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ABSTRACT. We establish refinements of the classical Kato inequality for sections
of a vector bundle which lie in the kernel of a natural injectively elliptic first-order
linear differential operator. Our main result is a general expression which gives
the value of the constants appearing in the refined inequalities. These constants
are shown to be optimal and are computed explicitly in most practical cases.

INTRODUCTION

The Kato inequality is an elementary and well-known estimate in Riemannian
geometry, which has proved to be a powerful technique for linking vector-valued
and scalar-valued problems in analysis on manifolds [3, 5, 6, 16, 20, 28]. Its content
may be stated as follows: for any section £ of any Riemannian (or Hermitian) vector
bundle E endowed with a metric connection V over a Riemannian manifold (M, g),
and at any point where ¢ does not vanish,

(0.1) |dlg]| < [vel.

This estimate is easily obtained by applying the Schwarz inequality to the right
hand side of the trivial identity: d(|¢|?) = 2(VE, ). Hence equality is achieved at a
given point x if and only if V& is a multiple of £ at x, i.e., if and only if there is a
1-form « such that

(0.2) VE=a®¢.

The present work is motivated by circumstances in which more subtle versions
of the Kato inequality appear. Examples include: the treatment of the Bernstein
problem for minimal hypersurfaces in R” by R. Schoen, L. Simon and S. T. Yau [26],
where it is shown that the second fundamental form h of any minimal immersion
satisfies

(0.3) ah]| < ] — 51V,

(see also [4]); the study by S. Bando A. Kasue and H. Nakajima of Ricci flat and
asymptotically flat manifolds [1], where a key role is played by the inequality

(0.4) W] < \ W
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for the Weyl curvature W of any Einstein metric; and the proof given by J. Rade of
the classical decay at infinity of any Yang-Mills field /' on R* [23], which relies on
the estimate

(0.5) d|F|| < \/gwm.

Other examples may be found in the work of S. T. Yau on the Calabi conjecture
[29], or more recently in work of P. Feehan [11] and of M. Gursky and C. LeBrun
[15]. For a survey of these techniques, see also [21].

In all of these examples, the classical Kato inequality (0.1) is insufficient to obtain
the desired results. Moreover, the knowledge of the best constant involved between
the two terms of the inequality seems to be a key element of all the proofs. For
instance, in the case of Yang-Mills fields on R*, the classical Kato inequality (0.1)
gives only the decay estimate |F| = O(r~?) at infinity, whereas the (optimal) refined
inequality (0.5) yields the expected |F| = O(r~*) and thus paves the way for proving
that any finite energy Yang-Mills field on flat space is induced from one on the sphere.

These examples suggest that it is an interesting question to determine when such
a refined Kato inequality may occur and to compute its optimal constant. A con-
vincing explanation of the principle underlying this phenomenon was first provided
by J.P. Bourguignon in [7]. He remarked that in all the cases quoted above, the
sections under consideration are solutions of a natural linear first-order injectively
elliptic system, and that in such a situation, equality cannot occur in (0.1) except at
points where V& = 0. To see this, suppose that equality is achieved (at a point) by
a solution & of such an elliptic system. At that point, V& = a ® £ for some 1-form
«. Now a natural first-order linear differential operator may be written as Il o V,
where II is a projection onto a (natural) subbundle of T*M ® E. Hence II(a ® &)
vanishes and so, by ellipticity, a ® £ vanishes.

Hence it is reasonable to expect that a refined Kato constant might appear in this
situation, 7.e., that there should exist a constant kp < 1, depending only on the
choice of elliptic operator P, such that

(0.6) |d|¢]] < kp|VE]

if ¢ lies in the kernel of P.

In this paper we attack the task of establishing explicitly the existence of re-
fined Kato constants for the injectively elliptic linear first-order operators naturally
defined on bundles associated to a Riemannian (spin) manifold by an irreducible
representation of the special orthogonal group SO(n) or its nontrivial double-cover
Spin(n). We devise a systematic method to obtain the values of the refined constants
kp and we compute the constants explicitly in a large number of cases. We express
the constants in terms of the conformal weights of generalized gradients (those oper-
ators given by projection on an irreducible component of the tensor product above)
which are numbers canonically attached to any such operator, and which can be
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easily computed from representation theoretic data (see section 2 for details). As a
by-product of our approach, we obtain a number of representation-theoretic formu-
lae, relating conformal weights to higher Casimirs of so(n), some of which appear
to be new.

The structure of the paper is as follows. In the first section, we present the basic
definitions and strategy that will be followed to obtain the Kato constants. Then, in
section 2, we review the representation-theoretic background that will be needed for
our study. We do this in part for the benefit of the reader with a limited knowledge
of representation theory, but also to set up some notation, and to demonstrate that
the conformal weights used in the sequel are easy to compute. Most importantly,
we discuss the question of which first order natural operators are injectively elliptic.
This question has been settled by Branson [8], whose result we restate in the notation
of this paper.

Before developing the main machinery, we use some elementary computations to
give the Kato constants when the number N of irreducible components of T"M ® E
is 2. Although this is entirely straightforward, the results are sufficient to obtain
a new proof of the Hijazi inequality in spin geometry, which we sketch. For more
complicated representations, we need more tools, which we develop in section 4.
Building on work of Perelomov and Popov [22], and also more recent ideas of Diemer
and Weingart (personal communication), we study higher Casimir elements in the
universal enveloping algebra of so(n) and obtain formulae relating them to conformal
weights. The main result in this direction is Theorem 4.8. We use this in section 5
to prove our main theorem, which reduces the search for Kato constants to linear
programming. Section 6 gives some explicit constants for N odd, whereas section 7
deals with the case that N is even. In each we give the Kato constants for a large
number of operators and we detail the precise values for N = 3 and N = 4. We
also deal with the sharpness of our inequalities by giving the (algebraic) equality
case. Finally, as an appendix, we present tables listing all of the Kato constants in
dimensions 3 and 4.

ACKNOWLEDGEMENTS. During the course of this work it became clear that
there is a close relationship between Kato constants and the spectral results of
Branson [8]. Following the presentation of an early version of our results at a
meeting in Luminy, Tom Branson has clarified this relationship very nicely [9] and
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are very grateful to him for sharing with us his results. The formula that follows
from our methods is slightly different from his and does not cover one special case.
We present it in a similar way to permit easy comparison.

We are also deeply indebted to Tammo Diemer and Gregor Weingart for informing
us of their recent work, which plays a crucial role in our approach. Finally we thank
Christian Bar and Andrei Moroianu for the application of refined Kato inequalities
to Hijazi’s inequality.
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1. STRATEGY

We consider an irreducible natural vector bundle E over a Riemannian (spin)
manifold (M, g) of dimension n with scalar product (.,.) and a metric connection
V. By assumption, E is attached to an irreducible representation A of SO(n) or
Spin(n) on a vector space V. If 7 is the standard representation on R”, then the
(real) tensor product 7 ® A splits in N irreducible components as

N
TRAN= @u(j)
j=1

N
R"®V =W,
j=1

This induces a decomposition of 7*M ® E into irreducible subbundles F} associated
to the representations ;9). Projection on the jth summand (of R*®V or T"M @ E)
will be denoted II;.

Following [12, 14, 18], we can describe this decomposition in terms of the equi-
variant endomorphism B: R" @ V — R" ® V defined by

n

(1.1) Bla®wv) = Zei®d)\(ei/\oz)v,
i=1
where ey, ... e, is an orthonormal basis of R™ and d\ is the representation of so(n)

induced by .

1.1. Notation. For a linear map 7: R"® V' — R" ®@ V' we write a ® 8 — T, for
the unique linear map R” ® R™ — End(V) satisfying
(1.2) T(a®v) =Y € ® T ga(v).
i=1
Note that (S o T)ags = D iy Saze: © Te.-

Observe that B,gg = dA\(a A ) is a skew endomorphism of V' which is skew in
a ® [, and that B itself is symmetric. Therefore, the eigenvalues of B are real and
so, by Schur’s lemma, on the irreducible summands W;, it acts by scalar multiples
w; of the identity, called conformal weights. The conformal weights are all distinct,
except in the case that V' is an representation of SO(n) such that R ® V' contains
two irreducible components whose sum is an irreducible representation of O(n).
Therefore, apart from this exceptional situation, the decomposition of R™ ® V' into
irreducibles corresponds precisely to its eigenspace decomposition under B. We shall
adopt the convention that irreducible representations of O(n) in R® @ V' will not
be split under SO(n), so that the conformal weights w; of W; are always distinct.
Henceforth, therefore, W; will denote the eigenspaces of B arranged so that the
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conformal weights w; are (strictly) decreasing, and N will denote the number of
eigenspaces, i.e., the number of (distinct) conformal weights.

The origin of this terminology is the following fact [12, 14]: when the connection
V on F is induced by the Levi-Civita connection of (M, g), the natural first order
operators P; = II; o V, sometimes called generalized gradients, are conformally
invariant with conformal weight w;.

The operators of interest in this paper are the first order linear differential oper-
ators P := > .., II; o V acting on sections of E, where I is a subset of {1,...N}.
Such operators are called Stein-Weiss operators [27]. The operator P; is said to
be (injectively, i.e., possibly overdetermined) elliptic iff its symbol I1; := ., II,
does not vanish on any nonzero decomposable elements a ® v of the tensor product
R™ ® V. Note that Py is (injectively) elliptic if and only if P o Py is elliptic in the
usual sense.

