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ABSTRACT. Let M = P(E) be the complex manifold underlying the total space of the
projectivization of a holomorphic vector bundle £ — ¥ over a compact complex curve
Y of genus > 2. Building on ideas of Fujiki [28], we prove that M admits a K&hler
metric of constant scalar curvature if and only if E is polystable. We also address the
more general existence problem of extremal K&hler metrics on such bundles and prove
that the splitting of E as a direct sum of stable subbundles is necessary and sufficient
condition for the existence of extremal Kahler metrics in Kéahler classes sufficiently far
from the boundary of the Kéhler cone. The methods used to prove the above results
apply to a wider class of manifolds, called rigid toric bundles over a semisimple base,
which are fibrations associated to a principal torus bundle over a product of constant
scalar curvature Kahler manifolds with fibres isomorphic to a given toric K&hler variety.
We discuss various ramifications of our approach to this class of manifolds.

INTRODUCTION

Extremal K&hler metrics were first introduced and studied by E. Calabi in [13, 14].
Let (M, J) denote a connected compact complex manifold of complex dimension m. A
Kéhler metric g on (M, J), with Kéhler form w = g(J-,-), is extremal if it is a critical

m

point of the functional g — [}, sg %, where g runs over the set of all Kéhler metrics
on (M,J) within a fixed Kéhler class Q@ = [w], and s, denotes the scalar curvature
of g. As shown in [13], g is extremal if and only if the symplectic gradient K :=
grad,s, = Jgrad sy of s, is a Killing vector field (i.e., Lxg = 0) or, equivalently, a
(real) holomorphic vector field (i.e., LxJ = 0). Extremal Kahler metrics include Kéhler
metrics of constant scalar curvature (CSC Kéhler metrics) in particular Kéhler-Einstein
metrics. Clearly, if the identity component Autg(M, J) of the automorphism group of
(M, J) is reduced to {Id}, i.e., if (M,J) has no non-trivial holomorphic vector fields,
any extremal K&ahler metric is CSC, whereas a CSC Kahler metric is Kahler—Einstein
if and only if Q is a multiple of the (real) first Chern class ¢; (M, J). In this paper,
except for Theorem 1 below, we will be mainly concerned with extremal Kahler metrics
of non-constant scalar curvature.

The Lichnerowicz—Matsushima theorem provides an obstruction to the existence of
CSC Kaéhler metrics on (M, J) in terms of the structure of Autg(M, J), which must
be reductive whenever (M, J) admits a CSC Kéhler metric; in particular, for any CSC
Kéhler metric g, the identity component Isomg (M, g) of the group of isometries of (M, g)
is a maximal compact subgroup of Auto(M, J) [55, 49]. The latter fact remains true
for any extremal Kéhler metric (although Autg(M,J) is then no longer reductive in
general) and is again an obstruction to the existence of extremal Kéhler metrics [14, 48].
Another well-known obstruction to the existence of CSC Kéhler metrics within a given
class Q involves the Futaki character [30, 14], of which a symplectic version, as developed
in [47], will be used in this paper (cf. Lemma 2). Furthermore, it is now known that
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extremal Kahler metrics within a fixed Kéhler class {2 are unigque up to the action of the
reduced automorphism group' Auto(M,.J) [10, 15, 20, 52].

It was suggested by S.-T. Yau [75] that a complete obstruction to the existence of
extremal Ké&hler metrics in the Kéhler class Q@ = 2mwei(L) on a projective manifold
(M, J) polarized by an ample holomorphic line bundle L should be expressed in terms
of stability of the pair (M,L). The currently accepted notion of stability is the K-
(poly) stability introduced by G. Tian [69, 70] and refined by S. K. Donaldson [21]. The
Yau—Tian-Donaldson conjecture can then be stated as follows. A polarized projective
manifold (M,L) admits a CSC Kdhler metric if and only if it is K-polystable. This
conjecture is still open, but the implication ‘CSC = K-polystable’ in the conjecture is
now well-established, thanks to work by S. K. Donaldson [20], X. Chen—-G. Tian [15],
J. Stoppa [64], and T. Mabuchi [53, 54]. In order to account for extremal Kéhler metrics
of non-constant scalar curvature, G. Székelyhidi introduced [67, 66] the notion of relative
K-(poly)stability with respect to a maximal torus of the automorphism group of the pair
(M, L) — which is the same as the reduced automorphism group mO(M ,J) — and
the similar implication ‘extremal = relatively K-polystable’ was recently established by
G. Székelyhidi—J. Stoppa [65].

The Yau—Tian—Donaldson conjecture was inspired by and can be regarded as a non-
linear counterpart of the well-known equivalence for a holomorphic vector bundle over
a compact Kahler manifold (M, J,w) to be polystable with respect to w on the one hand
and to admit a hermitian—Einstein metric [40, 74, 18] on the other. In the case when
(M, J) is a Riemann surface this is the celebrated theorem of Narasimhan and Seshadri
[56], which, in the geometric formulation given in [9, 17, 28] can be stated as follows.
Let E be a holomorphic vector bundle over a compact Riemann surface . Then, E
1s polystable if and only if it admits a hermitian metric whose Chern connection is
projectively-flat.

This paper is mainly concerned with the existence of extremal Kéahler metrics on ruled
manifolds (M, J), which are total spaces of projective fibre bundles P(FE) with E being
a holomorphic vector bundle over a compact Kéhler manifold (S, Jg,wg) of constant
scalar curvature. Notice that this class of complex manifolds includes most explicitly
known examples so far of extremal K&hler manifolds of non-constant scalar curvature,
starting with the first examples given by E. Calabi in [13]. For complex manifolds of
this type one expects stability properties of (M, .J) to be reflected in the stability of
the vector bundle E. In fact, such a link was established by J. Ross—R. Thomas, with
sharper results when the base is a compact Riemann surface of genus at least 1, [61,
Thm. 5.12 and Thm. 5.13] (cf. also Remark 2 below.) This suggests that the existence
of extremal Ké&hler metrics on P(E) could be directly linked to the stability of the
underlying bundle F. First evidence of such a direct link goes back to the work of Burns—
deBartolomeis [12], and many partial results in this direction are now known, see e.g.
the works of N. Koiso—Y. Sakane [42, 43], A. Fujiki [28], D. Guan [33], C. R. LeBrun [44],
C. Tgnnesen-Friedman [71], Y.-J. Hong [36, 37], A. Hwang-M. Singer [39], Y. Rollin—
M. Singer [60], J. Ross—R. Thomas [61, 62], G. Székelyhidi [67, 66], and our previous
work [5]. However, to the best of our knowledge, a complete understanding of the precise
relation is yet to come.

While we principally focus on projective bundles, for which sharper results can be
obtained (Theorems 1, 2, 4 below), the techniques and a number of results presented in
this paper actually address a much wider class of manifolds, called rigid toric bundles

1X\u/to(M, J) is the unique linear algebraic subgroup of Auto(M,J) such that the quotient

Auto (M, J)/mo(M, J) is a torus, namely the Albanese torus of (M,J) [27]; its Lie algebra is the
space of (real) holomorphic vector fields whose zero-set is non-empty [27, 40, 45, 32].
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over a semisimple base. These were introduced in our previous paper [4]; we recall their
main features in Sect. 2 and prove a general existence theorem (Theorem 3) in Sect. 3.

The simplest situation considered in this paper is the case of a projective bundle over
a curve (i.e., a compact Riemann surface). In this case, the existence problem for CSC
Kahler metrics can be resolved.

Theorem 1. Let (M,J) = P(FE) be a holomorphic projective bundle over a compact
complex curve of genus > 2. Then (M,J) admits a CSC Kdahler metric in some (and
hence any) Kdhler class if and only if the underlying holomorphic vector bundle E is
polystable.

Remark 1. The ‘if’ part follows from the theorem of Narasimhan and Seshadri: if £
is a polystable bundle of rank m over a compact curve (of any genus), then F admits
a hermitian-Einstein metric which in turn defines a flat PU(m)-structure on P(E)
and, therefore, a family of locally-symmetric CSC Kahler exhausting the Kahler cone
of P(E), see e.g. [40], [28]. Note also that in the case when P(E) fibres over CP!, E
splits as a direct sum of line bundles, and the conclusion of Theorem 1 still holds by the
Lichnerowicz—Matsushima theorem, see e.g. [5, Prop. 3].

Remark 2. On all manifolds considered in Theorem 1, rational Kéhler classes form a
dense subset in the Kéhler cone. By the LeBrun—Simanca stability theorem [46, Thm. A]
and Lemma 3 below it is then sufficient to consider the existence problem only for an
integral Kéahler class (or polarization). In this setting, it was shown by Ross—Thomas
that any projective bundle M = P(E) over a compact complex curve of genus > 1
is K-polystable (with respect to some polarization) if and only if E is polystable [61,
Thm. 5.13]. In view of this theorem, the “only if” part of Theorem 1 can therefore be
alternatively recovered — for any genus > 1 — as a consequence of recent papers by
T. Mabuchi [53, 54].

By the de Rham decomposition theorem, an equivalent differential geometric formu-
lation of Theorem 1 is that any CSC Kéhler metric on (M, J) must be locally symmetric
(see [28, Lemma 8] and [44]). It is in this form that we are going to achieve our proof
of Theorem 1, building on the work of A. Fujiki [28]. In fact, [28] already proves The-
orem 1 in the case when the underlying bundle E is simple, modulo the uniqueness of
CSC Kahler metrics, which is now known [15, 20, 52].

In view of this, the main technical difficulty in proving Theorem 1 is related to the
existence of automorphisms on (M, J) = P(E) — X. The way we proceed is by fixing a
maximal torus T (of dimension ¢) in the identity component Auto(M, J) of the automor-
phism group, and showing that it induces a decomposition of £ = @f:o FE; as a direct
sum of £+ 1 indecomposable subbundles E;, such that T acts by scalar multiplication on
each E; (see Lemma 1 below). By computing the Futaki invariant of the S! generators
of T, we show that the slopes of E; must be all equal, should a CSC Kahler metric
exist on P(E) (see Lemma 3 below).? Then, following the proof of [28, Thm. 3], we
consider small analytic deformations F;(t) of E; = E;(0) with E;(t) being stable bun-
dles for ¢ # 0. This induces a T-invariant Kuranishi family (M, J;) = P(E(t)), where
E(t) = @fzo E;(t), with (M, J) being the central fibre (M, Jy). We then generalize in
Lemma 4 the stability-under-deformations results of [45, 46, 29], by using the crucial
fact that our family is invariant under a fixed mazimal torus. This allows us to show
that any CSC (or more generally extremal) Ké&hler metric wy on (M, Jy) can be included
into a smooth family w; of extremal Kéhler metrics on (M, J;). As E(t) is polystable

2For rational Kéhler classes, this conclusion can be alternatively reached by combining [61, Thm. 5.3]
and [23].
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for t #£ 0, the corresponding extremal Kéhler metric w; must be locally symmetric, by
the uniqueness results [15, 20, 51]. This implies that wy is locally symmetric too, and
we conclude as in [28, Lemma 8].

We next consider the more general problem of existence of extremal Kéahler metrics
on the manifold (M, J) = P(E) — X. Notice that the deformation argument explained
above is not specific to the CSC case, but also yields that any extremal Kéhler metric
wo on (M,J) = P(E) — X can be realized as a smooth limit (as ¢ — 0) of extremal
Kahler metrics wy on (M, J;) = P(E(t)), where E(t) = @f:o E;(t) with E;(t) being
stable (and thus projectively-flat and indecomposable) bundles over ¥ for ¢ # 0, and
where £ is the dimension of a maximal torus T in the identity component of the group
of isometries of wg. Unlike the CSC case (where F;(t) must all have the same slope and
therefore E(t) is polystable), the existence problem for extremal Kéhler metrics on the
manifolds (M, J;) is not solved in general. Our main working conjecture is that such a
metric w; must always be compatible with the bundle structure (in a sense made precise
in Sect. 2 below). As we observe in §3.4, if this conjecture were true it would imply that
the initial bundle E must also split as a direct sum of stable subbundles (and that wy
must be compatible too). We are thus led to believe in the following general statement.

Conjecture 1. A projective bundle (M, J) = P(E) over a compact curve of genus > 2
admits an extremal Kdhler metric in some Kdahler class if and only if E decomposes as
a direct sum of stable subbundles.

Remark 3. This conjecture turns out to be true in the case when F is of rank 2 and
Y is a curve of any genus, cf. [7] for an overview.

A partial answer to Conjecture 1 is given by the following result which deals with
Kihler classes far enough from the boundary of the Kihler cone (noting that H?(M,R)
is 2-dimensional so the Kéhler cone up to positive scale is just a ray).

Theorem 2. Let p: P(E) — X be a holomorphic projective bundle over a compact
complex curve X of genus > 2 and [wx]| be a primitive Kdhler class on X. Then the
following are equivalent:

e there exists kg > 0 such that for any k > ko the Kdahler class Q = 2mc1(O(1)g) +
kp*[ws] on (M, J) = P(E) admits an extremal Kdhler metric;

o F splits as a direct sum of stable subbundles.

In the case when E decomposes as the sum of at most two indecomposable subbundles,
Conjecture 1 is true.

The proof of Theorem 2, given in §3.4, will be deduced from a general existence
theorem established in the much broader framework of rigid and semisimple toric bundles
introduced in [4], whose main features are recalled in Sect. 2 below. As explained
in Remark 7, this class of manifolds is closely related to the class of multiplicity-free
manifolds recently discussed in Donaldson’s paper [25]. Our most general existence
result can be stated as follows.

