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Abstract. In Part I, we develop the notions of a Möbius structure and a conformal
Cartan geometry, establish an equivalence between them; we use them in Part II to study
submanifolds of conformal manifolds in arbitrary dimension and codimension. We obtain
Gauß–Codazzi–Ricci equations and a conformal Bonnet theorem characterizing immersed
submanifolds of Sn. These methods are applied in Part III to study constrained Willmore
surfaces, isothermic surfaces, Guichard surfaces and conformally-flat submanifolds with
flat normal bundle, and their spectral deformations, in arbitrary codimension. The high
point of these applications is a unified theory of Möbius-flat submanifolds, which include
Guichard surfaces and conformally flat hypersurfaces.
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Introduction

Our purpose in this work is to present a comprehensive, uniform, invariant, and self-
contained treatment of the conformal geometry of submanifolds. This paper begins the
study in three parts. In the first two parts, we present the general theory of conformal
submanifolds: in Part I we develop an intrinsic theory of conformal manifolds; then in
Part II, we investigate the geometry induced on an immersed submanifold of a conformal
manifold. The central result is an analogue in conformal geometry of the theorem of
O. Bonnet which characterizes submanifolds of euclidean space in terms of geometric data
satisfying Gauß–Codazzi–Ricci equations. We demonstrate, in Part III, how this theory
gives a systematic description of three integrable systems arising in conformal submanifold
geometry, which describe three classes of submanifolds and their spectral deformations:
constrained Willmore surfaces, isothermic surfaces, and ‘Möbius-flat’ submanifolds, these
last being Guichard or channel surfaces in dimension two (and codimension one), and
conformally flat submanifolds in higher dimension.

The conformal geometry of submanifolds has been of great interest to differential geome-
ters for more than a century, and our contribution is far from being the first treatment of
the conformal Bonnet theorem: the ideas go back at least to E. Cartan’s beautiful 1923 pa-
per [37]. Since then, there have been many attempts to understand conformal submanifold
geometry, either by authors wishing to build on Cartan’s work, or by those unaware of it.
In particular, the subject was taken up in the 1940’s by K. Yano [82, 83, 84, 85, 86, 87, 88],
who showed (together with Y. Mutô) that m-dimensional conformal submanifolds of Sn

could be characterized, for m > 3, by tensors gjk, MjkP and LPQk satisfying five equations,
three of which are analogues of the Gauß–Codazzi–Ricci equations in euclidean geometry—
these last three are also discussed more recently by L. Ornea and G. Romani [65]. Another
extensive account, from Cartan’s point of view, was developed in the 1980’s by C. Schie-
mangk and R. Sulanke [68, 71, 72], who obtained a conformal Bonnet theorem at least for
the generic case of submanifolds with no umbilic points.

The issue of umbilic points is an significant one. Recall that these are points where the
tracefree part of the second fundamental form, which is a conformal invariant, vanishes.
However, following ideas of T. Thomas [75], A. Fialkow [46, 47] already noticed in 1944
that in the absence of umbilic points, there is a unique metric in the conformal class
on the submanifold, with respect to which the tracefree second fundamental form has
unit length. This observation allowed him to obtain a treatment of generic conformal
submanifold geometry in purely riemannian terms. Around the same time J. Haantjes [51,
52, 53] and J. Maeda [62] presented a conformal theory of curves and surfaces. Subsequent
authors have also obtained results in varying degrees of generality: let us mention, for
instance, G. Laptev [60], M. Akivis and V. Goldberg [1, 2], G. Jensen [57], C. Wang [78, 79]
and the book [12] of R. Bryant et al. on exterior differential systems.

In view of all this work, we would be bold to claim that the main results of Parts I and
II are new. However, we believe there is no complete discussion of conformal submanifold
geometry in the literature with all three of the following features:

• manifest conformal invariance;
• no restriction on umbilic points;
• uniform applicability in arbitrary dimension and codimension.

Nevertheless, we have no quarrel with the Reader who would prefer to regard Parts I–II of
this work as a modern gloss on Cartan’s seminal paper [37]: as we shall see, recent devel-
opments in conformal geometry make such a gloss extremely worthwhile. Our approach is
also greatly inspired by Sharpe’s significant book [70], which presents the general theory
of Cartan geometries to a modern audience, with many applications. Unfortunately, his
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application to conformal submanifold geometry contains a technical error, which leads him
to restrict attention to the generic case only (no umbilic points) when studying surfaces.1

Another motivation for the present work is the recent development of a deeper under-
standing of the algebraic structures underlying conformal geometry, which we wish to apply.
There are five aspects to this which we now explain: Möbius structures, parabolic geome-
tries, tractor bundles, Lie algebra homology, and Bernstein–Gelfand–Gelfand operators.

A central difficulty in conformal submanifold geometry lies in the description of low
dimensional submanifolds. The problem, in a nutshell, is that curves and surfaces in a
conformal manifold acquire more intrinsic geometry from the ambient space than simply
a conformal metric. This is closely related to the fact that in dimension one or two there
are more local conformal transformations than just the Möbius transformations: in one
or two dimensions, Möbius transformations are real or complex projective transformations
respectively. In fact, we shall see that a curve in a conformal manifold acquires a natural
real projective structure, whereas a surface acquires a (possibly) non-integrable version of
a complex projective structure. We call these Möbius structures—the 2-dimensional ones
were introduced in [24] under this name.

Our paper might more properly be called ‘Möbius submanifold geometry’ (cf. [68, 78]):
Möbius structures provide a notion of conformal geometry which applies uniformly in all
dimensions, modelled on the n-sphere Sn with its group of Möbius transformations. It is
well known (as observed by Darboux [38]) that this group is isomorphic to the semisimple
group O+(n+ 1, 1) of time-oriented orthogonal transformations of an (n+ 2)-dimensional
lorentzian vector space: indeed the Lorentz transformations act transitively on the pro-
jective light-cone, which is an n-sphere, and the stabilizer of a light-line is a parabolic
subgroup of O+(n+ 1, 1). (Similarly, the model for conformal geometry in signature (p, q)
is the projective light-cone in Rp+1,q+1; for notational convenience we restrict attention to
euclidean signature, but the theory applies more generally with minor modifications.)

Cartan geometries provide a systematic way to make precise the notion of a curved
manifold modelled on a homogeneous space [70]. The geometries modelled onG/P , whereG
is semisimple and P is a parabolic subgroup, are called parabolic geometries [25, 31, 33, 35].
Hence (Möbius) conformal geometry is a parabolic geometry.

One way to provide a uniform description of conformal submanifold geometry—and this
is the approach taken by Sharpe—is to use Cartan connections throughout. However this
raises a subtle question of philosophy, concerning the distinction between ‘intrinsic’ and
‘extrinsic’ geometry. The problem is that there is a lot of ‘room’ in a Cartan connection to
hide extrinsic data: even in higher dimensions a conformal Cartan connection can contain
much more information than just a conformal metric. However, it is well-known—and
due to Cartan [37] of course—that there is a preferred class of Cartan connections, the
normal Cartan connections which, in any dimension n > 3, correspond bijectively (up to
isomorphism) with conformal metrics. We extend this result to dimensions one and two,
by establishing, in a self-contained way, the existence and uniqueness of the normal Cartan
connection for (Möbius) conformal geometry in all dimensions.

To do this, we use a linear description of conformal Cartan connections, pioneered
by Thomas [75] (although it is also implicit in [37]), and rediscovered independently by
P. Gauduchon [48] and by T. Bailey et al. [3], then developed further by A. Čap and
A.R. Gover [28, 29, 30]. A Cartan connection may be viewed as a connection on a principal
G-bundle satisfying an open condition with respect to a reduction to P ; however, it can

1The error is in the evaluation of the Ricci trace in the proof of [70, Proposition 7.4.9 (a)], where Sharpe
claims that a component of the Cartan connection does not influence the curvature of surface: in fact it
is the case of curves, not surfaces, which is special in this respect. Hence in [70, Theorem 7.4.29] and [70,
Corollary 7.4.30], n 6= 2 should be replaced by n 6= 1.
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be more convenient to work with a connection on a vector bundle. Such vector bundles
with connection, induced by a Cartan connection, are now called tractor bundles or (local)
twistor bundles [3, 4, 29]. In conformal Cartan geometry, when G = O+(n + 1, 1), the
conformal Cartan connection on the associated Rn+1,1-bundle is easy to characterize, and,
following [3, 48], this is what we do.

The existence and uniqueness of the normal Cartan connection is now known to be a
characteristic feature of parabolic geometries, governed by a beautiful algebraic machine,
Lie algebra homology [4, 31, 34, 59, 64, 73]: the normality condition means that the curva-
ture of the Cartan connection is a 2-cycle in a chain complex for this homology theory.

It turns out that Lie algebra homology also governs the extrinsic geometry of conformal
submanifolds. A priori, there are many ways to split an ambient Cartan connection, along a
submanifold, into tangential and normal parts. However, as observed by Sharpe [70], there
is a unique choice such that the associated second fundamental form is tracefree. This
way of normalizing the extrinsic geometry amounts to requiring that the ‘extrinsic’ part
of the Cartan connection is a 1-cycle in a Lie algebra homology chain complex. (Sharpe
does not then normalize the induced ‘intrinsic’ Cartan connection, which leads him to
remark [70, page 266] that “the Willmore form, while appearing to be extrinsic data from
the Riemannian perspective, is seen to be intrinsic data from the perspective of the Möbius
geometry induced on M .” We do not agree with this viewpoint.)

The final ingredient of our approach, the Bernstein–Gelfand–Gelfand operators, reveals
that the Gauß–Codazzi–Ricci equations also have a natural homological interpretation.
This is a feature of parabolic geometry that has only been fully elucidated in the last ten
years [35, 25]. Since any tractor bundle W is equipped with a connection, there is an associ-
ated twisted deRham sequence of W -valued differential forms; these bundles also form the
chain complex computing W -valued Lie algebra homology (where the Lie algebra boundary
operator acts in the opposite direction to the twisted deRham differential). It turns out that
the twisted deRham sequence descends to give a sequence of (possibly) higher order opera-
tors between the Lie algebra homology bundles. This Bernstein–Gelfand–Gelfand sequence
is a curved version of the (generalized) Bernstein–Gelfand–Gelfand complex on a (general-
ized) flag variety G/P which is a resolution of a G-module corresponding to W [5, 61]. The
curved analogues were introduced by M. Eastwood and J. Rice [41] and R. Baston [4] in
special cases, and by Čap, J. Slovak and V. Souček [35] in general. Further, it was shown
by the second author and T. Diemer [25] that wedge products of tractor-valued differential
forms descend to give bilinear differential operators between Lie algebra homology bundles.

This is the most novel aspect of our conformal Bonnet theorem: we show that the
Gauß–Codazzi–Ricci equations may be written in terms of the manifestly Möbius-invariant
linear and bilinear differential Bernstein–Gelfand–Gelfand operators defined on Lie algebra
homology. This is not just an aesthetic point, but a practical one: it reveals the minimal,
homological, data describing the geometry of the conformal submanifold, and shows that of
the five Gauß–Codazzi–Ricci equations appearing in other treatments (such as [88]), only
three are needed in each dimension—which three depends on the Lie algebra homology in
that dimension. This fact is tedious to check directly, but follows easily from [25].

This treatment of conformal submanifold geometry suggests a broader context for our
work: parabolic subgeometries. If we regard conformal submanifolds as being modelled
on the conformal m-sphere inside the conformal n-sphere, then we might more generally
consider geometries modelled on arbitrary (homogeneous) inclusions between generalized
flag varieties. A particularly important case is the conformal n-sphere (or a hyper-quadric
of any signature) in RPn+1, which is the model for hypersurfaces in projective space.

In a subsequent work [15] (see [16] for a foretaste, and some preliminary results) we shall
show that our methods do indeed generalize to a wider setting, supporting the claim that
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our machinery is natural. In the present work, we demonstrate that it is also effective,
by exploring some applications. A number of classical results follow effortlessly (once the
machine is up and running), often in greater generality than was previously known.

Contents and results. Having set out our stall, let us explain in more detail the fruit
on offer. As we remarked at the start of this introduction, our development of conformal
submanifold geometry, begins with two parts, like those of Cartan [37]: intrinsic conformal
geometry, and the geometry of submanifolds. In the first part of the paper, we present
an unashamedly modern treatment of (Möbius) conformal geometry in all dimensions. We
have an auxiliary goal here, to show that it is perfectly possible—and indeed desirable—to
carry out computations in conformal geometry without introducing a riemannian metric in
the conformal class. Indeed, when a choice must be made, we wish to show that it is actually
simpler to introduce a Weyl structure, i.e., a torsion-free conformal connection. This avoids
the conformal rescaling arguments and logarithmic derivatives that are still prevalent in
a surprisingly (to us) large portion of the literature. We believe that conformal geometry
is more about conformal invariance than conformal covariance (in line with the modern
coordinate free, rather than covariant, view of differential geometry).

In fact we offer the Reader two manifestly invariant approaches to conformal geometry:
a top-down, or holistic, one, the conformal Cartan connection, and a bottom-up, or re-
ductionist, one, the Möbius structure. We develop these in parallel in the first part of the
paper: the ‘A’ paragraphs (§§1A–4A) concern conformal Cartan connections, while the ‘B’
paragraphs (§§1B–4B) concern Möbius structures. The goal of our treatment is to prove
that these two notions of conformal structure are equivalent, which we reach in section 5.

Both approaches are motivated by the projective light-cone description of the conformal
sphere Sn, the ‘flat model’ for conformal geometry. The top-down approach, which consists
of a (filtered) vector bundle V equipped with a ‘conformal Cartan connection’, generalizes
the bundle Sn × Rn+1,1 with its trivial connection. In section 1, we show how straightfor-
ward it is to prove that a manifold M with a flat conformal Cartan connection is locally
isomorphic to Sn—the same idea underlies our proof of the conformal Bonnet theorem in
section 10. We also show how such a conformal Cartan connection induces the most basic
ingredient in the bottom-up approach: a conformal metric.

In section 2, we introduce bundles of conformal algebras: first the bundle so(V ) of filtered
Lie algebras, then its associated graded algebra, which we identify with TM ⊕ co(TM) ⊕
T ∗M . Here we discuss the most crucial elements of Lie algebra homology theory for the
development. In section 3 we turn to Weyl derivatives. From the top-down approach,
these are equivalently complementary subspaces to the filtration of V , whereas from the
bottom-up approach, they correspond to torsion-free conformal connections on TM .

The key idea in the first part of the paper is introduced in section 4. Here we reveal
extra information hidden in a conformal Cartan connection in the form of two second order
differential operators. These operators motivate our definition of Möbius structure. We
then define a distinguished class of ‘conformal’ Möbius structures, thus paving the way for
our proof in section 5 of the following result.

Theorem. There is a one-to-one correspondence, up to natural isomorphism, between
Möbius structures and conformal Cartan geometries, and the conformal Cartan connec-
tion is normal if and only if the Möbius structure is conformal.

For manifolds of dimension at least 3, similar results have been obtained in [37, 28, 48, 75],
and a 2-dimensional version is sketched in [24], but the above theorem covers a wider class
of Cartan connections than in these references, a generalization which is vital for our
applications in submanifold geometry.
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An immediate consequence of this theorem is a canonical way to normalize a non-normal
conformal Cartan geometry, a procedure which will be very important in the rest of the
paper. We discuss some further ramifications in sections 6–7: we provide a more explicit
analysis of Möbius structures for curves and surfaces, relating them to the schwarzian
derivative; we discuss the gauge theory and moduli of conformal Cartan connections; and
we revisit the flat model to discuss spaceform geometries and symmetry breaking.

In the second part of the paper, we apply the formalism of Part I to submanifolds of
conformal manifolds. We emphasise a gauge-theoretic point of view, but use vector bundles
and connections rather than frames and matrices of 1-forms. Although the latter are more
elementary, the choice of frame can obscure the geometry and lead to large and complicated
matrices in applications. Without frames, the theory has conceptual simplicity: some
investment is needed to master the abstraction, but the payoff is a uniform and efficient
calculus which adapts geometrically to almost any application.

As in Part I, we give two approaches, one emphasising bundles and connections, the
other, more primitive homological data, and we relate these points of view. In sections 8–9,
we show how such a submanifold inherits a conformal Möbius structure from the ambient
geometry. We first study how Möbius structures on the submanifold are induced by a choice
of ‘Möbius reduction’, then we show that Lie algebra homology distinguishes a canonical
Möbius reduction (cf. [70]) and hence obtain a canonical induced conformal Möbius struc-
ture on the submanifold. This leads to canonical Gauß–Codazzi–Ricci equations relating
the curvature of these induced Möbius structures to the ambient space.

In the case of submanifolds of the conformal sphere Sn, a Möbius reduction is the same
thing as a sphere congruence enveloped by the submanifold, which are of great interest
in their own right, although we postpone a detailed studied of sphere congruences per
se to a sequel to this paper [14]. The canonical Möbius reduction in this case is the
central sphere congruence of W. Blaschke and G. Thomsen [8] or the conformal Gauß
map of Bryant [10, 11]. We show that the minimal data characterizing the submanifold
(locally, up to Möbius transformation) are certain Lie algebra homology classes satisfying
natural homological Gauß–Codazzi–Ricci equations. These equations encode the flatness
of the ambient conformal Cartan connection of Sn, meaning that the immersion can be
reconstructed (locally, up to Möbius transformation) from the Gauß–Codazzi–Ricci data.
Thus we obtain, in section 10, an analogue of the classical Bonnet theorem.

Theorem. An m-manifold Σ can be locally immersed in Sn with a given induced con-
formal Möbius structure, connection on the weightless normal bundle and tracefree second
fundamental form (or conformal acceleration for m = 1) if and only if these data satisfy
the homological Gauß–Codazzi–Ricci equations. Moreover, in this case, the immersion is
unique up to a Möbius transformation of Sn.

In section 11 we introduce ambient Weyl structures along a submanifold and use them
to give explicit formulae for the operators entering into the homological Gauß–Codazzi–
Ricci equations. Then, in section 12, we specialize this result first to curves, for which
we compute some Möbius invariants, and then to surfaces, where we relate our conformal
Bonnet theorem to the explicit approach of [21], developed by the first author and his
coworkers at the same time as our general theory. Finally we sketch the relation of our
approach to the quaternionic formalism for surfaces in S4 ∼= HP1 expounded in [18].

The third part of the paper concerns applications, with a view to demonstrating the
speed and effectiveness of our formalism once the machinery is in place. In section 13,
we show how the most basic aspects of conformal submanifold geometry, such as totally
umbilic submanifolds and channel submanifolds, have straightforward treatments in our
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approach. We also discuss symmetry breaking and give an almost computation-free proof
of Dupin’s Theorem on orthogonal coordinates.

In sections 14–16, we apply our methods to constrained Willmore surfaces, isothermic
surfaces, Guichard surfaces and conformally flat submanifolds with flat normal bundle,
which all find their natural home in conformal Möbius geometry and have in common an
integrable systems interpretation: the Gauß–Codazzi–Ricci data come in one parameter
families, leading to spectral deformations and a family of flat connections, which we de-
rive straightforwardly in arbitrary codimension. For Willmore and constrained Willmore
surfaces, we show that the well-known relation with harmonicity of the central sphere
congruence has a homological interpretation. We also demonstrate easily that products
of curves, constant mean curvature surfaces, generalized H-surfaces, and quadrics are all
isothermic, and we compute the spectral deformation for products of curves.

In section 16, we turn to a class of submanifolds in in arbitrary dimension and codi-
mension, which we call Möbius-flat : if the dimension is 3 or more and the codimension is
one, this is the well known theory of conformally-flat hypersurfaces, and in higher codi-
mension, we simply add flatness of the normal bundle as an extra hypothesis. However,
we also present a new 2-dimensional theory, which unifies conformally flat submanifolds
with channel surfaces and the surfaces of Guichard [49, 23]. In this theory, we suppose
that the surface (with flat normal bundle) envelopes a sphere congruence for which the
induced normal Cartan connection (or equivalently, the induced conformal Möbius struc-
ture) is flat. When the sphere congruence is the central sphere congruence, this means
that the canonically induced Möbius curvature of the surface (which is an analogue of the
Cotton–York curvature of conformal 3-manifolds) is zero, and we say the surface is strictly
Möbius-flat, whereas in general, this curvature is the exterior derivative of a quadratic
differential commuting with the shape operators, which we call a commuting Cotton–York
potential. In codimension one, the strictly Möbius-flat surfaces are Dupin cyclides (orbits
of a two dimensional abelian subgroup of the Möbius group), and we obtain a transparent
conformally-invariant derivation of their properties and classification. Möbius-flat surfaces
in general have a much richer theory: in particular, as we prove, since they include the
Guichard surfaces, they also include the surfaces of constant gaussian curvature in a space-
form, just as higher dimensional submanifolds of constant gaussian (sectional) curvature
in a spaceform are conformally-flat. In a subsequent paper we shall show that the clas-
sical transformation theory of Guichard surfaces extends to Möbius-flat submanifolds in
arbitrary dimension and codimension.
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A notational apology. Notation presents significant difficulties in this work, since there
are many different geometric objects which can be constructed from each other in various
ways. In this paper the Reader will find the following constructions:
• a conformal Cartan connection DV from an enveloped sphere congruence V ;



8 FRANCIS E. BURSTALL AND DAVID M. J. CALDERBANK

• a Möbius structure MD from a conformal Cartan connection D;
• a normalized Ricci curvature rD,M from a Möbius structure M and a Weyl derivative D.

Combining these constructions could lead to unreadable superscripts, so we have adopted
the policy of omitting intermediate steps whenever this causes no confusion, leading to
notations such as MV and rD,V . We hope that our preference for less decorated notation
is more a help to the Reader than a hindrance.

Part I. Conformal Möbius Geometry

In the first part of our paper, we provide a complete theory of the intrinsic conformal
geometry that we shall use to study conformal submanifold geometry in the later parts. Al-
though conformal geometry is well-established, our theory has many novelties, in particular
the notion of a Möbius structure, which allows us to describe, in intrinsic terms, the geom-
etry of the large class of conformal Cartan connections that arise in submanifold geometry.
We also hope that it is a helpful treatment for several kinds of Reader, from the repre-
sentation theorist to the riemannian geometer, because of the complementary approaches
provided by the A and B sections. Let us describe their contents in more detail.

In §1A, we introduce conformal Cartan connections (V,Λ,D) as curved versions of the
model for conformal geometry, the celestial sphere or projective lightcone in Minkowski
space. The conformal structure induced by such connections motivate the first ingredient
of the bottom-up approach, the conformal metric, which we discuss in §1B, together with
the disarmingly simple notion of densities, which render unnecessary the use of riemannian
metrics in the conformal class.

Algebra in conformal geometry is more subtle than in riemannian geometry, because the
stabilizer of a point (a lightline) in the model is not reductive, but a parabolic subgroup
of the conformal (or Möbius) group, which is essentially the isometry group of Minkowski
space. Fortunately there is an algebraic machine, called Lie algebra homology, which relates
representations of this parabolic group to its reductive part, the Levi factor, which is here
the conformal linear group. We discuss this for the filtered Lie algebra so(V ) in §2A, then
for its associated graded algebra TM ⊕ co(TM)⊕ T ∗M in §2B.

We then introduce Weyl derivatives, i.e., covariant derivatives on density line bundles.
In §3A, we show that they induce splittings of the filtration of V and hence a curvature
decomposition and a gauge theory. In §3B, we see that they induce torsion-free conformal
connections and curvature, whose dependence on the Weyl derivative we describe.