We could consider, more generally, the operators ), ; a;P; for any nonzero coef-
ficients a;: such an operator will be elliptic iff P; is, and the methods of this paper
can be adapted to apply to this situation. Also note that throughout the paper,
V can be an arbitrary metric connection on E, i.e., it need not be induced by the
Levi-Civita connection of M.

We shall obtain refined Kato inequalities from refined Schwarz inequalities of the
form

(@, v)]
[l

(1.3) < k|9,

where ® € R" ® V and v € V. For k = 1, this holds for any ® and nonzero
v, with equality if ® = a ® v for some o € R". Recall that the classical Kato
inequality (0.1) is obtained from this by lifting it to the associated bundles and
putting v = &, & = V¢ for a section £ of . If £ lies in the kernel of the operator P;
then V¢ is a section of ker II; = W7, where T is the complement of I in {1,... N} and
W5 denotes the image of II7. Hence to obtain a Kato inequality for the operator Py,
we only need an estimate of the form (1.3) for & € W7 and v € V. The supremum,
over all nonzero v, of the left hand side of (1.3) is the operator norm |®|,, of (®,.),
viewed as a linear map from V' to R". Now observe that for any ® € W5, we have:

|[@lop = sup [(,v)| = sup [(®,a®v)|= sup [(@ II{a@v))

v]=1 laf=|v]=1 laf=|v]=1

< ( sw Imtas o)l

laf=(v]=1
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This gives a refined Schwarz inequality with £ = sup |lIx{a®v)|:

laf=lv|=1

(@, 0)] _ [P, a0®v)| _ [{® H{a @ v))|

| |v] N [v]
II=
< Mm < ( sup IHf(a®v)|)|‘I’|7
v lo]=[v|=1

where « is any unit 1-form such that (®,v) = cag for some ¢ € R.
We therefore have the following Ansatz which reduces the search for refined Kato
inequalities to a purely algebraic problem.

1.2. Ansatz. Consider the operator P; on the natural vector bundle E over (M, g).
Then, for any section £ in the kernel of P, and at any point where ¢ does not vanish,
we have:

|dl¢]] < ki VE],
where the constant kj is defined by

kr = sup |lIxa®wv)|
lal=|v]=1
Furthermore equality holds at a point if and only if V& = Il (a ® £) for a 1-form «
at that point such that Il (a ® §)| = krla ® &|.

1.3. Remark. Equality holds in this Kato inequality if and only if it holds in the
refined Schwarz inequality with v = &, ® = V&. Hence the above Ansatz is alge-
braically sharp: the supremum sup),_,=; [lIz(c ® v)| is attained by compactness.
We also deduce that the Kato inequality is sharp in the flat case: equality is attained
by a suitable chosen affine solution of P;¢{ = 0.

In order to turn this Ansatz into a useful result, we must:

(i) Find when P; is elliptic.

(ii) Show that when P is elliptic, k; is less than one.
(iii) Give a formula for k; in terms of easily computable data.
(iv) Obtain a more explicit description of the equality case.

The first question has been answered by T. Branson [8]. We shall discuss his
result at the end of the next section. Also in that section we shall give a more
explicit description of the operators and representations involved, together with the
associated conformal weights. The conformal weights are easy to compute and so
our guiding philosophy will be: find k; in terms of the conformal weights.

Since kr = Sup|y—jy=1 [II7(a ® v)| and

(o ®v)]* = Z|H a®v)|

]6[
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a key step in our task is to find a convenient formula for |II;(a ® v)| for each
j=1,...N.

To do this, note that II; is the projection onto an eigenspace of B, and so Lagrange
interpolation gives the standard formulae:

N-1 k
DS Ve L
(1.4) o H B —wgid = £=0
. ] - Y
ihy 3T Wk [ [ w; —wi)

where 0;(w) denotes the ith elementary symmetric function in the eigenvalues wj.
We define A, to be the operators
k
(1.5) Ay = (=1)foy(w)B""
=0
appearing in this formula, which are manifestly symmetric in the conformal weights.
Using these operators, we have:
N—-1
wjv_l_k<Ak(a Rv), @ v)

[T (w; — we)

k#j
This formula for the N quantities |II;(a ® v)| in terms of the N quantities g =
(Ap(a ®v),a ® v) lies at the heart of our method. Note first that Ay = 1, and so

g = |a ® v|?, which we set equal to 1. Secondly, the formula (1.1) for B implies
that

(1.7) (Bla®wv),a®v) =0, Va e R",veV.

(1'6) |Hj(oz X U)|2 = <Hj(a ®U),a ®U> _ k=0

Hence ¢; is also computable. These two observations alone will allow us to find the
Kato constants for N < 4. For larger N we shall need to obtain more information
about the operators Ay.

We shall find that approximately half of the g;’s can be eliminated. The remainder
can then be estimated from above and below using the non-negativity of |II;(a®v)|.
These bounds can in turn be used to estimate |IIx (o ® v)|.

2. REPRESENTATION THEORETIC BACKGROUND

The description of representations of the special orthogonal group SO(n), or its
Lie algebra so(n), differs slightly according to the parity of n. We write n = 2m if
n is even and n = 2m + 1 if n is odd; m is then the rank of so(n).

We fix an oriented orthonormal basis (eq,...e,) of R", so that e; A e; (for i < j)
is a basis of the Lie algebra so(n), identified with A%2R™. We also fix a Cartan
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subalgebra b of so(n) by the basis E; = e Aeg, ... Ey = a1 A €a,, and denote
the dual basis of h* by (e1,...£,,). We normalize the Killing form so that this basis
is orthonormal. For further information on this, and the following, see [13, 24, 25].

An irreducible representation of so(n) will be identified with its dominant weight
A € b*. Roots and weights can be given by their coordinates with respect to the
orthonormal basis ;. Then the weight A\ = (A1, A9, ... \;,), whose coordinates are
all integers or all half-integers, is dominant iff

ALz 2 Ao 2 Al n = 2m,
AL 22 A1 2 A 20, n =2m+ 1.

In this notation, the standard representation 7 is given by the weight (1,0, ...0), the
weight A = (1,1,...1,0,...0) (with k ones) corresponds to the k-form representation
AFR™, the weights A = (1,1,...1, 1) (for n = 2m) correspond to the selfdual and
antiselfdual m-forms, and the weights \ = (%, %, (j:)%) correspond to the spin or
half-spin representations A(y). The Cartan product of two representations is the
subrepresentation A ® u of highest weight A + p in A ® p. If X\ and p are integral
then A ® p is the subrepresentation of “alternating-free, trace-free” tensors in A ® y;
for instance, the k-fold Cartan product ®*R™ is the representation SFR™ of totally
symmetric traceless tensors, with weight (%, 0, ...0).

Notice that we take the real form of the representations wherever possible: in
particular, when discussing elements of the tensor product 7 ® A, only real elements
of the standard representation will be used, even if A\ is complex.

The decomposition of the tensor product 7 ® A into irreducibles is described by
the following rule: an irreducible representation of weight p appears in the decom-
position if and only if

(i) p=A=xe; for some j,orn=2m+1, A\, >0 and pp = A
(ii) p is a dominant weight.

Weights p satisfying (i) will be called virtual weights associated to A. We shall say
w is effective if it also satisfies (ii). It will be convenient to have a notation for
the virtual weights which is compatible with the outer automorphism equivalence
of representations of so(2m). We define u® = X and p>* = \ + ¢;, unless n = 2m,
j = m and )\, # 0, in which case we define y™* to be the virtual weights such
that |u™*| = |\, + 1 and || = |\n| — 1. This notation allows us to assume,
without loss of generality, that \,, = |\,|, and we shall omit the modulus signs in
the following.
The Casimir number of a representation A is given by

(2.1) cA) = (A+,A+06) —(6,0) = (A, ) + 2(\, 6),

where ¢ is the half-sum of positive roots, i.e., §; = (n — 2i)/2.
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The conformal weight associated to a component p of 7 ® A may be computed
explicitly by the formula

(2.2) w(p, A) = 3(c(p) — c(A) = (7)),

which continues to make sense for virtual weights. We let w® and w®* denote the
(virtual) conformal weights of u° and p**. Expanding the definition of the Casimir,
and applying some Euclidean geometry in h*, we obtain the explicit formulae (as-
suming A, = |An|):

(2.3) w’ = (1 —n)/2
(2.4) wt =14\ —1
(2.5) wh=1—n—(\—1i).

These formulae show that conformal weights are simple to compute in practice,
which is one of our motivations for using them. We note that the virtual conformal
weights wh* satisfy

(2.6) wht > whT > o> ™t > ™ > > w?T > wh

with equality in the middle if and only if n = 2m and \,, = 0. If n = 2m 4 1 and
Am > 0, then the conformal weight w? lies strictly between w™* and w™~. This
verifies our earlier claim that the conformal weights are almost always distinct.

For effective weights, we remind the reader of our convention not to split subrep-
resentations with the same conformal weight. This means that we write 7 ® A =
@é-v:l,u(j), where the representations ;) are all irreducible, unless n = 2m and
Am = 0, in which one of the components is taken to be p™* & ™.