Theorem 3. Let (g,w) be a compatible Kdhler metric on M, where M is a rigid
semisimple toric bundle over a CSC local product Kdhler manifold (S, gs,ws) with fibres
isomorphic to a toric Kdahler manifold (W,ww,gw), as defined in Sect. 2. Suppose,
moreover, that the fibre W admits a compatible extremal Kdahler metric. Then, for any
k>0, the Kdhler class Qi = [w]|+ kp*|ws| admits a compatible extremal Kdhler metric.

3This is equivalent to requiring that the automorphism group of P(E) has a maximal torus of di-
mension < 1.
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The terms of this statement, in particular the concept of a compatible metric, are
introduced in Sect. 2. The proof, given in Sect. 3, uses in a crucial way the stability under
small perturbations of existence of compatible extremal metric (Proposition 2) which
constitutes the delicate technical part of the paper. Another important consequence of
Proposition 2 is the general openness theorem given by Corollary 1.

A non-trivial assumption in the hypotheses of Theorem 3 above is the existence of
compatible extremal K&hler metric on the (toric) fibre W. This is solved when W = CP"
and M = P(F) with E being holomorphic vector bundle of rank r + 1, which is the
sum of £ + 1 projectively-flat hermitian bundles, as a consequence of the fact that the
Fubini-Study metric on CP" admits a non-trivial hamiltonian 2-form of order ¢ < r
(cf.[3]). We thus derive in §3.3 the following existence result.

Theorem 4. Let p: P(E) — S be a holomorphic projective bundle over a compact
Kahler manifold (S, Js,ws). Suppose that (S, Js,wg) is covered by the product of con-
stant scalar curvature Kdhler manifolds (Sj,wj), j € I (a finite index set), and E =
@fzo E; is the direct sum of projectively-flat hermitian bundles. Suppose further that for
each i c1(E;)/rk(E;) — c1(Eo)/tk(Eo) pulls back to ;7 pjilw;] on [[;e7 S; (for some
constants pj;). Then there exists ko > 0 such that for any k > ko the Kdihler class
Qi =211 (O(1) ) + kp*|ws] admits a compatible extremal Kdhler metric.

Remark 4. Theorem 4 is closely related to the results of Y.-J. Hong in [36, 37] who
proves, under a technical assumption on the automorphism group of S, that for any
hermitian—Einstein (i.e., polystable) bundle E over a CSC Kéahler manifold S, the Kéhler
class Q = 2wc1(O(1)g) + kp*|wg] for k£ > 0 admits a compatible CSC Ké&hler metric if
and only if the corresponding Futaki invariant §q, vanishes. However, in the case when
E is not simple (i.e., has automorphisms other than multiples of identity) the condition
Sa, = 0 is not in general satisfied for these classes, see [5, §3.4 & 4.2] for specific
examples. Thus, studying the existence of extremal rather than CSC Ké&hler metrics in
Q) is essential. Another useful remark is that although the hypothesis in Theorem 4
that E is the sum of projectively-flat hermitian bundles over .S is rather restrictive when
S is not a curve, the above result suggests a general setting for the existence of extremal
Kahler metrics in Qf = 27m¢1(O(1)g) + kp*|ws] for k > 0, where E is a direct sum of
stable bundles (with not necessarily equal slopes) over a CSC Kahler base S.

In the concluding Sect. 4, we develop further our approach by extending the leading
conjectures [21, 67] about existence of extremal Kéhler metrics on toric varieties to the
more general context of compatible Kahler metrics that we consider in this paper. Thus
motivated, we explore in a greater detail examples when M is a projective plane bundle
over a compact complex curve 3. We show that when the genus of ¥ is greater than 1,
Kahler classes close to the boundary of the Kahler cone of M do not admit any extremal
Kahler metric. In Appendix A, we introduce the notion of a compatible extremal almost
Kahler metric (the existence of which is conjecturally equivalent to the existence of a
genuine extremal Kéahler metric) and show that if the genus of ¥ is 0 or 1, then any
Kaéhler class on M admits an explicit compatible extremal almost Kéahler metric.

The first author was supported in part by an NSERC discovery grant, the second
author by an EPSRC Advanced Research Fellowship and the fourth author by the
Union College Faculty Research Fund. The authors are grateful to the referees for
remarks which improved the presentation of the paper.

1. PROOF OF THEOREM 1

As we have already noted in Remark 1, the ‘if’ part of the theorem is well-known. So
we deal with the ‘only if” part.
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Let (M,J) = P(E), where E — X is a holomorphic vector bundle of rank m over
a compact curve X of genus > 2. We want to prove that E is polystable if (M, .J)
admits a CSC Kéahler metric w. Also, by Remark 1, we will be primarily concerned
with the case when the connected component of the identity Autg(M,J) of the auto-
morphisms group of (M, J) is not trivial. Note that, as the normal bundle to the fibres
of P(E) — X is trivial and the base is of genus > 2, the group Auty(M,J) reduces to
HO(Z, PGL(E)), the group of fibre-preserving automorphisms of E, with Lie algebra
h(M,J) = H°(Z,sl(E)). As any holomorphic vector field in h(M,.J) has zeros, the
Lichnerowicz—Matsushima theorem [49, 55] implies h(M, J) = i(M, g) ® Ji(M, g), where
i(M, g) is the Lie algebra of Killing vector fields of (M, J,w). Thus, Auto(M, J) # {Id}
iff h(M,J) # {0} iff i(M,g) # {0}. We will fix from now on a maximal torus T (of
dimension ¢) in the connected component of the group of isometries of (M, .J,w). Note
that T is a maximal torus in Autg(M, J) too, by the Lichnerowicz-Matsushima theorem
cited above.

We will complete the proof in three steps, using several lemmas.

We start with the following elementary but useful observation which allows us to
relate a maximal torus T C Auto(M, J) with the structure of E.

Lemma 1. Let (M,J) = P(E) — S be a projective bundle over a compact complex man-
ifold S, and suppose that the group H°(S, PGL(E)) of fibre-preserving automorphisms
of (M,J) contains a circle S*. Then E decomposes as a direct sum E = @f:o E; of
subbundles E; with £ > 1, such that S* acts on each factor E; by a scalar multiplication.

In particular, any mazimal torus T C H°(S, PGL(FE)) arises from a splitting as above,
with E; indecomposable and ¢ = dim(T).

Proof. Any S'in H°(S, PGL(E)) defines a C* holomorphic action on (M, J), generated
by an element © € h(M, J) =2 H°(S,sl(E)). For any x € S, exp (tO(z)), t € C generates
a C* subgroup of SL(E,) and so ©(z) must be diagonalizable. The coefficients of the
characteristic polynomial of ©(z) are holomorphic functions of = € S, and therefore are
constants. It then follows that © gives rise to a direct sum decomposition £ = @f:o E;
where E; correspond to the eigenspaces of © at each fibre.

The second part of the lemma follows easily. O

Because of this result and the discussion preceding it, we consider the decomposition
E = @fzo FE; as a direct sum of indecomposable subbundles over ¥, corresponding to a
fixed, maximal /-dimensional torus T in the connected component of the isometry group
of (g,J,w). We note that the isometric action of T is hamiltonian as T has fixed points
(on any fibre).

Our second step is to understand the condition that the Futaki invariant [30], with
respect to the Kéhler class Q = [w] on (M, J), restricted to the generators of T is
zero. Hodge theory implies that any (real) holomorphic vector field with zeros on a
compact Kéhler 2m-manifold (M, J,w, g) can be written as X = grad,f — Jgradh,
where f+ih is a complex-valued smooth function on M of zero integral (with respect to
the volume form w™), called the holomorphy potential of X, and where grad, f stands
for the hamiltonian vector field associated to a smooth function f via w. Then the (real)
Futaki invariant associates to X the real number

Sw(X) :/ fSealy W™,
M

where Scal, is the scalar curvature of g. Futaki shows [30] that ., (X) is independent
of the choice of w within a fixed Kéhler class €, and that (trivially) F,(X) = 0 if Q
contains a CSC Kahler metric. A related observation will be useful to us: with a fixed
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symplectic form w, the Futaki invariant is independent of the choice of a compatible
integrable almost complex structure within a path component.

Lemma 2. Let J; be a smooth family of integrable almost-complex structures compatible
with a fized symplectic form w, which are invariant under a compact group G of symplec-
tomorphisms acting in a hamiltonian way on the compact symplectic manifold (M,w).
Denote by g, C C°(M) the finite dimensional vector space of smooth functions f such
that X = grad,f € g, where g denotes the Lie algebra of G.* Then the L?-orthogonal
projection of the scalar curvature Scalg, of (Ji,w,g¢) to gu is independent of t.

Proof. By definition, any f € g, defines a vector field X = grad, f which is in g, and
is therefore Killing with respect to any of the Kéhler metrics ¢, = w(+, Jy). To prove
our claim, we have to show that [, fScalg,w™ is independent of ¢. Using the standard
variational formula for scalar curvature (see e.g. [11, Thm. 1.174]), we compute

(1) %Scalgt = A(trg,h) + d6h — gi(r, h) = 60h,

where h denotes % gt, while A, and r are the riemannian laplacian, the codifferential
and the Ricci tensor of g¢, respectively. Note that to get the last equality, we have
used the fact that h is Jy-anti-invariant (as all the J;’s are compatible with w) while
the metric and the Ricci tensor are Ji-invariant (on any Kéhler manifold). Integrating
against f, we obtain

%( /M fScalgtwm) = /M((S(Sh) fw™ = /M g¢(h, Ddf )w™,

where D is the Levi-Civita connection of g;; however, as f is a Killing potential with
respect to the Kéhler metric (g¢, J;), it follows that Ddf is Ji-invariant, and therefore
Jos fScalg,w™ is independent of ¢. 0O

Remark 5. One can extend Lemma 2 to any smooth family of (not necessarily inte-
grable) G-invariant almost complex structures J; compatible with w. Then, as shown
in [47], the L2-projection to g, of the hermitian scalar curvature of the almost Kéhler
metric (w, J;) (see Appendix A for a precise definition) is independent of ¢. This gives
rise to a symplectic Futaki invariant associated to a compact subgroup G of the group
of hamiltonian symplectomorphisms of (M, w).

Lemma 2 will be used in conjunction with the Narasimhan—Ramanan approximation
theorem (see [57, Prop. 2.6] and [58, Prop. 4.1]), which implies that any holomorphic
vector bundle E over a compact curve X of genus > 2 can be included in an analytic
family of vector bundles E;, t € D. (where D. = {t € C, |t| < &}) over X, such that
Ey := FE and E; is stable for ¢t # 0. Such a family will be referred to in the sequel as a
small stable deformation of E.

Lemma 3. Suppose that the vector bundle E = U @&V — X splits as a direct sum of two
subbundles, U and V. Consider the holomorphic S'-action on (M,J) = P(E), induced
by fibrewise scalar multiplication by exp (i6) on V, and let X € h(M,J) be the (real)
holomorphic vector field generating this action. Then the Futaki invariant of X with
respect to some (and therefore any) Kdhler class Q on (M, J) vanishes if and only if U
and V' have the same slope.

Proof. We take some Kihler form w on (M, J) = P(E) and, by averaging it over S!, we
assume that w is S'-invariant. As the S'-action has fixed points, the corresponding real

We will tacitly identify throughout the Lie algebra g of a group G acting effectively on M with the
Lie algebra of vector fields generated by the elements of g.
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vector field X is J-holomorphic and w-hamiltonian, i.e., X = grad,, f for some smooth
function f with [, fw™ = 0.

We now consider small stable deformations Uy, Vi, t € D, of U and V, and put
E, = Uy @ V;. Considering the projective bundle P(E;), we obtain a non-singular
Kuranishi family (M, J;) with Jy = J. By the Kodaira stability theorem (see e.g. [41])
one can find a smooth family of K&hler metrics (wy, J;) with wy = w. Using the vanishing
of the Dolbeault groups H>°(M, J;) = H*2(M, J;) = 0, Hodge theory implies that by
decreasing the initial ¢ if necessary, we can assume [w;] = [w] in H35(M). Note that any
Jy is Sl-invariant so, by averaging over S', we can also assume that w; is S'-invariant.
Applying the equivariant Moser lemma, one can find S'-equivariant diffeomorphisms,
®;, such that ®fw; = w. Considering the pullback of J; by ®;, the upshot of this
construction is that we have found a smooth family of integrable complex structures J;
such that: (1) each J; is compatible with the fixed symplectic form w and is S'-invariant;
(2) Jo = J; (3) for t # 0, the complex manifold (M, J;) is equivariantly biholomorphic
to P(Uy @ Vi) — X with Uy and V; stable (and therefore projectively-flat) hermitian
bundles.

If U and V have equal slopes, then F; = Uy @ V; becomes polystable for ¢t # 0,
and (M, J;) has a CSC Kéhler metric in each Kéahler class. It follows that the Futaki
invariant of X on (M, J;,w) is zero for ¢ # 0.

Conversely, if U and V have different slopes, it is shown in [5, §3.2] that the Futaki
invariant of X is different from zero for any Kéhler class on (M, Jy), t # 0.

We conclude using Lemma 2. O

This lemma shows that all the factors in the decomposition E = @f:o E; must have
equal slope, should a CSC Kéhler metric exists. As in the proof of Lemma 3, we con-
sider small stable deformations F;(t) of E; and our assumption for the slopes insures that
E(t) = @f:o E;(t) is polystable for ¢t # 0; furthermore, by acting with T-equivariant
diffeomorphisms, we obtain a smooth family of T-invariant complex structures J; com-
patible with w, such that for ¢ # 0, the complex manifold (M, J;) has a locally-symmetric
CSC Kahler metric in each Kéhler class; by the uniqueness of the extremal Kahler met-
rics modulo automorphisms [15, 52|, any extremal Kahler metric on (M, J;) is locally-
symmetric when t # 0. The third step in the proof of Theorem 1 is then to show that
the initial CSC Kahler metric (Jy,w) must be locally symmetric too. This follows from
the next technical result which generalizes arguments of [46, 29] and fits with the general
approach to the deformation theory of CSC Kéhler metrics given in [68, Thm. 2].