In §4A, we introduce a natural differential lift from 1-densities to sections of V and use
it to define two second order Möbius operators, one linear, one quadratic, associated to a
conformal Cartan connection. In §4B, we show that similar operators exist naturally on
any conformal manifold of dimension n > 3, and introduce Möbius structures, which cover
such operators in generality as well as allowing us to describe the natural ones.

We combine our two threads in section 5, where we construct a conformal Cartan con-
nection from a Möbius structure and prove that this leads to an equivalence, so that the
natural affine structure on the space of Möbius structures can be lifted to the space of
conformal Cartan connections, providing a way to ‘normalize’ such a connection.

In section 6, we discuss how to compute the Möbius structure from the Cartan con-
nection, particularly in dimensions one and two, where the Möbius structure can be rein-
terpreted as a real or (perhaps non-holomorphic) complex projective structure, and hence
related to schwarzian derivatives, cf. [21, 24].

Section 7 is concerned with further consequences of our main result. In §7.1 we describe
the moduli space of conformal Cartan geometries inducing a given conformal metric. In §7.2
we revisit the model geometry of Sn to relate it to the flat Möbius structure of euclidean
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space and other spaceform geometries. This sort of symmetry breaking often shows up in
submanifold geometry, and in §7.3 we end Part I with a general version of such phenomena.

1. Conformal geometry

1A. The sphere and conformal Cartan connections. The flat conformal structure on
the n-sphere arises most naturally by viewing it not as the round sphere Sn in the euclidean
space Rn+1, but as the celestial sphere Sn in the lorentzian spacetime Rn+1,1 [38]. Recall
that Rn+1,1 is real vector space of dimension n + 2 with a nondegenerate inner product
(· , ·) of signature (n+ 1, 1). Inside Rn+1,1, we distinguish the light-cone L:

L = {v ∈ Rn+1,1 r {0} : (v, v) = 0},

which is a submanifold of Rn+1,1.
Clearly, if v ∈ L and r ∈ R× then rv ∈ L, so that R× acts freely on L and we may take

the quotient P(L) ⊂ P(Rn+1,1):

P(L) = L/R× ∼= {U ⊂ Rn+1,1 : U is a 1-dimensional null subspace},

which is a smooth n-sphere. The projection q : L → P(L) is an R×-bundle over P(L),
which may be viewed as the nonzero vectors in a tautological line bundle Λ over P(L): Λ
is defined to be the subbundle of the trivial bundle P(L)×Rn+1,1 whose fibre at U ∈ P(L)
is U itself, viewed as a null line in Rn+1,1. It is convenient to orient Λ, by choosing one of
the components L+ of L: this choice is equivalently a ‘time-orientation’ of Rn+1,1.

Note that TL ∼= q∗Λ⊥ ⊂ L×Rn+1,1 with vertical bundle q∗Λ. Hence the differential dσ
of a section σ of L+ ⊂ Λ can be viewed Λ⊥-valued 1-form on P(L) such that dσ mod Λ is
an isomorphism TP(L)→ Λ⊥/Λ. This isomorphism is clearly algebraic and linear in σ, so
there is a canonical isomorphism TP(L)Λ ∼= Λ⊥/Λ. Here, and in the following, we omit
tensor product signs when tensoring with line bundles.

Since Λ⊥/Λ inherits a metric from Rn+1,1, each positive section σ defines a metric on
P(L) by X,Y 7→ (dXσ, dY σ). Rescaling σ evidently gives a conformally equivalent metric,
and this equips P(L) with a conformal structure. In particular, by considering the conic
sections of Λ ⊂ P(L)×Rn+1,1 given by (v, σ) = k for fixed v ∈ Rn+1,1 and k ∈ R×, one sees
that this conformal structure is flat (cf. §7.2).

The beauty of this model is that it linearizes conformal geometry. Let O+(n+ 1, 1) be
the group of Lorentz transformations of Rn+1,1 preserving the time orientation. Then the
linear action of O+(n+ 1, 1) on Rn+1,1 preserves L and so descends to an action on P(L).
Since the metric on Λ⊥/Λ is preserved, O+(n + 1, 1) acts by conformal diffeomorphisms
on P(L) and this gives an isomorphism between O+(n + 1, 1) and the group Möb(n) of
Möbius transformations of Sn = P(L) (which are the global conformal diffeomorphisms for
n > 2 and the projective transformations of S1 ∼= RP 1 for n = 1). Möb(n) acts transitively
on P(L) with stabilizer a parabolic subgroup P ∼= CO(n) n Rn∗, which identifies Sn with
Möb(n)/P , a generalized flag variety. Note that signature (k + 1, 1) linear subspaces of
Rn+1,1 give the conformal k-spheres in Sn by intersecting with L—see §8.3 for more details.

A conformal manifold is a ‘curved version’ of Sn: curved versions of homogeneous spaces
are usually defined as Cartan connections on principal bundles; however, since we have
described the flat model linearly, using flat differentiation on P(L)×Rn+1,1, we shall also
describe conformal Cartan connections linearly, cf. [3, 29, 48, 75].

Definition 1.1. A conformal Cartan connection on an n-manifold M is defined by:
• the Cartan vector bundle V , a rank n + 2 vector bundle with a signature (n + 1, 1)

lorentzian metric on each fibre;
• the tautological line Λ, an oriented (so trivializable) null line subbundle of V ;
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• the Cartan connection D, a metric connection on V satisfying the following Cartan
condition: the soldering form βD : TM → Hom(Λ,Λ⊥/Λ), defined by

(1.1) βD
Xσ = −DXσ mod Λ

for any section σ of Λ and any vector field X, is a bundle isomorphism. (This makes
sense because the right hand side is algebraic in σ⊗X, as it is for M = P(L), D = d.)

Our data equip V and M with structures intertwined by the soldering form βD. Our
first observation is that the lorentzian metric on V induces a conformal metric on M ,
generalizing the case M = P(L). For this, we denote by L+ the positive ray subbundle
of Λ, and a section σ of L+ (i.e., a positive section of Λ) will be called a gauge. We then
obtain a conformal class of metrics on M defined by X,Y 7→ (DXσ,DY σ) for each gauge σ.
In more invariant terms, we can write (DXσ,DY σ) = 〈X,Y 〉σ2, where 〈X,Y 〉 is a fibrewise
inner product on TM with values in (Λ∗)2 which is independent of the choice of gauge.

Proposition 1.2. [37] The celestial n-sphere Sn = P(L) is naturally equipped with a flat
conformal Cartan connection. Conversely, if M is equipped with a flat conformal Cartan
connection, then M is locally isomorphic to Sn.

Proof. We take V = P(L) ×Rn+1,1, with the constant lorentzian metric, the tautological
null line subbundle, and flat differentiation. We have already seen that the Cartan condition
holds, and RD = 0 by definition.

Conversely, if D is flat, then the inclusion Λ → V defines a map Φ from each simply
connected open subset Ω of M to the space of parallel null lines in V |Ω, which is diffeomor-
phic to Sn. By the Cartan condition, Φ is a local diffeomorphism. Furthermore Φ clearly
identifies Λ with the tautological line bundle over Sn, and D with the trivial connection on
Sn ×Rn+1,1. In particular Φ is conformal. �

The same argument will be used later to obtain an immersion into Sn in the proof of
the Bonnet theorem for conformal submanifolds.

Remark 1.3. A Cartan connection in the usual sense (see [26, 70]), modelled on a homo-
geneous space G/P , is a principal G-bundle C equipped with a principal G-connection ω
and a reduction G ⊂ C to a principal P -bundle such that ω|G mod p : TG → g/p is an
isomorphism on each tangent space. When G = Möb(n) and G/P = Sn, it is easy to see
that this induces a conformal Cartan connection on the bundle associated to the standard
representation Rn+1,1 of G ∼= O+(n+1, 1), and this linear representation suffices to recover
the original Cartan connection.

1B. Densities and conformal metrics. In §1A, we obtained the conformal class of
riemannian metrics on Sn from gauges, i.e., sections of L+ ⊂ Λ. This is an entirely general
phenomenon: a conformal structure on a manifold M is an oriented line subbundle of
S2T ∗M whose positive sections are riemannian metrics (i.e., positive definite). One small
difficulty with such a definition is that each conformal structure has its own line bundle.
However, we can resolve this by relating any such line bundle to the density bundle of M .

If E is a real n-dimensional vector space and w any real number, then the oriented one
dimensional linear space Lw = LwE carrying the representation A 7→ | detA|w/n of GL(E)
is called the space of densities of weight w or w-densities. This space can be constructed
canonically from E as the space of maps

λ : (∧nE) r {0} → R such that λ(rA) = |r|−w/nλ(A) for all r ∈ R×, A ∈ (∧nE) r {0}.
Note that the modulus of ω ∈ ∧nE∗ is an element |ω| of L−n defined by |ω|(A) = |ω(A)|.

The density line bundle Lw = LwTM on an n-dimensional manifold M is the bundle whose
fibre at x ∈ M is LwTxM . This is the associated bundle GL(M) ×GL(n) L

w(n) to the frame
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bundle GL(M), where Lw(n) is the space of w-densities of Rn. The density bundles are
oriented real line bundles, but there is no preferred trivialization unless w = 0.

Proposition 1.4. Let Λ⊗Λ be a line subbundle of S2T ∗M , with Λ oriented, whose positive
sections are nondegenerate. Then there is a canonical oriented isomorphism Λ→ L−1.

Proof. The inclusion of Λ2 := Λ⊗Λ into S2T ∗M is a section of S2T ∗M (Λ2)∗ = S2(TMΛ)∗,
and this defines a nondegenerate metric on TM Λ by assumption. The modulus of the
volume form of this metric is a positive section of L−n (Λ∗)n, and the positive nth root of
this, a section of L−1 Λ∗ ∼= Hom(Λ,L−1), is the isomorphism we seek. �

This proposition tells us that we may view the conformal structure as a section of
S2T ∗ML2. The sections we obtain in this way are not arbitrary, but normalized by the con-
dition that the modulus of their volume form is the canonical section 1 of L−nLn = M ×R.

Definition 1.5. [75] A conformal metric on M is a normalized metric c on the weightless
tangent bundle TM L−1. It induces an inner product 〈· , ·〉 on TM with values in L2.

The use of densities allows a simple geometric dimensional analysis for tensors [40, 80].
Sections of L = L1 may be thought of as scalar fields with dimensions of length: a posi-
tive section ` defines a length scale. The tensor bundle Lw ⊗ (TM)j ⊗ (T ∗M)k (and any
subbundle, quotient bundle, element or section) will be said to have weight w + j − k.

A conformal metric c is weightless, and we shall use it freely to ‘raise and lower indices’
with the proviso that the weight of tensors is preserved. For example, a 1-form γ is identified
in this way with a vector field of weight −1, that is, a section of TML−2. Where necessary
for clarity, we denote this isomorphism and its inverse by ] and [ in the usual way.

2. Conformal algebra

2A. The filtered Lie algebra bundle. Let (V,Λ,D) be a conformal Cartan connection
on M . The filtration 0 ⊂ Λ ⊂ Λ⊥ ⊂ V induces a filtration of the Lie algebra bundle so(V ):

0 ⊂ so(V )−1 ⊂ so(V )0 ⊂ so(V )1 = so(V ),

where

so(V )−1 = {S ∈ so(V ) : S|Λ = 0, S(Λ⊥) ⊆ Λ},
so(V )0 = {S ∈ so(V ) : S(Λ) ⊆ Λ}.

Hence so(V )0 is the stabilizer stab(Λ) of Λ, which is a bundle of parabolic subalgebras,
whereas so(V )−1 is the Killing annihilator stab(Λ)⊥, which is the bundle of (abelian) nil-
radicals of stab(Λ). By definition, for S ∈ stab(Λ)⊥, S|

Λ⊥
has image and kernel Λ, and it

is easy to see that this restriction defines an isomorphism stab(Λ)⊥ ∼= Hom(Λ⊥/Λ,Λ).
These filtrations give rise to a bundle

so(V )gr = so(V )−1 ⊕ so(V )0/ so(V )−1 ⊕ so(V )1/ so(V )0

of graded Lie algebras acting on the bundle Vgr = Λ⊕ Λ⊥/Λ⊕ V/Λ⊥ of graded lorentzian
vector spaces. Only so(V )0/ so(V )−1 preserves the grading, and this defines an isomorphism
so(V )0/ so(V )−1

∼= so(Λ⊕ V/Λ⊥)⊕ so(Λ⊥/Λ). On the other hand, restriction to Λ defines
an isomorphism from so(V )/ so(V )0 to Hom(Λ,Λ⊥/Λ).

The key point now is that the soldering form allows us to identify each graded component
of Vgr, and hence of so(Vgr), with a natural vector bundle on M . For this, begin by noting
that βD : TM → Hom(Λ,Λ⊥/Λ) naturally induces an isomorphism TM Λ ∼= Λ⊥/Λ. As in
§1B (cf. Proposition 1.4) the conformal metric induces an identification Λ ∼= L−1, which
we shall use freely. We thus have a projection π : Λ⊥ → TM L−1, with kernel Λ, given by

(2.1) πDXσ = −X ⊗ σ.
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We next use minus the metric on V to identify V/Λ⊥ with Λ∗∼= L and so obtain a projection
p : V → L, with kernel Λ⊥, such that for v ∈ V , σ ∈ Λ, we have

(2.2) 〈p(v), σ〉 = −(v, σ).

(We have introduced minus signs in the definitions of βD and p so that derivatives appear
positively in components of jets later on: see §5.1.)

Dualizing the soldering form gives an isomorphism of T ∗M with Hom(Λ⊥/Λ,Λ), and
hence with stab(Λ)⊥. We have therefore realized T ∗M as an abelian subalgebra of so(V )
with action on V determined by

(2.3) γ ·σ = 0, γ ·DXσ = −γ(X)σ,

for γ ∈ T ∗M , X ∈ TM , and σ ∈ Λ.
The soldering form also identifies so(V )/ so(V )0 with TM (restrict to Λ ∼= L−1) and

so(V )0/ so(V )−1 with co(TM) := <id> ⊕ so(TM) (use TM ∼= (TM L−1) ⊗ L ∼= Λ⊥/Λ ⊗
V/Λ⊥). The projections p and π onto graded pieces, which we introduced for V , have
analogues for so(V ) making these identifications explicit: p : so(V ) → TM , with kernel
stab(Λ) is defined by (pS)⊗σ = π(Sσ) for S ∈ so(V ); π : stab(Λ)→ co(TM), with kernel
stab(Λ)⊥, is defined (πS)◦p = p◦S and (πS)◦π = π ◦S|

Λ⊥
for S ∈ stab(Λ). In particular:

(2.4) π(S(DXσ)) = −(πS)(X ⊗σ).

These constructions lead to several other useful formulae. First we have (DXσ,DY σ) =
−(σ,DXDY σ), yielding

(2.5) p(DXDY σ) = 〈X,Y 〉σ.

It will often be convenient to use the metric on TM L−1 to view π as a map Λ⊥ → T ∗ML.
With v any section of Λ⊥, (2.5) can then be rewritten as:

(2.6) p(Dv) = −πv.

We also have, for any v ∈ V , (π(γ · v), X⊗σ) = (γ · v, βD
Xσ) = −(v, γ ·βD

Xσ) = −γ(X)(v, σ)
so that

(2.7) π(γ · v) = γ⊗ p(v).

We will have frequent recourse hereafter to the Lie algebra homology of the bundle
of abelian Lie algebras T ∗M . For this, let W be any vector bundle carrying a fibrewise
representation of T ∗M . Define, for each k, ∂ : ∧k+1T ∗M ⊗W → ∧kT ∗M ⊗W by

(2.8) ∂α =
∑

i εi · (ei yα), i.e., ∂αX1,...Xk
=
∑

i εi ·αei,X1,...Xk
.

Here εi, ei are dual local frames of T ∗M and TM . Now if α = ∂β, then

∂αX1,...Xk
=
∑
i,j

εi · εj ·βej ,ei,X1,...Xk
=
∑
i<j

[εi, εj ] ·βej ,ei,X1,...Xk
= 0

since T ∗M is abelian. Hence (∧•T ∗M ⊗W,∂) is a chain complex, and we denote its cycles
by Z•(T ∗M,W ) and its homology, called Lie algebra homology, by H•(T ∗M,W ).

We shall only be interested in the cases W = V and W = so(V ). In particular let us
compute Z1(T ∗M,V ): if α ∈ T ∗M ⊗ V with ∂α = 0 then, in particular, from (2.7),

0 = π∂α =
∑

i εi ⊗ p(αei)

whence α takes values in Λ⊥. Now we deduce from (2.3) that

(2.9) Z1(T ∗M,V ) = {α ∈ T ∗M ⊗ Λ⊥ :
∑

i〈εi, παei〉 = 0}.
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2B. The graded Lie algebra bundle. On any manifold M , the Lie algebra bundle of
endomorphisms gl(TM) acts fibrewise on the density bundle L via A · ` = ( 1

n tr A)` and
hence also on S2T ∗ML2. The stabilizer of a conformal metric c is the bundle of conformal
linear Lie algebras co(TM). Thus A ∈ co(TM) if and only if

〈AX,Y 〉+ 〈X,AY 〉 = 2
n(tr A)〈X,Y 〉.

The Lie bracket on co(TM) can be extended to one on T ∗M ⊕ co(TM)⊕TM : declare TM
and T ∗M to be abelian subalgebras and, for (γ,A,X) ∈ T ∗M ⊕ co(TM)⊕ TM , set

(2.10) [[A,X]] = AX, [[γ,A]] = γ ◦A;

finally define [[X, γ]] = −[[γ,X]] ∈ gl(TM) by

(2.11) [[X, γ]] ·Y = −[[γ,X]] ·Y = γ(X)Y + γ(Y )X − 〈X,Y 〉γ].

Observe that [[X, γ]] ∈ co(TM) with tr[[X, γ]] = nγ(X) and [[X, γ]] ·Y = [[Y, γ]] ·X.
Define an inner product of signature (n+ 1, 1) on L−1 ⊕ T ∗M L⊕ L by setting

(v, v) = 〈θ, θ〉 − 2σ`,

for v = (σ, θ, `). An action of (γ,A,X) ∈ T ∗M⊕co(TM)⊕TM on (σ, θ, `) ∈ L−1⊕T ∗ML⊕L
is given as follows: A ∈ co(TM) acts in the natural way on each component, and we set

X ·σ = X ⊗σ ∈ TM L−1 ∼= T ∗M L γ ·σ = 0

X · θ = θ(X) ∈ L γ · θ = 〈γ, θ〉 ∈ L−1(2.12)

X · ` = 0 γ · ` = γ⊗ ` ∈ T ∗M L.

This action is skew with respect to the inner product, giving a Lie algebra isomorphism
T ∗M⊕co(TM)⊕TM ∼= so(L−1⊕T ∗ML⊕L): the Lie bracket of S, T ∈ T ∗M⊕co(TM)⊕TM
can be computed via [[S, T ]] · v = S · (T · v)− T · (S · v) for any v ∈ L−1 ⊕ T ∗M L⊕ L.

Of course, we have not plucked this Lie algebra action out of thin air: if the conformal
metric c is induced by a conformal Cartan connection (V,Λ,D), then the identifications of
the previous paragraph induce isomorphisms of Vgr with L−1 ⊕ T ∗M L⊕ L and of so(V )gr

with T ∗M ⊕ co(TM)⊕ TM which intertwine the natural action of so(V )gr on Vgr with the
above action of T ∗M ⊕ co(TM) ⊕ TM on L−1 ⊕ T ∗M L ⊕ L. It follows that the above
graded Lie algebra structure on T ∗M ⊕ co(TM) ⊕ TM is precisely that induced by the
filtered Lie algebra structure on so(V ). Hence for all S−1 ∈ so(V )−1 = stab(Λ)⊥, S0, T0 ∈
so(V )0 = stab(Λ) and T ∈ so(V ), we have p[S0, T ] = [[πS0, pT ]], π[S0, T0] = [[πS0, πT0]],
p[S−1, T ] = [[S−1, pT ]] and π[S−1, T0] = [[S−1, πT0]]. We shall use these formulae freely.

As in §2A, we may define Lie algebra homology, but now the operator ∂ is also graded
and may be restricted to graded pieces. To analyse this, we fix a length scale ` and define
an involution v 7→ v∗ = (−λ`−2, θ,−σ`2), where v = (σ, θ, λ) ∈ L−1 ⊕ T ∗M L ⊕ L, so
that 〈v, v〉 := (v∗, v) = 〈θ, θ〉 + λ2`−2 + σ2`2 is positive definite2 on V . We further define
S 7→ S∗ = −(X[`−2, AT , γ]`2), for S = (γ,A,X) ∈ T ∗M ⊕ co(TM) ⊕ TM , where the
musical isomorphisms are induced by g. We compute that (S · v)∗ = S∗ · v∗ and hence
[[S, T ]]∗ = [[S∗, T ∗]]. Further, 〈S, S〉 := (S∗, S) is positive definite, where (S, S) is the
invariant inner product of signature (1

2n(n+ 1), n+ 1) on T ∗M ⊕ co(TM)⊕ TM given by

(S, S) = 〈A0, A0〉 − µ2 − 2γ(X)

for S = (γ,A,X) and A = µ id +A0 with A0 ∈ so(TM). It follows that S 7→ S∗ is a Cartan
involution of the graded Lie algebra, as in Kostant’s celebrated paper [59]. Following this

2For indefinite signature conformal structures, we further need a choice of maximal positive definite
subbundle of TM to define such an involution.
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paper, we now compute (minus) the adjoint of ∂ on T ∗M ⊕ co(TM)⊕ TM with respect to
the metrics g and 〈, 〉:
〈∂α, β〉 = ((∂α)∗, β) =

(∑
i[[ε
∗
i , (ei yα)∗]], β

)
= −

(
α∗,
∑

i e
∗
i ∧ [[ε∗i , β]]

)
= −〈α, [[id ∧ β]]〉,

where [[id ∧ β]] =
∑

i εi ∧ [[ei, β]]. This is a special case of the operator w 7→ id ∧·w :=∑
i εi∧ (ei ·w), defined on any representation W of T ∗M⊕ co(TM)⊕TM , independently of

any choice of length scale. Note however, that it is not naturally defined on representations
of the filtered Lie algebra so(V ).

We shall be particularly interested in the Ricci contraction ∂ : ∧2T ∗M ⊗ co(TM) →
T ∗M ⊗ T ∗M given by ∂ : R 7→ ric, with

ricX(Y ) =
∑

i[[εi, Rei,X ]](Y ) =
∑

i εi(Rei,XY ),

and the Ricci map r 7→ [[id ∧ r]] : T ∗M ⊗ T ∗M → ∧2T ∗M ⊗ co(TM), where [[id ∧ r]]X,Y =
[[X, rY ]] − [[Y, rX ]]. As a special case of the above theory, the Ricci contraction is minus
the adjoint of the Ricci map (using any fixed length scale `). In particular, the kernel
of the Ricci contraction and the image of the Ricci map (and vice versa) are orthogonal
complements with respect to 〈, 〉. Moreover, ∂[[id ∧ r]] is readily computed to be

(2.13) (n− 2) sym0 r + 2(n− 1)
(

1
n trc r

)
c + n

2 alt r

from which we see that the Ricci map is injective when n > 3, has kernel S2
0T
∗M when

n = 2, and is zero for n = 1. (Here (alt r)XY = rXY − rYX.)