In order to say which of the weights are effective (and hence, which representations
occur in 7 ® \), it is useful to make explicit any repetitions among the coordinates
Aj by writing A in the form:

A= (ki,.. . ki, ko, ko, oo, Jky,y o k),
with ky > ko> - >k, 1>k, > 0. If k, # 0 and n = 2m, we write
A= (ki,... ki, ko, ko, ...... Jky, ...t k)
for the two possible signs of the last entry. Here v is the number of groups of equal

entries and we let p; denote the number of k;’s, ps — p; the number of k5’s, etc., so
that p; is the number of entries greater than or equal to k;.
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We first note that the following 2v — 1 weights, at least, are effective for any
representation A, and are associated with the conformal weights listed.

Iul,Jr wlﬂr — kl

Mp1+1,+ wp1+1,+ — kfz —

Mpu71+1,+ wPr—1tL+ — k, — Du_1

pPeT wrt T =p,g — k1 +1-n
uPt = whT =pr—k+1—n.

If k, = 0 there are no further effective weights unless n = 2m and p,_1 = m — 1,
in which case p™* are both effective with the same conformal weight. Hence, by
convention, if £, =0 then N = 2v — 1.

If k, > 0 and n = 2m then p™~ is effective and N = 2v. It k, > 0 and n = 2m+1
then ©° is a possible target; furthermore ™~ is effective for k, > 1/2.

We therefore see that the number of components /N in the decomposition R*"®@V =
EB;VZIWJ» is either 2v — 1, 2v or 2v + 1.

The case N = 2v — 1 arises when A, = 0. The representations occuring, in order
of decreasing conformal weight, are as follows.

p =t p® = pt = et
,u(V) — MPV71+17+ or ,um,—i- B
D = e PO peae el e

The case N = 2v arises when n = 2m + 1 and \,, = 1/2 or when n = 2m and
Am # 0. The representations occuring, in order of decreasing conformal weight, are
as follows.

1) (2) p1+1,+ po—1+1,+

= ptt, p =ttt =y :
(v+2) _ [P ,U(QV) = P,

0 ™)

pt =gt or

The case N = 2v+ 1 arises when n = 2m + 1 and \,,, > 1/2. The representations
occuring, in order of decreasing conformal weight are as follows.

M(l) _ M1,+’ Iu(2) — lup1+1,+’ o M(V) — Mpu—1+1,+’
ptt =,
,u(u-l-Q) _ ,me’_ M(V—‘r?’) _ Mpl,,l,—’ o u(2y+1) _ ,prl’_.
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Note that for “most” representations (e.g., if A,, # 0) N and n have the same
parity. Indeed, if Ay > Ay > -+ > |\,| > 0 we see that N = n. However, the
representations arising in practice are not at all generic: N is usually very small.

We are now in a position to describe T. Branson’s classification of the elliptic
operators [8]. Firstly, note that if .J is a subset of I such that P; is elliptic, then P;
is elliptic. Hence it suffices to find the minimal elliptic operators Py, i.e., the elliptic
Py such that P; is not elliptic for any proper subset J of I.

2.1. Theorem (Branson [8]). Let A\ be an irreducible representation of SO(n) or
Spin(n). Then the minimal elliptic operators associated to \ are either elementary
or the sum of two elementary operators. The elementary elliptic operators are:

(i) P, with target pu**.
(i) For N =2v: P, with target p™= or u°.
(iii) For N =2v+1: P, with target u°, provided X is properly half-integral.

The other minimal elliptic operators are:

(iv) Pygjni2—jy with target pPi-rtb+ @ ppi-v= or pf™% @ p™= @ ™ b for all
je{2,..v}. (For N =2v—-1,j=vandp,_y = m—1, Py 1y is
obtained by combining the operators with targets p™* @ u™b~, which are
both elliptic.)

(v) For N =2v+1: Pp1,49y with target p° & p™, provided X is integral.

Notice that the subsets of N corresponding to the minimal elliptic operators
partition N (where we combine the operators with targets ™% @ p™ 57), unless
N = 2v + 1 and X is properly half-integral, in which case there is one “useless”
operator P, 5. This means that there are non-elliptic operators with relatively large
targets. Indeed, the above theorem may equivalently be viewed as a description of
the maximal non-elliptic operators. These play an important role in our later work,
so we shall describe them explicitly here.

2.2. Definition. Let NE denote the set of subsets of {1,... N} whose elements are
obtained by choosing exactly one index in each of the sets {j, N +2 — j} for each j
with 2 < j < v if N =2v — 1,2v (giving 2¥~! elements in N€) and for each j with
2<j<v+1if N=2v+1 (giving 2 elements in NE).

Branson’s theorem implies that the set NE is precisely the set of subsets of
{1,... N} corresponding to the maximal non-elliptic operators, unless N = 2v + 1
and A is properly half-integral, in which case the maximal non-elliptic operators
correspond to the elements of M€ which do not contain v + 1. This last case will
cause us problems because there are not enough non-elliptic subsets.

Branson proves Theorem 2.1 by reducing the problem to the study of the spectrum
of the operator on the sphere M = S™, which he computes by applying powerful
techniques from harmonic analysis. For the benefit of the reader not familiar with
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these global techniques, we remark that there are some cases in which ellipticity or
non-ellipticity can be established by elementary local arguments.

Since ellipticity depends only on the symbol II; on R"” ® V' and since SO(n) is
transitive on the unit sphere in R", it follows that P; is elliptic if and only if the
linear map v — Il (e, ® v) is injective (for a fixed unit vector e,,).

First note that this map is SO(n — 1)-equivariant and so we have the following
necessary (but not sufficient) condition for ellipticity.

2.3. Lemma. P; cannot be elliptic unless every subrepresentation of V' under the
group SO(n — 1) occurs as a subrepresentation of W; for some j € 1.

To use this lemma, one must apply the standard branching rule branching rule
for restricting a representation of SO(n) to SO(n — 1)—see, for example [13, page
426]. For N =2v — 1 and N = 2v it is straightforward to verify the non-ellipticity
of the maximal non-elliptic operators and hence obtain most of the non-ellipticity
results in Branson’s theorem. For N = 2v + 1 this naive method does not cover all
the cases: P,. 1 is not elliptic if X is an integral weight, even though A itself is the
target representation.

Secondly, note the following sufficient (but not necessary) condition for ellipticity.

2.4. Lemma. If the space of local solutions of Py on R™ is finite dimensional, then
Py s elliptic.

Proof. It Py is not elliptic then for some v € V', e, ® v belongs to kerII; < R"® V.
Now consider the operator P; on R™ (with respect to the trivial connection on
E 2 R"x V). If L, denotes the line subbundle of E corresponding to the span of
v € V then any section of L, which is independent of x1, ...z, _; belongs the kernel
of P;. Hence the kernel of P is infinite dimensional on R". ]

As observed (for instance) in [19], this second lemma shows that the highest
gradient is always elliptic. This is the operator P; with the highest conformal
weight w, whose target (! is the highest weight subrepresentation of 7 ® X\. We
shall also refer to P; as the Penrose or twistor operator, since it reduces to the usual
Penrose twistor operator if one views the representation A as a subrepresentation
of a tensor product of spinor representations. The kernel of a twistor operator on
S™ (or any simply connected open subset) is well-known to be a finite dimensional
representation space for SO(n+1, 1): the twistor operator is the first operator in the
Bernstein-Gelfand-Gelfand resolution of this representation (see for instance [2]).

Finally in this section, we recall the following ellipticity result:

2.5. Proposition. [14] P; is elliptic in either of the following cases:

(i) I contains all j with w; >0
(ii) I contains all j with w; < 0.
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These operators are of special interest because of a simple Weitzenbock formula
relating them [14].

3. REFINED KATO INEQUALITIES WITH N = 2

The case N = 2 often arises in spin geometry and in two and four dimensional
differential geometry. It occurs in the following two cases:

(i) When the dimension n is even, A = (k, ...k, £k) with k an arbitrary integer
or half-integer, i.e., V = ©@*A, or V = ®*A_. Therefore the bundle E is
either @AM or, if M is spin, @ 2ATM ® £* (XF denote positive and
negative spinor bundles of M); one thus gets w; =k >wy =1— % — k.

ii) When the dimension n is odd, A = (3,...3), i.e., V. = A, E is the spinor
2 2
bundle ¥ and w; = % > wy = 0

Note that the operators P; and P, are both elliptic.
3.1. Theorem. Let E be associated to a representation X with N = 2.

(i) For any nonvanishing section £ of E in the kernel of the twistor operator
P17

(31) 1] < 2 196 =\ [y 1

with equality if and only if, for some 1-form «,
(ii) For any section & of E in the kernel of P,

n ]
32 1] < | 529l = o i1Vl

with equality if and only if, for some 1-form «a,

Proof. From the Ansatz 1.2, we have to estimate the norms of I1;(a®wv) for j =1, 2.
The crucial ingredient here is equation (1.7), which gives the following system of
equations for the components of a unit length vector a ® v in R" ® V:

(@) + |Ma(a @ v)* = 1,
wy | (o @ v)[* 4+ we M (a @ v)|* =

The solution is a special case of equation (1.6):

(3.4) Ma@v)f=—"— |Maguv)?=

Wy — W1 w1 — Ws

(3.3)

w1

and moreover this is valid for any choice of unit o and v. These formulae easily
yield the refined Kato inequalities and their equality cases. O
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3.2. Remark. The calculations above also yield some (possibly not optimal) refined
Kato inequalities for any N and the operators

Py=>Y Pjor P.=> P

wj>0 wj<0

(for simplicity, we consider here only the case when conformal weights do not vanish).
The reasoning for P, relies on the system of equations

L (0 @ 0)]? + I (@ ® v)[* = 1

(35) 2 max 2
w1 (o @ v)[" + wZG® I (o @ v)[~ >0,

max

where w’§

= maxw; and I are the projections associated to both operators. One
w; <

easily gets the refined Kato inequality

w
(3.6) |dg]| </ —— V€]
Wy — Wep

for any section £ in the kernel of P, and similarly

/ wWN . ; .

for any section £ in the kernel of P_.