Lemma 4. Let J; be a smooth family of integrable almost-complex structures compatible
with a symplectic form w on a compact manifold M, which are invariant under a torus T
of hamiltonian symplectomorphisms of (M,w). Suppose, moreover, that (Jo,w) define an
extremal Kdhler metric and that T is a maximal torus in the reduced automorphism group
of (M, Jy). Then there exists a smooth family of extremal Kdhler metrics (Ji,wy, gt),
defined for sufficiently small t, such that wy = w and [w;] = [w] in H3x(M).

Proof. Recall that [32, 45] on any compact Kéhler manifold (M, J), the reduced auto-

morphism group, Autg(M,J), is the identity component of the kernel of the natural
group homomorphism from Auty(M,.J) to the Albanese torus of (M, J); it is also the
connected closed subgroup of Auto(M, J), whose Lie algebra bo(M, J) C h(M, J) is the
ideal of holomorphic vector fields with zeros.

We denote by t the Lie algebra of T and by b (resp. hp) the Lie algebra of the complex
automorphism group (resp. reduced automorphism group) of the central fibre (M, Jp).
As T acts in a hamiltonian way, we have t C hy. By assumption, t is a maximal abelian
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subalgebra of ig(M, go) = i(M, go) Nho, where i(M, go) is the Lie algebra of Killing vector
fields of (M, Jo,w, go).

As in the Lemma 2 above, we let t, C C°°(M) be the finite dimensional space
of smooth functions which are hamiltonians of elements of t. As the Kéhler metric
(Jo,w, go) is extremal (by assumption), its scalar curvature Scaly, is hamiltonian of a
Killing vector field X = grad,,(Scaly,) € i9(M, go). Clearly, such a vector field is central,
so X €t (by the maximality of t) and therefore Scaly, € t..

For any T-invariant Kahler metric (j ,,g) on M, we denote by t; the corresponding
space of Killing potentials of elements of t (noting that any X € t has zeros, so that T
belongs to the reduced automorphism group of (M,.J)), and by II; the L?-orthogonal
projection of smooth function to tz, with respect to the volume form ©™. Obviously, if
the scalar curvature Scalg of g belongs to tg, then g is extremal.

Following [46], let C3°(M)T denote the Fréchet space of T-invariant smooth functions
on M, which are L?-orthogonal (with respect to the volume form w™) to t,,, and let U
be an open set in R x C°(M)T of elements (¢, f) such that w + ddSf is Kéhler with
respect to J; (here df denotes the d°-differential corresponding to J;). We then consider
the map U: U — R x C$°(M)T, defined by

W(t, f) = (¢, (14 = L) o (1d — TI)(Sealy) ),

where w := w+ddf f and Scalj is the scalar curvature of the Kéhler metric g defined by
(Ji,@). One can check that this map is C! and compute (as in [45], by also using (1))
that its differential at (0,0) € U is

(Ti0,0)Y)(t, f) = (t,t60h — 206(Ddf)™),

where D and ¢ are respectively the Levi—-Civita connection and the codifferential of
go, h = (%)tzo and (Ddf)~ denotes the Jy-anti-invariant part of Ddf. Note that
L(f) := 06((Ddf)™) is a fourth order (formally) self-adjoint T-invariant elliptic linear
operator (known also as the Lichnerowicz operator, see e.g. [32]). When acting on
smooth functions, L annihilates t,, (because any Killing potential f satisfies (Ddf)~ = 0).
It then follows that L leaves C'°(M )T invariant and, by standard elliptic theory, we
obtain an L2-orthogonal splitting C°(M)T = ker(L) @ im(L). However, any smooth T-
invariant function f in ker(L) gives rise to a Killing field X = grad,, f in the centralizer
of t Cig(M,go). As tis a maximal abelian subalgebra of io(M, go) we must have X € t,
ie., f € t,. It follows that the kernel of L restricted to C5°(M)T is trivial, and therefore
L is an isomorphism of the Fréchet space C°(M)T.

This understood, we are in position to apply standard arguments, using the implicit
function theorem for the extension of ¥ to the Sobolev completion Lik(M )T (with
k> 1) of C°(M)T, together with the regularity result for extremal Kiihler metrics,
precisely as in [45, 46, 29]. We thus obtain a family (¢,w;) of smooth, T-invariant
extremal Kéhler metrics (J;, w;) (defined for ¢ in a small interval about 0) which converge
to the initial extremal Kéhler metric (Jo,w) (in any Sobolev space L>¥(M), k> 1, and
hence, by the Sobolev embedding, in C*(M)). O

The uniqueness argument thus also applies at ¢ = 0, and the initial metric is locally
symmetric. We can now conclude the proof of Theorem 1 by a standard argument
using the de Rham decomposition theorem (see [28, Lemma 8] and [44]). This realizes
the fundamental group of ¥ as a discrete subgroup group of isometries of the hermitian
symmetric space CP™ 1 x H and thus defines a projectively flat structure on P(E) — 3.
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2. RIGID TORIC BUNDLES AND THE GENERALIZED CALABI CONSTRUCTION

In this section, we recall the notions of rigid and semisimple isometric hamiltonian
torus actions on compact Kéahler manifolds, as well the generalized Calabi construction
of compatible Kéhler metrics on such manifolds [4]. Compatible Ké&hler metrics on
rigid toric bundles over a semisimple base provide a framework to search for extremal
Kahler metrics which parallels (and extends) the theory of toric extremal Kéahler metrics
developed in [21, 22, 24]. We shall apply the construction to projective bundles of the
form P(Ey @ --- ® Ey) — S, where E; is a projectively-flat hermitian bundle over a
Kéhler manifold (S,wg), and prove the existence of compatible extremal Kahler metrics
in classes sufficiently far from the boundary of the Kéhler cone, c¢f. Theorems 3 and 4.

2.1. Rigid and semisimple torus actions. Most of the material in this section is
taken from [4, Sect. 2] to which we refer the Reader for further details.

Definition 1. Let (M,g,J,w) be a connected Kéhler 2m-manifold with an effective
isometric hamiltonian action of an ¢-torus T with momentum map z: M — t*. We say
the action is rigid if for all x € M, R%g depends only on z(z), where R,: T — T-o C M
is the orbit map.

Equivalently, the action is rigid if, for any two generators X¢, X, (with &, 7 € t) the
smooth function g(X¢, X)) is constant on the levels of the momentum map z.

The standard m-torus action on a toric Kahler 2m-manifold is rigid. If M is compact,
as we shall assume henceforth, many features of toric Kahler manifolds are shared by
rigid torus actions. In particular:

e the image of M under the momentum map z is a Delzant polytope A C t* [4, Prop. 4];
e the points in the interior A? are the regular values of z;

e the complex (stable) quotient S of M by the complexified torus T¢ (which is a priori
a 2(m — ¢)-dimensional complex orbifold) is smooth [4, Prop. 5];

o MO :=2"1(A?) is a principal T¢ bundle over S.

The Delzant construction [16], associates to A (and hence M) a smooth compact sym-
plectic 2¢-manifold (V,wy ), with a toric T-action, and there are complex structures Jy
making V into a toric variety under the action of the complexified torus T¢.

The inverse image under z of the union of the codimension one faces of A is a (re-
ducible) subvariety = of M such that the blow-up of M along = is T“equivariantly
biholomorphic to the toric bundle M = M° xp. V — S. In simple examples, = is a
divisor and M is biholomorphic to M. In general, M, like M, is a T equivariant com-
pactification of the principal T¢-bundle M° over S: we shall therefore abuse language
and refer to M as a rigid toric bundle.

The general form of M will be used in applications to projective bundles, but only in
the special case that the (rigid) torus action is also “semisimple” in the following sense.

Definition 2. An isometric hamiltonian torus action on a Kahler manifold (M, g, J,w)
with momentum map z and complex (stable) quotient® S is semisimple if at any regular
value of z, the z-derivative of the family wg¢(2) of Kéhler forms (induced by the symplectic
quotient at momentum level z) is parallel and diagonalizable with respect to w¢(z).

This definition essentially implies that the universal cover of S is a Kéhler product
[1;ez(Sj,w;) (Z finite) such that the pullback of wg(z) is homothetic to w; on each
factor by functions f;(z). The distributions on S induced by this product structure are
simultaneous eigenspaces of wg(2), and in the rigid case the functions f; are affine in z.

5This quotient is well-defined within a connected component of the regular values of z.
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In this case each component of Z with codimension d + 1 > 1 in M corresponds to a
CP? factor (with constant holomorphic sectional curvature) in the Kihler product.

Conversely, these features lead to a general construction of rigid toric bundles with
semisimple torus actions. Let T = t/27A be a real (compact) ¢-torus, with Lie algebra t,
let A be a Delzant polytope in the dual space t*, with codimension one faces Fy, : b € B
and primitive inward normals wu; € t, let (V, Jy,wy,T) be a toric Kéhler 2¢-manifold,
with momentum polytope A, and let S be compact Kahler manifold whose universal
cover is a Kéhler product [],c 4(Sa,wa) (with finite index set A disjoint from B).

For each b € B, fix an integer dp > 0, and let S be the total space of a fibre product
(for b € B) of flat unitary CP%-bundles over S. The universal cover of S is then a
Kéhler product [];c7(S;,wj), where T = AU{b € B : d, > 0} and for each b € B,
Sp = CP% with Fubini-Study metric wj, normalized so that [wp] = 27mc1(Oppa, (1)) (iee.,
wp has scalar curvature 2d(dp + 1), or equivalently, holomorphic sectional curvature 2).

Let P be a principal T-bundle over S, such that —2me; (P) € H2(S,t), is diagonalizable
with respect to the local product structure of S, i.e., is of the form ng[wj] ®pj =
> acalWal @ pa + Dy plws] ® up, where the p; are (constant) elements of t with p, =
for be B. Let M = P x1 V be the associated toric bundle over S.

It remains to describe the blow-down map M — M, which is characterized by its
behaviour over each fibre of S — S. Each such fibre is biholomorphic to S" = [Tpes CP%,
on which P restricts to a principal T-bundle P’ with ¢;(P') = > e €1(Ocpa, (—1)) @ up.
The blow-down W of W := P’ xp V over §' may be described as a restricted toric
quotient [4]. For this, recall that the Delzant construction realizes V' as a symplectic
quotient of CB := [I;c5 C by a subgroup G of the diagonal torus action; now replace CcB
with [[,c C%*! which has a diagonal action of the same torus (by scalar multiplication
on each factor), hence also an action of G. The symplectic quotient by G is the blow-
down W. We refer to [4, §1.6] for details.b

Definition 3. A blow-down of M = P x7V — S is a (locally trivial) fibre bundle M
over S which fits into a T-equivariant commutative diagram

M:PXTVHS

i |

M S,
and is T-equivariantly biholomorphic to W — W over each fibre of S — S.

A complex manifold (M, J, T) obtained in this way will be called a rigid toric bundle
over a semisimple base.

In [4, §2.5], this blow-down construction was discussed in terms of the universal covers
of M — M and S — S, the latter cover being a trivial S’ bundle. More generally, if P is
a principal T-bundle on S whose first Chern class satisfies —27c1(P) = ) ¢ 4[wa] ® pa,

then M = P XtV 2 P X W andso M = P xT1 W satisfies Definition 3.

2.2. Projective bundles as rigid toric bundles. The constructions of the previous
paragraph will now be specialized to the prominent case of projective bundles, when
the Delzant polytope A is a simplex in * = R¢, with codimension one faces F;, j €
B = {0,1,...¢}. The associated complex toric variety V is then CP* and M is Te-
equivariantly biholomorphic to a CP*-bundle over S ; since M comes from a principal
T¢-bundle, it has the form P(Ly @ --- & Ly) — S , where £; are hermitian holomorphic
line bundles (the T¢ action is induced by scalar multiplication on £;).

6A simple illustration of this construction is W = CP? seen as a fibrewise S-equivariant blow-down
of the first Hirzebruch surface W = P(O ® O(-1)) — CP".



12 V. APOSTOLOV, D. CALDERBANK, P. GAUDUCHON, AND C. TONNESEN-FRIEDMAN

The blow-down of M is encoded by the realization of S as a fibre product of flat
projective unitary CP%-bundles over a Kahler manifold S. We shall only consider flat
projective bundles of the form P(F), where E is a projectively-flat hermitian vector
bundle over S (the obstruction to the existence of such an E is a torsion element of
H?(S,0%); in particular, it always exists if S is a Riemann surface). We thus write
S = P(Ep) xg -+ xg P(Ey) — S, where each E; — S is a projectively-flat hermitian
bundle of rank d; 4+ 1, and we assume that ¢1(E;)/(d; + 1) — ¢1(Ep)/(dp + 1) pulls back
to Y c4 Pialwa] on the covering space [],c 4(Sq,wa) of S.

In this case, M = P(O(-1)g,® - ®O(-1)g,) — S, where O(—1)p, is the (fibrewise)
tautological line bundle over P(E;) — S — trivial over the other factors of S — whereas
M = P(EO O P Eg) — S: in each fibre over S, the blow-down is biholomorphic to

the map from the total space of P(@ﬁzo O(—l)(cdj+1) — ngo CP%*! to CPY, given
by a direct sum decomposition C4+! = @520 C4+1 cf., [4].

