremal metric provides a global minimum for £ on Cs. This
gives immediately a K-semistability result.

Corollary 2. If there exists a compatible extremal metric then F(f) > 0 for all
PL convex functions f.

In fact, the K-energy is minimized by any extremal K&ahler metric, so we don’t
actually need to assume compatibility in this corollary.

3.3. A formula for slope stability. Consider the deformation to the normal cone
(X, &, a) of a submanifold Z in a Kéhler 2n-manifold (M,w) polarized by a line
bundle L with w € Q = 2m¢;(L).

Denote the Seshadri constant of this polarization by ¢, so that ¢ € (0,¢) N Q.
Suppose that the C* action 3 preserves Z, so that X is compatible. We use the
letters «, 3 to denote also the corresponding actions on the (polarized) central fibre
(Xo, Lo) and on the vector space H’(Xy, LE), where Lo = Eelx,-

Let us calculate the Futaki invariant of this configuration. For this we first note
that if Zy C Oy is the ideal sheaf of holomorphic functions vanishing on Z, then
for any p > 0, 77, /Ig+1 is supported on Z, and its restriction is SPv7, where vz is
the normal bundle to Z in M.
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Therefore, for k sufficiently large, we have, as in [35, 39]

(E—C)k ck
H(Xo, L§) = €D HZ, LIS @ S vy e @ HO(Z, LG © S*vy),
i=0 j=1

where « acts on the first direct sum with weight 0 and on the components of the
second direct sum with weight —j. We can choose the lift of 3 to L so that the
weight of the induced action on H°(Z, L% @ S* *v%) is (u—4)k+v for an arbitrary
fixed integer §: = 0 is an obvious choice, but it will be useful later to take § = 1.

Now SPv}, is the direct image ¢.O(p),,, where O(—1),, is the (fibrewise) tauto-
logical bundle of ¢: F = P(vz) — Z (this is the exceptional divisor of the blow-up
of Zin M). Let i be the composite map £ — Z — M and £ = O(1),,. We shall
also choose wg € 2mci(L). We now have

(e—0)k ck
HO(X(),LIS) _ @ HO(E,i*Lk ® ﬁsk—i) ® @HO(E,’L'*LIC ® ECk_j)
i=0 Jj=1
ek
=P EE,*LF @ £F7).
=0

To compute dy, Tr Ay, Tr By, Tr Ay By, Tr B2, and thereby §5(c), we need only the
dimensions of these vector spaces. We note that we only need to compute dj, Tr A
and Tr By to subleading order in k, whereas for Tr A;Bj and Tr Bl% the leading
order term suffices. Consequently we will be dropping lower order terms without
further comment.

By the ampleness of i*L (in fact it is only semiample unless Z = E, but we can
apply a limiting argument in this case, as in [35]), for sufficiently large k& we have,
by Riemann—Roch, that

= oy (T LF @ L) + Ler(Kph)" B+ O(k"?)
= P(x)k" ' 4+ Q(2)k"? + O(K"?)

where P(x) and Q(z) are polynomials in x independent of k, which, for integer x,
are given by

1 - n—
P(z) = Gr)i(n — 1] /E(z w + zwg)"

1 % n—
Qx) = 5@ 1 (n — )1 /Ep/\ (i*w 4 zwp)" 2.

We shall use this expansion with = u + v/k for various u,v. In order to carry out
the summations over ¢ and j we use the trapezium rule, as in [35, Lemma 4.7].

Lemma 5. Let f(x) be a polynomial and b a rational number. Then for n € {0,1}
and for k € Z* such that bk is a positive integer, we have

bk b 1
/) =k [ f(@)de+ 50+ (<1)7F0) + O,
i=n

The proof is easy (see e.g. [35]): by linearity we can assume f(z) = 2™ and
then use YN 4™ = N1 /(m 4 1) + N™/2 + O(N™1) (which in turn is an easy
induction on N).



24 V. APOSTOLOV, D. CALDERBANK, P. GAUDUCHON, AND C. TONNESEN-FRIEDMAN

Using n =0, b =u = ¢, v = —i, we then obtain (up to an overall multiple), that
for any r > 0,

k=4 BY = k/OE(E — 6 —2)"P(e —2)dx + 3((e = 8)"P(e) + (—6)"P(0))

R —"
0
= ko, + 18, + O(1/k)

where we define o, and 3, by
ay = / (x —0)"P(x)dx
0
€
By = (e — 6)" P(e) + (—0) P(0) + 2 / (2 — 6)"Q(x) da.
0
Note that if we extend ¢ to all real numbers then da, /0§ = —ra,_; and 90,/ =

_rﬂr—l-

Similarly, using n =1, b = u = ¢, v = —j we obtain obtain

kT Ay = k /0 —zP(c—x)dr — $cP(0) + /0 —2Q(c — z) dx + O(1/k)
_ k/oc(x — ¢)P(z) da — 1eP(0) + /Oc(:c — 0)Q(x) dz + O(1/k)
kT AT = /Oc(x — )" P(z)dz + O(1/k)
k=43Tr ApBy, = /0 —z(c— 6 — x)P(c — ) dx + O(1/k)

_ /Oc(x —&)(x — 8)P(z) dz + O(1/k).

Now we are ready to calculate (3, 3), (o, 3), §(5), and §(«). (We omit the depen-
dence on ¢ for convenience.)