3.3. Remark. As an application of these results, we give a new proof of the Hijazi
inequality in spin geometry relating the first eigenvalue of the Dirac operator on a
Riemannian spin manifold to the first eigenvalue of its conformal Laplacian. This
application is due to Christian Bar and Andrei Moroianu (private communication),
and we thank them for their permission to reproduce it in this work.

3.4. Proposition (Hijazi [17]). Let M be a compact Riemannian spin manifold of
dimension n = 3. Then the first eigenvalue A\ of the Dirac operator and the first
eigenvalue (1 of the conformal Laplacian 4Z—I§A + scal satisfy:

n
3.8 N> — .
Proof. 1f ¢ is an eigenspinor with eigenvalue A, then 1 lies in the kernel of the Dirac
operator given by the Friedrich connection Vx¢ = Vx¢ + (A/n)X - ¢, which is a
metric connection on spinors. Hence we have the following refined Kato inequality
for v, wherever it is nonzero:

2 n—1_~
(39) b < "2 (Tl
We next consider the conformal Laplacian of |i)|** where a = 2&—:21): the conformal
Laplacian is invariant on scalars of weight 277" and so this power is natural in view

of the conformal weight I*T” for the Dirac operator. Using the Lichnerowicz formula
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and the elementary identity d*d(f®) = af* 'd*df —a(a—1)f*2|df|? with f = |¢|?
we obtain the following equalities on the open set where 1 is nonzero:
Lard(p]) + bscal [pf — 2Ly |y
— 11— @)l a()  + Hara(jwl?) + (scal - 22y
= [0 (201 = @)alyl[* + (7Y, 6) — [Vof? + Lscal jp]? — 221N
= o2 (201 = @)alyl]* + (1= =) Al — Vo)
= o2 (G [dl* - Vo)

since [V|? = |V1p|2 +LA2|y[2. This is nonpositive by (3.9). Notice that this gives a
local version of the Hijazi inequality, with equality iff V¢ is the projection of o ® 1
onto the kernel of Clifford multiplication, for some 1-form «. If the eigenvalue A is
nonzero, then differentiating and commuting derivatives shows in fact that Vi =
0. The case A = 0 is distinguished by conformal invariance and the fundamental
solutions ¥ (z) = ¢(x)p/|x|™ give examples with Vi) # 0.

In order to globalize, we consider the Rayleigh quotient for the first eigenvalue 1
of the conformal Laplacian:

i < fM4Z—:;|d<p\2+sca1gp2
1 X .
fM‘PZ

We can estimate the integral in the numerator by setting ¢ = |¢|?“ on the open set
where 1 is nonzero and writing

n—1
n—2

4

‘ (d|1/1\2°‘) ‘2 + scal [p[*

2(n

-1 1 -1
= 4[y|* (%d*d(W“) + ZSCELI |¢|2a> - ?Q)d*dﬂw%‘)

4(n —1) 2n—=1) e
20D o - 20 Do),

Taking A\ = Aq, integrating over {z € M : |¢|(x) > €} and letting £ — 0 gives (3.8).
The equality case is also easy to establish. ([l

< )\2‘w|4a_

A similar argument can be used to provide an alternative proof the N = 2 van-
ishing theorems of Branson-Hijazi [10].

4. CASIMIR NUMBERS AND CONFORMAL WEIGHTS

One way to understand the powers B: R" ® V — R"™ ® V of the operator B
is to relate them to invariants of V. Let ptr B = > .(B)c,0e,: V. — V be the
partial trace of B obtained by contracting over R™. Since V is irreducible and B
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is symmetric and equivariant, this partial trace must be a scalar multiple of the
identity. The explicit expression (1.1) for B yields the following formula:

(4.1) ptr B* = Z dA(ei, Neiy)odN(ey, Ney)o---odN(e;, , Ney,)ode, Ne).

(AT

This is the action on V of an element of the centre of the universal enveloping
algebra U(so(n)) called a higher Casimir, since it reduces to the Casimir element
when ¢ = 2 (and vanishes when ¢ = 1). The (scalar) action of the Casimir element
on V is the Casimir number ¢(A) of V, and it is of some interest to compute the
higher Casimir numbers. This computation was carried out by A. Perelomov and
V. Popov in [22], where a generating series for the higher Casimir numbers in terms
of polynomials in \ is given.

Our aim in this section is to obtain instead relations between higher Casimirs and
conformal weights. These relations will enable us to find a more convenient basis
for the higher Casimirs in terms of certain linear combinations of the BY.

In fact it is more natural to work with the translated operator B =B+t 1d and
its eigenvalues, the translated conformal weights w; = w; + 5+ = £(c (u(])) —c(N)).
The translated virtual conformal weights are then w** =1 + (\; + 2 —4) = § £ x;

where z = A + 9. These translated conformal weights are more convenient because
if )\z = )\iJrl then

(4.2) W't @t = 0.

which is a useful cancellation property for non-effective weights. In particular, there
is the following immediate consequence, which already suggests that (translated)
conformal weights are a convenient tool for handling Casimir numbers.

4.1. Proposition. Let Py be the polynomial on (the dual of ) the Cartan subalgebra
defined by

Pg()\)zz<§+$i) +Z<§—xl) for £ €N,
i=1 i=1
where x = A+ 6. Then:
(i) if N is odd,
N
B N 2k+1
(4.3) Z 2 (55=) " = Puni(@) — Punld)  YEEN:

(ii) if N is even

N

okt n — 1\ 2k+1 1\2k+1
(4.4) ;U}j - (T) - (§> = Popy1(7) — Pory1(6) VEeN.
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Proof. The starting point is the trivial formula
Popr(z) =D (@)™ VEeN,

where the summation is over all virtual weights (it does not matter whether we
include p° as w® = 0). However, by the cancellation formula (4.2), almost all of the
non-effective weights cancel. Examining the cases, we find that

Pypiq(x) = Zzﬂ?kﬂ N =n mod 2
Poyr(z) = Y @2+ 4 (=) (1) N#n mod2.

If we now apply this formula to the trivial representation, where N =1 and z = 4,
we readily obtain the statement of the proposition. 0]

4.2. Corollary. For N odd,

(4.5) Zwa ooy () —a
po 2
and for N even,
we S G-t g i(@)% (1)3—(”‘1)3:%@).
= 2 2 = 2 2

4.3. Remark. The distinction based on the parity of N (which coincides, for generic
representations, with the parity of the dimension n) can be removed by adding a
“dummy” conformal weight to the sum: one can either add a translated conformal
weight w = —1/2 when N is even, or, following Branson [8], a translated conformal
weight w = 1/2 when N is odd. This remark remains true for all the results proved in
this section, provided care is taken in exceptional cases where the dummy conformal
weight already occurs as an effective conformal weight.

We now obtain a generating series for the higher Casimirs. These are similar
to the expressions of Perelomov and Popov [22], but differ in two significant ways:
firstly, we compute ptr B , rather than ptr B’; and secondly, we give the generating
series in terms of translated conformal weights, rather than coordinates of .

4.4. Proposition. The partial traces of B! are giwen by the following generating
Series:

N
~ t t 1+ w;t
0041 _ N
1—|—EptrBt —54—(1—(—1) §>||1_~

20 j=1
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Proof. For each /¢,

~ tr B! dim W
t BZ — — ~ \/ J
pur B = iy = 20
since the partial traces act by scalars on V. The relative dimensions dim W,/ dim V'
may be computed as follows.

4.5. Lemma. Let Res(-) denote the residue at w; of the rational function within

parentheses. Then:
(i) if N is odd,

dimW; b + @ 2+ fretd
- L = (2w; + 1) M:Res( 2H2+1ﬁk>,
z z w

dim V Wi — W =w,
2

(i) if N is even,

dim W; N w; + W P w
1 ! = (2w; — 1) w:Res 2H2+1£k .
! Z A=W

dim V' w; —w Z2=Wj
hpio ok ’

Proof of the lemma. Weyl’s dimension formula (see for instance [13, 25]) gives

e X SR S )
(4.7) dim W; = H Ba) dlrnV—agz[+ Ba)

where R is the set of positive roots of so(n), hence

dim W, H () + 6, a)

4.8 = —_.
(48) dimV o (A6, )

Unless the dominant weight p9) of W; is equal to A, ©9) is one of the 2m virtual
weights %% = \ + ;. Hence

dim W o7
: ()
(4.9) dim V/ H (A+6,a)
aeR*

so that

dim W; Wt
4.1 J — z v®
(4.10) dimV H wht — k.t

if n = 2m is even, and
dimW; @"*+

ﬁjz‘,i + ﬂjk,i
dimV whE — H

bt — ket
{wk£:ki(5)}
if n =2m + 1 is odd. Applying the cancellation rule (4.2) and analyzing each case
in turn completes the proof. Il

(4.11)

N[N =



KATO INEQUALITIES AND CONFORMAL WEIGHTS 19

Proof of Proposition 4.4 (continued). It follows from the lemma that

trB' o (=DM Ly 2 + @
dimV_;ZR%Sj<Z (Z_ 2 )Hz—’&?k

o/l (CDMN S 1t @
:E{e(?(t t <?_( 2) >H1;t—wz>

by the residue theorem. It is straightforward to check that this residue is the coef-
ficient of ¢“*! in the desired rational expression of Proposition 4.4. OJ

4.6. Corollary. The partial traces of B! are given by the generating series:

1+ ptr B = % + (1 - (—l)N—>S(t)

£20

where S'(t)/S(t) = 23 sops1 (W)t and sopy 1 (W) are the power sum symmetric
functions in the translated conformal weights. In particular, by Proposition 4.1, the
partial traces can be computed from the polynomials Poyy1(x).