3. Weyl geometry

A popular approach in conformal geometry is to work with a riemannian metric in the
conformal class. This amounts to fixing a length scale `, or equivalently, in the context of
conformal Cartan connections, a gauge σ. However, choosing a different metric leads to
complicated transformation formulae, so we find it convenient to use a more general notion.
For this, note that a length scale is parallel with respect to a unique connection on L.

Definition 3.1. A Weyl derivative on M is a connection on L. It induces a covariant
derivative D on Lw for each w ∈ R, whose curvature is a real 2-form wFD, the Faraday
curvature. If FD = 0 then D is said to be closed : then there are local length scales ` with
D` = 0; if such an ` exists globally then D is said to be exact. Any two Weyl derivatives
differ by a 1-form so that Weyl derivatives are an affine space modelled on Ω1(M,R).

In this section we relate Weyl derivatives to conformal Cartan connections and conformal
metrics, cf. [25, 26, 27, 32, 40, 48, 80].

3A. Weyl structures.

Definition 3.2. Let (V,Λ,D) be a conformal Cartan connection. Then a Weyl structure
is a null line subbundle Λ̂ of V complementary to Λ⊥ (i.e., distinct from Λ).

Observe that Λ⊥ ∩ Λ̂⊥ is a complementary subspace to Λ in Λ⊥. Conversely given such a
complement U , there is a unique null line subbundle Λ̂ orthogonal to U and complementary
to Λ⊥. Thus a Weyl structure is given equivalently by a splitting prΛ̂ of the inclusion
Λ → Λ⊥. It follows that Weyl structures form an affine space modelled on the space of
sections of Hom(Λ⊥/Λ,Λ) ∼= stab(Λ)⊥, with prΛ̂+γ(v) = prΛ̂(v)+γ · v. This affine structure
has a gauge-theoretic interpretation that we wish to emphasise: Λ̂+ γ = exp(−γ)Λ̂.

A Weyl structure defines a covariant derivative D = prΛ̂ ◦D|Λ on Λ, and so a Weyl
derivative via the usual identification Λ ∼= L−1 provided by the conformal structure. Con-
versely, given a Weyl derivative and so a covariant derivative D on Λ, we take U to be the
image of DDiΛ : TM ⊗ Λ→ Λ⊥, where iΛ : Λ→ V is the inclusion and DD is the induced
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connection on Hom(Λ, V ): this is a complement to Λ since π ◦DDiΛ = −idTM Λ. Thus we
have a bijection D 7→ Λ̂D between Weyl derivatives and Weyl structures which, in view of
the soldering identification T ∗M ∼= Hom(Λ⊥/Λ,Λ) enunciated in (2.3), is easily seen to be
affine: Λ̂D+γ = Λ̂D + γ.

Remark 3.3. There is yet another (equivalent) definition of Weyl structure that really gets
to the Lie-theoretic heart of the matter. The decomposition V = Λ⊕U ⊕ Λ̂ is equivalently
given by an element ε ∈ so(V ) which acts by −1 on Λ, 0 on U and 1 on Λ̂. It is easy to
see that ε ∈ stab(Λ) is a lift of the identity in co(TM) ∼= stab(Λ)/ stab(Λ)⊥ and conversely
any such lift splits the filtration of V . See [26] for more on this approach.

The decomposition V = Λ⊕U ⊕ Λ̂ induced by a Weyl structure identifies V with Vgr so
that we have an isomorphism V ∼= L−1⊕T ∗ML⊕L. Hence we also obtain an isomorphism
so(V ) ∼= T ∗M⊕co(TM)⊕TM between the Lie algebra bundles of section 2. (Note however,
that different Weyl structures give rise to different isomorphisms!)

These decompositions (a reduction of the structure group of V to CO(n)) induce a
decomposition of the connection D into a T ∗M -valued 1-form rD,D, a CO(n)-connection DD

(restricting to the Weyl derivative D on L and L−1 and a metric connection on T ∗ML), and
a TM -valued 1-form. This last is minus the soldering form which, with our identifications,
is minus the identity. To summarize, if we write (σ, θ, `) for the components of v, we have

(3.1) DXv = rD,DX · v +DD
Xv −X · v =

[
DXσ + rD,DX (θ)

DD
Xθ + rD,DX `− σX
DX`− θ(X)

]
.

It is natural to ask how these components transform under a change Λ̂ 7→ exp(−γ)Λ̂ of
Weyl structure. We first examine how D changes under gauge transformation by exp(γ):
(exp γ ·D)Xv = exp(γ)DX(exp(−γ)v) differs from DXv by the right logarithmic derivative
of the exponential map at γ, in the direction DXγ, applied to v. Using the standard formula

d(Rexp(−γ))exp γ ◦ d expγ(χ) = F (ad γ)(χ), F (t) = 1
t (e

t − 1) = 1 + 1
2 t+ · · ·

for this logarithmic derivative (see [58]), we then obtain

(3.2) exp γ ·D = D−Dγ − 1
2 [[γ, πDγ]],

since Dγ is in stab(Λ), on which ad γ is 2-step nilpotent, and hence F (ad γ)(DXγ) =
DXγ + 1

2 [γ,DXγ]. We can expand [[γ, πDXγ]] = −2γ(X)γ + 〈γ, γ〉X[ explicitly as needed.
This computation provides the required transformation formulae by switching from the

active to passive view of gauge transformations: in the former, the connection is trans-
formed but the ‘gauge’ (here a Weyl structure Λ̂ ⊂ V ) is fixed; in the latter, the opposite
process is performed. Since exp(γ) acts trivially on so(V )gr, we deduce that the components
rD,D and DD transform as follows:

(D + γ)D = Dexp γ·D = DD − [[γ, ·]](3.3)

rD+γ,D = rD,exp γ·D = rD,D −Dγ + γ⊗ γ − 1
2〈γ, γ〉c.(3.4)

Curvature. We now compute the curvature of a conformal Cartan connection D with re-
spect to a Weyl structure Λ̂ ⊂ V . Using (3.1), i.e., D = rD,D +DD − id, we have

(3.5) RD = dD
D
rD,D + RD

D− [[id ∧ rD,D]] − dD
D
id.

The last component, −dD
D
id, i.e., minus the torsion of DD, is equal to p(RD), hence

independent of the Weyl structure, so we call it the torsion of D. We refer to WD :=
RD

D − [[id ∧ rD,D]] as the Weyl curvature of D (with respect to D or Λ̂); if the torsion
of D is zero, WD = π(RD), independently of Λ̂. Finally CD,D := dD

D
rD,D is called the
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Cotton–York curvature of D (with respect to Λ̂); it is the full curvature (independent of Λ̂)
if both the torsion and Weyl curvature vanish.

We shall be interested in the following natural conditions on the curvature of D.

Definition 3.4. Let (V,Λ,D) be a conformal Cartan connection. Then
• D is torsion-free if p(RD) = 0, i.e., RD ∈ Ω2(M, stab(Λ)), or equivalently RDΛ ⊆ Λ;
• D is strongly torsion-free if RD|Λ = 0;
• D is normal if ∂RD = 0.

In fact, a normal conformal Cartan connection is strongly torsion-free. For this, note
that Γ 7→ [[id ∧ Γ]] defines an isomorphism T ∗M ⊗ so(TM)→ ∧2T ∗M ⊗ TM (this amounts
to the familiar algebra that determines a metric connection from its torsion). Thus [[id∧(·)]]
surjects so that ∂ : ∧2T ∗M ⊗ TM → T ∗M ⊗ co(TM) injects. Furthermore, it is easy to see
that also ∂ : ∧2T ∗M ⊗ co(TΣ)→ T ∗M ⊗ T ∗M injects on ∧2T ∗M ⊗<idTM>.

If D is torsion-free, π(RD) = WD. Thus D is normal iff it is torsion-free and ∂WD = 0.
We can now single out the conformal Cartan connections that will be of interest to us.

Definition 3.5. A conformal Cartan geometry is a conformal Cartan connection (V,Λ,D)
with D strongly torsion-free. It is said to be normal if D is normal.

3B. Weyl connections.

Definition 3.6. Let c be a conformal metric on M . Then a Weyl connection is a torsion-
free connection D on TM which is conformal in the sense that Dc = 0.

If ` is a length scale, then the Levi-Civita connection Dg of the metric g = `−2c is a Weyl
connection: since g is parallel and ` is parallel (with respect to the induced connection on L),
so is c = `2g. Any Weyl connection induces a Weyl derivative and Levi-Civita connections
induce exact Weyl derivatives. The existence and uniqueness of the Levi-Civita connection
associated to a length scale admits the following generalization [40, 48, 80].

Proposition 3.7. The affine map sending a connection on TM to the induced covariant
derivative on L induces a bijection between Weyl connections and Weyl derivatives.

Indeed, if D is a given Weyl connection (for example, the Levi-Civita of a compatible
metric), then any other such is of the form D+ Γ where Γ is a co(TM)-valued 1-form with
[[id ∧ Γ]] = 0. A standard argument shows that all such Γ are of the form Γ = [[id, γ]] for a
section γ of T ∗M and then the corresponding Weyl derivative on L is D+ 1

n tr Γ = D+ γ.
One of the reasons why Weyl derivatives can be more convenient than length scales is

that they form an affine space, modelled on Ω1(M,R). When we construct a geometric
object using a Weyl derivative D, we often want to know how it depends upon this choice.
We view such an object as a function F (D) and say that it is conformally-invariant if and
only if this function is constant (i.e., independent of D). For this, it is often helpful to use
the fundamental theorem of calculus: F (D) is constant iff its derivative with respect to
D is zero. This amounts to checking that ∂γF (D) = 0 for all Weyl derivatives D and all
1-forms γ, i.e., that for any one parameter family D(t) with

D(0) = D and
d

dt
D(t)

∣∣∣
t=0

= γ

∂γF (D) :=
d

dt
F (D(t))

∣∣∣
t=0

= 0.we have

More generally, Taylor’s theorem implies that if ∂k+1
γ,...γF (D) = 0 for all D and γ then

F (D + γ) = F (D) + ∂γF (D) + 1
2∂

2
γ,γF (D) + · · ·+ 1

k!∂
k
γ,...γF (D).

This approach often simplifies the calculation of nonlinear terms.
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For example, for any section ` of L, ∂γDX` = γ(X)` and for any vector field Y , ∂γDXY =
[[X, γ]] ·Y . Similarly, if s is a section of a bundle associated to the conformal frame bundle,
then ∂γDXs = [[X, γ]] · s where the dot denotes the natural action of co(TM). This expresses
the obvious fact that all first covariant derivatives depend affinely on D.

For the second derivative, we obtain

∂γD
2
X,Y s = [[X, γ]] ·DY s−D[[X,γ]]·Y s+DX

(
[[Y, γ]] · s

)
− [[DXY, γ]] · s

= [[Y,DXγ]] · s+ [[X, γ]] ·DY s+ [[Y, γ]] ·DXs−D[[X,γ]]·Y s

In particular, for any section ` of L we have

(3.6) ∂γD
2
X,Y ` = (DXγ)(Y )`+ 〈X,Y 〉〈γ,D`〉.

Curvature. We now apply the transformation formula for the second derivative to the
curvature RD of the Weyl connection D, which is the co(TM)-valued 2-form such that
D2
X,Y s − D2

Y,Xs = RDX,Y · s for any section s of any bundle associated to the conformal
frame bundle. We deduce that

(3.7) ∂γR
D
X,Y = −[[X,DY γ]] + [[Y,DXγ]] = −[[id ∧Dγ]]X,Y ,

i.e., ∂γRD = −[[id ∧ Dγ]]. Hence the part of RD orthogonal to the image of the Ricci
map is conformally-invariant: this is the Weyl curvature W of the conformal metric, and
it has vanishing Ricci contraction: W itself vanishes for n < 4 since the Ricci map is then
surjective. On the other hand, for n > 3, the Ricci map is injective, and so we can write

(3.8) RD = W + [[id ∧ rD]],

with rD uniquely determined by D and, in view of (3.7),

(3.9) ∂γr
D = −Dγ.

Let ricD be the Ricci contraction ∂RD of RD, so that, by (2.13), we have

(3.10) ricD = (n− 2) sym0 rD + 2(n− 1)
(

1
n trc rD)c + n

2 alt rD.

A simple application of the Bianchi identity [[id∧RD]] = 0 gives alt ricD = − tr RD = −nFD
and hence we deduce rD is the normalized Ricci curvature, defined by

rD = rD0 + 1
nsDc− 1

2F
D,

where we set
rD0 =

1
n− 2

sym0 ricD, sD =
1

2(n− 1)
trc ricD.

When n = 3, dDrD is independent of D, and known as the Cotton–York curvature of c.
When n = 2, sD is still defined and the Ricci map is still injective on L−2 so that

(3.11) ∂γs
D = − trcDγ.

We wish to bring the cases n = 1 and n = 2 in to line with the higher dimensional case.
One way to do this uses a pair of differential operators, which we call a Möbius structure.

4. Möbius manifolds

4A. The differential lift and Möbius operators. A conformal Cartan connection
(V,Λ,D) induces more structure on M than just a conformal metric. This additional
structure arises from the following differential operator, cf. [25, 35].

Proposition 4.1. There is a unique linear map jD : C∞(M,L)→ C∞(M,V ) such that
• p(jD`) = `, i.e., jD` is a lift of ` with respect to the projection p : V → L;
• ∂D(jD`) :=

∑
i εi ·Deij

D` = 0, i.e., DjD` is a section of Z1(T ∗M,V ).
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The components of jD`, relative to a Weyl structure with Weyl derivative D, are

(4.1) ( 1
n trc ψ,D`, `) where ψ = DDD`+ rD,D`.

In particular jD is a second order linear differential operator. Furthermore πDjD` =
ψ − 1

n(trc ψ)c ∈ T ∗M ⊗ T ∗M L.

Proof. With respect to any Weyl structure, a lift of ` has components (σ, θ, `) and, using
(2.12) and (3.1), we readily compute

∑
i

εi ·Dei

[
σ
θ
`

]
=

[−nσ + trc(DDθ + rD,D`)
D`− θ

0

]
which vanishes precisely when θ = D` and σ = 1

n trc ψ. The last part follows from (3.1). �

We refer to jD` as the differential lift of `. Using this, we now define two second order
differential operators on L, one linear, one quadratic.

Definition 4.2. Let (V,Λ,D) be a conformal Cartan connection. Define HD : C∞(M,L)→
C∞(M,S2

0T
∗M L) and SD : C∞(M,L)→ C∞(M,R) by

HD` = symπDjD`, SD` = (jD`, jD`).

Using (4.1) and (3.1), we obtain the explicit formulae

HD` = sym0

(
DDD`+ rD,D`

)
SD` = 〈D`,D`〉 − 2

n` trc

(
DDD`+ rD,D`

)(4.2)

relative to a Weyl structure with Weyl derivative D. When D is torsion-free, DD is the
Weyl connection on TM induced by D. (Also in this case, the skew part of πDjD` is
FD + alt rD,D = 1

n trWD so that HD` = πDjD` precisely when D is strongly torsion-free.)
Our goal, achieved in the next section, is to recover the conformal Cartan connection

(up to isomorphism) from the underlying conformal metric and these two operators.

The differential lift in general. For later use we remark that the above is a special case of
a more general construction [25, 35], which, for any representation W of so(V ), provides
a differential lift of any section of a Lie algebra homology bundle Hk(T ∗M,W ) to give a
representative section of Zk(T ∗M,W ). The key ingredient in this construction is the first
order quabla operator ���D := ∂ ◦dD +dD ◦∂ on Ck(T ∗M,W ) and the following observation.

Proposition 4.3. [25] ���D is invertible on the image of ∂.

This result is not difficult: using a Weyl structure, one shows that ���D differs from an
invertible algebraic operator (Kostant’s ��� [59]) by a nilpotent first order operator; the
inverse is then given by a geometric series, and is a differential operator of finite order.

We then define Π = id−���−1
D ◦ ∂ ◦ dD − dD ◦���−1

D ◦ ∂, and note the following properties:
• Π vanishes on the image of ∂;
• Π maps into the kernel of ∂;
• Π|ker ∂ ∼= id mod im ∂.
It follows that there is a canonical differential lift jD : [α] 7→ Πα from Lie algebra homol-
ogy to cycles [35]. According to [25], jD[α] is characterized by the following properties:
∂jD[α] = 0,

[[[
jD[α]

]]]
= [α] and ∂dDjD[α] = 0. This generalizes the characterization of the

differential lift in Proposition 4.1.
The differential operators HD, SD also have a homological interpretation and gener-

alization. For n > 2, HD is the Bernstein–Gelfand–Gelfand operator [α] 7→ [DΠα]
from C∞(M,H0(T ∗M,V )) to C∞(M,H1(T ∗M,V )), which is part of the general theory



CONFORMAL SUBMANIFOLD GEOMETRY I–III 19

of Čap–Slovák–Souček [35], whereas (for all n) SD(`) = ` t `, t : C∞(M,H0(T ∗M,V )) ×
C∞(M,H0(T ∗M,V ))→ C∞(M,R) being the bilinear operator of Calderbank–Diemer [25]
induced by the metric pairing V × V → R. We shall discuss this further in section 10.

4B. Möbius structures. We are now going to define a class of linear and quadratic
differential operators on any manifold with a conformal metric. First, for ` a section of L
and D a Weyl connection, define:

HD` = sym0D
2` ∈ C∞(M,S2

0T
∗M L),

SD` = 〈D`,D`〉 − 2
n`∆D` ∈ C∞(M,R),

(4.3)

where ∆D` = trcD
2`, a section of L−1. A fundamental feature of HD and SD is that

replacing D by D + γ only alters them by zero-order terms. Indeed from (3.6), we have

∂γH
D(`) = (sym0Dγ)`,

∂γS
D(`) = 2〈γ`,D`〉 − 2

nn`〈γ,D`〉 −
2
n`(trcDγ)` = − 2

n(trcDγ)`2.
(4.4)

This observation will allow us to make a key definition. Before this, though, we compare
these variations with (3.9) and (3.11) to deduce that the formulae

Hc` = HD`+ rD0 ` (n > 3)

Sc` = SD`− 2
nsD`2 (n > 2)

define conformally-invariant second order differential operators, one linear, one quadratic.

Remark 4.4. These operators, when they exist, may be defined in a manifestly invariant
way on positive sections of L by associating to such a length scale ` the normalized Ricci
curvature rD of the unique Weyl connection D with D` = 0 (this is the Levi-Civita con-
nection of the metric g = `−2c, and rD is the normalized Ricci curvature of g). Then, by
definition, since D` = 0 we have Hc` = rD0 ` and Sc` = − 2

nsD`2, cf. [48]. Hence positive
solutions of Hc are sometimes called Einstein gauges and Sc is sometimes called the scalar
curvature metric. Hc itself is often called the conformal (tracefree) Hessian.

Remark 4.5. We also note that differentiating (4.4) again, using ∂γDγ = −2γ⊗0 γ +
n−2
n 〈γ, γ〉c, gives ∂2

γ,γH
D(`) = −2γ⊗0 γ ` and ∂2

γ,γS
D(`) = − 2

n(n − 2)〈γ, γ〉`2, which are
both independent of D so that HD and SD depend quadratically on D:

HD+γ` = HD`+ (sym0Dγ − γ⊗0 γ)`,

SD+γ` = SD`− 1
n

(
2 trcDγ + (n− 2)〈γ, γ〉

)
`2.

We are now motivated to make our definition, cf. [24, 66].

Definition 4.6. A Möbius structure on a conformal manifold (M, c) is a pair M = (H, S)
of differential operators such that
• H : C∞(M,L)→ C∞(M,S2

0T
∗ML) is a linear differential operator with H `−HD` zero

order in ` for some (hence any) Weyl connection D.
• S : C∞(M,L)→ C∞(M,R) is a quadratic differential operator with S `− SD` zero order

in ` for some (hence any) Weyl connection D.

Let us summarize two basic motivations leading to this definition.

Proposition 4.7. First, if c is a conformal metric on a manifold M of dimension n > 3,
then there is a canonical Möbius structure Mc := (Hc, Sc). on (M, c).

Second, if (V,Λ,D) is a torsion-free conformal Cartan connection over a manifold M of
any dimension, then MD := (HD, SD) is a Möbius structure on M .
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Möbius structures form an affine space modelled on C∞(M,S2T ∗M). Indeed, for Q a
section of S2T ∗M , let Q0 be its tracefree part, trcQ its trace, and define, for M = (H, S),

(4.5) M +Q :=
(
` 7→ H `+Q0`, ` 7→ S `− 2

n(trcQ)`2
)
.

In particular if we define MD := (HD, SD), then for any Möbius structure M, M −MD

satisfies (for fixed M):

(4.6) ∂γ(M−MD) = − symDγ,

which is the origin of the choice of coefficient of trcQ in our definition of M + Q. By
adding −1

2F
D to this, we obtain a generalized notion of normalized Ricci curvature and an

associated decomposition of RD.

Definition 4.8. Let c,M be a Möbius structure. Then the Möbius Ricci curvature of a
Weyl derivative D with respect to M is defined by rD,M := M −MD − 1

2F
D. The Weyl

curvature WM of M is given by WM := RD − [[id ∧ rD,M]] for any Weyl derivative D. The
Cotton–York curvature CM,D of M with respect to D is given by CM,D := dDrD,M.

Note that WM is independent of the choice of D and thus is an invariant of the Möbius
structure: indeed, using (4.6) and ∂γF

D = dγ, we have ∂γrD,M = −Dγ, which cancels
with (3.7). (We remark that we can differentiate once more to find

(4.7) rD+γ,M = rD,M −Dγ + γ⊗ γ − 1
2〈γ, γ〉c,

so that rD,M has the same transformation law (3.4) as rD,D.)
We now fix a distinguished class of Möbius structures by requiring WM to coincide with

the Weyl curvature W of the underlying conformal metric. In general, we have RD =
WM + [[id ∧ rD,M]], with the second term in the image of the Ricci map, so W is the
component of WM orthogonal to this image, i.e., in ker ∂. Hence

(4.8) WM = W ⇔ WM is in the kernel of the Ricci contraction, i.e., ∂WM = 0.

When n > 3, this amounts to requiring that the Möbius Ricci curvature with respect to M

of each Weyl connectionD coincides with the normalized Ricci curvature: rD,M = rD. More
generally, by (2.13) and (3.10), we see that this is equivalent to requiring that sym0 rD,M =
sym0 rD for n > 3 and that 1

n trc rD,M = sD for n > 2 (note that alt rD,M = alt rD by
definition). In other words, when n > 3, a conformal metric alone is sufficient to fix a
canonical choice of Möbius structure; when n = 2, we still have a canonical choice Sc of
quadratic operator but lack the linear operator; when n = 1, the linear operator necessarily
vanishes but we lack the quadratic operator. To obtain a uniform approach, we impose the
missing data as extra structure as follows.

Definition 4.9. A conformal Möbius structure on a 1-manifold M is a second order qua-
dratic differential operator Sc from L to R such that Sc − SD is zero order (for any D); c
is the canonical section of S2T ∗M L2 and Hc = 0.

A conformal Möbius structure on a 2-manifold M is a conformal metric, together with
a second order linear differential operator Hc from L to S2

0T
∗M L such that Hc −HD is

zero order (for any D); Sc is the canonical Möbius operator of c.
In higher dimensions a conformal Möbius structure is just a conformal metric; Hc, Sc are

the canonical Möbius operators of c.
A Möbius manifold is a manifold equipped with a conformal Möbius structure (c,Hc, Sc).