2.3. The generalized Calabi construction. A compact Kéhler manifold with rigid
semisimple isometric hamiltonian action of an ¢-torus T is biholomorphic to a rigid toric
bundle (M, J) over a semisimple base. According to [4, Thm. 2|, on any such rigid
toric bundles, the compatible K&hler metrics (g,w) (for which the ¢-torus action is rigid,
semisimple, isometric and hamiltonian) may be described using a generalized Calabi
construction with three main ingredients — only two if there is no blow-down.

The first ingredient is the choice of a compatible T-invariant Kéhler metric gy on
the symplectic toric manifold (V,wy,T) with Delzant polytope A. The description of
such metrics is well known (see e.g. [1, 2, 22, 34]). On the union V° of the generic T
orbits (the inverse image of the interior A under the momentum map z: V — A C t¥)
there are “angular coordinates” ¢: V? — t/27A, defined up to an additive constant,
with dt(JX¢) = 0 and dt(X¢) = £ (the orthogonal distribution to the T orbits is inte-
grable). The action-angle coordinates (z,t) identify each tangent space with t @ t* and
the symplectic form on V' is wy = (dz Adt), where the angle brackets denote contraction
of t and t*. Compatible Kahler metrics may then be written in the form

(2) gv = <dZ, Gv dZ> + <dt7 Ha dt>7

where G is a positive definite S%t-valued function on A°, H is its inverse in S%t* and
(-,-,-) denotes the pointwise contraction t* x S?t x t* — R or the dual contraction. The
corresponding almost complex structure is defined by

(3) Jdt = —(G,dz)

from which it follows that J is integrable if and only if G is the hessian of a function U
(the symplectic potential) on AY [34].

In order for such a metric on V° to compactify on V, U must satisfy boundary
conditions [2, 4, 22|, which we describe following [4, Prop. 1]. For any face F' C A, let
tr C t denote the vector subspace spanned by inward normals u; € t to codimension one
faces of A containing F'; the codimension of ty is dimension of F', and the annihilator
tr) C t* is isomorphic to (t/tg)*. A smooth function U on AY corresponds to a T-
invariant, wy -compatible Kihler metric gy via (2) if and only if the S*t*-valued function
H = Hess(U)~! on AP satisfies the following conditions:

e [smoothness] H is the restriction to A of a smooth S%t*-valued function on A;

e [boundary values] for z in a codimension one face F; C A with inward normal u;,
(4) H.(u;,-)=0 and (dH), (uj, u;) = 2uy,

where the differential dH is viewed as a smooth S?t* ® t-valued function on A;
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e [positivity] for any point z in the interior of a face F' C A, H,(+,+) is positive definite
when viewed as a smooth function with values in S?(t/tg)*.

We denote by S(A) the space of all symplectic potentials U on A satisfying these
conditions: any U € S(A) defines a T-invariant, wy-compatible Kéhler metric on V.

The second ingredient, nontrivial only if “blow-downs” are present, is to transfer the
metric on V to the restricted toric quotient variety W, which is birational to W = P/ xq
V, where P’ is a T-principal bundle over [ [,z CP%. For this we choose a connection
1-form 6’ on P’, with curvature df’ = 3, _pwp®@uyp, where wy is the (normalized) Fubini-
Study metric on CP% of scalar curvature 2dy(dy 4+ 1), and up € t is the inward normal
to the codimension one face F,, C A (on which (up,z) + ¢ = 0). We still denote by
0" € Q' (WY, t) the induced 1-form on the open dense subset W0 := P’ x1 V0 of W. The
Kihler structure on W9 is then defined by

gw = Z up, 2) + cp)gp + (dz, G, dz) + (¢, H, §'),

(5) beB
ww = Z ((up, 2) + cp)wp + (dz A 0'), dy’ = Zwb®ub,
beB beB

with G = Hess(U) = H™!. By [4, Prop. 2], (gw,ww) extends to a smooth, T-invariant,
Kahler structure on W.

The third and final ingredient builds on the second by a similar construction of a
Kéhler structure on M° = P x VO, using a connection on P, with curvature (covered
by) Zae A Wa @ Pg + Zbes wp @ up. The restriction of this connection to each fibre of

S — S is then isomorphic to (P, ') over [[,.5 CP%. We denote by 0 € Q' (MO, ) the
induced connection 1-form on M? = P xp V0, on which we define a Kihler structure

9= Z(<pj7z> + Cj)gj + <d2’, Gvdz> + <é7H7 é>a

€T
(6) . . .
WZZ(<pj,Z>+Cj)Wj+<dZ/\9>, da:zwj ®pj7
JET JET

where:

e G = Hess(U) = H™!, where U is the symplectic potential of the chosen toric Kihler
structure gy on V;

e for each b € B, p, = up and the real number ¢, is such that (py, z) + ¢, = 0 on the
codimension one face Fy;

e for each a € A, (pq, z) + ¢, is positive on A.

Clearly, (6) extends to a smooth tensor on M and by [4, Thm. 2], it is the pullback of a
smooth metric on the blow-down M. This is obvious when S — S is the trivial S '“bundle
(for instance, when M is simply connected), since the connection 6 on P—S8=95xSis
then isomorphic to the sum of (pulled back) connections § on P — S and 6’ on P’ — 5’
with curvatures Zae AWa ® pg and ZbeB wp ® up respectively. Hence M = P x1 W and
MO 2= P x1t W9 where W0 = P/ x1p V. It follows that the metric (g,w) (6) restricts to
(gw,ww) (5) on each WP fibre; the latter compactifies smoothly on W, and (pqg, z) + cq
are strictly positive on M, so (6) defines a Kéhler structure on M. To handle the general
case, one can consider the universal covers of M and M and use the previous argument,
noting that the smooth extension of the metric is a local property; a direct argument in
the case of the projective bundles described in §2.2 can be given along the lines of [5,
§1.3]. This completes the generalized Calabi construction according to [4].
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Assuming that the metrics (gj,w;), the connection 1-form 0, the polytope A and the
constants (pj;,c;j) are all fixed, (6) defines a family of Kéhler metrics parametrized by
symplectic potentials U € S(A) (or, equivalently, by toric Kahler metrics on (V,wy, T)).
We note that for this family, the symplectic 2-form w remains unchanged, so we obtain
a family of T-invariant w-compatible Kéhler metrics corresponding to different complex
structures. However, any two such complex structures are biholomorphic, under a T-
equivariant diffeomorphism in the identity component: this is well-known [2, 21] in the
case of a symplectic toric manifolds (i.e., on (V,wy,T)), and the same argument holds
(fibrewise) on W and M (see [5, §1.4]). The pullbacks of the symplectic form w under
such diffeomorphisms belong to a common Kéhler class € on a fixed complex manifold
(M, J) (we can take J to be the complex structure on M introduced in Definition 3: it
corresponds to the standard symplectic potential Uy, see [2, 34]).

Definition 4. A compatible Kihler metric (g,w) on a rigid toric bundle M over a
semisimple base S is one arising via the generalized Calabi construction (and hence
given explicitly by (6) on MY for a symplectic potential U € S(A)). The corresponding
Kaéhler classes on (M, J) are called compatible Kahler classes.

We shall further assume that the metrics (g;,w;) are fixed and have constant scalar
curvature Scal; (with Scal, = 2d,(dy + 1) for b € B),” and that A and p; are fixed.
Recall that for b € B, the constants ¢ are also fixed by requiring (up, z) + ¢, = 0 on the
codimension one face F;, C A. The real constants ¢,, for a € A, can vary (on a given
manifold (M, J)) and they parametrize the compatible Kéhler classes.

2.4. The isometry Lie algebra. For a compact Kéhler manifold (M, g), we denote
by ig(M, g) the Lie algebra of all Killing vector fields with zeros; this is equivalently the
Lie algebra of all hamiltonian Killing vector fields.

Lemma 5. Let (g,w) be a compatible Kdhler metric on M, where the stable complex quo-
tient S is equipped with the local product Kihler metric (94 wg) covered by HjGI(Sj7 wj).
Denote by p: M? — S the principal T¢-fibre structure of the regular part M° of T action
on M. Let 3(T,g) be the centralizer in ig(M,g) of the ¢-torus T.

Then the vector space 3(T, g) is the direct sum of a lift ofio(g, gg) and the Lie algebra
t Cig(M,g) of T in such a way that the natural homomorphism py: 3(T, g) — i0(S, gs)
1S @ surjection.

In the case ¢ = 1, this result is proven in [5, Prop. 3] and the proof there generalizes
easily; for the convenience of the Reader, we here supply details for arbitrary ¢.

Proof. Denote by K = grad,z € C®(M,TM) ® t* the family of hamiltonian Killing
vector fields generated by T: thus, the span of K realizes the Lie algebra t of T as a
subalgebra of iy(M, g).

Let X be a holomorphic vector field on S which is hamiltonian with respect to wg;
then the projection X; of X onto the distribution H; (induced by T'S; on the universal
cover [ | jer Sjof S ) is a Killing vector field with zeros, so ¢ X;Ws = —df; for some function

f; (with integral zero). Thus jez Jip; is a family of hamiltonians for X with respect to
the family of symplectic forms covered by > jez wj ®@pj: since this is the curvature df of
the connection on M?, X lifts to a holomorphic vector field X = Xy + Zjel fip;, K)
on M?, which is hamiltonian with potential > jer((pj, 2) + ¢;)f; and commAutes with
the components of K. (Here X is the horizontal lift to M? with respect to 6.) As the

7Presurnaloly, the Kéhler metrics (g;j,w;) must be CSC in order to obtain an extremal Kéhler metric
(9,w) as above. We do not prove this here, but this fact has been established for £ =1 in [6, Prop. 14].
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metric ¢ extends to M and X is Killing with respect to g, it extends to M too (note that
M \ M° has codimension > 2). It is not difficult to see that X has zeros on M (in fact,
if s € S is a zero of X then X — > jez fi(s0)(pj, K) vanishes on M) so that X is an
element of ig(M, g). Of course, this shows that the Killing potential »_,.7({p;, 2) +¢;) [;
extends as a smooth function on M.

Conversely, any X e 3(T, g) is a T¢invariant holomorphic vector field, so its restriction
to MY is projectable to a holomorphic vector field X € f)o(S’ ). This allows to reverse the
above arguments: for X = Xy + f(p, K) + hJ(q, K) (where p,q € t and f,g € COO(S))
be Killing with respect to the metric (6), we must have ¢ = 0 and X be Killing with
respect to gg. Such a vector field maps to zero iff it is a constant multiple of a component

of K. This gives a projection to 10(5' ;9g) splitting the inclusion just defined. O

This is the main ingredient in the proof of the following result.

Proposition 1. Let (g,w) be a compatible Kdhler metric on M, where the factors
(Sj,wj) in the covering H ez S; of the stable quotient S have constant scalar curva-
ture. Then g is tnvariant undeT a mazimal torus G of the reduced automorphism group

Auto(M, J).

Proof. Let G be a maximal torus in the group of hamiltonian isometries Isomg(M, g),
containing the /-torus T. By Lemma 5, GG is the product of a maximal torus in the group
of hamiltonian isometries Isomg(S, gg) and the (-torus T. Denote by g C ig(M,g) the
corresponding Lie algebra. We are going to show that g€ = g+ Jg is a maximal abelian
subalgebra of ho(M, J).

As in the proof of Lemma 5, we consider natural homomorphism py : 3(T, J) — ho(S)
from the centralizer 3(T,J) of T in ho(M,J) to ho(S). The proof of Lemma 5 shows
that the restriction of p, to 3(T, g) is surjective onto io(S’,gg).

By assumption, the induced Kéhler metric (gg,wg) on S is of constant scalar curva-
ture, so by the Lichnerowicz-Matsushima theorem [49, 55], ho(S) is the complexification
of ig(9, gg). It follows that p.: 3(T,J) — bho(S) is also surjective. As g C 3(T,g) is a
maximal abelian subalgebra, its prOJectlon to i0(S, gs) must also be a maximal abelian
subalgebra, so is then the image p*( C) € ho(S) (by using the Lichnerowicz—Matsushima
theorem again). It follows that g€ C ho(MM, J) is maximal abelian iff g& N hg(M 1) is a
maximal abehan subalgebra of the complex algebra of fibre- preservmg holomorphlc vec-
tor fields h¢(M). But the fibre V is a toric variety under T, so g“Nhg(M) = € = t+ Jt,

which is clearly a maximal abelian subalgebra of h(V,Ji/) and hence also of hg(M 7). O

2.5. The extremal vector field. For convenience, we will introduce at places a basis
of t (resp. of t*), for example by taking ¢ generators of the lattice A (where T = t/27A).
This identifies the vector space t with R (and t* with (Rf)*), and fixes a basis of Poisson
commuting hamiltonian Killing fields K7, ..., K, in K. Thus, a S%t*-valued function H
on A can be seen as an ¢ x (-matrix of functions (H,s) = H on A. Similarly, we write
z = (z1,...,2¢) for the momentum coordinates with respect to K, ..., Kj.

An important technical feature of the Kahler metrics given by the generalized Cal-
abi construction (6) is the simple expression of their scalar curvature in terms of the
geometry of (V, gy) and (S,gS) (see e.g. [3, p. 38()]):

Scal ;
7 Scal = J - rs )
(7) g JEZI (pj,z) +¢;  plz Z 8zrazs )

where p(z) = [[;ez((pj, 2) + ¢j)%. This formula generahzes the expression obtained by
Abreu [1] in the toric case (when S is a point).




16 V. APOSTOLOV, D. CALDERBANK, P. GAUDUCHON, AND C. TONNESEN-FRIEDMAN

Another immediate observation is that the volume form Vol, = w™ is given by

(8) W™ =p(z )(w /\(dz/\@“) (/\w j) (dz A YN

where 3 ;.7 dj = d =m—{. It follows that integrals over M of functions of z (pullbacks
from A) are given by integrals on A with respect to the volume form p(z) dv, where dv
is the (constant) euclidean volume form on t*, obtained by wedging any generators of
the lattice A.