We recover from these generating functions, the results of Perelomov and Popov
for the orthogonal Lie algebras [22]. The generating functions are not too compli-
cated, but they suggest that the operators A; defined by

(4.12) A =Y (=) foy(w) B,

=0

where o,(w) denotes the ¢th elementary symmetric function in the translated con-
formal weights, will have much simpler traces. This is indeed the case.

4.7. Proposition. The partial trace of Zj 18:

@13)  ptr A = (14 (C1)oya(@) + (-1~ (~1))oy(@).
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Proof. We compute the generating function

ZptrA T = ZZ @) ptr BIF7+1

§=0 j=0 k=0
= Z Z w) ptr Bi—kikyi—k+1
E>0 >k
= (—Dfop(@)t*y  ptr B!
k=0 £20

N

= (1- )f[uwj (1-%)1%(1—@@
=3 (1= C1P) + (1Y = (=D)Y))oy(@)

Jj=0
This yields the stated formula. O
We are now ready for the main result of this section.
4.8. Theorem. Define C; = ﬁjj L(=1)N — (=1)9)A;_,, where A_; = 0 by con-
vention. Then (C})ags = (—1)(C})ssa-
4.9. Corollary. If N is odd then
(4.14) <12j+1(a ®v),a®v)=0

while if N is even,
~ 1 ~
(4.15) (Agjﬂ(a@v),a@v)+§(A2j(oz®v),a®v> = 0.

The idea of looking for polynomials in B with symmetry properties was first
suggested to the authors by T. Diemer and G. Weingart (private communication).
One of their key results is the following:

4.10. Theorem. (Diemer-Weingart) Let q;(B) be a sequence of polynomials in B
with ¢;(B) =0 for j <0, qo(B) =1, and for j >0

n—1+(=1)7,
pi(Bacs = ( (B + 12 0) 0 4,8)
(4.16) q i <( ? ) q )“W

1
- 2( ) ptrq;(B) + Z%k ¢j+1-2k(B)acp
k>1

for some a;, € R. Then

(4.17) ¢j(Bagp = (=1 ¢;(B)sza-
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Proof. We give the proof of Diemer and Weingart, which is by complete induction
on j: clearly (4.17) holds for j < 0 and we have an inductive formula for g;4;.
Introducing the temporary notation (¢;)ags = (v, 3) (ptr ¢;(B)) we have

2(gj+1(B)ass — (=17 ¢j41(B)pea)

(@ s o ontr )

+(=1)7((2B+ (n = 1+ (~1)))id) 0 g;(B) — ¢;)
— (B 0g;(B))ass + (~1)(4;(B) 0 B)gsa

+ (=1)((B 0 4;(B))sea + (<17 (4(B) © Blasy)
(=14 (CD)G(B) = )y + (1) (0= 1+ (1) (B) = 65) 5,

Bea

since ¢;(B) commutes with B. The result follows by observing that

(B 0 4;(B))ass + (=1)'(4(B) 0 B)gsa
= (Bace, 0 4j(B)ecop + (~17g;(B)pee, © Besa)

— Z(Ba(@ei 0] q_]( eR8 — q <B>ez Jé] (@] Ba®el)

= Z[d)\(()é A ei)7 QJ 61®5 Z QJ a/\ei.(ei®ﬁ)

by equivariance of ¢;(B), where a A e;.(e; ® () is defined using the action of so(n)
on R” @ R™. This gives, finally,

(B 0 qj(B))ass + (=1) (4;(B) © B)gza
= 4j(Bass — n4;(Blags + (@, 0) ptr q;(B) — 4;(B)ssa
= (1 =n—(=1))g(B) +¢) 05
which completes the proof. O

By taking a;;, = 0 (for all j, k), Diemer and Weingart obtain an inductive definition
of a sequence of polynomials with the desired symmetry properties. Unfortunately,
the task of computing these polynomials explicitly is formidable because of the
complexity of the traces of the powers of B.

The polynomials @- defined here are completely explicit and because they have
simple traces we are able to prove that they satisfy the inductive conditions of
Theorem 4.10. More precisely, we have:



22 DAVID M. J. CALDERBANK, PAUL GAUDUCHON, AND MARC HERZLICH

4.11. Lemma. For j > 0,

CH1:<§%—FQVM>OC 1pUC
11 = (DY) + 51— (1Y) (051 (@) = (1= (~1)Y)o5(@) ) id
Proof. Note that C; = A; + 1((=1)¥ = (=1)9)C;_, and so
Cip1 = BC; = 5(=1)C; = Ay — BA; = §(=1)C; + 1 (-)Y + (=1)") G}
— ()" = (~1)) BC;
= Aj — BA; + 1((-1)V = (1)) (C; — BC;_y)
= Ajp1 — BA; + 1 (1)Y= (1)) (C; — BCj_1 — 3(=1YC; 1)
+1(1 = (=D)")C;
= Aj1 — BA; + H((=D)N — (=1)) (4 — BA; 1) + L (1 — (=1)"H) O
Now, by definition, we have A;,, — BA; = (=1)7*'g; 1 (@)id and so
Cpar =BGy — 5(=1YC; = (1= (=)¥) s
— (=1 o (w)id — (1 = (1)) o;(w)id.

(4.18)

Finally, observe that
ptr G = (1+ (=1)7) (0541 (@) + (1 — (=1)¥ ), (@)) id.
Adding one half of this onto (4.18) completes the proof.

Theorem 4.8 follows immediately from this Lemma and Theorem 4.10.

5. REFINED KATO INEQUALITIES

In the last section we learnt that by working with B and Zj instead of B and A;,

we could obtain some explicit formulae. Of course B = B+ s(n—1)id has the same
eigenspaces as B and so we can rewrite (1.6) as:

ZNN R A (@), a ®v)

[T(@; — @)

k]

(5.1) (e ®v)]* =

If N is odd, Corollary 4.9 implies that the terms with k& odd vanish, while for N

even, we have
~ 1 ~
(Aojia(a®v),a©0) + S {Ay(a ® )00 0) =0.

Our main result will readily follow from this.
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5.1. Main Theorem. Let I a subset of {1,..., N} corresponding to an operator Py
acting on E. Then a Kato constant ky for sections in the kernel of Pr is given by

the following expressions.
If N is odd, then

(5.2) ki = max( Z Hje‘](ﬁ;if [6]2 ) =1- min( Z Hje‘](ﬁ?i +ﬂ?j2 )

N ielng H]Gj\{z} <wz B wj) H]EJ\{Z ( wj)

If N is even, then
(ﬁ;i - %) HjeJ(ﬁji + w;)
g Hieng (=)

~1— min < 3 (@ —3) HjeJ(wij @j))

(5.3) k7= max

These constants are sharp, unless N = 2v + 1, X is properly half-integral, and the
set J achieving the extremum contains v + 1.

Recall that NE denotes the set of subsets of {1, ... N} whose elements are obtained
by choosing exactly one index in each of the sets {j, N + 2 — j} for each j with
2<7<vift N=2v—12v and for each j with 2 < j <v+1if N =2v+ 1.
These correspond to the maximal non-elliptic operators unless N = 2rv + 1 and A is
properly half-integral, when there are also some elliptic subsets in NE.

Explicit values of the constants for a number of cases, including all minimal elliptic
operators, will be given in sections 6 and 7, and in the appendix. Note that k; =1
for non-elliptic operators, as one would expect.

Proof of the Main Theorem. We let first N = 2v — 1 and denote Q) =
(—1)* YAy _2(a®v),a ®v). We have

Z @?(V—k)(_l)k—le @J?(V—l) _ Z @J?(V—k)(_l)ka
64 Masn)=t e = E-
[I(@; —an) [T @, — @)
oy Py

since ()1 = 1. We can now obtain bounds on @), ..., using the non-negativity of
the norms. Since the denominator in (5.4) has sign (—1)7~! these inequalities are:
(5.5) Z(—l)”k@?(%ka > (_1>j@]2(vfl)
k=2
with equality iff [II;(a ® v)[* = 0.
This system of linear inequalities confines the values of the Q);’s to a convex region
in R*~!. Our first goal is to show that this region is compact, hence polyhedral,
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and to identify its vertices. For this we let 7; denote the affine functions of ) =
(Q2,...Q,) given by |II;(aw ® v)|* and note the following.

5.2. Lemma. Let J be a subset of {1,...,N} with v — 1 elements. Then the inter-
section of the v — 1 affine hyperplanes w; = 0 for all j € J consists of the single

point Q; = (Q2,...Q,) with Qr = ak,l((wf)jg). At this point the affine functions
7; take the values

[T@-ap 11 @+

56 (Q)) = keJ _ keJk# 7
(5.6) T (Qy) H(@g ) H (@; — @) ei(J)
k#j ke kj

where €;(J) =0 if j € J and 1 if not.