We now summarize the situation.

Proposition 4.10. (c,M) is a conformal Möbius structure if and only if ∂WM = 0.
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Remark 4.11. In the presence of a conformal Möbius structure, we define the normalized
Ricci curvature of a Weyl derivative D to be rD,M

c
. When n = 2, this provides a hitherto

unavailable tracefree part of the normalized Ricci curvature. This idea was exploited in [24]
to do Einstein–Weyl geometry on Möbius 2-manifolds.

5. The conformal equivalence problem

It is our contention that conformal Cartan geometries are the same as Möbius structures
and that normal conformal Cartan geometries are the same as conformal Möbius structures.
For this, a common setting is provided by the bundle J2L of 2-jets of sections of L.

A Möbius structure M = (H, S) is defined by a linear bundle map H : J2L→ S2
0T
∗M L

and a quadratic form S : J2L→ R. The kernel of H is a rank n+ 2 subbundle V of J2L, on
which we have a quadratic form by restricting S. We easily see that this polarizes to give
a nondegenerate inner product of signature (n + 1, 1) on V and that the line L−1 of pure
trace elements of S2T ∗M L is a null line subbundle. We shall exploit the jet structure of
J2L to find a canonical choice of strongly torsion-free conformal Cartan connection on V.

Conversely, a conformal Cartan geometry (V,Λ,D) gives rise to a Möbius structure MD =
(HD, SD) and so we obtain a subbundle V of J2L with a conformal Cartan connection. We
shall see that the differential lift, viewed as a bundle map J2L → V , restricts to give an
isomorphism from V to V intertwining the conformal Cartan connections.

5.1. The jet derivative and Möbius bundles. Recall (see [58] for further details) that
for any vector bundle E over M , the k-jet bundle JkE is the bundle whose fibre at x is
JkxE := C∞(M,E)/Ikx where Ikx is the subspace of sections which vanish to order k at x.
Thus JkxE may be regarded as the space of kth order Taylor series, at x, of sections of
E, and there is a kth order differential operator jk : C∞(M,E)→ C∞(M,JkE) sending a
section s to its equivalence class jkxs (the k-jet or kth order Taylor series) at each x ∈M .

Since Ik ⊂ Ik−1, there is, for each k, a natural surjective bundle map πk = πEk : JkE →
Jk−1E, whose kernel is the bundle of kth derivatives SkT ∗M ⊗E. Note that πk ◦ jk = jk−1

and j0 identifies E with J0E.

Definition 5.1. The (semiholonomic) jet derivative on JkE is the first order differential
operator dk : C∞(M,JkE)→ Ω1(M,Jk−1E) defined by dks = j1(πks)− s.

This requires a brief explanation: j1(πks) is a section of J1(Jk−1E). On the other hand,
JkE is a subbundle of J1(Jk−1E): the inclusion sends jkxs to j1

xj
k−1s. The difference

j1(πks)− s lies in the kernel of πJ
k−1E

1 and hence defines a section of T ∗M ⊗ Jk−1E.
The jet derivative is thus given by the difference between formal and actual differenti-

ation: it measures the failure of a kth order Taylor series to be the first derivative of the
(k − 1)st order Taylor series obtained by truncation; note dk ◦ jk = 0. Our main use for it
is to distinguish a preferred class of connections on subbundles of jet bundles.

Definition 5.2. Let F be a subbundle of JkE, let d and π be the restrictions to F of the
jet derivative and the projection JkE → Jk−1E. Following [48], a connection ∇ on F is
said to be symmetric if π ◦ ∇ = d. The space of symmetric connections, if it is nonempty,
is an affine space modelled on Ω1(M,Hom(F, ker π)).

We shall only need this formalism on J2L, where the jet derivative is a differential
operator C∞(M,J2L)→ Ω1(M,J1L). We next define the subbundles we shall use.

Definition 5.3. A Möbius bundle on a manifold M is a subbundle V of J2L with a
nondegenerate metric such that ker π ∩V ⊂ S2T ∗M ⊗ L is a null line subbundle.

The following result explains the canonical nature of our forthcoming constructions.
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Proposition 5.4. [48] Let V be a Möbius bundle on M . Then there is at most one sym-
metric metric connection on V.

Proof. We shall show that Hom(V, ker π)∩ so(V) = 0. Indeed a skew map V → ker π
must factor through the projection V → V/ ker π⊥. However, ker π and V/ ker π⊥ are one
dimensional, and the maps V→ V/ ker π⊥ → ker π → V are symmetric, not skew. �

5.2. Möbius structures induce conformal Cartan geometries. Let M = (H, S) be
a Möbius structure and define V = ker H ⊂ J2L. We wish to show that V is a Möbius
bundle and that there is a symmetric metric connection on V.

In order to do this, we use a Weyl derivative D to decompose J2L compatibly with M:
given M, D, identify J2L with S2T ∗M L⊕ T ∗M L⊕ L by sending j2` to (ψ, θ, `) where

ψ = D2`+ rD,M`, θ = D`.

This induces an identification of J1L with T ∗ML⊕L sending j1` to (D`, `). Observe that
ψ is symmetric, since the skew part of rD,M is −1

2F
D so that ψ = sym(D2`+ rD,M`).

We have H(ψ, θ, `) = ψ0 (the tracefree part of ψ) so that V is identified with

{(ψ, θ, `) : ψ = σc for σ ∈ L−1}.

We thus have an isomorphism L−1 ⊕ T ∗M L⊕ L ∼= V sending (σ, θ, `) to (σc, θ, `) ∈ J2L.
Now S(ψ, θ, `) = 〈θ, θ〉 − 2

n(trc ψ)` so that on V we have

S(σ, θ, `) = 〈θ, θ〉 − 2σ`

which is a metric of signature (n + 1, 1) for which L−1 is null. Hence V is a Möbius
bundle. Furthermore, we have identified V with L−1 ⊕ T ∗M L ⊕ L and so we are in the
algebraic setting of §2B. In particular, the Lie bracket on so(V) is identified, under this
decomposition, with the bracket [[· , ·]] defined there.

The jet derivative on J2L reads in our components

(5.1) d2(ψ, θ, `) = (Dθ + rD,M`− ψ,D`− θ)

so that on V we have

d(σ, θ, `) = (Dθ + rD,M`− σc, D`− θ).

Now define a connection ∇ on V by

(5.2) ∇X

[
σ
θ
`

]
= (rD,MX +DX −X)

[
σ
θ
`

]
=

[
DXσ + rD,MX (θ)

DXθ + rD,MX `− σX
DX`− θ(X)

]

where rD,MX ∈ T ∗M , X ∈ TM are viewed as elements of so(L−1 ⊕ T ∗M ⊕ L) via (2.12). It
is clear that ∇ is symmetric. Moreover, ∇ is metric since D is metric and differs from ∇
by an so(V)-valued 1-form. Further, with Λ = L−1, ∇ is a conformal Cartan connection
whose soldering form is precisely the ‘musical’ isomorphism TM L−1 → T ∗M L ∼= Λ⊥/Λ
(which is the origin of our choice of sign in the definition of the soldering form).

We have ∇ = rD,M +D − id so that

R∇ = dDrD,M + RD− [[id ∧ rD,M]] − dDid = CM,D +WM

since D is torsion-free. Furthermore,

tr[[id ∧ rD,M]] = nFD = tr RD

so that WM has vanishing trace, from which we conclude that R∇|L−1 = 0, i.e., ∇ is
strongly torsion-free. We therefore have the following result, cf. [37, 48, 75] when n > 3.
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Proposition 5.5. Let M = (H, S) be a Möbius structure. Then the Möbius bundle V =
ker H has a unique symmetric metric connection ∇ and (V, L−1,∇) is a conformal Cartan
geometry with curvature given (in components) by

R∇ = CM,D +WM.

When is ∇ normal? The answer is immediate: since T ∗M is abelian, ∂R∇ = ∂WM and
so, in view of Proposition 4.10, we have the following conclusion.

Proposition 5.6. (V, L−1,∇) is a normal conformal Cartan geometry if and only if M is
a conformal Möbius structure.

5.3. Conformal Cartan geometries are Möbius structures. We have seen already
that any conformal Cartan geometry (V,Λ,D) on M determines a Möbius structure in a
canonical way: we saw already in §1A that a conformal Cartan connection determines a
conformal metric c on M ; then, in §4A we defined differential operators HD` = symπDjD`
and SD` = (jD`, jD`) on L, using the differential lift ` 7→ jD`, which define a Möbius struc-
ture MD = (HD, SD) if D is torsion-free. It remains to show that these two constructions
are mutually inverse up to natural isomorphism.

In one direction, this is straightforward: the Möbius structure associated to the conformal
Cartan connection (V, L−1,∇) in this way is (c,M) itself. This is clear for the conformal
structure. For the rest, we recall that for any conformal Cartan connection (V,Λ,D), a
Weyl structure determines an isomorphism between V and L−1⊕T ∗ML⊕L, with respect
to which the Cartan connection may be written:

(5.3) DX

[
σ
θ
`

]
= (rD,DX +DX −X)

[
σ
θ
`

]
=

[
DXσ + rD,DX (θ)

DXθ + rD,DX `− σX
DX`− θ(X)

]
.

In the case that (V,Λ,D) = (V, L−1,∇), this decomposition coincides with that of §5.2,
and we have rD,D = rD,M, so that MD = M.

It remains to prove that the constructions are inverse the other way around, i.e., that
we recover (V,Λ,D) as the canonical Cartan connection of (c,MD). We can only expect to
do this up to isomorphism, since V is an abstract bundle. Furthermore, since the canonical
Cartan connection of (c,MD) is strongly torsion-free, we must suppose that D is strongly
torsion-free also. In this case alt rD,D = −FD, so that rD,D is the Möbius Ricci curvature
rD,M

D
of D with respect to MD.

Proposition 5.7. Let (V,Λ,D) be a conformal Cartan geometry and let V ⊂ J2L be the
Möbius bundle of the induced Möbius structure (c,MD). Then the differential lift jD, as a
bundle map J2L→ V , restricts to an isomorphism from (V, L−1,∇)→ (V,Λ,D).

Proof. We choose a Weyl derivative D and compute in components. Since rD,D = rD,M
D

,
the bundle map jD : J2L → V is then given by (ψ, θ, `) 7→ ( 1

n trc ψ, θ, `). Hence it is an
isometry when restricted to V and maps L−1 to Λ. Comparing (5.2) with (5.3) we see that
this isomorphism identifies the connections ∇ and D. �

Let us combine Propositions 5.5, 5.6 and 5.7 to summarize our results so far.

Theorem 5.8. Let c and M = (H, S) define a Möbius structure on a manifold M . Then
there is a unique symmetric metric connection on the Möbius bundle V = ker H ⊂ J2L
and this is a conformal Cartan geometry compatible with the same Möbius structure. Any
conformal Cartan geometry arises in this way up to natural isomorphism, and is normal if
and only if the Möbius structure is conformal.



24 FRANCIS E. BURSTALL AND DAVID M. J. CALDERBANK

Remark 5.9. It is straightforward to extend this equivalence to general torsion-free confor-
mal Cartan connections by extending the notion of a Möbius structure to include a 2-form
F . In order to make room for this 2-form in the jet bundle picture, it is necessary to work
with semiholonomic jets—or equivalently, to extend the jet derivative to J2L⊕(∧2T ∗M⊗L).
By this device it is even possible to consider arbitrary conformal Cartan connections, but
the notion of a Möbius structure must be modified further in the presence of torsion. Since
we do not see any advantage in this generality, and it would have clouded the exposition
considerably, we have restricted attention to the strongly torsion-free case.

5.4. Normalization of conformal Cartan geometries. Möbius structures compatible
with a fixed conformal metric on a manifold M form an affine space modelled on sections
of S2T ∗M . We now exploit Theorem 5.8 to lift this affine structure to conformal Cartan
geometries. Let (V,Λ,D) be a conformal Cartan geometry and Q ∈ C∞(M,S2T ∗M). We
view Q as an so(V )-valued 1-form via (2.3) so that

(5.4) QXσ = 0, QXDY σ = −QX(Y )σ, QX(V ) ⊆ Λ⊥.

In particular, D +Q is a conformal Cartan connection with the same soldering form as D
and so induces the same conformal metric on M . In fact, more can be said.

Lemma 5.10. If D is strongly torsion-free, so is D +Q and MD+Q = MD +Q.

Proof. Since T ∗M ⊂ so(V ) is abelian, we have

RD+Q = RD + dDQ+ 1
2 [Q ∧Q] = RD + dDQ,

so D +Q is strongly torsion-free iff dDQ|Λ = 0. Now, using (5.4), we have

(dDQ)X,Y σ = (DXQ)Y σ − (DYQ)Xσ = −QY DXσ +QXDY σ = (QYX−QXY )σ = 0.

For the second assertion, we must compute jD+Q`: using (2.7) and (2.6), we see that this
differs from jD` by a section of Λ and then the definition of the differential lift, along with
(2.9), shows that jD+Q` = jD`+ 1

n(trcQ)`. Thus (jD+Q`, jD+Q`) = (jD`, jD`)− 2
n(trcQ)`2.

Finally, for any section σ of Λ,

π(D +Q)X(v + σ) = πDXv +QX ⊗ p(v)−X ⊗ σ

from which we deduce that π(D + Q)jD+Q` = πDjD` + (Q − 1
n(trcQ)c)` and the result

immediately follows. �

This procedure allows us to ‘normalize’ a conformal Cartan geometry, which will be
important later. For this we use the fact, cf. Proposition 5.6 and Proposition 4.10, that a
conformal Cartan geometry is normal iff the Weyl curvature of the corresponding Möbius
structure has zero Ricci contraction. Now for any Möbius structure M, we have WM+Q =
WM − [[id ∧Q]] and so

(5.5) ∂WM+Q = ∂WM − (n− 2)Q0 − 2(n− 1)( 1
n trcQ)c.

Since ∂WM is symmetric (and is tracelike for n = 2 and vanishes for n = 1) we have:

Proposition 5.11. Let (V,Λ,D) be a conformal Cartan geometry. Then there is a unique
section Q of S2T ∗M such that

(i) D−Q is normal ;

(ii) Q0 = 0 if n = 2 and Q = 0 if n = 1, i.e., Q is in the image of the Ricci contraction ∂.
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6. Möbius structures in low dimensions

The low dimensional cases dimM = 1 or dimM = 2 merit special attention for two
related reasons. First, any such M admits conformal coordinates so that any conformal
metric is flat. On the other hand, our theory introduces a new ingredient in addition
to the conformal metric for, in this case, M supports many conformal Möbius structures
compatible with a given conformal metric. We now discuss the geometrical meaning of
these data and explain how to compute them from a normal conformal Cartan connection.

In all this we shall make use of a further feature of low dimensional geometry. As we
noted in Remark 1.3, our conformal Cartan connections are a linear representation of the
usual notion. We chose the standard representation for simplicity, but other choices are
possible. If we take G = Spin0(n+ 1, 1) (which is a double cover of the identity component
of Möb(n)) we can use the spin representation. Such a choice is particularly effective
for n 6 4, when special isomorphisms of G with more familiar Lie groups give concrete
realizations of spinors.

6.1. Computing the Möbius structure. Let us consider in general how to compute
the Möbius structure MD associated to a conformal Cartan geometry (V,Λ,D) via the
differential lift: §4A provides formulae for this, but they can be difficult to use since
one must decompose D with respect to a Weyl structure. Instead, we shall write MD =
MD + sym rD,D relative to a Weyl derivative D, and compute sym rD,D directly.

Recall that if iΛ : Λ → V is the inclusion, we can define DDiΛ : TM ⊗ Λ → Λ⊥ ⊂ V .
Differentiating again using (3.1), we find that

(6.1)
(
(DD)2iΛ

)
X,Y

σ + rD,DX,Y σ = X ·Y ·σ,

for vector fields X,Y and any section σ of Λ. In other words, (DD)2iΛ + rD,DiΛ = c⊗ iΛ̂,
where iΛ̂ : Λ̂→ V is the inclusion of the Weyl structure corresponding to D. The tracefree
part of this formula then yields:

(6.2) sym0

(
(DD)2iΛ + rD,DiΛ

)
= 0.

The trace part is still difficult to use because of the appearance of iΛ̂. To get around this, we
note that if ei⊗σ is an orthonormal frame of TM Λ, and σ̂ ∈ C∞(M, Λ̂) with (σ, σ̂) = −1,
then σ, (DD

eiiΛ)σ and σ̂ form a frame of V relative to which we have, for any v ∈ V ,

(v, v) =
n∑
i=1

(v, (DD
eiiΛ)σ)− 2(v, σ)(v, σ̂).

Combining this with the trace of (6.1), using X ·Y ·σ = 〈X,Y 〉σ̂, we then have

(6.3)
n∑
i=1

{(
v, (DD

eiiΛ)σ
)2 − 2

n(v, σ)
(
v, ((DD)2

ei,eiiΛ)σ
)}
− 2

nsD,D(v, iΛ)2 = (v, v).

If we take v = σ̂, this formula simplifies, because v is then null and orthogonal to (DD
eiiΛ)σ.

However, the computational advantage of (6.3) is the explicitness of the dependence on D.

Remark 6.1. The formulae (6.2)–(6.3) have a conceptual explanation: viewing iΛ as a
section of L ⊗ V , the D-coupled differential lift of iΛ is minus the metric in V ⊗ V . This
last is parallel, so that the D-coupled Möbius operator HD,D gives zero when applied to
iΛ. On the other hand SD,D(iΛ) is a partial contraction of this differential lift with itself,
which reproduces the metric.
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Now specialize to the case where D is exact with gauge σ (i.e., Dσ = 0), so that FD = 0.
Assume also that v is null. Then (6.2)–(6.3) read:

sym0 DDDσ + rD,D0 σ = 0;(6.4)
1
nsD,D(v, σ)2 = 1

2 |(v,Dσ)|2 − (v, σ)
(
v, 1

n trc(DDDσ)
)
.(6.5)

6.2. Möbius 1-manifolds and projective structures. A conformal Cartan connection
(V,Λ,D) on a 1-manifold M is automatically flat, hence a normal conformal Cartan ge-
ometry. Further, by Proposition 1.2, there is a distinguished family of local immersions
of M into P(L) (here a circle), which cover M and are related on overlaps by elements of
Möb(1) = O+(2, 1).

Now Spin0(2, 1) ∼= SL(2,R), corresponding to the realization of S1 as the real projective
line RP 1. Thus R2,1 = S2R2, the set of symmetric matrices on R2, where the quadratic
form is minus the determinant. More precisely, fix a symplectic form ωR ∈ ∧2R2∗ and
consider R2 ⊗ R2 with the metric

(v1⊗ v2, w1⊗w2) = −ωR(v1, w2)ωR(v2, w1)

The symmetric tensors form a subspace on which the metric has signature (2, 1). The
quadratic map x 7→ x⊗x : R2 → R2,1 then induces a diffeomorphism RP1 → P(L).

The trivial R2 bundle and tautological line subbundle O(−1)R ⊂ RP 1 × R2 may be
abstracted as follows: a ‘spin Cartan connection’ is a real rank 2 symplectic vector bundle
(VR, ωR)→M with symplectic connection ∇ and a line subbundle ΛR such that ∇|ΛR

mod

ΛR defines an isomorphism TM ⊗ ΛR → VR/ΛR. This is a one dimensional projective
structure and is always flat. Given such a spin Cartan connection, we obtain a conformal
Cartan connection on V = S2VR with Λ = Λ2

R: the induced connection preserves the bundle
metric defined pointwise as above.

It follows that a conformal Cartan connection carries the information of a projective
structure on M , and it is natural to enquire how this arises in explicit geometric terms.
We do this now by showing how projective coordinates, Hill operators and schwarzian
derivatives arise from D.

First, let x be a coordinate on M and Dx the unique connection on TM with Dx∂x = 0,
where ∂x is the vector field with dx(∂x) = 1. (Any connection on a 1-manifold is a Levi-
Civita connection, hence a Weyl connection: Dx is the Levi-Civita connection of the metric
dx2 induced by x.) If σx = |dx| and v is a null section of V with (v, σx) 6= 0, then (6.5)
yields a formula for the only nontrivial datum of the Möbius structure:

sD
x,D|∂x|2 =

(v,D∂xσx)2

2(v, σx)2
−
(
v,D∂xD∂xσx

)
(v, σx)

Suppose now that w is another coordinate with dw = w′dx and assume for simplicity that
w′ > 0 so that σw := |dw| = w′σx. Then D∂wσw = D∂xσx + w′′/w′ and hence

(6.6) sD
w,D|∂w|2 = sD

x,D|∂x|2 −
(w′′
w′

)′
+

1
2

(w′′
w′

)2
.

We define a projective coordinate to be a coordinate x with sD
x,D = 0, so that SD = SD

x
.

Such coordinates can be found by solving a nonlinear ODE.

Proposition 6.2. Let (M,MD) be a Möbius 1-manifold. Then there are (local) projective
coordinates on M , and if x is such a coordinate, then another coordinate w(x) is projective
if and only if the schwarzian Sx(w) := (w′′/w′)′− 1

2(w′′/w′)2 of w with respect to x is zero.

Another approach to one dimensional projective structures is via Hill (or Hill’s) operators
∆, i.e., second order differential operators on C∞(M,L1/2) which differ from a second
derivative D2 by a zero order term. For this we view D as a spin Cartan connection on VR
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(with S2VR = V ) preserving a symplectic form ωR and such that X ⊗λ 7→ −DXλmod ΛR
defines an isomorphism from TM ⊗ ΛR to VR/ΛR ∼=ωR Λ

∗
R = L1/2.

As in Proposition 4.1 any section f of L1/2 has a differential lift jDf which is the unique
section of VR that projects onto f and satisfies DjDf ∈ ker ∂ ∩Ω1(M,VR) = Ω1(M,ΛR). If
we choose a Weyl connection D, then the derivative DDiΛR of the inclusion iΛR : ΛR → VR
determines a splitting VR = ΛR ⊕ Λ∗R, and using this decomposition we find

D(λ, f) = (Dλ+ 1
2sD,Df,Df − λ).

It follows that jDf is essentially the 1-jet of f and f 7→ ∆Df := DjDf is a Hill operator:
with respect to any Weyl derivative D, we have jDf = (Df, f), and ∆Df = D2f + 1

2sD,Df .
This provides another way of computing the Möbius structure, and it is well known that
the zero order term of a Hill operator transforms by schwarzian derivative under changes
of coordinate.

The two approaches are related in a simple way.

Proposition 6.3. The quadratic operator SD(`) is related to the Hill operator ∆Df , when
` = f2, by SD(`) = −4f3∆Df .

Proof. This is straightforward to prove using a Weyl derivative. Alternatively, observe that
jD` = (jDf)⊗(jDf)+σ, where σ = ∂D((jDf)⊗(jDf)). (This follows because ∂Dσ = −σ.)
We then compute, using dual frames e, ε (i.e., ε(e) = 1), that SD(`) = 2(jDf ⊗ jDf, σ) =
4ωR(jDf,Dej

Df)ωR(jDf, ε · jDf) = −4f3DjDf . �

We have already noted that VR can be identified the 1-jet bundle of L1/2; its parallel
sections are ‘affine with respect to D’, i.e., 1-jets of solutions of ∆Df = 0. Similarly,
V = S2ΛR is the 2-jet bundle of L, and L is the tangent bundle if M is oriented; the
parallel sections are 2-jets of projective vector fields, i.e., vector fields X with LX∆D = 0.