We now recall the definition [31] of the extremal vector field of a compact Kédhler
manifold (M, J, g,w). Let G be a maximal connected compact subgroup of the reduced
automorphism group Autg(M,J).2 Following [31], the extremal vector field of a G-
invariant Kéahler metric (g, J,w) on M is the Killing vector field whose Killing potential
is the L2-projection of the scalar curvature Scaly of g to the space g, of all Killing
potentials (with respect to g) of elements of the Lie algebra g. As shown by Futaki
and Mabuchi [31], this definition is independent of the choice of a G-invariant K&hler
metric within the given Kéhler class Q = [w] on (M, J). The extremal vector field is
necessarily in the centre of g, so it can also be defined by taking G to be a maximal
torus in Auto(M, J). This remark is useful for the K&hler metrics in (6), as we have
seen in Proposition 1 that they are automatically invariant under such a torus G. In
this case, by Lemma 5, g, is the direct sum of t, (which in turn is identified with the
space of affine functions of z) and a subspace of Killing potentials of zero integral of

lifts of Killing vector fields on (5’ ,9g). We have shown in the proof of Lemma 5 that
the latter potentials are all of the form > .((p;, z) + ¢;) f; where f; is a function on S
of zero integral with respect to w%. As the scalar curvature of a compatible metric is
a function of z only (assuming Scal; are constant—see (7)) it follows from (8) that the
L%-projection of Scaly to g, lies in t,. This shows that the extremal vector field is in t
and the projection of Scal, orthogonal to the Killing potentials of g takes the form:

ScalL (A, z) + B+ Scaly,
where

dYosasAg+aB+2p =0,
ZS arsAs +a,B+26, =0,

with a= / p(2)dv, ap = / zrp(z)dv, Qs :/ zrzsp(z)dv,
A A A
1 1 Scal ;
== Scalpzdv:/ pzdo+/ —)p(2)dv,
5 | Seaap(io = [ pyio+ 5 (Gt e

1/ 1 Scal ;
== | Scal szzdv—/ zrpzda—i—/ —— ) z.p(2)dv.
3 [ Seagzmp(e)dv= [ zp()do + A(;@Mm) (2)

Here do is the (¢ — 1)-form on 0A with u; A do = —dv on the face F; with normal
u;. These formulae are immediate once one applies the divergence theorem and the
boundary conditions (4) for H, noting that the normals are inward normals, which
introduces a sign compared to the usual formulation of the divergence theorem.

The extremal vector field of (M, g, J,w) is —(A, K), where K € C®°(M,TM) ® t* is
the generator of the T action.

8By a well-known result of Calabi [14], any extremal Kihler metric is invariant under such a G.



EXTREMAL KAHLER METRICS ON PROJECTIVE BUNDLES 17

3. STABILITY OF THE EXTREMAL EQUATION AND THEOREMS 2—4

3.1. Stability of solutions of the extremal equation under small perturbation.
It follows from the considerations in §2.5 that on a given manifold M of the type we
consider, finding a compatible extremal Kahler metric (g,w) of the form (6) reduces to
solving the equation (for a unknown symplectic potential U € S(A))

(10) (A, z2)+B+>_ Sealj 1 > o (p(2)Hys) =0
’ =it (pi2)  p(z) 4 020z R

where
o (H.5) =H = (Hess(U))™};
e (cj,pj, Scal;) are fixed constants;

e p(2) = [Ljez(cj + (pj, z))% is strictly positive on A® but vanishes on the blow-down
faces Fy, b € B;

e A and B are expressed in terms of (c;, p;, Scal;j) by (9).

Recall from §2.3 that the real constants ¢, (a € A) parametrize compatible Kéhler
classes on a given manifold M. A general result of LeBrun-Simanca [46] affirms that
Kahler classes admitting extremal Kéahler metric form an open subset of the Kéhler
cone. We want to obtain a relative version of this result, by showing that compatible
Kahler classes which admit a compatible extremal Kéahler metric is an open condition
on the parameters c,.

We will state and prove our stability result in a slightly more general setting, by
considering (10) as a family of differential operators on S(A), parametrized by A €
{(¢a,pa, Scaly), a € A} (thus X takes values in a (2 + ¢)|.A|-dimensional euclidean vector
space). For any A such that (p,,z) + ¢, > 0 on A, we consider

Scal ; 1 : 02
11 P\(U)=(Ax,z) + By + ! - H;s),
(11) \(U) = (Ax, 2) + By ]; Py - g:l 95,05, (pAPoH:s)

where (H.s) = Hess(U) ™!, pa(2) = [Toea((Pa; 2) + ca)™, po(2) = [Tpep((w, 2) + )%,
and Ay, By are introduced by (9). The central result of this section is the following one.

Proposition 2. Let (go,wo) be a compatible extremal Kdhler on M, with symplectic
potential Uy and parameters Ao = (2, pQ, Scalg), a € A. Then there exists € > 0 such
that for any A with |\ — Xo| < € there exists a symplectic potential Uy € S(A) such that
P)\(U)\) =0 on AO.

The proof of this proposition has several steps and will occupy the rest of this section.

It is not immediately clear from (11) that Py is a well-defined differential operator:
Scaly
b+ (P2

boundary of A.° Of course, for A = \g we know from (10) that P, (U) = Scal;‘ where
g is the compatible metric on M corresponding to U, and Scalgl is the L?-projection
of the scalar curvature to the space of functions orthogonal to the Killing potentials
of g. However, for generic values of A the data (cq4, pa, Scal,) are not longer associated
with a compatible Kéhler class on a smooth manifold: for this to be true p, and Scal,
must satisfy integrality conditions. To overcome this technical difficulty, we are going
to rewrite our equation on the smooth compact manifold W. (Note that for b € B,
Db = Up, Cp, Scaly, = 2dy(dp + 1) are fixed in our construction.)

in the presence of blow-downs, the terms

3 and po%z) become degenerate on the

9This does not affect the principal part of Py, which is concentrated in the scalar curvature Scaly =
2
—D s ﬁhﬁs of the induced Kéhler metric gy on V [1], and is manifestly independent of .
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Recall from §2.3 that any symplectic potential U € S(A) introduces a compatible
Kéhler metric (gw,ww ) on the manifold W obtained by blowing down W =P xpV.
Thus, (W, gw,ww ) itself is obtained by the generalized Calabi construction with S being
a point.

By a well-known result of G. W. Schwarz [63], the space C>®(V)T of T-invariant
smooth functions on the toric symplectic manifold (V,wy, T) is identified with the space
of pullbacks (via the momentum map z) of smooth functions C*°(A) on A; similarly,
the space of smooth T-invariant functions on W (resp. on M) which are constant on the
inverse images of the momentum map z is identified with the space C*°(A). We will use
implicitly these identification throughout. Occasionally, when we want to emphasize the
dependence of this identification on z, we will denote these isomorphisms by S,. With
this convention, we have

Lemma 6. Let U € S(A) be a symplectic potential of a compatible Kdihler metric gy on
(V,wy,T) and (gw,ww) be the corresponding compatible Kahler metric on W. Then,
for any X such that (pg,z) +cq >0 on A,

Scal,
P(U) :<A,\7Z>+B,\+Zic e ?) + Scalyy
acA

l
B p,\tz) r;:l ( ( 88;];\25 ) ()gw (K, KS))
l

GG @sw=),

pA(Z) r=1

where Scalyy and Aw respectively denote the scalar curvature and the riemannian lapla-
cian of gw, and dz, = —ww (K, -).

Proof. We work on the open dense subset W% = P’ x1 V? where the compatible metric
(gw,ww) takes the explicit form (5). The formula (7) for the scalar curvature of the
compatible metric gy then specifies to

Scaly, 1 02
Scaly = — — H,).

Still using the explicit form (5) of the Kéhler structure, we calculate that for the pullback
to W of a smooth function f(z) on A

¢
of
ddSy f = d —H,.0
Wf (r s=1 823 T)

- ‘ o (0f £oof

— P / 7

N Z 0zy, (&zs Hrs)d'zk N+ Z( Z 0z Hmpbr>wb’

,rs=1 beB r,s=1

where the decompositions 6/ = (07,...,6;) and py = (pp1,...,Per) are with respect to

the chosen basis of t and t*. Wedging with wy, we obtain the following expression for
the laplacian

1 — 0 af
(13) Aw f = o) Zl oz, <p0(2)8—strs).

r,5=

Specifying (13) to f = z. and putting the above formulae back in (11) implies the
lemma. ]



EXTREMAL KAHLER METRICS ON PROJECTIVE BUNDLES 19

Note that —— and —5%%«_ pull back to smooth functions on W for X such that
pa(z) Ca+{pa;z)

¢a + (Pa,z) >0 on A, and Ay and B) are well-defined and depend smoothly on A\ (at
least for A close to Ag). Thus, Lemma 6 implies that Py is a fully non-linear fourth

order differential operator which depends smoothly on A (for A sufficiently close to Ag).
It follows that P\(U) € C*°(A) for any U € S(A).

Our problem is formulated in terms of compatible Kédhler metrics on V' (or, equiva-
lently, on W and M) with respect to a fixed symplectic form wy (resp. wy and w). This
introduces the space of symplectic potentials S(A) where we have to work with smooth
functions on A” which have a prescribed boundary behaviour on dA. Our lack of un-
derstanding of the convergence in this space (with respect to suitable Sobolev norms)
leads us to make an additional technical step and reformulate our initial problem as
an existence result on a suitable subspace of the space Mq(M)% = {f € C(M) :
wo + dd°f > 0} of G-invariant Kéhler metrics in the Kahler class of (go, Jo,wp), where
C3°(M)% denotes the space of G-invariant smooth functions on M of zero integral with
respect to wi' (thus Mq(M)% is viewed as an open set in C§°(M) with respect to
|| - [lc2). Once this interpretation is achieved, we will apply the implicit function theo-
rem along the lines of the proof of Lemma 4.

First of all, note that the Frechét space C°°(A) pulls back via z to a closed sub-
space in C®(V)T, C®(W)T and C>®(M)%, where T (resp. G) is a maximal torus
in Auto(W) (resp. Auto(M)) containing T, as in Proposition 1: this follows easily
from the description of the Lie algebras of 7' and G given in Lemma 5. Furthermore,
by (8), the corresponding normalized subspaces of functions with zero integral for the
measures pA(z)po(z)Volw[‘)/ , p,\(z)Volwgv and Vol,,, respectively, are identified with the
space C§°(A) of smooth functions of zero integral with respect to the volume form
djto = pr,(2)po(2)dv on A: this normalization will be used throughout.

Secondly, to adopt the classical point of view of Kéhler metrics within a given Kéhler
class on a fixed complex manifold, we consider the Fréchet space Mq(V)T = {f ¢
C&°(A) : Wl + ddS, f > 0} of T-invariant Kéhler metrics in the Kéhler class Q = [w?],
where the complex structure on V' (resp. on W and M) is determined (and will be fixed
throughout) by the initial compatible metric (go,wp); similarly, we introduce the spaces
Mao(W)T and Mq(M)® of Kihler metrics in the given Kihler class which are invariant
under a maximal torus (see Proposition 1). These three spaces are interrelated by the
generalized Calabi construction as follows.

Lemma 7. Let &y = Y + dd$, f be a Kdhler metric in Mq(V)Y. Then ow = wl, +
dd$, f and & = wo+ddS, f define Kihler metrics in Mq(W)T and Mo(M)C respectively,
such that &y, ow and w are linked by the gemeralized Calabi construction on M, with
respect to the data (A, S,0,w;) of the initial metric wy, but with momentum co-ordinate

F=z+dSf(K).

Proof. A direct calculation based on the expressions of dd, f, ddfy, f and dd§, f, see (12);
we leave the details to the Reader. O

Lemma 7 allows us to introduce subspaces of compatible Kahler metrics My (W) =
MaoW)T'NC5e(A) and MG™P (M) = Mq(M)% N C3e(A) (within a fixed Kihler class
Q) and identify each of them with the space Mq(V)T. The correspondence which
associates to any oy € MGV (W) (resp. @ € MG"P(M)) the corresponding symplectic
potential U € S(A)lo allows us to reformulate our existence problem on the space

10For a metric @y = WY 4 dd f € MT(V) the corresponding symplectic potential U is linked to f
by a Legendre transform [2, 34]; this is true fibrewise for metrics in MG (W) and MG™P(M).
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MG™P(W) as follows: for any A sufficiently close to Ao (so that Ay, By are well-defined

and (pg, 2) +c4 > 0 on A), we consider the family of differential operators on Mq(W)7

- m3) P _ Sealj
Qalow) = Pro(2) [<AA’ )+ Bt ]; ¢j + (pj; 2)

m  Staly — 3 () w6 K.))

() eae))

r

where Z = z + dfy, f(K) is the momentum map of T with respect to the Kéhler form

ow = w%, + ddfy, f of the Kahler metric gy, and S’z(;lw (resp. EW) denote the scalar
curvature (resp. laplacian) of gy. Thus, by Lemmas 6 and 7, any Kdahler metric
ow € My P(W) for which Qx(ww) = 0 gives rise to a symplectic potential U € S(A)

solving Py(U) = 0.
(%)

The positive factor o 3) in front of @) is introduced so that for any compatible
0

metric Gy € Mg"P (W), the function Sz(Qx(Gw)) is L?-orthogonal with respect to the
measure dpg = pr,podv on A to the space of affine functions on t*, where, we recall,
S denotes the identification of T-invariant smooth functions on W which are constant
on the inverse images of Z (equivalently of z) with pullbacks via Z of smooth functions
on A. Indeed, by Lemma 6, px,(2)po(2)Qx(@w) = Px(U)pa(Z)po(2), so integrating the
r.h.s. of (11) by parts and using (4) we get

/ﬁmvﬁ@m@mwmw——/aimmummamwm
A A

75601]. z z Z)av
+A@wuﬂ+§Q+%wﬁmmnmm

+2l;f@WM@m@Mm

which holds for any smooth function f(z). When f is affine, the first term on the r.h.s
is clearly zero, while by the definition (9) of A\ and B) the sum of the two other terms
is zero too; our claim then follows by Lemma 7 and the expression (8) for the volume
form of the compatible metric Oy .