This lemma follows simply by observing that the affine function 7; is obtained by
evaluating a polynomial independent of j on f&?, and then using the fact that the
coefficients of a polynomial are the elementary symmetric functions of the roots.

Compactness of the convex region is obtained by taking J = {2,...v} and J =
{v+1,...2v — 1}. The inverse of the Vandermonde system of inequalities for
J = {2,...v} has non-negative entries, while for J = {v + 1,...2v — 1}, it has

non-positive entries.

5.3. Proposition. Let N =2v — 1. Then fork=2,...v,
(57) ak_l(ﬁ?%, .. U’jl%) < Qk < O-k—l(ﬁ;ngp e {Dgufl)'

The lower bounds are all attained if and only if Il 4 (o ®v) = 0, while the upper
bounds are all attained if and only if H{,,ngl,,l}(a ®v) = 0. These bounds are
sharp by non-ellipticity of Pra .,y and Py, 201y

When N = 2v — 1 = 3, the case most commonly occuring in practice, it is now
straightforward to obtain sharp Kato constants. However, for N > 5, the upper
bound for some @, and the lower bound for another (as given in this proposition)
will not be simultaneously attained: the convex region is smaller. We illustrate this
in the case N =5 (v = 3).

In this diagram, the numbered lines represent the conditions on ()5 and Q)3 for the
norms of IIy,...II5 to vanish. The shaded region represents the range of possible
values for (Q2,Q3), while the dotted rectangle represents the bounds on (Q2, Q3)
we have found. We have circled the points corresponding to the non-elementary
minimal elliptic operators.
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According to Ansatz 1.2, in order to find a sharp Kato constant for P; we must
maximize (for @ ® v| = 1) the projection |IIa ® v)|> =1 — |[II;(a ® v)[?, which is
equivalent to minimizing |II; (e @ v)|* = >, ;™.

Since these norms are affine in the Q);’s, it follows that to minimize or maximize
them on the polyhedral region of admissible values of the @Q’s, we must find the
supporting hyperplanes associated to the linear part of the function. Such a sup-
porting hyperplane certainly contains a vertex of the polyhedron, and so it suffices
to minimize or maximize over the set of vertices.

We claim that these vertices are the points Q; with J € NE. Certainly these
points are vertices, since if J € NE then P; is non-elliptic (this part of the argument
will fail when N = 2v41) and so there is some a®v of norm one with II;(a®v) =0
for each j in J. Therefore it remains to eliminate the points Q; with J ¢ NE as
possible vertices, which we do by showing that a point () ; with P; elliptic does not
lie in the polyhedral region. This is done by proving that there is, for every such J,
an index ¢ such that the affine function m; assumes a (strictly) negative value at @ ;.
Equation (5.6) tells us that for i ¢ J, m;(Q) is nonzero and has the sign (—1)""!p;
where p; is the sign of [, (@] —w3). If P; is elliptic, J contains a minimal elliptic
set, hence either the index 1 or a couple of indices of the form (j, N +2 — 7). In
any case, since J has length v — 1 and there are exactly v — 1 couples of type
(¢, N +2 — (), there is at least one such couple outside J. One readily checks that
w; and w3 42_¢ are adjacent in the ordering of the squares of the conformal weights,
and so py = pyio_p. Since N is odd, ¢ and N + 2 — ¢ have the opposite parity, and
soone of 1 = ¢ or i = N + 2 — { yields a negative sign for m;. This proves the claim,
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and now maximizing or minimizing over the vertices using (5.6) proves the main
theorem for N = 2v — 1.

The argument for the case N = 2v + 1 is completely analogous, by replacing
v with v — 1. When A\ properly half-integral, the lower bounds in the analogue
of (5.7) will not be sharp since Ppa,..v41y 1s elliptic. However, we only used these
bounds to establish compactness of the convex region defined by the nonnegativity
of the norms, so this does not matter. The ellipticity of P, means that some of the
vertices of this polyhedral region are not possible values for the );’s. More precisely,
the index sets corresponding to the vertices are still contained in the set V€, and so
we can maximize or minimize over NE, but we will not obtain sharp results if the
extremum is obtained at a vertex corresponding to an index set containing v + 1.

Now suppose N = 2v and let Q; = (—=1)*1(Ay,_»(a ®v),a @ v). We have

~ 1 v
w; — 5 _
Mla@o)? = ==—2—3 @ V(-1
1@ - @) =
(5.8) SO )
w. =
I (@?(u—l) _ @?(u—k)(_l)ka)
H(wj — W) k=2
Py
since ()7 = 1. Our strategy is now the same as before: we obtain the polyhe-

dron using the non-negativity of the norms and its vertices by looking at maximal
length non-elliptic operators. Since the denominator in (5.8) has sign (—1)7~! these
inequalities are:

i ~2(v—Fk i ~2(v—1 .
Z(—l)”kwj( )Qk > (_1)]w]’( : for j<v
k=2

v

S (1P < (1w for j v+l
k=2

(5.9)

Lemma 5.2 is unchanged except that the formula for 7;(Q ;) has an additional w; — 3.

To obtain compactness, we consider J = {2,...v} and J = {vr+2,...2r} and again
observe that the inverses of these Vandermonde systems have entries all of one sign.

5.4. Proposition. Let N =2v. Then fork=2,...v,
(510) O'k,1<ﬁ)/§,...w3) g Qk < O'k,1<w12/+2,...agy).

The lower bounds are all attained if and only if Il (o ®v) = 0, while the upper
bounds are all attained if and only if H{,,Jrgwgl,}(a ®uv) = 0. These bounds are sharp
by non-ellipticity of P,y and Py s, 20}

The vertices are identified with N€ in a similar way to the case N = 2v — 1. The
only difference comes from the way the sign changes when passing from ¢ = ¢ to
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i = N + 2 — {: the parity of i does not change but the sign of the factor w; — 1/2
does. This proves the main theorem for N = 2v. 0

In the next two sections we shall calculate some of the constants more explicitly,
by finding the vertex at which the maximum or minimum is achieved. This is only
feasible when the number of terms in the sum is small and in general, the vertex
depends on the coordinates of A. Nevertheless, this is a worthwhile task, as explicit
constants are of more practical use than extrema over exponentially large sets.

Our main tool is the order of the conformal weights, together with the fact that,
for j € {2,...v}, we have w; + Wnjo—; = kj — kj—1 < 0. Similarly, for N = 2v + 1,
Wys1 + Wyrg = Wyyo = —Ay, < 0. Hence for any i € {1,... N} and j € {2...v}:

(w; + wy)(w; — w;) — (Wi + Wni2—;) (Wi — Wnya—j)
= —(Wj + Wny2j)(Wj — Wnya—j) >0

and this also holds for N =2v+1 and j =v + 1.
By considering the possible signs of the terms, we obtain:

5.5. Proposition. For any i € {1,...N} and j € {2...v} (or j = v+ 1 when
N =2v+1) withi# j and i # N + 2 — j, we have:

w; + wj S W; + WN42—;

>0 iff i<j or N4+2—75<1

7:51‘—[171\%2—]‘ @i—fﬁj

W; + W2 w; + W; . .. .
A L BN ) iff J<it<N+2-—7
W; — W Wi — WN+2—j

6. REFINED KATO INEQUALITIES WITH N ODD

When N is odd, we have to minimize or maximize over J € NE, a sum of a subset
of the following terms:

for ieJ\{1}

.~ | e
Hjef\{z'} (w; — wy) w; — Wy W;

 Gvao
et N+2—j
J#EN+2—1
[Le, (w1 +wy) w1 + W;

[Liengm @ —w;) 1) € = Wnyay
Using Proposition 5.5, the first expression is minimized (subject to J Z ¢) by J™" =
{2,,..i—1,N+2—v,...N +2—i} (together with v+ 2 if N = 2v + 1) and is
maximized by JP** = {i+1,...v, N+2—i,... N} (together with v+1if N = 2v+1).
The second expression is minimized by Ji"® = {N + 2 — v,... N} (together with
v+2if N = 2v + 1) and maximized by J" = {2,...v} (together with v + 1 if
N =2v+1).
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This information suffices to find Kato constants for the elementary elliptic oper-

ators and the complements of generalized gradients. Note that J™» = J#» . and
Jrax = Jua . which will give a few more explicit results.

We shall now show how the values of the constants can be computed for the
non-elementary (i.e., length 2) minimal elliptic operators.

Let [ ={i, N+2—i} forie {2,--- ,v} (ori =v+1when N =2v+1). Then for
any J € NE, JNI has precisely one element, and hence so does JN 1. Therefore,
for each J, the sum has only one term, indexed by either i or N — 2 — ¢, and so the
minimum, over all J, is given by the minimum over J™™ and Jy',_,. Unfortunately,
each of these two quantities may be the smallest, depending on the precise values
of the conformal weights, so that we are forced to keep a minimum in our formulae.
However, if N = 2v — 1 and ¢ = v, then the following argument, together with the

fact that wy — w,,1 > w; — w,, shows that the minimum is obtained by using Jf}i‘{.