Remark 6.4. The interpretation of sD as a one dimensional analogue of scalar curvature
suggests the following Yamabe-like problem: given a projective structure ∆ on M = R/Z,
is there a gauge of constant scalar curvature? This amounts to solving ∆µ = cµ−3 for
a constant c and a positive section µ of L1/2 which we normalize via

∫
M µ−2 = 1: if

Dµ = 0, we then have sD = cµ−2. Solutions are critical points of the Yamabe-like functional
Y (µ) = (

∫
M µ−2)(

∫
M µ∆µ). Given a solution µ, we have ∆(fµ) = (f ′′ + cf)µ−3 for any

f ∈ C∞(M,R), from which it is straightforward to determine the developing map δ from
M̃ = R to RP 1 ∼= R ∪ {∞}: δ(x) = 1√

c
tan(
√
cx) for c > 0, δ(x) = x for c = 0 and

δ(x) = 1√
−c tanh(

√
−cx) for c < 0. The constant c determines the conjugacy class of the

holonomy and, for c > 0 (when the developing map surjects), the winding number of the
fundamental domain [0, 1): the fundamental domain injects for c 6 4π2. Any such data
arise for some (unique) c ∈ R, and so any projective structure admits a constant scalar
curvature gauge. Without the geometric interpretation, the existence of critical points
for Y is not obvious, since Y is unbounded: if µε(x) = (1 + ε + cos(2πx))dx−1/2, where
x : M

∼=→ R/Z, then
∫
M µ−2

ε can be arbitrarily large for ε > 0.

6.3. Möbius 2-manifolds and schwarzian derivatives. When n = 2, Möb(2) =
O+(3, 1), and Spin0(3, 1) ∼= SL(2,C) corresponding to the realization of S2 as the com-
plex projective line CP 1. Thus R3,1 = (C2 ⊗ C̄2)R, the set of hermitian matrices on C2,
where the quadratic form is minus the determinant. More precisely, fix a symplectic form
ωC ∈ ∧2C2∗ and consider C2 ⊗C C̄2 with the metric

(v1⊗ v̄2, w1⊗ w̄2) = −ωC(v1, w1)ωC(v2, w2).
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The conjugation x⊗ ȳ 7→ y⊗ x̄ fixes a real form R3,1 (the hermitian matrices) on which the
metric is real of signature (3, 1). The quadratic map x 7→ x⊗ x̄ : C2 → R3,1 then induces a
conformal diffeomorphism CP1 → P(L).

The trivial C2-bundle and the tautological complex line subbundle O(−1)C ⊂ CP 1×C2

may be abstracted as follows: a ‘spin Cartan connection’ as a complex rank 2 symplectic
vector bundle (VC, ωC) → M with complex symplectic connection ∇ and a complex line
subbundle ΛC such that the linear bundle map ∇|ΛC

mod ΛC : TM ⊗ ΛC → VC/ΛC is
an isomorphism. A spin Cartan connection induces a conformal Cartan connection via
V = (VC ⊗ V̄C)R and Λ = (ΛC ⊗ Λ̄C)R (the fixed points of the conjugation involution): the
induced connection preserves the bundle metric defined pointwise as above.

The conformal Möbius structures compatible with a given conformal metric form an affine
space modelled on C∞(M,S2

0T
∗M). To compute this extra datum, we compare a given

Möbius structure with that provided by a holomorphic coordinate z: given this, dz dz̄ is a
flat metric compatible with c and so arises from a length scale ` which is parallel for the (flat)
Levi-Civita connection Dz of this metric. Contemplate the Möbius structure Mz := MDz :
since FD

z
vanishes, rD

z ,Mz
= 0 so that, first, CD

z ,Mz
= 0 and, second, WMz

= RD
z

= 0,
whence the corresponding Cartan connection Dz is flat by Proposition 5.5.

Since S2
0T
∗M ⊗ C ∼= Ω2,0M ⊕ Ω0,2M , where Ω2,0M = (T 1,0M)−2, Ω0,2M = (T 0,1M)−2,

and TM ⊗ C = T 1,0M ⊕ T 0,1M is the ±i-eigenspace decomposition of the complex struc-
ture J : TM → TM , we can identify C∞(M,S2

0T
∗M) with the space of smooth quadratic

differentials and write rD
z ,D

0 = q dz2 + q̄ dz̄2. We now take D = Dz in equation (6.4) and
note that Dz

∂z
∂z = 0 to conclude:

D∂zD∂zσ + qσ = 0.

This gives an effective method to compute rD
z ,D

0 .

Proposition 6.5. Let (V,Λ,D) a conformal Cartan geometry on a 2-manifold M with a
holomorphic coordinate z for the induced conformal metric. Let M = Mz + rD

z ,D be the
induced Möbius structure and write rD

z ,D
0 = q dz2 + q̄ dz̄2. Then

(6.7) D∂zD∂zσ + qσ = 0

where σ is the (unique) positive section of Λ with (Dσ,Dσ) = dz dz̄.

It is instructive to apply this analysis to the Möbius structure Mw where w is another
holomorphic coordinate. Let Dw be the corresponding Cartan connection and σw the
section of Λ with (Dwσw,D

wσw) = dw dw̄ = |w′|2dz dz̄, where ′ denotes differentiation
with respect to z. Then σ = σw/|w′| is Dz-parallel, and we have from Proposition 6.5 that
0 = Dw

∂w
Dw
∂w
σw = (w′)−1Dw

∂z

(
(w′)−1Dw

∂z
(|w′|σ)

)
, from which we compute that

Dw
∂zD

w
∂zσ + 1

2Sz(w)σ = 0

Sz(w) =
(w′′
w′

)′
− 1

2

(w′′
w′

)2
where

is the classical schwarzian derivative of w. We thus have the following transformation law.

Proposition 6.6. Mw = Mz + Re(Sz(w)dz2).

This prompts us, with [24], to define the schwarzian derivative Sz(M) of a Möbius
structure M with respect to z by

(M−Mz)2,0 = 1
2Sz(M)dz2.

For coordinate Möbius structures, we have seen that Sz(Mw) = Sz(w), and in all cases, it
has the classical transformation law: M−Mw = (M−Mz) + (Mz −Mw) giving

Sw(M) = Sz(M)(dz/dw)2 + Sw(z).
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Note that the holomorphicity of Sz(M) is independent of the coordinate z and amounts to
the flatness of M: if M is flat then, since Dz is flat and M is canonical, rD

z ,M = QD0 ; hence
dD

z
QD0 = 0, i.e., Sz(M) is holomorphic. Conversely, if Sz(M) is holomorphic, solving a

holomorphic ODE yields a coordinate w with Sw(M) = 0, i.e., M = Mw, which is flat. In
particular, any flat M is locally of the form Mw for some holomorphic coordinate w.

(Alternatively, note that since Dz is flat, a canonical M has rD
z ,M = QD0 while, since

dimM = 2, WM = 0 whence M is flat if and only if dD
z
QD0 = 0 which last amounts to the

holomorphicity of Sz(M).)
As in the one dimensional case, we relate the schwarzian derivative appearing here to

Hill operators and projective structures using the spin representation ΛC ⊂ VC of D above.
A Weyl derivative D provides a decomposition VC = ΛC ⊕Λ∗C with respect to which the

differential lift of f ∈ Λ∗C may be written jDf = (∂Df, f), where ∂Df is the complex linear
part of Df , i.e., ∂Df = Df − ∂f . (For D = Dz, this was denoted by a prime above.)
It follows that [DjDf ] = ((∂D)2f + qD,Df, ∂f) and the first component is a complex Hill
operator, where qD,D = (rD,D0 )2,0: if D = Dz, this may be written f ′′ + qf , explaining the
appearance of the complex schwarzian derivative above.

It is easy to relate the two pictures: the ‘real’ Möbius operator H` = sym0D
2`+ rD,D0 `

is obtained from the complex Hill operator (∂D)2f + qDf , when ` = f ⊗ f̄ , by coupling the
latter to the antiholomorphic structure ∂ on Λ̄C and taking the real part.

6.4. Quaternionic geometry of Möbius 3- and 4-manifolds. The spin formalism can
also be applied to conformal 3- and 4-manifolds. When n = 4, Möb(4) = Spin0(5, 1), and
Spin0(5, 1) ∼= SL(2,H) corresponding to the realization of S4 as the quaternionic projective
line HP 1. Thus R5,1 is the set of quaternionic hermitian matrices on H2.

The trivial H2-bundle and the tautological quaternionic line subbundle O(−1)H ⊂ HP 1×
H2 may be abstracted as follows: a ‘spin Cartan connection’ as a quaternionic rank 2
vector bundle VH → M with unimodular quaternionic connection ∇ and a quaternionic
line subbundle ΛH such that the linear bundle map ∇|ΛH

mod ΛH : TM ⊗ ΛH → VH/ΛH
defines an isomorphism TM ∼= HomH(ΛH, VH/ΛH): then EndH(ΛH) and EndH(VH/ΛH) are
bundles of quaternions acting on TM by dilations and ±selfdual rotations with respect
to the induced conformal metric. The quaternionic realization of S4 has proved to be
very effective in the conformal geometry of surfaces in S3 and S4 [18, 56], and we shall
discuss this briefly later. The conformal Cartan connection may be recovered using the
real structure j ∧ j on ∧2

CVH.
The case n = 3 is similar: Spin0(4, 1) ∼= Sp(1, 1) corresponds to the realization of S3

as a real quadric in HP 1. The ‘spin Cartan connections’ are therefore similar to the four
dimensional case, except that VH is equipped with a signature (1, 1) quaternion-hermitian
metric with respect to which ΛH is null. We leave the details to the interested Reader.

In three and four dimensions, a normal Cartan connection is determined by the conformal
metric, so there is no additional data to compute. Nevertheless, we have a differential lift
and quaternionic Möbius operators on sections of VH/ΛH, which we momentarily discuss
in the four dimensional case, purely for general interest. Using a Weyl structure D, VH ∼=
ΛH ⊕ VH/ΛH and DX(λ, f) = (DXλ+ rD,DX (f), DXf −X(λ)), where we identify TM with
Hom(ΛH, VH/ΛH). In these terms jDf = (∂DH f, f), where the first term is a Dirac operator,
and [DjDf ] = Df − ∂DH f is the twistor operator.

7. Conformal geometry revisited

7.1. Gauge theory and moduli of conformal Cartan geometries. Consider an n-
manifold M equipped with a Cartan vector bundle V with null line subbundle Λ, and let
A denote the set of conformal Cartan connections on (V,Λ). The gauge group G := {g ∈
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C∞(M,O(V )) : gΛ+ ⊂ Λ+} is the space of sections of a bundle of parabolic subgroups of
O(V ) whose Lie algebra bundle is stab(Λ) ⊂ so(V ). It acts on A is the usual way: for
g ∈ G we have

(7.1) g ·D := g ◦D ◦ g−1 = D− (Dg)g−1.

Since g acts orthogonally on V and preserves Λ+, g ·D and D induce the same conformal
metric on M . Hence if Ac ⊂ A denotes the subset of connections inducing a fixed conformal
metric c, Ac is preserved by G. We next ask when gauge equivalent conformal Cartan
connections induce the same soldering form.

Proposition 7.1. Let D be a conformal Cartan connection and g a gauge transformation.
Then D and g ·D have the same soldering form iff g = exp γ with γ ∈ T ∗M ⊂ stab(Λ).

Proof. g ·D has the same soldering form as D if and only if g commutes with βD, i.e.,
gβDσ = βDgσ. However, gΛ+ ⊂ Λ+ so that gσ = euσ for some function u and now
gβDσ = euβDσ implies, by the Cartan condition, that

g|Λ⊥ = euid + γ ◦ π

with γ : Λ⊥/Λ→ Λ. Now g acts orthogonally so, for v ∈ Λ⊥,

(v, v) = (gv, gv) = e2u(v, v)

whence eu = 1. In particular, g|
Λ⊥

= id + γ ◦ π. However, it is not difficult to see that any
orthogonal g is determined by its values on Λ⊥ and so we conclude that g = exp γ under
the usual soldering identification of Hom(Λ⊥/Λ,Λ) with T ∗M . Certainly any g of this form
preserves βD. �

We now combine this gauge theory with the normalization of conformal Cartan con-
nections discussed in §5.4. Let D be a fixed strongly torsion-free connection inducing the
conformal metric c. Then Lemma 5.10 assures us that any other strongly torsion-free con-
nection induces the same Möbius structure as one of the form D + Q, and is therefore
gauge equivalent to it by Proposition 5.7. In fact the connections of the form D +Q pro-
vide a slice to the gauge action: it just remains to show that D and D +Q are only gauge
equivalent if Q = 0. However, since they have the same soldering form, Proposition 7.1
and equation (3.2) show that Q = −Dγ − 1

2 [[γ, πDγ]]. Therefore 0 = −QXσ = (DXγ)σ =
−γ ·DXσ = γ(X)σ for any vector field X. Thus γ = 0 and Q = 0.

Theorem 7.2. Let Ac
stf be the set of strongly torsion-free conformal Cartan connections

inducing the conformal metric c. Then G acts freely on Ac
stf and, if D is a fixed element of

Ac
stf , there is a unique connection of the form D +Q in each G-orbit.

7.2. Constant vectors, spaceform geometries and stereoprojection. If (V,Λ,D)
is a conformal Cartan geometry on M , then we have seen that the compatible riemannian
metrics correspond to sections σ of L+ ⊂ Λ via gσ(X,Y ) = (DXσ,DY σ). This induces a
Weyl structure Λ̂ ⊂ V spanned by σ̂ with (σ̂, σ̂) = 0 and (σ̂,DXσ) = 0.

When D is flat, a particularly important class of sections of L+ are the conic sections:
these sections are given by the intersection of L+ with an affine hyperplane, i.e., {σ ∈ L+ :
(v∞, σ) = −1}, where v∞ is a parallel section of V and we assume that Λ 6⊆ v⊥∞ on M .
Since (DXσ, v∞) = 0 and (DXσ, σ) = 0, the corresponding Weyl structure is spanned by

(7.2) σ̂ = v∞ + 1
2(v∞, v∞)σ.

The length scale ` dual to σ (with 〈σ, `〉 = 1) is the homology class v∞ mod Λ⊥, and v∞
is the differential lift jD` of Proposition 4.1. In this case the corresponding metric g is an
Einstein metric (since H ` = 0) of constant curvature 2

nsg`2 = −S ` = −(v∞, v∞), and is
the metric of a spherical, euclidean or hyperbolic spaceform.
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To see this explicitly, suppose that M is simply connected, so we may assume V =
M ×Rn+1,1 with D = d and v∞ constant. Then x 7→ Λx defines a local diffeomorphism
from M to P(L)rP(v⊥∞ ∩L)—which is P(L), P(L)r{<v∞>} or P(L) with a hypersphere
removed, according to whether v∞ is timelike, null, or spacelike, cf. §1A.
• If v∞ is non-null, then define v = σ + v∞/(v∞, v∞). Then (v, v∞) = 0 and (v, v) =
−1/(v∞, v∞), so that x 7→ v(x) is a local diffeomorphism from M to {v ∈ v⊥∞ : (v, v) =
±r2}, where 1/r2 = |(v∞, v∞)|, which is a hyperboloid or a sphere of radius r according to
whether (v∞, v∞) is positive or negative. Since dXv = dXσ, this local diffeomorphism is
an isometry.
• If v∞ is null, let v0 be another constant null vector with (v0, v∞) = −1 and identify
{v0, v∞}⊥ with euclidean Rn. Then the stereographic projection or stereoprojection

(7.3) σ 7→ v = prRn σ = σ − v0 + (σ, v0)v∞
is a local diffeomorphism from M to Rn with inverse

(7.4) v 7→ σ = exp(v ∧ v∞) · v0 = v + v0 + 1
2(v, v)v∞.

Since (dXσ, v∞) = 0, we have (dXv,dY v) = (dXσ, dY σ) = g(X,Y ) and so stereoprojection
is also an isometry for the metric g induced by σ. This proves that flat conformal Cartan
geometries are conformally flat in the usual sense, the charts given by stereoprojection
being conformal. Furthermore, these charts are not just conformal, but Möbius (which is
only an issue for curves and surfaces): since Hc` = 0 = Sc` (i.e., rg = 0), the flat Möbius
structure given by the flat metric on Rn pulls back to the flat Möbius structure on Sn.

7.3. Symmetry breaking. The introduction of a constant vector v∞ ∈ Rn+1,1 breaks
symmetry from the Möbius group of Sn to the isometry group Stab(v∞) of a spaceform
(or the homothety group in the flat case). Such constant vectors sometimes arise naturally
in conformal submanifold geometry. Let us study, more generally, a constant (k+ 1)-plane
W (or equivalently a constant decomposable (k + 1)-vector ω up to scale) for 0 6 k 6 n.
• If the induced metric on W is nondegenerate, then replacing W by W⊥ and k by n−k if
necessary, we may assume that W has signature (k, 1) and W⊥ has signature (n−k+1, 0).
Now any null vector σ not in W can be scaled so that σ = w + x where w is a positively
oriented timelike unit vector in W and x is spacelike unit vector in W⊥, both uniquely
determined. This defines an isometry from (Hk + W⊥) ∩ L to Hk × Sn−k, where Hk is
(the positive sheet of) the hyperboloid in W , and Hk × Sn−k is equipped with a product
of constant curvature metrics. Hence we obtain a conformal diffeomorphism from P(L) r
P(W ∩ L), i.e., Sn r Sk−1, to Hk × Sn−k.
• If the induced metric on W is degenerate, i.e., W has signature (k, 0) and W⊥ has
signature (n − k, 0), then W ∩W⊥ = W ∩ L = W⊥ ∩ L is a null line spanned by a null
vector ŵ. If w0 is another null vector with (ŵ, w0) = −1 then any null vector σ not in
the span of W is a constant multiple of w0 + λŵ + x + y for unique x ∈ W ∩ ŵ⊥0 and
y ∈W⊥ ∩ ŵ⊥0 , identifying (w0 +W +W⊥) ∩ L isometrically with a product Rk × Rn−k of
euclidean spaces. Up to translation and scale this isometry is independent of the choice of
w0 and ŵ, we have a conformal diffeomorphism from Sn r {pt} to Rk × Rn−k.

As in the case of vectors, the choice W induces a Weyl structure Λ̂, hence a compatible
metric (up to homothety), on the open subset of Sn where Λ 6⊆W,W⊥ such that Λ⊕ Λ̂ is
the (1, 1)-plane (Σ ×W ⊕ Λ) ∩ (Σ ×W⊥ ⊕ Λ) on this open subset: in the nondegenerate
case, Λ̂ = ρWΛ where ρW = idW − idW⊥ ; in the degenerate case Λ̂ = W ∩W⊥ = <ŵ> is
constant. Since Σ ×W⊥ ∩ (Λ⊕ Λ̂) is a constant line inside Σ ×W ⊕ Λ̂ (and similarly for
Σ ×W ∩ (Λ⊕ Λ̂) inside Σ ×W⊥ ⊕ Λ̂), Λ̂ is the Weyl structure of the product of constant
curvature metrics.
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If we view the representative ω ∈ ∧k+1W as a constant (k+1)-vector on Sn, then its Lie
algebra homology class [ω] defines a section of H0(T ∗Sn, Sn×∧k+1Rn+1,1), which turns out
to be the bundle ∧k(TSn Λ)L ∼= ∧kT ∗Sn Lk+1 and [ω] is a decomposable section tangent
to one of the factors of the product structure. The equation dω = 0, viewed as an equation
on [ω] implies that the latter is a conformal Killing form in the sense of [69].

This symmetry breaking is particularly straightforward when k = 1: a decomposable 2-
form ω identifies SnrSn−2, Snr {pt} or SnrS0 with S1×Hn−1, R×Rn−1 or H1×Sn−1

respectively, according to whether ω is spacelike, null, or timelike, respectively (i.e., whether
the corresponding 2-plane is euclidean, degenerate, or lorentzian respectively). Note that ω
may also be viewed as an element of so(n+1, 1), i.e., an infinitesimal Möbius transformation
of Sn, its Lie algebra homology class [ω] being the vector field generating this action. Since
ω is a wedge product of two vectors in W , it follows that [ω] generates of the obvious S1

or R action on S1 ×Hn−1, R× Rn−1 or H1 × Sn−1.

Part II. Submanifolds and The Conformal Bonnet Theorem

Now we come to the heart of the matter: an immersed submanifold of a Möbius manifold
inherits a conformal Möbius structure in a canonical way. In particular, a curve or surface
immersed in a conformal n-manifold with n > 3 acquires more intrinsic geometry from the
ambient space than merely a conformal metric.

The key ingredient of our theory is the notion of a Möbius reduction, introduced in §8.2
as a reduction of structure group along a submanifold Σ immersed in a Möbius manifold
M . In §8.3, we show that this generalizes the classical notion of an enveloped sphere
congruence. In §9.1 we compute the data induced on Σ by a Möbius reduction, and then
in §9.2, using a gauge theoretic interpretation of Möbius reductions, we show how these
data depend on the choice of Möbius reduction.

One of these data is an analogue of the second fundamental form (or shape operator) in
riemannian geometry (we make the analogy precise in §11.3) and this datum only depends
on the Möbius reduction through its trace, a generalized mean curvature conormal vector.
This allows us to achieve our first goal in §9.3, where we show that there is a unique Möbius
reduction whose second fundamental form is tracefree. By normalizing the induced Cartan
connection, we thus obtain a canonical conformal Cartan geometry on Σ.

For submanifolds of the conformal n-sphere, the canonical Möbius reduction is the central
sphere congruence [8]. In this case, we show in §10.2 that the primitive data induced
on Σ by the reduction suffice to recover the ambient flat conformal Cartan connection.
As we show in §10.3, this leads at once to a conformal Bonnet theorem, and we present
two approaches to the Gauß–Codazzi–Ricci equations characterizing conformal immersions.
The first, introduced in §10.4, is an unashamedly abstract treatment using Lie algebra
homology and the Bernstein–Gelfand–Gelfand machinery of [25]. The second, presented
in §11.5, uses the decomposition with respect to a Weyl structure (described and studied
in in §§11.1–11.4) to give a more explicit formulation.

In §12.1, we specialize our theory to curves and study their Möbius invariants. We turn
to surfaces in §12.2, where, with an eye on the applications in Part III, we study quadratic
differentials and the relation between the differential lift and the Hodge star operator. We
also relate our theory to the work of [18, 21].

8. Submanifolds and Möbius reductions

8.1. Submanifolds of Möbius manifolds. Let φ : Σ → M be an immersion of an m-
manifold Σ into a Möbius n-manifold M , with n = m+ k and m, k > 0. Thus, for n > 3,
our assumption is no more than that M be a conformal manifold: it is only for the case
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of curves immersed in surfaces that we are imposing extra structure on the ambient space.
In any case, M is equipped with a normal conformal Cartan geometry (VM , Λ,DM ).