Let Iy denote the orthogonal L2-projection of C*°(A) to the finite dimensional sub-
space of affine functions of t* with respect to the measure duy = py,podv on A, and
C%°(A) be the kernel of TIy. We then consider the map ¥: U — REHIMl x 02 (A),
defined in a small neighbourhood U of (g, 0) € RZFIMAI x C®(A) by

PO\ f) = (N (14 = TI) (S.(Qa(@w))).

where Oy = i), + dd$, f is a compatible metric on MG™P(W). Note that if f has
sufficiently small C''-norm, the equation (Id — Ilg) o (S,(Qx(@w)) = 0 is satisfied if and
only if Qx(@w) = 0: this follows from the fact that IIp o S5 0 S;! defines a continuous
family of linear endomorphisms of the finite dimensional space of affine functions on t*,
with the identity corresponding to wy = w%/; thus IIp o Sz 0 S Lo 11y is invertible for
ww close to wl,, and hence (by using that IIo(S:(Q(@w)) = 0) we get

MyoSs 05" o (Id — Ilp) (SZ(QA(QW» — TljoS:0S ol (SZ(QA(QW)))
which is zero iff S,(Qx(Ow) =0 i.e., Qx(Ow) = 0.
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By the discussion above, we are in position to complete the proof of Proposition 2 by
applying the inverse function theorem to the extension of ¥ to suitable Sobolev spaces,
together with elliptic regularity (as in [46], see also the proof of Lemma 4) in order to find
a family @7, = Wi, + dd, fr of smooth compatible metrics satisfying W(\, f1) = (A, 0)
for |A — | < e.

Let us first introduce the functional spaces we will work on. Recall that C*°(A) is
seen as a (closed) Fréchet subspace of the space of T-invariant smooth functions on W
(resp. G-invariant smooth functions on M) which are constant on the inverse images
of the momentum map z for the sub-torus T. It follows from the description of the
Lie algebra of T' (resp. G) given in Lemma 5 that C7°(A) is precisely the intersection
of C*®(A) with the space C°(W)T of T-invariant smooth functions on W which are
L?-orthogonal with respect to pAOVolw%/ to Killing potentials of g%, (resp. the space

C°(M)% of G-invariant smooth functions on M which are L2-orthogonal with respect

to Vol,, to Killing potentials of gg). We let Lik(VV, A) (resp. Li’k(M, A)) be the closure
of C3°(A) with respect to the Sobolev norm || - ||5 on W for the measure PAo(Z)V01w3V

and riemannian metric Y}, (resp. the Sobolev norm || - ||5 on M with respect to Voly,
and go). For k > 1, the Sobolev embedding Lik+4(W,A) C C3(A) allows us to
extend the differential operator ¥ to a C'-map from a neighbourhood of ()\g,0) €
REHOIAL 5 LikH(VV, A) into Lik(VV, A), such that ¥(Xo,0) = 0; furthermore, as the
principal part of @) is concentrated in the term %IW, one can see that ¥ is a fourth

order quasi-elliptic operator [46].
The following lemma now suffices to apply the inverse function theorem.

Lemma 8. Let Ty: C°(A) — CT°(A) be the linearization at wl, € Mg (W) of Qx,-
Then Ty is an isomorphism of Fréchet spaces.

Proof. Let (go, Jo,wo) be the compatible extremal Kéhler metric on M corresponding
to the initial value A = Xg. For any function f € C°(A) we consider the compatible
Kahler metric g on M, with Kéhler form @ = wy + ddj,f and the compatible Kahler
metric gy on W with Kéhler form oy = i), 4+ dd§;, f. We saw already in §2.5 that for
A= o, Qx,(@w) = Py, (U) = Scalé, where U and ScalgL are the symplectic potential
and normalized scalar curvature of g. It then follows from [32, 45] that the linearization
Tp of Q, (at wl,) is equal to —2 times the Lichnerowicz operator L of (go,wp) acting on
the space of pullbacks (via z) of functions in C{°(A). We have already observed in the
proof of Lemma 4 that L is an isomorphism when restricted to the space C{°(M VG of
G-invariant smooth functions L?-orthogonal to Killing potentials of gg. The main point
here is to refine this by showing that L is an isomorphism when restricted to subspace
C7(A), the only missing piece being the surjectivity.

Suppose for a contradiction that L: C{°(A) — C7°(A) is not surjective. Considering
the extension of L to an operator between the Sobolev spaces Li4(M, A) — L% (M, A)
(by elliptic theory L is a closed operator), our assumption is then equivalent to the
existence of a non-zero function u € L% (M, A) such that, for any ¢ € C3°(A), L(¢) is
L? orthogonal to u. As any sequence of functions converging in L?(M) has a point-wise
converging subsequence, u = u(z) is (the pullback to M of) a L2-function on A, and
using (8) we have

(15) | pous = [ p@une = o
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We claim that (15) implies
(16) [ p ey =0
M

for any f € C5°(M)Y. This would be a contradiction because L extends to an isomor-

phism between the closures Li’4(M)G and Li(M)G of C3°(M)% in the corresponding
Sobolev spaces on M.

It is enough to establish (16) by integrating on M° = 271(A®) (which is the comple-
ment of the union of submanifolds of real codimension at least 2).

The Lichnerowicz operator L has the following general equivalent expression [32, 45]

(1) L(f) = 582+ golddf, pg) + 0(dF dScaly,),

where pg, is the Ricci form of (gg, Jo) and Ay, is its laplacian. We will use the specific
form (6) of gp to express the r.h.s of the above equality in terms of the geometry of
(V. g%) and (S, gg).

Any G-invariant (and hence T-invariant) smooth function f on M can be written as
a function fs(z) of the momentum map z depending smoothly on s € S (as the pullback
of f to M is smooth, fs is a smooth function on A, not only on AY). Similarly, for any
ze A f.(s) = f(z,s) will denote the corresponding smooth function on S.

Using [4, Prop. 7] and the specific form (6) of go, it is straightforward to check that
on M° we have

c : af f
dd°f = Z 8Zk (a Tt)de/\(g +Z<Z rtp]r)
k,rit=1 SN
¢ ¢
+ ;(dg<s:1 giHrt) A by, + cl%(tz1 giH”) A Jér)
+dgdyf.

Agof :AS"zfz + Aggfs?

L9 /1 Ap(x)Hy) )
gozzpj_ Z 87216<2p(z) B2, )dzk/\ﬁr

JET k,rt=1

pjT’>wj7
JEI rit=1

Scalg, =Scalg  — Z azr(?zt H,),

where

4 p(z) = HjeI(<pjv > + cj)de

o )= (él, .. 0@) and p; = (pj1,--.,pje) with respect to the chosen basis of t;

e dg and d% are the differential and the d°-operator acting on functions and forms on
S;

e (gj,w;) are the product CSC Kihler factors of the Kéhler metric (g¢,wg), with re-
spective Ricci forms p; and laplacians Ay ;;

® 9. = 2.;ez((pj; 2) + ¢;)g; is the quotient Kéahler metric on S at z, and wg ., Scalg
and A Sz denote its Kéhler form, scalar curvature and laplacian, respectively;
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Substituting back in (17), we obtain
L(f) =L(fs) + Lg . (£) + Dg . (Ago fo):) + Ao (A5, 1))

+ ) Ri(2)A,(f2),

JET
where Lg _ is the Lichnerowicz operator of gg _, and R;(z) are coefficients (that can be
found explicitly from the above formulae) depending only on z, and such that p(z)R;(2)
are smooth on A.
If we integrate the above expression for L(f) against u(z) (by using (8)) we get that
Jor L(f)u wi is a non-zero constant multiple of

/S</Ao L(fs)U(z)p(z)dv)wg+[§</Ao Ago((Dg . f2)s)u(2)p( )dv) o
" /Ao </ Ls, Z(fz)w‘f Z)U(z)dv + /AO (/S A§,z((Agofs)z)wg’z>u(z)dv
+ 3 [ ([ 200 sd)poR @l

JjET

To see that all the terms vanish, note that the first term is zero by (15); the third and
fourth terms are zero because Lg . and Ag  are self-adjoint (with respect to wg ) and

therefore their images are L?-orthogonal to constants on S. The fifth term is also zero
because Ay (f) is L?-orthogonal to constants on S with respect to wg: this follows easily
from the local product structure of gg. For the second term one uses that Ay defines
a self-adjoint operator on C°°(A) with respect to the measure p(z)dv: thus, for any
smooth function ¢(z) on A,

L[ (@ psemem)at = [ ([ 86.008.) Buolds =0

because Ag  f, is L?-orthogonal to constants on S: as w is in the closure in L? of
pullbacks of smooth functions on A, the second term vanishes too.
This concludes the proof of the lemma. O

An immediate consequence of Proposition 2 is the following

Corollary 1. The existence of a compatible extremal Kdhler metric is an open condition
on the set of admissible Kahler classes on M.

Proof. As we have already observed, the admissible Kéahler classes are parametrized
by the real constants ¢, for a € A. We thus apply Proposition 2 by taking A =
(ca, 1Y, Scal?). O

3.2. Proof of Theorem 3. To deduce Theorem 3 from Proposition 2, we observe that
the differential operators (11) satisfy Py = P) for any real number ¢ # 0.

On any Kéhler manifold (M, g,w) obtained by the generalized Calabi construction
with data A = (¢4, pa, Scal,), we can consider the sequence of differential operators Py,
where A, = (cq + k, pa, Scal,). The differential operator Py, is the same as Py, /;, and
%Ak converges when k — oo to the data corresponding to the extremal Kéahler metric
equation for a compatible Kahler metrics on W. Theorem 3 follows at once.

Remark 6. As any invariant Kahler metric on a toric manifold is compatible, Theorem 3
implies the existence of (compatible) extremal metrics on a rigid semisimple toric bundles
M over a CSC locally product Kéhler manifold, in the case when there are no blow-
downs and W =V is a toric extremal Kahler manifold.
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Remark 7. An interesting class of rigid toric bundles comes from the multiplicity-free
manifolds recently discussed in [25]. A typical example is obtained by taking a compact
connected semisimple Lie group G and a maximal torus T C G with Lie algebra t; if we
pick a positive Weyl chamber t; C t (and identify t with its dual space t* via the Killing
form), for any Delzant polytope A contained in the interior of t;, one can consider the
manifold M = GxpV & § =@ /T, where V is the toric manifold with Delzant polytope
A. Note that G is a principal T-bundle over the flag manifold S = G /T with a connection
1-form 6 € Q'(G, t) whose curvature w(z) = (df, z) defines a family of symplectic forms
on S (the Kirillov-Kostant-Souriau forms); identifying S = G¢/B, where B is a Borel
subgroup of the complexification G¢ of G, each w(z) defines a homogeneous Kéhler
metric g(z) on the complex manifold S (which is therefore of constant scalar curvature);
the Ricci form wg of w(z) is independent of z, giving rise to the normal (K&hler-Einstein)
metric gg on S. Now, for any toric Kahler metric on V', corresponding to a symplectic
potential U € S(A), one considers the Kahler metric on M

g =p*(g(2) + kgs) + (dz, G,dz) + (0,H,0), w=p*(w(z)+ kws) + (dz A db),

where G = Hess(U), H = G™!, 2 € A and k > 0. In this case, G — S = G/T
is not necessarily a diagonalizable principal T-bundle over S = G/T (in other words,
M = GxrV — S = G/T is a rigid but not in general semisimple toric bundle).
However, most parts of the discussion in Sect. 2 do extend to this case too (see also
[3]), with some obvious modifications. The key points are that (a) the volume form of
9(2) + kgs is a multiple p(z) (depending only on z) of Voly,: this allows to extend the
curvature computations (see [3, Prop. 7]) and formula (8) to this case, (b) for any z € A,
9(2)+kgs is a CSC Kéhler metric on S: this allows to extend the results in §2.4, and (c)
there is a similar formula to (7) for the scalar curvature of g, found by Raza [59], which
allows to reduce the extremal equation for the Kahler metrics in the above form to (10)
with p, being essentially the positive roots of G, ¢, = k and Scal, positive constants.
Proposition 2 and its corollaries (Corollary 1 and Theorem 3) extend to this setting too.
We thus get both openness and existence of extremal Kahler metrics of the above form
when V is an extremal toric Kahler variety and k > 0.

3.3. Proof of Theorem 4. Theorem 4 (from the introduction) may be derived as
the special case of Theorem 3, in which V= CPf and W = CP", r > ¢ > 1 and
M=PEy®---®Ey) — S (see §2.2). It follows from the general theory of hamiltonian
2-forms [3, 4] that any Fubini-Study metric on CP" admits a rigid semisimple isometric
action of an ¢-dimensional torus T, for any 1 < ¢ < r (see in particular [3, Prop. 17] and
[4, Thm. 5]): thus, W = CP" admits a compatible extremal Kahler metric.