6.1. Lemma. For eachk=1,...v—2
(7:61/ + ﬁijrl)(qurl - 7:62117k) > ('{Dlﬂrl + 7:Z}/k:qu)(al/ — '&521/716) > 0.

Proof. Positivity holds because 2v — k > v+ 1, while the inequality follows from the
identity

({Eu + {Bk—‘,—l)(ﬁju—i—l - ﬁjZV—k) - ({Du—f—l + {Bk—i—l)(@u - ﬁjZV—k)

= _({Dk-i-l + ﬁjZV—k)(ﬁju - {Eu—i—l)

and the fact that wy 1 + wa,_ < 0. O

A similar argument works when N =2v+ 1 and i =v + 1.
We summarize these observations in the following results.

6.2. Theorem. Let E be associated to a representation X with N = 2v — 1 and let
Py be an elliptic operator on sections of E associated to a subset I of {1,...N}.
Then in the following cases, a refined Kato inequality of the type }d|£|} < k| V¢
holds outside the zero set of & for € in the kernel of Py.

(i) For{1} C I C{l,v+1,...2v —1}, we have

2v—1 ~ ~
B2 —1 k:u+1(w1 + wy,)
I — -+ v ~ ~ .
[Tio(wr — wy)

Equality case: V& = Iljg (e ® &) for a with T4, 0—13(a® &) = 0.
(i) For {i,2v+1—1i} C I C {i,2v+1—1i} U Jy, withi € {2,...,v} and
Jo={j:2<j<i}uU{v+1—j: i<j<v}, wehave

k7 =1 —min(Cy, Cy),
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where
o= Wi + Woy41—i w; + W
YTowi—w W; — W ’
i 1 ke Jo i 2u+1—k
o, = Wi + Way41—i Way41—i + Wk
) =

Woy+1—; — W1 Wop+1—i — Wap41—k

keJo
Equality case: V& =g, ;9,14 (@ ® &) for a with
H{i}uJO(a ® g) = 0 Zf CQ < Cl or H{2V+1_i}uj0(a ®f) = 0 Zf Cl < CQ.
Furthermore, Cy < Cy if i = v (and so Iy (a® &) = 0).
(iii) For I ={2,...2v — 1}, we have

k:2 _ HZ:Q({El + f&k)
I — 2w—1 ~ ~
fey 1 (W1 — W)

Equality case: V& =111 (a ® &) for a with U 4 (a® ) = 0.
(iv) For I = {i} withi € {2,...2v—1}, we have

2 Wi + Wop41— w; + W;
I — T ~  ~ —_ ~ -
Wi — Wy jegmax Wi = Wart1—j
7
jE2w+1—i

Equality case: V§ = 1;(a ® &) for a with I jmax(a @ §) = 0. Here J™™ =
{i+1,..v,2v4+1—14,...2v — 1}.
(v) For I =42,...2v — 2}, we have

L2 — [ 1o (Way 1 + wy) [To (@1 + wy)
I = 7= pe W—2 ~ — w—1 | ~ PURNE
<w2u71 - wl) k:y+1(w2l/fl - wk) k:y+1<w1 — wk)

Equality case: V§ = I 9,-13(a ® &) for o with Iy 3 (a0 ® &) = 0. (This
is not a refined inequality when N = 3.)
(vi) For I ={i,2v—i} withi € {2,...v — 1}, we have
5 Wi+ Woyg1—; w; + W, Wit1 + Way—; Way—; + W,
k[ = = =< — -+

w; — W W; — Woyp1—j Way_; — W Way—j — Wayt1—j
1 1 jEJimaX 1 2v+1—j 2v—1 1 jEJimaX 2v—1 2v+1—j

j#2w+1—i i+l
Equality case: V& = 9, g(a ® &) for a with I jmax(a ® §) = 0. Here
Jrx =i+ 1,...v,2v+1—1i,...2v — 1}.
Replacing v by v + 1 gives analogous results for N = 2v + 1, but note that equality
cases with 11,41 (o ® v) = 0 will not be attained if \ is properly half-integral.

We now give more detailed formulas when N = 3, which is the most common case
arising in practice: the representation 7 ® A splits into N = 3 components when:
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(i) V. = ©FA? (k a positive integer) and 0 < p < m—1 (p = m — 1 in
even dimension belongs to this case only by virtue of our convention on
distinctness of conformal weights). Then A = (k,...k,0,...0) where k is
repeated p times and wy =k >ws =—p>w3=p—k+1—n.

(i) in odd dimensions, either V = @*A™ (k a positive integer) or V = ©* 2A™®
A (k > 1/2 and half-integral), where A is the spin representation. This

1

corresponds in both cases to A = (k,...k) and w1 = k > wy = —"5= >

- _} _n-1
w3 = k 5 -

Note that P; and P, + P; are elliptic, whereas P, and P3 are non-elliptic, unless
v =1 and )\ is properly half-integral, when P; is elliptic, but the results above do
not cover this case.

6.3. Theorem. If £ is a nonvanishing section in the kernel of one of the elliptic
operators Py, Po+ Py, Py + P3 or P+ P,, we have a refined Kato inequality }d\fH <
kp|VE&| with k; given as follows.

(i) For P, or P, + Ps,

w1 i k
1 —wy  k+p

° 12 _
oy = sy =
Equality holds iff V& = Ty(a ® £) for a 1-form a such that M3(a® &) = 0.

(11) FOT P2 +P3,

—wy  k+n—-p-1
L —ws 2k+n—p—1

k2,5 =
23 = 3,

Equality holds iff V& =11 (a ® &) for a 1-form a such that lx(a ® &) = 0.
(111) For P1 + PQ,

wh . k
1—w3_2k+n—p—1

2 _
gy =
Equality holds iff V& = l3(a ® &) for a 1-form a such that Ily(a ® &) = 0.

When A\ is properly half-integral, only the first constant is sharp and we do not get
a nontrivial constant for P,. Since this case sometimes arises in practice (e.g., the
Rarita-Schwinger operator), we note briefly how the Kato constant can be found.
Since w,,1 = 0, the projection II,,; = IIy is a equal to ZN,I = Zg divided by
@3 < 0. Hence we need to obtain a better upper bound on (As(a @ v), 0 @ v) =
(B? —ww3)(a®@v),a @v). Now for fixed a # 0, say o = e,,, we can break this up
under so(n—1) and use the fact, easily verified, that B? is the difference between the
Casimir number of A and the Casimir operator of so(n—1). Applying the branching
rule, we see that the eigenvalues of (As)e,ge, are —(k —¢)2 for £ € N with k—¢ > 0.
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Hence if k is half-integral, (A;(c ® v),a ® v) < —1/4. This gives:

1
K2y =1 —
2 2k(2k +n — 1)
b (@k+n—12-1 Lo k-1
BT Ok tn—1)(dk+n—1) 02 = pdk+n—1)

The analogues of these sharper results for larger N = 2v + 1, can be derived from
Branson’s minimization formula [9]. In particular he gives the formula for kg1
explicitly there.

Most “uncomplicated” tensor bundles, such as vectors, forms, symmetric traceless
tensors and algebraic Weyl tensors, have N = 3 (except in low dimensions, where
N might be 2).

(i) For A', the constants are 1 (conformal or Killing vector fields), =L (har-
monic 1-forms) and + (closed 1-forms dual to a conformal vector field). The
last of these is trivial, since the only non-vanishing component of V¢ in this
case is * ~divid.

For A?, the constants are &, =2 and —. The second of these is the constant
37’ n—1
for harmomc 2-forms.
(iii) For S§, the constants are 2, -5 and 5 +2 The second of these is the constant

appearing in the work of R. Schoen, L. Slmon and S. T. Yau [26].

(iv) For A% ® A2, 3 ";1 . The second of these is the

constant for the second Bianchi identity appearlng in the work of S. Bando,
A. Kasue and H. Nakajima [1].

7. REFINED KATO INEQUALITIES WITH N EVEN

When N = 2v is even, we have to minimize or maximize over J € NE, a sum of
a subset of the following terms:

~ 1 ~ ~ ~ ~

w; — 5 ) (w; +w — i j . T

<~ 22< B b ) H M for ie J\{l,v+1}
(wi - wl)(wi - wu+1) ieJ W; — WN+42—j

j;éN-‘,—Q i

H o
wy — wu+1 w1 - wN+2 —j

1
Wyt1 — 5 Wy41 + W;
Wy1 — Wq

Py, Wyy1 — WNy2—j
Using Proposition 5.5, the first expression is minimized (subject to J # i) by J™n =
{2,...i—1,N+2—v,...N+2—i} and is maximized by J™* ={i+1,...v, N +
2—14,...N } The Second expression is minimized by J" = {N +2 —v,... N}
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and maximized by J"* = {2,...v), while the third expression is minimized by
Jom = {2,...v) and maximized by JI*F ={N +2—v,...N}.

We now proceed as in the odd dimensional case, except that the analogue of
Lemma 6.1 is no longer useful, due to the additional w — % factors. The results are
summarized below.