The conformal metric on M restricts to give a conformal metric on Σ. At first we obtain
a section of S2T ∗Σ (LM |Σ)2, but then Proposition 1.4 identifies LM |Σ with the density
bundle LΣ of Σ. (To generalize our theory to indefinite signature metrics we need to
assume that the induced conformal metric on Σ is nondegenerate.) Henceforth, we write
L and Λ = L−1 for both the intrinsic and ambient line bundles, and often omit restriction
maps (pullbacks to Σ). Thus (VM ,DM ) will be viewed as a vector bundle with connection
over Σ. Along Σ, we have an orthogonal decomposition

TM = TΣ ⊕NΣ,

where NΣ is the normal bundle to Σ in M . Further, the operators π and p, defined by
the soldering isomorphism of M , restrict to operators along Σ, so that in particular, we
have π : Λ⊥ → TM Λ(∼= T ∗M L) over Σ. We thus obtain two subbundles π−1(NΣ Λ) and
π−1(TΣ Λ) of VM with sum Λ⊥ and intersection Λ. We denote the latter subbundle by
Λ(1): it is the smallest subbundle of Λ⊥ containing Λ and its tangential first derivatives,
i.e., DM

X σ ∈ Λ(1) for all sections σ of Λ and X ∈ TΣ.
Our approach to Möbius submanifold geometry is to forget about M and study only

(VM , Λ,DM ) along Σ. This will be particularly effective in the case M = Sn, since then
VM (restricted to Σ) is Σ × Rn+1,1 with DM just the flat derivative d, and the immersion
of Σ into Sn = P(L) can be recovered from the subbundle Λ ⊂ Σ × Rn+1,1 (whose fibres
are null lines in Rn+1,1, hence points in P(L)).

8.2. Möbius reductions. We regard (VM , Λ,DM ) as a generalized conformal Cartan
geometry on Σ. It is not actually a conformal Cartan geometry, since VM has rank n+ 2 >
m+ 2 so a reduction of structure group is required. This prompts the following definition.

Definition 8.1. A signature (m + 1, 1) subbundle V ⊂ VM (over Σ) is called a Möbius
reduction iff V contains the rank m+ 1 bundle Λ(1) (so that Λ(1) = Λ⊥ ∩V ).

Otherwise said, V ⊥ is a complement to Λ in π−1(NΣ Λ) ⊂ Λ⊥, or equivalently, an
orthogonal complement to Λ(1) in Λ⊥. From this, it is clear that Möbius reductions exist
and that V ⊥ is a rank k bundle on which the metric is definite. Also π : Λ⊥ → TM Λ
restricts to a metric isomorphism from V ⊥ onto the weightless normal bundle NΣ Λ.

A Möbius reduction V determines and is determined by a bundle map IV : NΣ Λ →
π−1(NΣΛ) ⊂ Λ⊥ with π ◦ IV = idNΣΛ via V ⊥ = im IV . It follows that Möbius reductions
form an affine space modelled on the sections of Hom(NΣ Λ,Λ) ∼= N∗Σ. We write V 7→
V + ν for this affine structure, where ν ∈ C∞(Σ,N∗Σ): explicitly, IV+ν = IV − ν ⊗ idΛ.
(The sign here is for consistency with our sign convention for Weyl structures.)

8.3. Sphere congruences. When M = Sn, Möbius reductions admit a classical inter-
pretation. In this case, VM → Σ is just the trivial Rn+1,1 bundle, DM is flat differentiation
d, and the line bundle Λ→ Σ is the pullback of the tautological bundle by the immersion
φ : Σ → Sn. Positive sections of Λ are precisely the lifts f : Σ → L+ of φ with q ◦ f = φ.

Recall from §1A that `-spheres in the conformal sphere Sn = P(L) correspond bijectively
to signature (` + 1, 1) subspaces of Rn+1,1 (or equivalently to the orthogonal spacelike
(n − `)-planes) via W 7→ P(W ∩ L). Hence the space of `-spheres in Sn is identified with
the grassmannian of signature (` + 1, 1) subspaces of Rn+1,1, and a signature (` + 1, 1)
subbundle of Σ × Rn+1,1 is the same as a map of Σ into this space.

Definition 8.2. A `-sphere congruence parameterized by an m-manifold Σ is a signature
(` + 1, 1) subbundle V of Σ × Rn+1,1. It is said to be enveloped by an immersion φ, i.e.,
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a null line subbundle Λ satisfying the Cartan condition, iff Λ(1) ⊂ V , i.e., V contains the
image of every lift f and its first derivatives dXf , X ∈ TΣ.

Geometrically, the enveloping condition means that each `-sphere P(Vx ∩ L) has first
order contact with φ(Σ) at φ(x). When ` = m, this is exactly the condition that V be a
Möbius reduction for Λ. To summarize:

Möbius reductions are the same as m-sphere congruences enveloped by Σ.

9. Geometry of Möbius reductions

9.1. Splitting of the ambient connection. Let V a Möbius reduction of VM along Σ.
The orthogonal decomposition VM = V ⊕ V ⊥ induces a decomposition of DM : we have
metric connections DV , ∇V on V , V ⊥, respectively, given by composing the restriction of
DM with orthoprojection. The remaining, off-diagonal, part of DM is the following.

Definition 9.1. The Möbius differential N V : TΣ → Hom(V, V ⊥) ⊕ Hom(V ⊥, V ) of a
Möbius reduction V is defined by

N V
X ξ = (DM

X ξ)
>, N V

X v = (DM
X v)⊥,

for v ∈ V , ξ ∈ V ⊥, where >,⊥ denote the orthoprojections onto V, V ⊥ respectively.

Note that N V is zero order in v, ξ, and (N V
X ξ, v) = −(ξ,N V

X v) since DM is a metric
connection. In Lie-theoretic terms, we have a fibrewise symmetric decomposition

g := so(VM ) = hV ⊕mV ,(9.1)

hV = so(V )⊕ so(V ⊥), mV = g∩
(
Hom(V, V ⊥)⊕Hom(V ⊥, V )

)
.where

Accordingly DM decomposes as

(9.2) DM = D∇,V +N V ,

where D∇,V = DV +∇V is the direct sum connection and N V is a mV -valued 1-form.
The fundamental tools in submanifold geometry are the equations which give the curva-

ture of DM in terms of this decomposition:

(RDM
)h = RD∇,V + 1

2 [N V ∧N V ];(9.3a)

(RDM
)m = dD∇,VN V .(9.3b)

We shall see that the so(V ) and so(V ⊥) components of (9.3a) are generalized versions of the
Gauß and Ricci equations respectively, while (9.3b) is a Codazzi equation. As they stand,
these equations are conceptually simple and general: VM could be any vector bundle with
g connection and V any nondegenerate subbundle. However, they depend on the choice of
Möbius reduction and we need to understand this dependence. First, though, there is a lot
of information hidden in the interaction with the tautological line bundle Λ, which we now
begin to unravel.

Let V a Möbius reduction of (VM , Λ,DM ) along Σ. Then Λ(1) ⊂ V , so that DM
X σ ∈ V

and thus
DV
Xσ = DM

X σ, N V
X σ = 0,

for all sections σ of Λ and X ∈ TΣ. This has several consequences for the components
DV , ∇V and N V of DM . First, DV is a conformal Cartan connection for the conformal
structure on Σ inherited from M : the soldering form of DV is the pullback of that of DM .
In particular, π|

Λ(1) is the operator πΣ : Λ(1) → TΣΛ defined by the soldering form of DV ,
and we shall drop the subscript henceforth.

Moreover, DV
Xσ = DM

X σ implies that RDV

X,Y σ is the projection onto V of RDM

X,Y σ which
vanishes since DM is strongly torsion-free. We summarize this as follows.
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Proposition 9.2. (V,Λ,DV ) is a conformal Cartan geometry on Σ whose induced confor-
mal metric is the restriction of the conformal metric on M .

Thus in addition to a conformal metric, Σ acquires a Möbius structure MV := MDV
.

When dimΣ 6 2, this packs a punch as we shall see.
Now contemplate N V : since N V |Λ vanishes, N V takes values in stab(Λ) ∩ mV so that

πN V is a tensorial object: a 1-form with values in co(TM).

Definition 9.3. The second fundamental form and shape operator of a Möbius reduction
V are the bundle maps IIV : TΣ ⊗ TΣ → NΣ and SV : TΣ ⊗NΣ → TΣ defined in terms
of the Möbius differential N V by the following formulae:

IIVXY σ = −π
(
N V
X (DM

Y σ)
)
, 〈SVXU, Y 〉σ2 = (N V

X IV (U ⊗σ),DM
Y σ);

thus SV ∈ Ω1(Σ,Hom(NΣ,TΣ)) is the transpose of IIV ∈ Ω1(Σ,Hom(TΣ,NΣ)) and
πN V = IIV − SV . The mean curvature covector HV ∈ C∞(Σ,N∗Σ) of V is given by
HV = 1

m tr SV = 1
m〈trc IIV , ·〉.

Proposition 9.4. Let V be a Möbius reduction of VM on Σ. Then IIV is symmetric, i.e.,
is a section of S2T ∗Σ ⊗NΣ. (Equivalently SV is a section of N∗Σ ⊗ Symc(TΣ).)

Proof. We have

(IIVYX − IIVXY )σ = π(N V
X (DM

Y σ)−N V
Y (DM

X σ)) = π((RDM

X,Y σ)⊥) = 0

since DM is torsion-free. �

Finally ∇V induces a metric connection ∇ = π ◦ ∇V ◦ IV on NΣ Λ.
We now see how all these data depend on the choice of reduction V which will require a

closer look at the space of Möbius reductions.

9.2. Gauge theory of Möbius reductions. The affine structure on the space of Möbius
reductions may be usefully understood in terms of gauge transformations of VM : we have
V + ν = exp(−ν)V . Indeed, for v ∈ VM , U ⊗ σ ∈ NΣ Λ, we compute

exp(−ν)IV (U ⊗σ) = IV (U ⊗σ)− ν · IV (U ⊗σ) = IV (U ⊗σ)− 〈ν, U〉σ = IV+ν(U ⊗σ)

so that exp(−ν) ◦ IV = IV+ν . Thus if v ∈ V + ν, exp(ν)v ∈ V .

Proposition 9.5. Let V be a Möbius reduction of VM on Σ. Then, for ν ∈ C∞(Σ,N∗Σ),

exp(ν) ·DV+ν = DV + [[ν, πN V ]]− 1
2 [[ν, πD∇,V ν]],

exp(ν) · N V+ν = N V −D∇,V ν,

exp(ν) · ∇V+ν = ∇V ,
(9.4)

and [N V , ν]− 1
2 [ν,D∇,V ν], D∇,V ν take values in stab(Λ)⊥ ∩ hV , stab(Λ)∩mV respectively.

Proof. From (3.2), we have exp(ν) ·DM = DM−DMν− 1
2 [[ν, πDMν]]. Now DMν = D∇,V ν+

[N V , ν] = D∇,V ν−[[ν, πN V ]], sinceN V takes values in stab(Λ). In particular, π[N V , ν] = 0.
Since V + ν = exp(−ν)V , exp(ν) ·D∇,V is the reduction of exp(ν) ·DM to hV , whence

exp(ν) ·D∇,V+ν =
(
exp(ν) ·DM

)
hV

= D∇,V + [[ν, πN V ]]− 1
2 [[ν, πD∇,V ν]],

exp(ν) · N V+ν =
(
exp(ν) ·DM

)
mV

= N V −D∇,V ν.

(9.4) follows after restricting the first of these formulae to V and V ⊥. �

With this in hand, we can determine the dependence of our data on the Möbius reduction.
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Proposition 9.6. The conformal structure c on Σ and connection ∇ on NΣ Λ are inde-
pendent of V , whereas

MV+ν = MV + ν(IIV )− 1
2〈ν, ν〉c,(9.5)

IIV+ν = IIV − c⊗ ν, SV+ν = SV − ν ⊗ id.(9.6)

Proof. The independence of the conformal structure is immediate from Proposition 9.2.
Moreover, since π ◦ exp(ν) = π, we have π ◦∇V+ν ◦ IV+ν = π ◦ exp(ν) · ∇V+ν ◦ IV which is
π ◦ ∇V ◦ IV by Proposition 9.5. Thus ∇ is independent of V .

Similarly, πN V+ν = π(exp(ν) · N V+ν) = πN V − πD∇,V ν by Proposition 9.5. Moreover

(9.7) πD∇,V ν = −[[id, ν]] = id ⊗ ν − c⊗ ν

and so (9.6) follows since IIV − SV = πN V .
Finally, for (9.5), note that DV+ν is gauge-equivalent to DV + [[ν, πN V ]]− 1

2 [[ν, πD∇,V ν]]
by Proposition 9.5, so that these connections induce the same Möbius structures, namely
MV + [[ν, πN V ]]− 1

2 [[ν, πDhV ν]]. Moreover,

[[ν, πN V ]] = [[ν, IIV − SV ]] = ν(IIV ),

[[ν, πD∇,V ν]] = −[[ν, [[id, ν]]]] = 〈ν, ν〉c,

(using (9.7)), whence (9.5) follows. �

9.3. Normalization and the primitive data. The submanifold geometry developed
thus far is not a pure theory of conformal submanifolds as it depends on the choice of
a Möbius reduction. Furthermore, there is no reason for the induced conformal Cartan
geometry to be normal. The key to rectifying this is equation (9.6), which shows that the
tracefree part II0 of the second fundamental form IIV (or equivalently the tracefree part S0

of the shape operator SV ) is independent of the choice of V , whereas the mean curvature
depends on V via HV+ν = HV − ν. Hence there is a unique Möbius reduction with
tracefree second fundamental form—i.e., vanishing mean curvature—given by V + HV =
exp(−HV )V for any Möbius reduction V .

Definition 9.7. The unique Möbius reduction VΣ withHVΣ = 0 will be called the canonical
Möbius reduction. We denote the Möbius differential of VΣ by N and identify VΣ with
NΣ Λ so that ∇VΣ = ∇. We also write h for hVΣ and m for mVΣ so that g = h⊕m.

The canonical Möbius reduction is picked out by a homological condition: for any reduc-
tion V , N V is a 1-chain in the complex defining the Lie algebra homology H•(T ∗Σ,mV )
(where the standard action on V and the trivial action on V ⊥ are used to define the
so(V )-module structure on mV ). Applying the boundary operator to this 1-chain gives

∂N V =
∑

i[εi,N
V
ei ] =

∑
i[[εi, πN

V
ei ]] =

∑
i[[εi, II

V
ei − SVei ]] = − tr SV .

Thus VΣ is the unique reduction whose Möbius differential is a 1-cycle. When m = 1, N
is a section of T ∗Σ ⊗N∗Σ, which we shall call the conformal acceleration A of the curve.

We now have a canonical choice (VΣ , Λ,D
VΣ ) of conformal Cartan geometry on Σ. The

remaining problem is that the associated Möbius structure need not be a conformal Möbius
structure, that is, DVΣ need not be normal (when m > 2). But now Proposition 5.11 comes
to the rescue and assures us of a unique section Q of S2T ∗Σ such that
• DVΣ −Q is a normal Cartan connection;
• Q0 = 0 when m = 2 and Q = 0 when m = 1 (i.e., Q is in the image of ∂).
We denote the normal Cartan connection so defined by DΣ = DVΣ − Q and the induced
conformal Möbius structure by MΣ = MVΣ −Q.
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Theorem 9.8. Let φ : Σ → M be an immersion of an m-manifold Σ into a Möbius n-
manifold M . Then φ equips Σ canonically with the following primitive data:

• a conformal Möbius structure (c,MΣ);
• a rank n−m euclidean vector bundle NΣ Λ with a metric connection ∇;
• a section II0 of S2

0T
∗Σ ⊗NΣ for m > 2;

• a section A of T ∗Σ ⊗N∗Σ for m = 1.

In addition there is an affine bijection V 7→ −HV from Möbius reductions to sections of
N∗Σ such that the inverse image of zero is the canonical Möbius reduction.

It is not immediately apparent that these data suffice to recover the connection DM =
DΣ +∇+Q+N on VM = VΣ ⊕ V ⊥Σ , but we shall see that they do when DM is flat.

The primitive data can be computed from an arbitrary Möbius reduction V by writing
V = VΣ −HV and applying Proposition 9.6 to see that V gives the same conformal metric
and normal connection as VΣ , whereas the remaining data are related by

II0 = IIV − c⊗HV , S0 = SV − id⊗HV (m > 2)(9.8)

A = N V −D∇,VHV (m = 1)(9.9)

MΣ = MVΣ −Q = MV −QV , where(9.10)

QV := Q−HV (IIV ) + 1
2 |H

V |2c = Q−HV (II0)− 1
2 |H

V |2c.(9.11)

We can also decompose DM on V ⊕ V ⊥ as DM = DΣ,V +∇V +QV +N V , where DΣ,V =
DV −QV is the normal Cartan connection exp(HV ) ·DΣ on V .

To summarize, given a submanifold φ : Σ → M and a Möbius reduction V , we have a
decomposition of the ambient Cartan connection

(9.12) DM = DhV +QV +N V

where DhV := DΣ,V +∇V for a normal conformal Cartan connection DΣ,V . By the formulae
above, this decomposition induces the primitive data of Theorem 9.8. The curvature of
DM with respect to this decomposition is given by:

(RDM
)hV = RhV + dhVQV + 1

2 [N V ∧N V ];(9.13a)

(RDM
)mV = dhVN V + [QV ∧N V ].(9.13b)

Here dhV is the exterior derivative coupled to DhV , and RhV is the curvature of DhV .

10. Lie algebra homology and the conformal Bonnet theorem

We now specialize to the case that the ambient manifold M is the conformal sphere Sn

so that VM is the trivial Rn+1,1-bundle over Σ and DM = d. In this setting, we will see
that the immersion Λ of Σ is completely determined by the primitive data of Theorem 9.8.
It follows that the equations of (9.13), with V = VΣ , are equations on these data, the
Gauß–Codazzi–Ricci equations. Furthermore, we shall see that one can recover (locally)
an immersion of Σ into Sn from an arbitrary solution of these equations. In all this, we
make substantial use of the machinery of Lie algebra homology and the associated theory
of Bernstein–Gelfand–Gelfand operators. The Reader with no taste for such abstraction is
directed to section 11 where Weyl structures are used to provide a more explicit formulation.

Before all this, however, we show that the canonical Möbius reduction is an object well-
known to conformal submanifold geometers.
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10.1. The central sphere congruence. For M = Sn, we identified Möbius reductions
with the classical notion of enveloped sphere congruences in §8.3. The canonical Möbius
reduction is also known classically: it is central sphere congruence or conformal Gauß
map [10, 76] which may be defined in terms of a lift f : Σ → L+ by

Vcent = <f, df, trDdf>.

Here D is the Levi-Civita connection of (df, df), which is also used to compute the trace.
Equivalently, if ei⊗ f is an orthonormal basis of TΣ Λ, Vcent = <f, df,

∑
i deideif>.

Now we compute the V ⊥Σ component of
∑

i deideif to be
∑

iNei(deif), π of which is
−
∑

i II0
eiei f = 0. Thus Vcent = VΣ .

More geometrically, Σ(x) := P((VΣ)x ∩ L) is the mean curvature sphere, i.e., the unique
sphere tangent to Σ at x, which has the same mean curvature covector as Σ with respect
to some (hence any) enveloped sphere congruences V of Σ and V(x) of Σ(x) which agree
at x. Indeed, the central sphere congruence of Σ(x) is clearly constant, equal to (VΣ)x
(the Möbius differential is zero, which is certainly a cycle). Hence Σ and Σ(x) have central
sphere congruences which agree at x. As we shall in §11.3, it follows that Σ and Σ(x) have
the same mean curvature covector at x with respect to some (hence any) ambient metric.

10.2. Lifting the primitive data. Consider an immersion φ : Σ → Sn with central
sphere congruence (i.e., canonical Möbius reduction) VΣ . Then, using the decomposition
g = h⊕m induced by Σ × Rn+1,1 = VΣ ⊕ V ⊥Σ , (9.12) specializes to give

(10.1) d = Dh +Q+N ,

where Dh is the h-connection DΣ + ∇, N ∈ Ω1(Σ,m), and Q is the unique section of
S2T ∗Σ ∩ im ∂ for which DΣ is normal.

Write dh for dDh
and Rh for the curvature of Dh. Then (9.13) specializes as follows:

0 = Rh + dhQ+ 1
2 [N ∧N ];(10.2a)

0 = dhN + [Q ∧N ].(10.2b)

Recall that our normalization conditions on the Möbius reduction VΣ and the Möbius
structure MΣ amount to the requirement thatRh andN are cycles in Z2(Σ, h) and Z1(Σ,m)
respectively (the former condition is equivalent to RDΣ

being a cycle). Moreover, we see
that the homology class of N yields primitive data:

[N ] =

{
II0 − S0 for m > 2;
A for m = 1.

H1(T ∗Σ,m) =

{(
S2

0T
∗Σ ⊗NΣ ⊕ Symc(TΣ)⊗N∗Σ

)
∩ Ω1(Σ, co(TM)) for m > 2;

T ∗Σ ⊗N∗Σ ⊂ Ω1(Σ,T ∗M) for m = 1.

This is analogous to the primitive data given by the homology class [RDΣ
], which is the

Weyl curvature of (Σ, c) when m > 4 and the Cotton–York curvature of (Σ, c) or (Σ, c,MΣ)
when m = 3 or m = 2 respectively.

We now show that both N and Q can be recovered from these homology classes, from
which it will follow that the Gauß–Codazzi–Ricci equations (10.2) are equations on these
data. In §10.4, we shall realize these equations in terms of Bernstein–Gelfand–Gelfand
(BGG) differential operators on Lie algebra homology bundles. A key ingredient is the
differential lift [25, 35] associated to DΣ that we introduced in §4A. We let ���h denote ���DΣ

coupled to the connection ∇ on V ⊥Σ , to obtain a generalized differential lift jh which can
be applied to homology classes, such as [N ], with a normal component.
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Proposition 10.1. Let (VΣ , Λ,D
Σ) be a normal conformal Cartan geometry on Σ, let

(V ⊥Σ ,∇) be a euclidean vector bundle with metric connection, let N be a m-valued 1-form
in ker ∂, and let Q be a h-valued 1-form in im ∂.

Suppose that these data satisfy the full Gauß–Codazzi–Ricci equations (10.2). Then
Q = −1

2���
−1
h ∂[[[N ] ∧ [N ]]] and N = jh[N ]. Furthermore, N ∈ Ω1(Σ,m ∩ stab(Λ)) and πN

is symmetric and tracefree, whereas Q ∈ Ω1(Σ,T ∗Σ) and is symmetric.

Proof. Since ∂Rh = 0, (10.2a) implies that ���hQ = ∂dhQ = −1
2∂[N ∧ N ], so that Q =

−1
2���
−1
h ∂[N ∧ N ] since it is in the image of ∂. Now since ∂N = 0, N takes values in

stab(Λ) ∩ m and πN is tracefree. Thus Q takes values in stab(Λ)⊥ ∩ h = T ∗Σ, and hence
[Q∧N ] is a 2-form with values in stab(Λ)⊥ ∩m ⊂ Hom(VΣ/Λ

⊥, V ⊥Σ )⊕Hom(V ⊥Σ , Λ). Since
∂ vanishes on Λ, ∂[Q ∧ N ] = 0, so that (10.2b) implies ∂dhN = 0 and hence N = jh[N ].
We also deduce ∂[[id ∧ πN ]] = 0, and then [[id ∧ πN ]] = 0, i.e., πN is symmetric.