Let w be a compatible Kahler on M; as the fibre is CP", by re-scaling, we can assume
without loss of generality that [w] = 2mc1 (O(1)g) + p*a, where « is a cohomology class
on S. The form (6) of w and the assumption on the first Chern classes ¢;(E;) imply
that « is diagonal with respect to the product structure of .S, in the sense that it pulls
back to the covering product space as o = ) . 4 qalws] for some real constants gq.
Therefore, Q, = 2mc1(O(1)g) + kp*lws] = [w] + D 4ca(k — qo)p*[wa]. If we choose ¢
with ¢ > qq, then @ = w+ > . 4(¢ — ga)p*wq is clearly a compatible Kéhler metric too.
Thus, Qi = [®] + (k — ¢)p*[ws] with [®] compatible, and we conclude using Theorem 3.

3.4. Proof of Theorem 2. The sufficiency of the condition for the existence of an
extremal Kéahler metric follows from Theorem 4.

For the necessity, suppose (g, w) is an extremal Kahler metric in Qi = 27¢1 (O(1)g) +
kp*[ws] on (M,J) = P(Ey® ... ® E;) — X, where E; are indecomposable holomorphic
vector bundles over a compact curve ¥ of genus g > 2. We can assume without loss
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of generality that wy is the Kéahler form of a constant curvature metric on ¥ and, by
virtue of Theorem 1, that the scalar curvature of g is not constant. In particular, £ > 1.

We have seen in Lemma 1 that the /-dimensional torus T acting by scalar multi-
plication on each E; is maximal in the reduced automorphism group Autg(M,J) =
HY(X, PGL(E)). By a well-known result of Calabi [14] the identity component of the
group of Kahler isometries of an extremal Kéhler metric is a maximal compact subgroup
of Auto(M, J), so we can assume without loss that (g,w) is T-invariant.

By considering small stable deformations E;(¢) and applying Lemma 4, we can find
a smooth family of extremal T-invariant Kéhler metrics (J;, g¢, w), converging to (J,w)
in any C*(M), such that (M, J;) = P(@'_, Ei(t)), and [w;] = [w] in H25(M). By the
equivariant Moser lemma, we can assume without loss of generality that wy = w.

It is not difficult to see that any Kéhler class on (M, J;) (for t # 0) is compatible:
this follows from the fact that the cohomology H?(M) = HY' (M, J;) is generated by
any compatible Kéhler class on (M, J;) and the pullback p*[ws]. By Theorem 4 and the
uniqueness of the extremal Kéhler metrics up to automorphisms [15], for any ¢ # 0 we
can take k£ > 0 such that the extremal Kéhler metric (g;,w) on (M, J;) is compatible
with respect to the rigid semisimple action of the maximal torus T. Strictly speaking,
Theorem 4 produces a lower bound kg for such k, depending on J;. However, in our
case |A| = 1, the simplex A, the moment map z and the metric on ¥ are fixed, and
the parameter A = (¢, p, Scaly) defining the corresponding extremal equation (10) for
a compatible metric on (M, Ji, [w]) is independent of ¢: indeed, the constants p € t
and ¢ € R are determined by the first Chern classes c¢;(E;) and the cohomology class
Qr = [w] € H3,(M). Thus, the deformation argument used in §3.2 produces a lower
bound k¢ independent of ¢, such that for any k > ko and ¢ # 0, (g, w) is an extremal
Kaéahler metric in € with respect to which the maximal torus T acts in a rigid and
semisimple way.

Take a regular value zg of the momentum map z associated to the hamiltonian action
of T on (M,w) and consider the family of Kéhler quotient metrics (g, J;) on the sym-
plectic quotient S. By identifying the symplectic quotient with the stable quotient, we
see that (9,J;) = P(Ey(t)) x5 --- xx P(Ey(t)) — 2 (see §2.2). As for ¢t # 0 the action
of T is rigid and semisimple and g¢; is compatible, the quotient Kahler metric (g, jt)
must be locally a product of CSC Kahler metrics. By the de Rham decomposition theo-
rem ¢ must be a locally-symmetric metric modelled on the hermitian-symmetric space
CP% x ... x CP% x H, where d; + 1 = rk(E};) (so that CP% is a point if d; = 1) and H
is the hyperbolic plane. By continuity, (go, jo) is a locally-symmetric Kéhler metric on
S of the same type. By the de Rham decomposition theorem and considering the form
of the covering transformations we obtain representations p;: m1(X) — PU(d; + 1), and
therefore E; must be stable by the standard theory [56].

Finally, consider the case when ¢ =1, i.e., (M,J) = P(Ey @ E1). If Ey and E; have
equal slopes, any extremal Kéhler metric on (M, J) must be CSC by Lemma 3 and our
claim follows from Theorem 1.

If the slopes of Fy and E; are different and (g, w) is some extremal Kéhler metric on
(M,J) = P(Ey @ E1), Lemma 4 shows that w is the smooth limit of extremal Kahler
metrics wy on (M, J;) = P(Ey(t) ® E1(t)) where E;(t) are stable for ¢t # 0. Now, [5,
Thm. 1] affirms that for any ¢ # 0, w; is compatible with respect to the natural S*-action,
so we conclude as above that Ey and Fq must be stable. [J

4. FURTHER OBSERVATIONS

4.1. Relative K-energy and the main conjecture. Leaving aside the specific mo-
tivation of this paper to study projective bundles over a curve, the theory of rigid
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semisimple toric bundles which we reviewed in Sect. 2 extends the theory of extremal
Kahler metrics on toric manifolds [21, 22, 24, 67, 76, 77| to this more general context.

To recast the leading conjectures [21, 67] in the toric case to this setting, recall from
[21] that if we parametrize compatible Kéhler metrics g by their symplectic potentials
U € S(A), then the relative (Mabuchi-Guan-Simanca) K-energy €% on this space
satisfies the functional equation

(d),(0) = [ (Seat 0 (2)p(:)do
A

- [((a= +B+Z%>}?(z) - ) U

p]v >+ Cj
’ Scal ; .
= 2/{9A U(2)p(z)do + /A(<A z)+ B+ Z W) U(2)p(z)dv

—/(H,HessU(z))p(z)dU,
A

where we have used (10) and integration by parts by taking into account (4). Following
[21, 67, 76], let us introduce the linear functional

(18) / f(z)p(z)do + = /((A z +B+Zﬂ>f(z)p(z)dv.

p]7 >+CJ

The above calculation of dé’gQ shows that F(f) = 0 if f is an affine function of z.

Furthermore, using the fact that the derivative of logdet H is tr H~'dH, we obtain the
following generalization of Donaldson’s formula for £

@ = @ — O, (} €SS z zZ)av.
(19) £ U) = 27U /A(l g det Hess U(2) ) p(2)d

(In case of doubt about the convergence of the integrals, one can introduce a reference
potential U, and a relative version SEZ of €%, but in fact, as Donaldson shows, the
convexity of U ensures that the positive part of logdet HessU(z) is integrable, hence
—log det Hess U(z) has a well defined integral in (—oo, o0].)

According to [21, 67], the existence of a solution U € S(A) to (10) should be entirely
governed by properties of the linear functional (18):

Conjecture 2. Let Q) be a compatible class on M. Then the following conditions should
be equivalent:

(1) Q admits an extremal Kdhler metric.

(2) Q admits a compatible extremal Kdhler metric (i.e., (10) has a solution in S(A)).

(3) FL(f) > 0 for any piecewise linear convex function f on A, and is equal to zero
if and only if f is affine.*!

Of course, by the proof of Theorem 2, Conjecture 2 would imply Conjecture 1.

Our formula (19) can be used to show as in [21, Prop. 7.1.3] that F%(f) > 0 if the
relative K-energy is bounded from below. However, according to Chen—Tian [15], the
boundedness from below of £ is a necessary condition for the existence of an extremal
Kahler metric.

HGeneralizing computations in [21, 67, 76], one can show that the value of F at a rational piecewise
linear convex function computes the relative Futaki invariant introduced in [67] of a ‘compatible’ toric
test configuration on (M, Q); in general, one might need positivity of F © on a larger space of convex
functions [21, Conjecture 7.2.2.] in order to solve (10) but in the case when £ = 2 and the base S is a
point Donaldson shows in [21] that the space of piecewise linear convex functions will do.
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If Q admits a compatible extremal Kéahler metric with symplectic potential U and
inverse hessian H, one can use (10) and integration by parts (taking into account (4))
in order to re-write (18) as

(20) FYUSf) = / (H, Hess f)p(z)dv.
A

This formula makes sense for smooth functions f(z), but can also be used to calculate
FE(f) in distributional sense for any piecewise linear convex function as in [77]: using
the fact that H is positive definite, we obtain the analogue of a result in [77], showing
that the second statement of Conjecture 2 implies the third.

We thus have the following partial result.

Proposition 3. If Q admits an extremal Kéihler metric then F(f) > 0 for any convex
piecewise linear function. If ) admits a compatible extremal metric then, furthermore,
FLf) =0 if and only if f is an affine function on A.

Of course, the most difficult part of Conjecture 2 is to prove (3) = (2). So far the
Conjecture 2 has been fully established in the cases when ¢ = 1 [5] and when M is a
toric surface (i.e., £ =2 and S is a point) with vanishing extremal vector field [24].

4.2. Computing F. It is natural to consider (following Donaldson [21]) the space of
S2t*-valued functions H on A satisfying just the boundary conditions (4). If such a
function satisfies the (underdetermined, linear) equation (10), then formula (20) holds,
and it can be used to compute the action of F (in distributional sense) on piecewise
linear functions.

Note that if a solution to (10) exists, then so do many because the double divergence
is underdetermined.

If a solution H of (10) happens to be positive definite on each face of A, i.e., if it
verifies the positivity condition in §2.3, then formulae (6) introduce an almost Kéhler
metric on M (see e.g. [4]) and one can show that (7) computes its hermitian scalar
curvature (see Appendix A). Thus, positive definite solutions of (10) correspond to
compatible extremal almost Kéahler metrics. If such extremal almost K&éhler metrics
exist, it then follows from (20) (see [77] and Proposition 3 above) that the condition (3)
of Conjecture 2 is verified. Thus, the existence of a positive definite solution H of (10)
(and verifying the boundary conditions (4)) is conjecturally equivalent to the existence of
a compatible extremal Kéhler metric (corresponding to another positive definite function
H with inverse equal to the hessian of a function Ug). In fact, following [21], as log det
is strictly convex on positive definite matrices, the functional [, (logdet H)p(z)dv is
strictly convex on the space of positive definite solutions of (10), and therefore has at
most one minimum H®. Such a minimum would automatically have its inverse equal to
the hessian of a function Ug (see [21]). Thus, H would then give the extremal Kihler
metric in the compatible Kéahler class €.

Thus motivated, it is natural to wonder if on the manifolds we consider in this paper
a (not necessarily positive definite) solution H of (10) exists, thus generalizing the
extremal polynomial introduced in [5] on M = P(Ey@®E;) — S (in fact P(2) = p(2)H(z)
would be the precise generalization).

4.3. Example: projective plane bundles over a curve. We illustrate the above
discussion by explicit calculations on the manifold M = P(O® L1 ® Ly) — X, where £
and Lo are holomorphic line bundles over a compact complex curve ¥ of genus g. We
put p; = deg(L;) and assume without loss of generality that ps > p; > 0. Note that in
the case p; = p2 = 0, the vector bundle £ = O & L1 & L, is polystable, and therefore
the existence of extremal Kéahler metrics is given by Theorem 1. The cases p;1 = ps > 0
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and pa > p1 = 0, on the other hand, are solved in [5]. We thus assume furthermore that
p2 >p1 > 0.

To recast our example in the set up of Sect. 2, we take a riemannian metric gs; of
constant scalar curvature 4(1—g) on X. To ease the notation, we put C = 4(g—1). Let z;
be the momentum map of the natural S'-action by multiplication on £;. Thus, without
loss of generality, for a compatible Kéhler metric on M, the momentum coordinate
z = (21, 22) takes values in the simplex A = {(z1,22) € R? |21 > 0,22 > 0,121 —23 > 0}
(which is the Delzant polytope of the fibre CP? viewed as a toric variety).