(8,8) = == —=1
ap
(o, B) —/ P(z)(x —d)(x —¢) dr — P(ar)(a;—c)dx
0 Qg
g(a) — Res (Tl" Ak)l =+ (TI‘ Ak)o/k o Oéo(TI" Ak)O — %60(Tr Ak)l
TR (1t Bo/(2kan)) of
= (ao/o Q(z)(z — ¢) dz — LapeP(0) — %ﬁo/o P(z)(x —c¢) da:)/a%
~ Res ar+p1/2k Biag — Pon
§(0) = Restmo i3 J(@hao)) 207

Finally, we can calculate the Futaki invariant for our test configuration.

ajFp(a) = 063(3(04) — (. B)(8)/(8,8))
—060/ Q(z)(z — ¢) dx — LageP(0 )—%ﬁo/o P(x)(x —¢)dx

C

_ oBrao = foa) (/OCP(:U)(QC ~ )@ —c)dr— 2 [ P@)(x—c) dx)

2(agay — a%) ao Jo
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= ag (/OCQ(x)(az —¢)da — LeP(0) — Prao = foar /CP(x)(x — &)z —c) dx)

2(aoy — oz%) 0

N ai(Brao — focr) — Bo(azag — af) /C P()(x — ¢) dx
0

2(aocg — a%)

aoSp(a) = /OCQ(CC)(:E —c)dx — %CP(O)
_Brao—Boar [C N S o dp o QLT P [
| P@)a == e+ A= [ paye -

2(agay — a%) 0 2(agay — a%)

It follows easily that if we view the (modified) Futaki invariant §g(«) as a function
of § and extend ¢ to all real numbers, then 0Fg(«)/06 = 0. Hence, as expected
from general principles, Fg(c) does not depend on § and therefore we may choose
0 as we like.

These formulae make sense even if w is not necessarily rational. We may there-
fore still define the Futaki invariant with respect to a analytic submanifold of an
arbitrary Kéhler manifold, and hence (extending the Seshadri constant in suitable
way [35, §4.4]), we may extend our notion of stability to this setting.

Definition 6. A polarized Hodge manifold (M, L) with nontrivial C* action [ is
said to be slope K-polystable relative to ( if for any nontrivial analytic subscheme
Z preserved by (3, the Futaki invariant §g(a.) of Z is negative for ¢ € (0,¢).

As with the definition of (absolute) slope K-polystability, strictly speaking, we
should also require §3(a:) < 0 unless ¢ is rational and (X, &;) is the pullback by a
contraction of a product configuration.

3.4. Slope stability for admissible bundles. Let us now specialize to the ad-
missible case. We take Z to be the infinity section, and note that the C* action
induced by the vector field K preserves Z.

In this case, ¢ = 2 and we may take § = 1 and put t = x —d = x — 1, so that the
range of ¢ is [—1,1].

Also E is covered by [[, S and equipped with the local Kéhler product metric
Y aWa/Ta. We write p = > p, where p, is the Ricci form of +w, and therefore
has the form s,w, plus a primitive part with respect to w,, where s, is a constant
with 2d,s, = Scal,, and 2d, = dim S,,.

We take w = dz A0+ (14 x4.2)wa/xq, which represents the admissible Kéhler
class 2+, [wa]/xa. (Here 0 < |z4| < 1 with equality iff a € {0,00}) [7].

Hence i*w =) (1 — x4)wa/xq and we can take wg = ), w, so that

Ple) = (27r)n11(n —1)! /E(za:(l + at)wa/ "’“”a>n71

Vol(E, [ ], wa/Ta
= S T 4

a

Q) = syt =3 /E<Z saa) A (3200 + b))

a

_ Vol(E, [1,wa/%a) (Z daSaTa ) [T+ zat)®

(2m)n—1 1+ x4t

a
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We note that since the Futaki invariant is defined in terms of ratios, we can ignore
any overall multiples. So after a rescaling, we have

P(z) = pelt)
Q@) = (3 7 et

with ¢ = 2z — 1. Hence:

2 1
ay :/0 (r—1)"P(x)dx = /lt pe(t) dt

b= PQ)+ (1) PO +2 - 1) Q) da

duSala
" po(t) dt.
(;1—%75) pelt)

Note that «, and [, are just rescales (by the same factor) of the values of same
name in [7]. Substituting also z = ¢ — 1, we then obtain

aoSp(a) :/OCQ(QS)(:E_C) dx—;CP(0)+i/ocp(x)(A(m—1)+B)(x—c) dx

1

= pe(1) + (=1)pe(~1) + /

-1

1 [? 2dysq7
_ _l o = aa‘a .
= —5(z+ 1pe(-1) 1 /_1(At + B+ ga [ )pe(t)(z —t) dt

where A and B are exactly as in [7, Propn. 6]. Hence this is exactly —1/4 times
the extremal polynomial Fq(z) given by e.g. [7, §2.4 Eq. (12)].

3.5. Computation via Ross—Thomas slope. From the proof of [35, Propn.
3.16] it follows that

) P(z) = —ay(x)
and
(10) Q) = —ai () ~ O
where
ao(a) = (L~ 2B)"
and
ai(z) = 5 1_ 1)!01(M) U(L —2E)" L.

In the general Kahler case, if Z € M is a smooth submanifiold preserved by the
C* action § we define

o) i= 7 [ (7w = ey

and

ar(z) == M /M pA(T*w — ze)" L,

~

where p is a representative of 2m¢q (M) and e is a representative of the Poincaré dual
of the exceptional divisor of the blow-up along Z, 7 : M — M. This generalizes
(aside from a re-scaling factor of (27)", which we will ignore) the previous definition
of ap(x) and a;(z). We may also generalize the Seshadri constant to mean the least
upper bound of the set of x € R such that n*w — xe has non-negative volume



STABILITY AND EXTREMAL METRICS ON BUNDLES 27

on any analytic subvariety of M [35]. Thus we have a generalized definition of
P(z),Q(x), ay, By, and finally the Futaki invariant §s(a).
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