It remains to establish the symmetry of Q. Since ���hQ = ∂[[id ∧ Q]], ���h is an algebraic
isomorphism on im ∂, so it suffices to show that ∂[N ∧ N ] is symmetric. This equals
∂R where R = [[πN ∧ πN ]], which is in Ω2(Σ, so(TΣ)). By the Jacobi identity and the
symmetry of πN , R satisfies the algebraic Bianchi identity [[id ∧R]] = 0. It follows that its
associated Ricci contraction ∂R is symmetric. �

We end by noting that since Q and N are determined by the primitive data, then, given
HV , so are QV = Q−HV (II0)− 1

2 |H
V |2c and N V = exp(HV ) · N+DhVHV . This generality

turns out to be convenient in applications, so we digress from the homological theory to
give a general formulation of the conformal Bonnet theorem.

10.3. The conformal Bonnet theorem for enveloped sphere congruences. Let Λ
be an immersion of Σ, and V an enveloped sphere congruence with mean curvature covector
HV . Then (9.12) gives a decomposition of the flat connection on Σ ×Rn+1,1 = V ⊕ V ⊥ as

(10.3) DhV +QV +N V ,

where QV ∈ Ω1(Σ,T ∗Σ) is the unique section of S2T ∗Σ such that DhV restricts to the
normal conformal Cartan connection on V inducing the conformal Möbius structure MΣ of
the central sphere congruence VΣ = V +HV . It follows from §10.2 that the primitive data
of Theorem 9.8, together with HV , determine QV and N V . These data then satisfy Gauß–
Codazzi–Ricci equations, which are equivalent to the flatness of the connection (10.3):

0 = RhV + dhVQV + 1
2 [N V ∧N V ];(10.4a)

0 = dhVN V + [QV ∧N V ].(10.4b)

A converse is therefore available: the conformal immersion and enveloped sphere congruence
can be recovered from the data they induce (i.e., the primitive data of Theorem 9.8 and
the mean curvature covector HV ). Our goal now is to establish such a converse.

To this end, let Σ be an m-manifold with conformal Möbius structure (c,MΣ). Suppose
that NΣ → Σ is a rank n −m vector bundle with a metric and metric connection ∇ on
NΣL−1, and that II0 is a section of S2

0T
∗Σ ⊗NΣ for m > 2 (with transpose S0) and A is

a section of T ∗Σ ⊗N∗Σ for m = 1. Finally let HV be a section of N∗Σ.
Denote by (V,Λ,DΣ,V ) the induced normal conformal Cartan geometry (which identifies

Λ with L−1) and set V ⊥ = NΣ Λ, ∇V = ∇ and DhV = DΣ,V +∇V . Let N V = jhV (II0 −
S0) + DhVHV for m > 2 and N V = A + DhVHV for m = 1, where jhV is the differential
lift operator defined by DΣ,V and ∇V . Last of all, let QV be given by (9.11), where
Q = −1

2���
−1
h ∂[[(II0 − S0) ∧ (II0 − S0)]].

Then the connection (10.3) given by these data is flat iff (10.4) hold.
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Theorem 10.2. Let Σ be an m-manifold with conformal Möbius structure (c,MΣ), let
(NΣ L−1,∇) be a rank n −m euclidean vector bundle on Σ with metric connection, and
let N V , QV be determined as above by these data together with a section HV of N∗Σ and
a section II0 of S2

0T
∗Σ ⊗NΣ (for m > 2) or A of T ∗Σ ⊗N∗Σ (for m = 1).

Then there is locally an immersion of Σ into Sn with enveloped sphere congruence V
inducing these data if and only if the equations of (10.4) hold. If so, then the immersion
and enveloped sphere congruence are unique up to Möbius transformations of Sn.

(Obviously, when m = 1, the equations of this theorem are vacuous, so the theorem
then shows that a projective curve can be embedded into Sn with arbitrary conformal
acceleration A, and that HV parameterizes the possible enveloped circle congruences.)

Proof. It remains to recover the immersion, assuming (10.4) holds. The bundle V ⊕V ⊥ has
a metric of signature (n + 1, 1)—given by the sum of the metrics on the summands—for
which Λ is null, and the connection DhV +QV +N V on V ⊕V ⊥ is a metric connection, which
is flat by (10.4). Thus, locally, we have a parallel metric isomorphism V ⊕V ⊥ ∼= Σ×Rn+1,1,
unique up to constant gauge transformations, and the inclusion Λ → VΣ ⊕ V ⊥Σ induces a
map φ : Σ → P(L); x 7→ Λx ⊂ Rn+1,1. The Cartan condition on DΣ ensures that φ is an
immersion and N V |Λ = 0 ensures that (the image in Σ × Rn+1,1 of) V is an enveloped
sphere congruence, with mean curvature 1

m tr IIV = HV . �

The above theorem is very general, but depends on a choice of enveloped sphere con-
gruence and so it is not truly conformal: as we shall see in §13.2, it includes, as a special
case, the Bonnet theorem for submanifolds of spaceforms. However, if we set HV = 0
so that V = VΣ is the central sphere congruence, then (10.4) reduces to (10.2) and this
specialization of Theorem 10.2 is purely conformal. In the next paragraph, though, we see
that such a formulation of the conformal Bonnet Theorem is not optimal.

10.4. The abstract homological conformal Bonnet theorem. The normalization
conditions used to fix the Möbius reduction and Möbius structure on Σ have the homologi-
cal interpretation that N and RDΣ

are cycles, in Z1(Σ,m) and Z2(Σ, so(VΣ)) respectively.
We now show that the Gauß–Codazzi–Ricci equations also have a homological description,
in terms of Bernstein–Gelfand–Gelfand (BGG) operators associated to the representations
h = so(VΣ)⊕ so(V ⊥Σ ) and m of SO(VΣ), where V ⊥Σ carries the trivial representation.

BGG sequences of invariant linear differential operators were first introduced on curved
geometries by Eastwood–Rice [41], for 4-dimensional conformal geometry, and by Baston [4]
and Čap–Slovak–Souček [35] in more general contexts. These constructions were simplified
and extended to invariant multilinear differential operators in [25]. We need this generality
here, and in particular, we need the operators ���h = ∂ ◦ dh + dh ◦ ∂ and Π = id−���−1

h ◦ ∂ ◦
dh − dh ◦���−1

h ◦ ∂ of §4A, but here coupled to the normal connection ∇ (if required).
Using this, we can define linear and bilinear BGG operators between sections of Lie

algebra homology bundles, closely related to the differential lift jh. We shall only need
them on H1(T ∗Σ,m), where, for sections [α] and [β], we have

dBGG[α] = [ΠdhΠα], [α] t [β] = [Π([Πα ∧Πβ])],

which are sections of H2(T ∗Σ,m) and H2(T ∗Σ, h) respectively.
We now have all the ingredients to establish our homological formulation of the Gauß–

Codazzi–Ricci equations. These equations are simpler than the full equations since they
only involve the homological objects [N ] and [Rh] = [RDΣ

]+R∇. The Bernstein–Gelfand–
Gelfand operators provides a conceptually elegant formulation of these equations, and the
associated homological machinery yields a remarkably efficient proof.
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Theorem 10.3. Let (VΣ , Λ,D
Σ) be a normal conformal Cartan geometry on Σ, let (V ⊥Σ ,∇)

be a euclidean vector bundle with metric connection, let N be a m-valued 1-form in ker ∂,
and let Q be a T ∗Σ-valued 1-form in im ∂.

Then the data (Dh,N , Q) satisfy the full Gauß–Codazzi–Ricci equations (10.2) if and
only if N = jh[N ], Q = −1

2���
−1
h ∂[N ∧ N ], and the following homological Gauß–Codazzi–

Ricci equations hold :

0 = [Rh] + 1
2 [N ] t [N ](10.5a)

0 = dBGG[N ].(10.5b)

Proof. We first observe that ∂Rh = 0 and dhRh = 0, so that Rh = jh[Rh]. By Proposi-
tion 10.1, we also know that (10.2) imply that N = jh[N ] and Q = −1

2���
−1
h ∂[N ∧N ].

It remains to show that under these conditions, the equations (10.2) are equivalent
to (10.5). By the uniqueness of the canonical differential representative, the latter are
equivalent to

0 = Rh + 1
2Π2[N ∧N ] = Rh + 1

2Π[N ∧N ]

= Rh + 1
2 [N ∧N ] + dhQ− 1

2���
−1
h ∂dh[N ∧N ]

0 = ΠdhN = dhN −���−1
h ∂[Rh ∧N ].

Here we have expanded the definition of Π: for the first equation we have used the fact
that ΠdhQ = dhQ− dh���−1

h ∂dhQ−���−1
h ∂(dh)2Q = −���−1

h ∂[Rh ∧Q] = 0, since [Rh ∧Q] has
values in T ∗Σ, hence is in the kernel of ∂. Now the second equation implies that dhN has
values in V ⊥Σ ⊗Λ and hence ���−1

h ∂dh[N ∧N ] = 0. By substitution of the first equation into
the second, the equations (10.5) are therefore equivalent to

0 = Rh + dhQ+ 1
2 [N ∧N ]

0 = dhN +���−1
h ∂[dhQ ∧N ],

since [N ∧ [N ∧N ]] = 0 by the Jacobi identity. Now note that [Q∧ dhN ] = 0 since the Lie
bracket of T ∗Σ with V ⊥Σ ⊗ Λ is trivial. Hence the last term is equal to ���−1

h ∂dh[Q ∧N ].
We noted in the proof of Proposition 10.1 that [Q ∧ N ] is in the kernel of ∂. The

equivalence of the full and homological Gauß–Codazzi–Ricci equations now rests on the
fact that it is actually in the image of ∂. For m > 3 this follows easily from the fact
that [Q ∧ N ] is a 2-form with values in V ⊥Σ Λ, since ∂ : ∧3T ∗Σ ⊗ Λ⊥ → ∧2T ∗Σ ⊗ Λ is
then surjective. The result is vacuous for m = 1, so it remains to prove that for m = 2,
[Q∧N ] = 0. For this, it suffices to show that (Q∧N )X,Y ν = 0 for any normal ν and vector
fields X,Y . Now Q vanishes on Λ, so this reduces immediately to QX(S0

Y ν) − QY (S0
Xν),

which vanishes because (for m = 2) Q ∈ im ∂ is tracelike and S0 is symmetric. �

Remark 10.4. The subtle point in the above proof was the fact that [Q ∧ N ] ∈ im ∂. If
this had not worked out, the homology class would be 〈[N ], [N ], [N ]〉, where 〈·, ·, ·〉 is one
of the trilinear differential operators defined in [25]. It is thus a homological fluke that the
Gauß–Codazzi–Ricci equations are quadratic in II0 and S0. In more general circumstances,
one should anticipate the appearance of multilinear differential operators of higher degree.

Although elegant, this theorem is quite abstract at the present, and we have already
suggested that the Reader who prefers direct calculations to abstract machinery should
turn to the next section, where we make the above equations and computations more
explicit. For this reason, we postpone the statement of the homological conformal Bonnet
theorem until we have understood the homological Gauß–Codazzi–Ricci equations more
explicitly. However, for the Reader with no taste for the nitty-gritty, we note that the
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homological conformal Bonnet theorem which we will state as Theorem 11.4 is essentially
the obvious corollary of Theorem 10.2, with V = VΣ , and Theorem 10.3 above.

11. Weyl structures and the conformal Bonnet theorem

We have seen that Weyl derivatives and the associated apparatus of Weyl structures and
connections provide an efficient computational tool in conformal geometry. The same is
true in conformal submanifold geometry.

11.1. Decomposition with respect to a Weyl structure. Let Σ be an immersed
submanifold of M . A Möbius reduction V provides a decomposition so(VM ) = hV ⊕mV over
Σ (9.1). On the other hand, a choice of Weyl structure onM may be restricted (pulled back)
to Σ to give a decomposition VM ∼= Λ⊕UM⊕Λ̂, and hence so(VM ) ∼= T ∗M⊕co(TM)⊕TM
(§3A). (Here, as before, we omit pullbacks to Σ.)

If these data are compatible (i.e., Λ̂ ⊂ V ) then V ∼= Λ⊕ U ⊕ Λ̂ with UM = U ⊕ V ⊥, so
that

(11.1) so(VM ) =
hV
⊕
mV

∼=
T ∗Σ ⊕ h0 ⊕ TΣ

⊕
N∗Σ ⊕m0 ⊕NΣ

∼= T ∗M ⊕ co(TM)⊕ TM,

where h0 = so(TΣ)⊕ so(NΣ)⊕R idTM ⊂ co(TM) and m0 = co(TM)∩
(
Hom(TΣ,NΣ)⊕

Hom(NΣ,TΣ)
)
. In the top line, hV = so(V ) ⊕ so(V ⊥), and the isomorphism identifies

h0 with co(TΣ) ⊕ so(V ⊥), and so(V ) with T ∗Σ ⊕ co(TΣ) ⊕ TΣ. In the bottom line,
N∗Σ (∼= V ⊥Λ), m0 and NΣ are identified with the intersections of mV with Hom(Λ, V ⊥)⊕
Hom(V ⊥, Λ̂), Hom(U, V ⊥)⊕Hom(V ⊥, U) and Hom(Λ̂, V ⊥)⊕Hom(V ⊥, Λ) respectively.

For the Möbius reduction V , (9.12) gives

DM = DhV +QV +N V ,

where DhV = DΣ,V +∇V and DΣ,V is a normal conformal Cartan connection on V . We
now apply (11.1) in two ways.

First, Λ̂ ⊂ VM is the restriction (pullback) to Σ of a Weyl structure on M , and so
DM = rD

M
+ DM − id, where the normalized Ricci tensor rD

M
and the identity map id

are viewed, by restriction, as 1-forms on Σ with values in T ∗M and TM respectively.
Second, Λ̂ ⊂ V is a Weyl structure on Σ, so DΣ,V = rD,Σ + DV − id, where D is

the corresponding Weyl derivative, rD,Σ is the normalized Ricci curvature of the induced
conformal Möbius structure, DV is the induced conformal connection, and id = idTΣ .

Putting these together using (11.1), we have

(11.2)

 DM = rD
M

+ DM − id = (DhV +QV ) +N V

DhV +QV = rD,Σ +QV + DV +∇V − id
N V = AD,V + IIV − SV ,

where we note that the m0-component of N V is given by the second fundamental form and
shape operator of V . Comparing coefficients, we deduce that rD

M
= (rD,Σ +QV ) + AD,V

and DM = (DV + ∇V ) + (IIV − SV ). The second equation is the decomposition of DM

(along Σ) into a direct sum connection on U ⊕ V ⊥ ∼= (TΣ ⊕NΣ)Λ and 1-forms valued in
Hom(TΣ,NΣ) and Hom(NΣ,TΣ).
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11.2. The Gauß–Codazzi–Ricci equations. The decomposition (11.1)–(11.2) may be
used to expand (9.13a) as

(RDM
)T ∗Σ = dDrD,Σ + dDQV + [[(IIV − SV ) ∧AD,V ]](11.3a)

(RDM
)h0 = RD +R∇ − [[id ∧ (rD,Σ +QV )]] + 1

2 [[(IIV − SV ) ∧ (IIV − SV )]](11.3b)

0 = dDid,(11.3c)

while (9.13b) reads

(RDM
)N∗Σ = d∇,DAD,V + [[(IIV − SV ) ∧ (rD,Σ +QV )]](11.3d)

(RDM
)m0 = d∇,DIIV − d∇,DSV − [[id ∧AD,V ]](11.3e)

0 = [[id ∧ (IIV − SV )]],(11.3f)

where [[·]] denotes the algebraic bracket on T ∗M ⊕ co(TM)⊕ TM and DV is denoted by D
for simplicity.

Since DM is the pullback of a normal Cartan connection, RDM
= CM,DM + WM with

CM,DM the pullback of the Cotton–York curvature of M (defined using any extension of
DM to M) and WM the Weyl curvature of M . On the other hand, RD− [[id∧rD,Σ ]] = WΣ ,
the Weyl curvature of MΣ , and dDrD,Σ = CΣ,D := CMΣ ,D, the Cotton–York curvature of
MΣ with respect to D.

Using this, and expanding the algebraic brackets, we can rewrite (11.3) as follows. First,
in (11.3a) and (11.3d), the algebraic brackets are simply contractions. Second, in (11.3b),
the algebraic bracket is just the commutator, while in (11.3e) we have

[[id ∧AD,V ]] ·Z = (AD,V )] ∧ c(Z, ·), [[id ∧AD,V ]] ·U = id ∧AD,V (U)

for tangent vectors Z and normal vectors U . Finally, (11.3c) and (11.3f) are identities since
D is torsion-free and IIV is symmetric.

To summarize, after restricting h0 components to TΣ and NΣ, the system (11.3), which
is equivalent to (9.13), yields the following Gauß–Codazzi–Ricci equations:

The Gauß equations.

(WM |TΣ)> = WΣ − [[id ∧QV ]]− SV ∧ IIV ;(11.4)

(CM,DM )> = CΣ,D + dDQV +AD,V ∧ IIV ;(11.5)

The Codazzi equations.

(WM |TΣ)⊥ = d∇,DIIV − (AD,V )] ∧ c,

(WM |NΣ)> = −d∇,DSV − id ∧AD,V ;
(11.6)

(CM,DM )⊥ = d∇,DAD,V − (rD,Σ +QV ) ∧ SV ;(11.7)

The Ricci equation.

(11.8) (WM |NΣ)⊥ = R∇ − IIV ∧ SV .

Note that the second equation of (11.6) is minus the transpose of the first.
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11.3. Möbius reductions, ambient Weyl structures and riemannian metrics. We
now discuss the relationship between Möbius reductions and Weyl structures on M , and
hence describe the conformal geometry of submanifolds in the more familiar context of
submanifolds in riemannian geometry.

For this, recall from section 3 that a Weyl derivative on M is a covariant derivative on
L or Λ = L−1; using DM and the induced conformal metric, this datum is equivalently a
torsion-free conformal connection on TM or a null line subbundle Λ̂ ⊂ VM complementary
to Λ⊥. This last definition makes sense along a submanifold Σ, i.e., we define an ambient
Weyl structure along Σ to be such a complement Λ̂ in VM |Σ . Thus any ambient Weyl
structure is the restriction to Σ of some Weyl structure on M .

An ambient Weyl structure Λ̂ along Σ determines a Möbius reduction V = Λ(1) ⊕ Λ̂,
together with a Weyl structure Λ̂ ⊂ V for the conformal Cartan geometry (V,Λ,DV ), or
equivalently, a Weyl derivative D on Σ. The map sending Λ̂ to the pair (V,D) is an affine
bijection. Indeed, since ambient Weyl structures are equivalently complements (Λ⊕Λ̂)⊥∩V
to Λ in Λ⊥ (along Σ), they form an affine space modelled on C∞(Σ,Hom(Λ⊥/Λ,Λ)) ∼=
C∞(Σ,T ∗M): Λ̂ + γ = exp(−γ) · Λ̂ and one readily checks that this affine structure is
induced by the natural affine structure (V,D) + γ = (V + γ⊥, D + γ>).

Remark 11.1. An ambient Weyl structure can be regarded as an operator

VM → T ∗M L = T ∗Σ L⊕N∗Σ L

vanishing on Λ, whose restriction to Λ⊥/Λ is the soldering isomorphism. Identifying VMmod
Λ with the restriction to Σ of J1L on M , such operators arise as restrictions to Σ of the jet
bundle map induced by a Weyl derivative on M . The T ∗Σ L component of this operator
gives the jet bundle map J1L→ T ∗ΣL induced by the induced Weyl derivative on Σ, while
the N∗ΣL component is the operator PV : VM → N∗ΣL with PV (v) = π(v⊥) induced by the
Möbius reduction V . This provides another way to see the affine bijection between ambient
Weyl structures and pairs (D,V )—furthermore, since DV is the pullback to Σ of a Weyl
connection on M , it transforms as a Weyl connection should: (D+ γ>)V+γ⊥ = DV + [[·, γ]].

As a special case of this, the canonical Möbius reduction may be described by a natural
differential operator, just like the canonical Möbius structure (Hc, Sc), cf. Remark 4.4.
Indeed, a positive section ` of LM on a neighbourhood of Σ in M provides a metric with
respect to which we can compute the mean curvature covectorH` ofΣ inM . Now ifD is the
Weyl derivative and Levi-Civita connection of the metric `2c, then PVΣ = PD+HDp, where
PD defines the Möbius reduction associated to D. Since (PD mod Λ)(j1`) = (D`)|⊥Σ = 0
and HD = H`, we have (PVΣ mod Λ)(j1`) = H``.

If DM is a Weyl connection on (a neighbourhood of Σ in) M , it induces an ambient
Weyl structure along Σ, hence a Möbius reduction V and a Weyl structure on Σ, and any
Möbius reduction and Weyl structure arise in this way. Further, the second fundamental
form is given by the familiar expression IIVXY = (DM

X Y )⊥ ∈ NΣ.
In particular, let g be a compatible riemannian metric on (a neighbourhood of Σ) in M .

Then, using the Levi-Civita connection of g, we obtain:

• a Möbius reduction Vg along Σ with HVg = Hg, i.e., IIVg = IIg, where IIg and Hg are the
usual riemannian second fundamental form and mean curvature covector respectively;
• a Weyl structure Λ̂g ⊂ Vg on Σ corresponding to the Levi-Civita connection D of the

induced metric on Σ.

The other quantities associated with this reduction and Weyl structure are:

(11.9) rD,Vg = (rg)>, AD,Vg = (rg)⊥,
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i.e., the components of the ambient normalized Ricci curvature rg after the latter is pulled
back to give a T ∗M -valued 1-form on Σ. (See §11.1.)

According to §9.3, we can then compare Vg with the canonical Möbius reduction VΣ by
writing VΣ = Vg +Hg, and hence relate the riemannian and conformal quantities. We have

(11.10) II0 = IIg − (Hg)] ⊗ g, S0 = Sg − id ⊗Hg

and the pullback Dg of the Levi-Civita connection of M to Σ is related to the intrinsic
Levi-Civita connection D by

(11.11) Dg = D + (IIg − Sg) +∇D = DVΣ + [[·, Hg]],

where∇D is the induced connection on NΣ and DVΣ = D+(II0−S0)+∇D is the connection
on TM |Σ induced by D and the canonical Möbius reduction VΣ . We also have

rD,Σ = (rg)> −Qg(11.12)

AD := AD,VΣ = (rg)⊥ −∇DHg,(11.13)

where Qg = Q−Hg(II0)− 1
2〈H

g, Hg〉c. Substituting into (11.4)–(11.8), with V = VΣ , the
conformally invariant equations (11.4), (11.6) and (11.8) can be viewed as trace-free parts
of the riemannian Gauß–Codazzi–Ricci equations.

When g is an Einstein metric, (rg)> is a multiple of c and (rg)⊥ = 0. As we have seen in
§7.2, such metrics arise when M = Sn, and we shall discuss this further in §13.2 and §13.3.

We emphasise that Möbius reductions (or Weyl structures) do not all arise from from
ambient metrics.

11.4. Reduction to homological data. We next apply ∂ to the Gauß and Codazzi
equations to get formulae for AD,V and QV .

Proposition 11.2. Let φ : Σ →M be a conformal immersion. Then

(m− 1)AD,VX = −(div∇,D IIV )(X) +m∇DXHV + (
∑

iW
M
ei,Xεi)

⊥(11.14)

(m− 2)QV0 (X,Y ) + 2(m− 1)( 1
m trcQ

V )〈X,Y 〉
= 〈IIVX , IIVY 〉 −mHV (IIVXY )−

∑
i εi(W

M
ei,XY ).