It is shown in [5, App. A2| that in this case there are no extremal compatible K&hler
metrics with a hamiltonian 2-form of order 2 while Theorem 2 does imply existence of
compatible extremal Kahler metrics in small Kéhler classes. Therefore, we do not have
an explicit construction of these extremal Kéahler metrics. Instead, we will now attempt
to find explicit extremal almost K&hler metrics (see the preceding section and the Appen-
dix below). We thus want to find a smooth matrix function H(z) = (H,s(z)) satisfying
the boundary conditions (4) and which solves the linear equation (10). Motivated by
the explicit form of such a matrix in the case when a hamiltonian 2-form does exist [3],
we look for solutions of a ‘polynomial’ form H,s = (Cﬂ)lfl%, where P,4(z) are fourth
degree polynomials in z; and 29, and the constant c is such that ¢ 4+ p1z1 + p2z2 > 0 on
A, ie., c € (0,00): recall that ¢ parametrizes the compatible Kéahler classes on M. The
boundary conditions are then solved by

P11 = 2(c+p121 + p22o)z1(1 — 21)

+ 22 (zo25 + 22(1 — 21 — 20)2 + 2y120(1 — 21 — 2)),
Pig = =2(c+ p1z1 + p222)2122

+ z122(yo(1 — 21 — 22)2 —woz122 — (1 — 21 — 22) (Y121 + Y222)),
Py =2(c+ p121 + paz2)z2(1 — 22)

+ 23(z022 + 21(1 — 21 — 20)2 + 2021 (1 — 21 — 2)),

where g, z1, 22, Y0, Y1, Y2 are free parameters. The extremal condition (10) corresponds
to the linear equations

Yo = —Z1 — X2 + Yo,
(21) Y1 = —To — T2+ U1,
Yo = —xo — x1 + V2,

with

_ —(12¢+CH4p1+4p2) (5cpi+p3+5cp1pa+5pipe+5cp3+5p1p3+p3))

" (2(50¢3+50c2p1 +13cp?+p3+50c2p2+3Tcp1p2+5p3p2+13cp3+5p1p5+p3)

vy = —(12c+C+4py +4ps) (15¢pi+3p§ —15cp1pa+3pipa+5cp3 —3p1p3 +p3))
(2(50¢3+50c2p1 +13cp? +p3+50c2p2+37cp1p2+5pp2+13cp2+5p1 p2+p3)

vy = —(12c+C+4p1 +4p2) (5cp+pi —15cp1pa —3pip2-+15cp3 +3p1p3+3p3))
(2(50¢3+50c2p1 +13¢p2+p3+50c2p2+37cp1 p2+5p3p2+13cp2+5p1p3+p3)

Vo

Thus, given a compatible Kéahler class on M, we have a 3-parameter family of smooth
‘polynomial’ solutions H(z) to (10), which verify the boundary conditions (4) on A.
Now, investigating the integrability condition (that H~! be a hessian of a smooth func-
tion on A®, see the previous section), we find out that it is equivalent to the following
five algebraic equations on the parameters (xo, z1, T2, Yo, y1.y2)

(22) o = Y1 + Y2, 1 = Y2 + Yo, T2 = Yo + Y1,

2(p2 — p1)yo + 2p2y1 —yoy1 =0

23
(23) 2(p1 — p2)yo + 2p1y2 — yoy2 = 0.
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The problem is over-determined, but there is a unique solution Hg satisfying the linear
system (22) (additionally to (21)): we compute that this solution is given by

20 = 15(—2v0 + 3v1 + 3v2),
T = %0(300 — 2v1 + 3va),
To = %0(31)0 + 3v1 — 2v9),
Yo = 15(4vg — v1 — v2),
Y1 = %( vo + 4v1 — v2),

1

Y2 = 15(—vo — v1 + 4vz).

Substituting back in (23), one sees that the full integrability conditions can be solved if
12¢+ C'+4p1 +4p2 = 0 (a constraint that is never satisfied for po > p; > 1,C =4(g—1)
and ¢ > 0); this observation is consistent with the non-existence result in [5, App. A2].

We now investigate the positivity condition for our distinguished solution H} of (4)
and (10). First of all, when ¢ — oo, the v;’s tend to 0, so Hg tends to the matrix
associated to a Fubini-Study metric on CP2. Tt follows that Hf becomes positive-
definite on each face for sufficiently small Kéhler classes, and therefore Hg defines an
explicit extremal (non-Kéhler) almost Kéahler metric in Q (see Appendix A below). This
is of course consistent (via Conjecture 2) with the existence of a (non-explicit) extremal
Kéhler metric in 2, given by Theorem 2. Furthermore, if g = 0,1 (i.e., C < 0), a
computer assisted verification shows that, in fact, ng is positive definite on each face
of A for all Kahler classes. We thus obtain the following result.

Proposition 4. Let M = P(E) LY withE=0® L, Lo, where L1 and Lo are
holomorphic line bundles of degrees 1 < p1 < py over a compact complex curve ¥ of
genus g.

If g =0,1, then M admits a compatible extremal almost Kdhler metric in any Kdhler
class Q. = 2mc1(O(1)g) + kp*lws]. In particular, for every Kdhler class on M the
condition (3) of Conjecture 2 is verified.

If g > 2, then the same conclusion holds for the Kdihler classes Qy = 2mc1(O(1)g) +
kp*|ws] with k > 0, i.e., the Kdhler classes sufficiently far from the boundary of the
Kahler cone.

As speculated in the previous section, the explicit solution Hf} of (4) and (10) can be
used to compute the action of the functional F on piece-wise linear convex functions
(by extending formula (20) in a distributional sense, after integrating by parts and using
(4)). As a simple illustration of this, let us take a simple crease function f, with crease
along the segment S, = {(t,a —t),0 < t < a} for some a € (0,1) (thus as a — 0,
the crease moves to the lower left corner of the simplex A). A normal of the crease is
u = (1,1) and one easily finds that

2(f,) = /S H o

= /Oa((Hn +2H19 + Hao)(t,a —t))(c+ pit + pa2(a — t)) dt,

(24)

where do is the contraction of the euclidian volume dv on R? by u. Note that the
integrand (being a rational function of ¢ with a non-vanishing denominator at ¢ = 0),
and hence the integral, is continuous near ¢ = 0; for ¢ = 0 the integral equals

(1= a)a*(—C +2(p1 + p2) + a(C + 4(p1 + p2))),
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which is clearly negative for a € (0,1) sufficiently small as long as C = 4(g — 1) >
2(p1 + p2). If we take g > 2, such p; and po do exist. By Proposition 3, this implies
a non-existence result of extremal Kahler metrics when p; and po satisfy the above
inequality and ¢ is small enough. (As a special case, for p; = py we have recast the
non-existence part of [5, Thm. 6].)

Proposition 5. Let M be as in Proposition 4, with g > 2 and p1, p2 satisfying 2(g—1) >
p1 + p2. Then the Kdhler classes sufficiently close to the boundary of the Kdhler cone
do not admit any extremal Kdhler metric.

APPENDIX A. COMPATIBLE EXTREMAL ALMOST KAHLER METRICS

In this appendix, we calculate the hermitian scalar curvature of a compatible almost
Kahler metric and extend the notion of extremal Kahler metrics to the more general
almost Kahler case.

Recall that on a general almost Kihler manifold (M?™, g, J,w), the canonical hermit-
ian connection V is defined by

1
(25) VXY:DXY—?T(DXJ)(Y),
where D is the Levi—Civita connection of g. Note that
1

where N(X,Y) = [JX,JY]| — JJX,Y] — J[X,JY] — [X,Y] is the Nijenhuis tensor
of J. The Ricci form, pV, of V represents 2mci(M,.J) and its trace sV (given by
2mpY Aw™t = sVw™) is called hermitian scalar curvature of (g, J,w).

The hermitian scalar curvature plays an important role in a setting described by
Donaldson [19] (see also [32]), in which sV is identified with the momentum map of
the action of the group Ham(M,w) of hamiltonian symplectomorphisms of a compact
symplectic manifold (M, w) on the (formal) Ké&hler Fréchet space of w-compatible almost
Kahler metrics AK,,. It immediately follows from this formal picture [26, 47] that the
critical points of the functional on AL,

g— /M(SV)2wm

are precisely the w-compatible almost Kihler metrics for which grad sV is a Killing
vector field. This provides a natural extension of the notion of an extremal Kéahler
metric to the more general almost Kéahler context.

Definition 5. An almost Kihler metric (g,w) for which grad sV is a Killing vector
field is called extremal.

Now let M be a manifold obtained by the generalized Calabi construction of §2.3.
In the notation of this section, for any S?t*-valued function H on A, satisfying the
boundary and positivity conditions, formulae (6) introduce a pair (g,w) of a smooth
metric g and a symplectic form w on M, such that the field of endomorphisms J defined
by w(:,-) = g(J-,-) is an almost complex structure, i.e., (g,w) is an almost Ké&hler
structure on M.'2 We shall refer to such pairs (g, w) as compatible almost Kihler metrics
on M.

1274 §g easily seen as in [1] that J is integrable, i.e., (¢,w) defines a Kéhler metric, if and only if H™*
is the hessian of a smooth function on A°.
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Lemma 9. The hermitian scalar curvature s¥ of a compatible almost Kdhler metric
corresponding to H = (H,s) is given by

Scal ; 1 0?
sV = J — p(2)Hys).
Z; G+ pE) 2 8m0m PO

Proof. The result is local and we work on the open dense subset M where the ¢-torus
T acts freely. Recall that M? is a principal T¢ bundle over S. Let V be the foliation
defined by the T¢ fibres and K, = Jgrad,z, be the Killing vector fields generating T;

then TV is spanned by K,., JK, at each point of M and, by construction,
(27) Lk, J=0, K} =) Hpbs, JEK]=—dz.
S

In order to compute the hermitian Ricci tensor, we take a local non-vanishing holomor-
phic section @ of the anti-canonical bundle ICE1 = /\d’O(S’ ) of S (which pulls back to a
(d,0)-form on M) and wedge it with the (¢,0)-form @ = (K} — /=1JK)A--- A (K} —
V-1JK Z) Thus, ® = &4 A §y is a non-vanishing section of ICK;O and the hermitian
Ricci form pV is then given by
p¥ = —dIm(a),

where V& = o ® P.

Denote by H the g-orthogonal complement of T'V; the spaces H and TV then define
the decomposition of TM? as the sum of horizontal and vertical spaces and, therefore

(28) Vx® = (VE®:) APy + Bg AV Dy,

where VxY = V%Y + V}/(Y denotes the decomposition into horizontal and vertical
parts.

Our first observation is that [3, Prop. 8] generalizes in the non-integrable case in the
following sense: The foliation V is totally-geodesic with respect to both the Levi—Civita
and hermitian connections. Indeed, with respect to the Levi-Civita connection D we
have (Dg, K, X) = (Djk,Ks, X) = 0 for any X € H; using [K,, JK,] = 0, our claim
reduces to check that (D g, JKs, X) = 0. We take X be the horizontal lift of a basic
vector field and use the Koszul formula

2<DJKTJKS,X> = ,CJKT<JKS,X> +,CJKS<JKT,X> — ,Cx<JKT, JK5>
+([JK,, JK;], X) + (LxJK,, JKs) + (LxJKs, JK,)
= (LxJK,, JK;) + (LxJKs, JK,)

= (Lxg)(JK,,JK;) = (Lx§(2))(JK,, JKs) =0,
where (§ = §(z),& = &(2)) denote the Kéhler quotient structure on S (also identified
with the horizontal part of (¢,w)). Considering the hermitian connection V, by (25) and
(26), our claim reduces to showing that N(K,, X) is horizontal for any X € H; using

(26) and the fact that V is totally-geodesic with respect to D, we get (N(K,, X), JU) =
2((DyJ)(K,),X) =0, for any U € TV.

The observation that V is totally geodesic with respect to D shows that formulae
(42)—(46) in [3, Prop. 9] hold true in the non-integrable case too, i.e., we have

DxY = D¥Y — C(X,Y)
DxU = (C(X,-),U) + [X,U]Y
DyX =[U, X"+ (C(X,"),U)
DyV = D}V,

(29)
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where X, Y € H, U,V € TV and C(,-) is the O’Neill tensor given by

¢
r=1

with Q. = df, = > jerbjr ® wj. Using (25), it follows that the horizontal lift of Vs
coincides with the projections of both D and V to horizontal vectors. In particular, for

any horizontal lift X, V¥®¢ = %((ds - \/—ldg,) log H(I)SH?;) (X)®g. On the other hand,
as K, are Killing and V is totally geodesic, VX ®y = 0, so that we get from (28)

(30) a(X) = %((dg V) log [|8]12) (X), VX € M.

To compute «(U) for U € TV, counsider first Vy®y. As V is totally geodesic,
we can write Vy®y = (a(U) — /=1b(U))®y. It follows from the very definition of
¥y (and the fact that span(K7,---, Ky) is w-Lagrangian) that &y (K, Ko, -+, Ky) =
det g(K,, Ks) = det H, and therefore

(Vo®v) (K, Ko, Kg) = (a(U) = V=1b(U) ) det H,
Using the definition of ®y, again, we obtain

b(U) = trace(H 0 Ay), (Ap)rs = —(VuK,, JK,).
Using that K, is Killing, (26) and (27) we further calculate

(Av)es = (DK, JE) + ¢ (D) (K2, Ko

g
AR (JK,U) = 5 (N(KT,KS),U))

ZH,,k Sz (JK )0 (U) — %Zdzk([JKr, JKS])ék(U)>
k

[\D\H l\DM—*[\DM—\
/_\ /'\/'\

Z Hyop HooO (U) — % > derl[T Ky, TE)O(D) )
k

= Z(Hrk,pHps + Hoo H,)ihetay (U),
k,p
so that

1 A
(31) WU) = 2 H™(Au)rs = =3 ij He 01U

Finally, in order to compute Viy®g, note that Ly®g = 0, and therefore

d
1
(Vudg)( Xy, -+, Xa) = § (24’5()(1,"' s Xe—1, J(DuJ) (X)), X1, -+, Xa)
k=1

- (I)S‘<X17 o 7Xk717 (DEkU)a XkJrl’ e 7Xd))7
where X, € H. Now, using (29), we further specify

k ZZ(Kb pJT J X]) JKqIZ(U)Per;f;),

r=1 jeT

((DUJ)(Xk))H =0,

(DU
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where X,Z (resp. J;) denote the gg-orthogonal projection (resp. restriction) of Xy (resp.
J) to the subspace T'S; C TS (recall that the universal cover of (S, gg) is the Kahler
product of (S}, gj,w;), so that the projection of T'S; to TS is a well-defined D-parallel

subbundle of T'S). Using (27), and the expressions (30) and (31), we eventually find
that

~ 1 C
Im(a) = —§dS log ||®¢

1 1 A
f} + §dc logp(z) + 5 kz:Hkr,ker
r

e LS Ot
= —pdilogllegllf + 5 kz;(< S Hir +p(2) 5 1),
9 (1 Op(z)Hir)
Vo L —
pe= Zp] Z 0z, <2p(z) 0z )dzk N O

= i1,k

L 00 0
2p(2) — 0z; 0z’
where, we recall, p; is the Ricci form of (S}, gj, wj), @(2) =3 c7 (Zle(pjrzr +cj)wj),
d.
and p(z) = [[;ez (Zﬁ:l PjrZr + cj> ", The formula for sV follows easily. O
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