7.1. Theorem. Let E be associated to a representation A with N = 2v and let Py
be an elliptic operator on sections of E associated to a subset I of {1,...N}. Then
in the following cases, a refined Kato inequality of the type ’d|£|} < kg|VE| holds
outside the zero set of € for € in the kernel of P;.
(i) For {1} C I C{l,v+2,...2v}, we have
(@1 = ) ITil, o (@1 + @)
vlo (W1 — W)

Equality case: V& =Tl 11y (@ ® &) for a with Il o ay(a®@&) =0.
(i) For{v +1} C I C{2,...v,v+ 1}, we have
(@yi1 = 3) [Timo (@Wog1 + @)
(wl/+1 - ’&71) szzu+2<w1/+1 - "wk)
Equality case: V& = g yqa. 20y (@ @ &) for a with (e ® ) = 0.
(iii) For {i,2v +2 —i} C I C {i,2v +2 — i} U Jy, with i € {2,...,v} and
Jo={j:2<j<i}U{2v+2—j:i<j<v}, we have

k? =1 —min(Cy, Cs)

kf=1-

kf=1-

where
MU NSO Y N
(wi - wu—l—l)(wi - wl) kedo Wi — Wopt2-k
o, = (Wi + Way9-) (Wayt2-i — 3) Way p2—i + Wy

(2’52y+2—i - {Du—l—l)(ﬂ;ZI/—&-Z—i - {Dl) iﬁQV—‘rQ—i - 1’D2u+2—k .

keJo
Equality case: V& =3\ ;5,49 5@ ®E) for a with
(@) =0 if Co <Cr or Ijgto—ijus(@®&) =0 if Cp < Ca.
(iv) For I ={2,...2v}, we have
(@1 — 3) [Tio (W1 + W)
o (W1 — @)
Equality case: V& =111 (a ® &) for a with g 4 (a® ) = 0.

(v) For I ={1,...v,v+2,...2v}, we have

(@yr1 = 3) Tt so (@i + @)

[Liey (Wog1 — wi)

K2 =

K =
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Equality case: V& =11, 11 (a ® &) for a with 15 2y (a®&) = 0.
(vi) For I ={i} withi € {2,...v,v+2,...2v}, we have

kQ . ({El - %)(@z + @2%&—2—1') H Q’EZ + ﬁ;j
! (ZT’Z - 77’1)(717@ - f&u+1) je.Jmax 175@' - U’72y+2—j.
A2

Equality case: V§ = 1;(a ® &) for a with I jmax(a @ §) = 0. Here J™™ =
{i+1,..v,2v4+2—14,...2v}.
(vii) For I ={2,...2v — 1}, we have

(@1 — 5) [ (@1 + k) (@2 — 5) [To (@0 + W)

zl;u—l—l(wl - wk) ({DQV - {Dl) Hzl;;i_l(ﬁjgy — {Ek) '

Equality case: V& = Il oy (0 @ §) for o with Iy, (a0 ® &) = 0.
(vili) For I ={1,...v—1,v+2,...2v} we have

K2 =

~ 2 ~ ~ ~ 2 ~ ~
2 _ (wv - %) kV:y+2(wV + wk) (wV-i-l - %) k;V:y—i—Q (wV-i-l + wk)
@, = W) [T (@, — @) [T (@Wos1 — W)

Equality case: V& =y, i1y (a ® &) for a with Iy o 2y (@ ® &) = 0.
(ix) For I ={i,2v+1—i} withi€ {2,...v — 1}, we have

1

k2 — (ai‘f‘ @Eumzi)(wi_ 3) H _ w; i‘ wj
(w; — wy)(W; — Wy41) je Jinax W; — Way42—j
A2 2—i
" (Wig1 + Wayt1-i)(w; — %) Woyt1—i + W, '
(Wayg1—i — W1)(Wapg1—i — Wyt1) jegmas Wayt1—i — Wayq2—j

i+

Equality case: V§ = ;11— (a @ &) for o with M jmax(a @ &) = 0. Here
Jrex =i+ 1,... 0,20+ 2 —1i,...2v}.

We now give more detailed formulas when N = 4, which is the generic case in
four dimensional differential geometry: the representation 7 ® X splits into N = 4
components whenever

(i) ifn =2miseven and V = O*ALOF AP or V = O 2 ALOFAPO AL where
k > ¢ > 0 are (simultaneously) integers or half-integers, p < m are integers,
AP stand for selfdual or antiselfdual m-forms and A, for positive or negative
spin representations. The associated weights are A\ = (k, ...k, ¢,...(,+0),
with k repeated p times. One gets wy =k >wy =l —p>w3=1—-5—{ >
w4:—k—|—p+1—n.

(i) if n = 2m + 1 is odd, V = @F2AP O A with p < m integer and k > 3

a

and half-integer, so that A = (k,...k, %, e %) Conformal weights are
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specialization of the previous formula with ¢ = 2

w3 = (1;11) > Wy = —k—i—p—i—l—n
Note that that P, P; and P, + Py are elliptic, whereas P, and P, are non-elliptic.
We give in the following theorem the Kato constants for the kernels of the minimal

elliptic operators.

:w1:k>w2:%—p>

No|

7.2. Theorem. If £ is a nonvanishing section in the kernel of one of the elliptic
operators Py, Py or P, + Py, we have a refined Kato inequality |d|€]| < ki [VE| with
kr given as follows.

(i) For Py,
(w1 + 252) (w1 +wg +n — 1)
(wy — wa) (w1 — ws)
B (k:+"T_2)(k—£)+€(k—f+p)
(k—C+p)(k+0+152)

Equality holds iff V& = (Il +113) (@ ®&) for a 1-form a with Iy (a®E) = 0.
(ii) For Ps,

2 _

(w3 + an)(wg + ws +n — 1)
(w3 — wa) (w3 — w1)
(5 —p)
(k—0+2—p)(k+0+252)
Equality holds iff V& = (II1 + 1) (a ®&) for a 1-form o with Tlx(a®&) = 0.
(111) For P2 + P4,
2 (w22 (wo +ws +n—1) (w4 252) (we +wy +n—1)
k{54 =1 —min ,
’ (wg — wi)(wsy — ws) (w2 — wi) (w2 — w;3)
R S S (g pnih
Ck+n—p-1Dk—1+2—p) (k—1+p)2+2—p-1)J"
Equality holds iff V& = (I + 13) (e ® &) for a 1-form o with ly(a® &) =0

or y(a ® &) = 0 depending on which term is the minimum.

2

—1—

APPENDIX: EXPLICIT CONSTANTS FOR DIMENSION 3 AND 4

Dimension 3. Irreducible representations of s0(3) are symmetric powers, denoted
A", of the spin representation A (if r is even, A" has a canonical real structure and
we denote from now on by A" its real part). The Clebsch-Gordan formulas show
that we are in the case N =2 if r =1 and N = 3 if r > 2. In the former case, the
elliptic operators are the (Penrose) twistor operator P; and the Dirac operator Po
corresponding to projections on the first and second part of

RERA=A’QA =A>] A.
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In the latter case, the elliptic operators are the twistor operator P, and Dirac-type
operator P, + P corresponding to projections on the first or second-and-third part
of
REQA"=A’QA " =A"2 A" A2 r>2
If r > 3 and is odd, then P is elliptic on its own: it is the Rarita-Schwinger operator
when r = 3 and so we denote it by R-S in general.
The following table sums up our formulae in three dimensions.

operator | conditions | refined constant
Twistor all r 3
Dirac r=1 %
Dirac-type r=2 \/ 5 (r;fl)
R-S (r odd) r>=3 \/1—T(T—1+2)

Minimal elliptic operators in dimension 4. Irreducible representations of so(4)
are tensor products of symmetric powers, denoted V"™* = Al ® A’ | of the positive
and negative half-spin representation Ay (if 7 4+ s is even, V"™* has a canonical
real structure and, as above, V"™* will denote its real part). Assuming r > s, the
Clebsch-Gordan formulas yield, for r > s > 0,

R4 ® Vs = Vr—i—l,s-‘,—l D Vr—l—l,s—l D Vr—l,s—i—l D Vr—l,s—l

so that we are in the case N =4 if r > s > 0 and the case N =3 if r = s > 0 (the
middle components have equal conformal weights here). If r > s = 0 then

R4 ® VT,O — Vr—}—l,l D Vr—1,1’

and we are in the case N = 2.
Hence we have (at most) three minimal elliptic operators.

(i) The twistor operator, given by the projection on the first factor in every
case.

(ii-a) The operator given by from the projection onto V7"~1s*1 Tt is the operator
Py when N =4 (i.e., if r > s> 0) or P, when N = 2 (i.e., if s vanishes). It
defines the spin 7 field equation in this last case and we shall call it a “spin
2= field” in general.

(ii-b) The operator in (ii-a) is not elliptic if N = 3 (i.e., if r = s > 0). We shall re-
place it by the operator given by the projection onto (V1571 @ Vs—hstl) g
V=157l The usual Hodge-de Rham belongs to this case, so that it seems
reasonable to call it a Dirac-type operator.

(iii) The operator given by the projection onto V" 1s=1 @ Vr=1s=1 is the elliptic
operator P, + P, if N = 4 (i.e., if r > s > 0). We shall again call it a
Dirac-type operator.
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The following table sums up our formulae in four dimensions.

operator conditions | refined constant s=0 r=s
Twistor r>s>0 \/Q(iff%;fl) 2(7,:_1) SJ%I
Spin 7° field | r>s>0 | 3t | ory
Dirac-type r=zs>0 \/% - \/2(‘%31)

As an example, we can reobtain the value found by M. Gursky and C. LeBrun in

[15] for a co-closed positive half Weyl tensor (outside its zero set):

(7.1) [dWT| < \/7|VW+|

and notice that equality occurs if and only if VIV =TI (a @ W),

1
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