(11.15)

Proof. Using an orthonormal frame ei with dual frame εi, we compute that

∂(id ∧AD,V (ξ))X =
∑

i εi · (A
D,V
X (ξ)ei −AD,Vei (ξ)X) = (m− 1)AD,VX (ξ),

while, since D is torsion-free, we have

∂(d∇,DSV )Xξ =
∑

i〈ei, (∇⊗D
V SV )ei,Xξ − (∇⊗DV SV )X,eiξ〉

=
∑

i〈−(∇⊗DV IIV )ei,Xei + (∇⊗DV IIV )X,eiei, ξ〉
= −〈(div∇,D IIV )(X), ξ〉+m〈∇DXHV , ξ〉.

Applying ∂ to (11.6) therefore yields (11.14).
For the other equation, note that

∂[[id ∧QV ]] = (m− 2)QV0 + 2(m− 1)( 1
m trcQ

V )c,

where we use (2.13), cf. (5.5). Next, using the symmetry properties of IIV , we have

∂(SV ∧ IIV )XY =
∑

i

(
〈ei,SVeiII

V
XY 〉 − 〈ei, SVXIIVeiY 〉

)
= mHV (IIVXY )− 〈IIVX , IIVY 〉.

Substituting these into the Ricci contraction of (11.4) yields (11.15). �
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In particular, observe that (11.14) with V = VΣ and AD := AD,VΣ , i.e.,

(11.16) (m− 1)ADX = −(div∇,D II0)(X) + (
∑

iW
M
ei,Xεi)

⊥

determines AD and hence N entirely from the conformal metric, II0 and the normal con-
nection ∇, provided that (

∑
iW

M
ei,X

εi)⊥ = 0.

Remark 11.3. With a little more work, one can deduce a manifestly conformally invariant
formula for N : first note that divD is independent of the Weyl derivative D when applied
to symmetric trace-free 2-tensors of weight −m. If ` is a length scale, `1−mII0 is such a
tensor with values in NΣΛ so that div∇(`1−mII0) is invariantly defined. Now a calculation
using (2.12) yields

(11.17) (m− 1)NX(jDΣ
`) = −`m div∇

(
`1−mII0

)
(X) +

∑
i(W

M
ei,Xεi)

⊥ ⊗ `.

As remarked in the introduction, this corrects an error in [70, Proposition 7.4.9 (a)].
For submanifolds of Sn, equation (11.17) amounts to the assertion that N = jh[N ],

which we have already seen in Theorem 10.3.

Similarly (11.15), with V = VΣ , determines Q completely from II0 and the confor-
mal metric (recall that Q0 vanishes when m = 2 and Q = 0 when m = 1) provided∑

i εi(W
M
ei,X

Y ) = 0 (which obviously holds whenM is conformally flat, in which case (11.15)
is an explicit form of ���hQ = −1

2∂[N ∧N ] as in Theorem 10.3):

(11.18) QX(Y ) =


0 for m = 1;
1
4 |II

0|2〈X,Y 〉 for m = 2;
1

m−2

(
〈II0

X , II
0
Y 〉 − 1

2(m−1) |II
0|2〈X,Y 〉

)
for m > 3.

When m = 2 and
∑

i εi(W
M
ei,X

Y ) = 0, Q = 1
4 |II

0|2c is essentially the Willmore inte-
grand [81] and from (9.10), we obtain

(11.19) MΣ = MV −QV where QV = −HV (II0)− 1
2K

V c,

and KV = |HV |2 − 1
2 |II

0|2 = 〈det IIV 〉, the determinant being evaluated using the metric
on V ⊥. We refer to KV as the gaussian curvature of the surface with respect to V . With
respect to a Weyl derivative D, we then have the following formula:

(11.20) rD,Σ = rD,V +HV (II0) + 1
2K

V c.

11.5. The concrete homological conformal Bonnet theorem. We now specialize
once more to immersions of Σ into the conformal n-sphere M = Sn, when VM = Σ×Rn+1,1

and DM is flat differentiation d. Our goal is to illuminate the abstract aspect of the
homological conformal Bonnet theorem by describing the homological Gauß–Codazzi–Ricci
equations in a more explicit way. We shall see that there really are fewer homological than
full Gauß–Codazzi–Ricci equations: although the Ricci equation is unaffected, the Gauß
and Codazzi equations simplify. We also indicate how to show this by direct computation.

To this end, we let V = VΣ be the central sphere congruence and introduce an arbitrary
compatible Weyl structure VΣ = Λ⊕ ΛTΣ ⊕ Λ̂ (with induced Weyl derivative D)
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The Gauß–Codazzi–Ricci equations (10.4), with DM = d and V = VΣ (hence HV = 0)
specialize to the following:

0 = WΣ − [[id ∧Q]]− S0 ∧ II0(11.21a)

0 = CΣ,D + dDQ+AD ∧ II0(11.21b)

0 = d∇,DII0 − (AD)] ∧ c, 0 = d∇,DS0 + id ∧AD;(11.21c)

0 = d∇
D
AD − (rD,Σ +Q) ∧ S0(11.21d)

0 = R∇ − II0 ∧ S0.(11.21e)

Now the homological formulation shows that of the first four equations, only two are relevant
in each dimension.
• If m = 2, there are no Weyl tensors or Codazzi tensors on Σ: (11.21a) and (11.21c) are

trivial, while (11.21b) and (11.21d) are independent of D.
• If m = 3, there are still no Weyl tensors on Σ: (11.21a) is trivial, while (11.21d) is an

automatic consequence of the others, which are independent of D,
• If m > 4, (11.21b) and (11.21d) follow from the others, which are independent of D.
It is possible to check these facts directly, without recourse to the general theory of [25]
used above: it is straightforward that (11.21a) and (11.21c) are trivial in low dimensions,
but rather more difficult to check (by differentiating) that (11.21b) and (11.21d) are conse-
quences of these in higher dimensions. In fact these relations follow easily from the theory
of the differential lift [25]: one must check that the right hand sides of the above equations
satisfy dD(11.21a) = [[id ∧ (11.21b)]] and dD,∇(11.21c) = [[id ∧ (11.21d)]].

Instead of doing this, we shall instead concentrate on the fact that the relevant equations
in each dimension are Möbius-invariant, i.e., independent of D. This is clear for the Ricci
equation (11.21e) and for (11.21a) (which is only relevant when m > 4). We now look at
the other equations, and describe explicitly the Möbius-invariant operators involved.

We first note that (11.21c) (which is only relevant when m > 3) may be rewritten

CCoda∇ S0 = 0,

where CCoda is the conformal Codazzi operator

(11.22) CCodaS = dDS +
1

m− 1
id ∧ (divD S)[

on symmetric tracefree endomorphisms S of weight −1. It is easy to check that CCoda
is a conformally-invariant first order differential operator (see [44] for the general theory),
which is identically zero for m = 2. Coupling to the connection ∇ on LN∗Σ gives CCoda∇.

We next consider (11.21d) when m = 2. Applying the Hodge star operator, we have

divD,∇ divD,∇ JII0 + 〈JII0, rD,Σ0 〉 = 0,

where we have used the fact that only the symmetric tracefree part rD,Σ0 of rD,Σ +Q can
contribute to the second term, and the definition 〈(JII0)X , ξ〉 = ∗〈II0

X , ξ〉 of the complex
structure on S2

0T
∗Σ ⊗NΣ. We can rewrite this as

(H∇)∗(JII0) = 0,

where (H∇)∗ is the formal adjoint of the Möbius structure coupled to ∇, i.e., H∇ν =
sym0(D∇)2ν + rD,Σ0 ν. This is a Möbius-invariant second order differential operator.

Finally we must consider (11.21b) when m = 2 or 3. In both cases QX(Y ) = 〈II0
X , II

0
Y 〉−

1
4 |II

0|2〈X,Y 〉 (which equals 1
4 |II

0|2〈X,Y 〉 for m = 2) and CCoda∇ II0 = 0 so that AD∧ II0 =
〈II0, d∇,DII0〉. Hence (11.21b) is equivalent to the equation

CΣ + 〈B∇(II0)〉 = 0,
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where

(11.23) B(S) = dD(S2 − 1
4 |S|

2id) + S(dDS)

is a quadratic first order differential operator on symmetric tracefree endomorphisms S
of weight −1 (viewed also as L−1 TΣ-valued 1-forms), which is applied to II0 by coupling
to the connection ∇ and contracting by the metric 〈· , ·〉 on the weightless normal bundle.
Thus 〈B∇(II0)〉 = dDQ+〈II0,d∇,DII0〉. Again one can check (by differentiating with respect
to D) that B is conformally-invariant for m = 2, 3. In the case m = 3, the tensor Q was
introduced by Cartan [36] in his study of conformally-flat hypersurfaces in S4. We shall
see its use in the study of conformally-flat submanifolds in Theorem 16.9.

Apart from (H∇)∗, the operators we have introduced are at most first order, and so
depend only on c, not on the Möbius structure M. The dependence of (H∇)∗(JII0) is
straightforward: if q is a quadratic differential then

(11.24) ((H + q)∇)∗(JII0) = (H∇)∗(JII0) + 〈q, JII0〉.
We summarize this discussion by stating our homological conformal Bonnet theorem.

Theorem 11.4. Σ can be locally immersed in Sn with induced conformal Möbius structure
(c,MΣ), weightless normal bundle (NΣΛ,∇) and tracefree second fundamental form II0 (or
conformal acceleration A) if and only if (with S0 the transpose of II0 and Q as in (11.18))

0 = WΣ − [[id ∧Q]]− S0 ∧ II0 m > 4(11.25)

0 = CΣ + 〈B∇(II0)〉 m = 2, 3(11.26)

0 = CCoda∇ II0 m > 3(11.27)

0 = (H∇)∗(JII0) m = 2(11.28)

0 = R∇ − II0 ∧ S0.(11.29)

Moreover, in this case, the immersion is unique up to Möbius transformations of Sn.

12. Submanifold geometry in the conformal sphere

12.1. Projective geometry of curves. In this section we briefly review the geometry
of curves in M = Sn. In this case the primitive data on the curve is a projective structure
∆: J2L1/2 → L−3/2 (equivalently given by the bilinear operator MΣ), metric connection
∇ on a metric vector bundle NΣΛ of rank n − 1, and the conformal acceleration A, a
N∗Σ-valued 1-form. Any such data give rise to a local conformal immersion of Σ, unique
up to Möbius transformation. The Möbius invariants of Σ can be computed in terms of
an ambient Weyl connection DM . This induces an intrinsic Weyl structure D with respect
to which ∆ = D2 + 1

2sD,Σ , where sD,Σ = rD
M

(T, T ) + 1
2 |H|

2 for a weightless unit tangent
vector T and (mean) curvature vector H = DM

T T . The conformal acceleration A is given
by A = rD

M
(T )⊥ −∇DT H = rD

M
(T )− rD

M
(T, T )T −DM

T H − |H|2T .
By specializing to the case rD

M
= 0, these invariants can be related to the standard

euclidean theory of curves: here H = κN where N is the principal unit normal and κ is
the curvature, and DM

T N = τB where B is the unit binormal, and τ is the torsion. Thus
sD,Σ = 1

2κ
2 and A = −κ̇N − κτB.

Vertices are points where A = 0 and we can identify
∫
Σ |A|

1/2 with the conformal ar-
clength of Musso [63]: this is well defined because A is a section of L−3NΣ ∼= L−2V ⊥,
hence |A|1/2 is a section of L−1 which can be integrated on a compact curve. Note if we
now define ∆Dµ = D2µ + wsD,Σµ on sections µ of Lw, then ∂γ∆D = (2w − 1)〈γ,Dµ〉,
which is algebraic in γ. This allows for the construction of further invariants such as
4〈∆D,∇A,A〉 − 5〈DA,DA〉.
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12.2. Surfaces, the conformal Bonnet theorem, and quaternions. Let Σ be a
surface in Sn. Then the Hodge star operator on Ω1(Σ,T ∗Σ) restricts to give a complex
structure on S2

0T
∗Σ. As we have noted already, this identifies S2

0T
∗Σ with the bundle

Ω2,0Σ of quadratic differentials. More precisely the ±i eigenspace decomposition of this
complex structure may be written S2

0T
∗Σ⊗C ∼= Ω2,0Σ⊕Ω0,2Σ, where Ω2,0Σ = (T 1,0Σ)−2,

Ω0,2Σ = (T 0,1Σ)−2, and TΣ ⊗ C = T 1,0Σ ⊕ T 0,1Σ is the ±i eigenspace decomposition
of the complex structure on the tangent bundle into the two null lines of the complexified
conformal metric. The isomorphism S2

0T
∗M → Ω2,0Σ is the projection q 7→ q2,0 with

respect to this decomposition.
We now note that the exterior derivative dD : Ω1(Σ,T ∗Σ) → Ω2(Σ,T ∗Σ) coupled to

a Weyl connection D restricts to give the holomorphic structure on S2
0T
∗Σ: (dDq)2,1 =

∂(q2,0) ∈ Ω1,1(Σ, (T 1,0Σ)∗). Since this is independent of the choice of Weyl structure, we
denote dDq by dq. Similarly, (dq)1,2 = ∂(q0,2). We therefore have

dq = ∂(q2,0) + ∂(q0,2)

div q = ∗(∂(q2,0)− ∂(q0,2)),

the second line being obtained from the first via d∗q = ∗div q, showing that the divergence
is also a conformally invariant operator on quadratic differentials. Thus dq = 0 iff div q = 0
iff ∂(q2,0) = 0 iff ∂(q0,2) = 0, in which case we say q is holomorphic quadratic differential.

Applying similar ideas to the Möbius differential N yields the following fact.

Proposition 12.1. Let Λ be an immersion of a surface Σ in Sn whose central sphere
congruence VΣ has Möbius differential N . Then ∂∗N = 0 and ∗N is the differential
representative of its homology class JII0 − JS0.

Proof. The fact that ∂∗N = 0 follows easily from the symmetry of the second fundamental
form (or shape operator). To show ∗N is the differential representative, we need to show
that ∂dh∗N = 0, i.e., dh∗N |V ⊥Σ ∈ Ω2(Σ,Hom(V ⊥Σ , Λ)). For this we write Λ(1)⊗C = Λ(1,0)+

Λ(0,1), where Λ(1,0)∩Λ(0,1) = Λ⊗C, Λ(1,0)/(Λ⊗C) ∼= ΛT 1,0Σ and Λ(0,1)/(Λ⊗C) ∼= ΛT 0,1Σ.
Now N = N 1,0 +N 0,1 and ∗N = i(N 1,0 −N 0,1), where

N 1,0|
V ⊥Σ
∈ Ω1,0(Σ,Hom(V ⊥Σ , Λ

(1,0))), N 0,1|
V ⊥Σ
∈ Ω0,1(Σ,Hom(V ⊥Σ , Λ

(0,1))).

Since the (1, 0) and (0, 1) directions are null, D1,0Λ(1,0) ⊂ Λ(1,0) and D0,1Λ(0,1) ⊂ Λ(0,1). It
follows that

dh(N 1,0)|
V ⊥Σ
∈ Ω1,1(Σ,Hom(V ⊥Σ , Λ

(1,0))), dh(N 0,1)|
V ⊥Σ
∈ Ω1,1(Σ,Hom(V ⊥Σ , Λ

(0,1))).

Now dhN|V ⊥Σ takes values in Hom(V ⊥Σ , Λ), hence so do dh(N 1,0)|
V ⊥Σ

, dh(N 0,1)|
V ⊥Σ

and

dh∗N |V ⊥Σ . �

There is a conceptual explanation for the above result: in complexified conformal ge-
ometry (or in signature (1, 1)), II0 does not lie in an irreducible homology bundle and its
differential lift is the sum of the differential lifts of the two irreducible components.

There is another fact we shall need: note that if η ∈ Ω1(Σ,T ∗M) then ∂η = 0 and [η] is
a quadratic differential q given by the trace-free symmetric tangential part of η.

Proposition 12.2. Suppose [η] = q and and ∂dhη = 0. Then η = q (i.e., η is trace-free,
symmetric and tangential), dhη = 0 if and only if q is holomorphic (i.e., dq = 0), and
[N ∧ η] = 0 if and only if q commutes with the shape operators (i.e., q ∧ S0 = 0).

Proof. If 0 = ∂dhη = ∂[[id∧η]] then by adjointness 0 = [[id∧η]], from which it easily follows
that η is tangential and trace-free symmetric. Then dhη = 0 if and only if dDη = 0 for
some (hence any) Weyl derivative d, i.e., q is holomorphic. The last part is immediate. �
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In this statement we are, as usual, identifying (the pullback to Σ of) T ∗M with the
nilradical bundle stab(Λ)⊥ in stab(Λ) ⊂ Σ × so(n+ 1, 1). If we regard η in this way, then
the statement η = q means, more precisely:

(12.1) ηX ·σ = 0, ηX ·DY σ = −q(X,Y )σ, ηX(VΣ) ⊂ Λ(1), ηX |V ⊥Σ = 0.

The conformal Bonnet theorem in conformal coordinates. Surfaces are conformally flat, i.e.,
locally, we can introduce a holomorphic coordinate z = x+ iy, so that (x, y) are conformal
(aka. isothermal) coordinates. Hence we can refer everything to the flat Möbius structure
Mz determined by z and, in this setting, the Gauß–Codazzi–Ricci equations have a very
down-to-earth flavour. Recall that the flat connection d = DSn on Σ × Rn+1,1 may be
written d = DΣ +Q+∇+N with Q pure trace so that, for σ a section of Λ,

∂2
zσ = (DΣ +Q)∂z(D

Σ +Q)∂zσ +N∂z(D
Σ
∂zσ) = DΣ

∂zD
Σ
∂zσ +N∂z(D

Σ
∂zσ).

Fix σ by demanding that (dσ, dσ) = dz dz̄ so that σ is parallel for the (flat) Weyl derivative
Dz. Then Proposition 6.5 gives

∂2
zσ + qσ = −II0(∂z, ∂z)σ,

where rD
z

= qdz2 + q̄dz̄2 (so that 2q is the schwarzian derivative of Mc with respect to
Mz). Define κ, a section of V ⊥Σ by κ = −II0(∂z, ∂z)σ so that

∂2
zσ + qσ = κ.

The remaining ingredients of the Gauß–Codazzi–Ricci equations are now readily expressed
in terms of q, κ, ∇:

Q(∂z, ∂z) = (κ, κ̄) and AD
z

= 2(∇∂zκ)σ.

An easy computation then gives the following form of the Gauß–Codazzi–Ricci equations:

∂z̄q = 3(∇∂z κ̄, κ) + (κ̄,∇∂zκ)

Im(∇∂z̄∇∂z̄κ+ q̄κ) = 0

R∇∂z̄ ,∂zξ = 2(κ, ξ)κ̄− 2(κ̄, ξ)κ.

This formulation of the Gauß–Codazzi–Ricci equations and the Bonnet theorem was devel-
oped in [21] using a bare-hands approach.

Surfaces in the 4-sphere and quaternions. For surfaces in S4, §6.4 reveals an alternative
approach to submanifold geometry, using the spin representation of Spin(5, 1) ∼= SL(2,H)
and quaternions. This is the setting for the book [18], in which quaternionic holomorphic
structures are used to study the global theory of conformal immersions. We shall content
ourselves here with a consideration of the local invariants from a quaternionic point of view.

Let ΛH ⊂ H := Σ ×H2 be an immersion of a surface Σ into S4 ∼= HP1. The differential
of this immersion is β : TΣ → HomH(ΛH, H/ΛH) ∼= TS4|Σ . It follows that there are unique
quaternion linear complex structures on ΛH and H/ΛH up to sign which preserve, and agree
on, the image of β (geometrically, they act by selfdual and antiselfdual rotations on TS4).
We denote these complex structures by J : in symbols ∗β = J ◦ β = β ◦ J , where ∗ is the
Hodge star operator of the induced conformal metric on Σ. The normal bundle of Σ then
consists of the elements of HomH(ΛH, H/ΛH) which anticommute with J , and we equip it
with the complex structure given by precomposition with J .

An enveloped sphere congruence in this language is a complex structure JV on H which
preserves ΛH and induces J on ΛH and H/ΛH. Flat differentiation then splits as d =
DV + N V , where DV JV = 0 and N V anticommutes with JV . The enveloping condition
means equivalently that N V preserves ΛH. The second fundamental form IIV arises from
the induced endomorphisms of ΛH and H/ΛH by restricting pre- and post-composition to
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the image of β, yielding 1-forms with values in Hom(TΣ,NΣ), one J-linear, the other
J-antilinear. The central sphere congruence condition that IIV is tracefree may then be
interpreted as saying that (IIV )1,0 is J-linear and (IIV )0,1 is J-antilinear (or vice versa).
These are the objects are referred to as A and Q in [18].

Preview of Part IV

In this second part of our work, sphere congruences have been used as a tool to define
homological invariants which characterize conformal immersions into Sn up to Möbius
transformation. Part III is devoted to some applications of this homological machinery to
integrable conformal submanifold geometries.

Sphere congruences in conformal geometry (i.e., maps from an m-manifold Σ into the
grassmannian of k-spheres in Sn) may also be studied in their own right, and were of
considerable interest classically [8, 38]. There is a rich interplay between sphere congruences
and submanifolds: for example, sphere congruences may have enveloping submanifolds
(which we have studied here for k = m) or orthogonal submanifolds (which are of particular
interest for k = n−m).

In Part IV of our work, we develop an approach to sphere congruences using the bundle
formalism, in which a sphere congruence is studied as a signature (k+ 1, 1) subbundle V of
the trivial Rn+1,1 bundle over Σ. This theory is essentially self-contained, since it depends
only on the straightforward idea to write d = DV +N V , where DV is the induced direct
sum connection on Σ×Rn+1,1 = V ⊕V ⊥, and N V is the remaining, off-diagonal, part of d.
We have already seen, for example, that an enveloping submanifold is a null line subbundle
Λ of V on which N V vanishes (i.e., Λ(1) := dΛ ⊆ V ). Similarly, an orthogonal submanifold
is DV -parallel null Λ ⊆ V (so Λ(1) ⊆ Λ⊕ V ⊥).

We focus in particular on Ribaucour sphere congruences (with k = m) and spherical sys-
tems (with k = n−m—known as cyclic systems when n−m = 1). For Ribaucour sphere
congruences, we establish the well-known Bianchi permutability of Ribaucour transforma-
tions. Although Lie sphere geometry provides a more general setting for these [19], extra
information is available in the conformal approach, leading to additional applications.

For spherical systems, we devote our attention to flat spherical systems (for which DV

is a flat connection—for a general spherical system, it is only assumed to be flat on V ⊥).
These are examples of “curved flats” arising in conformal geometry [45, 74]. Darboux
pairs of isothermic surfaces provide another example, in which a 2-dimensional 0-sphere
congruence is a curved flat [20].

It is well-known that curved flats admit Bäcklund transformations which can be derived
from a loop-group formalism, but we develop instead a direct approach. This has (at least)
two advantages: first, we do not need to introduce frames; second, the definition of the
Bäcklund transformations does not involve dressing (i.e., Birkhoff factorization)—this is
only needed (and then only implicitly and in a very simple form) for the permutability of
Bäcklund transformations. We also introduce a theory of polynomial conserved quantities
for such curved flats, which has several applications.

Part III. Applications and Examples

We now explore some applications of our conformal submanifold geometry theory. We
begin in §13.1 with the simplest examples, the totally umbilic and channel submanifolds,
and we discuss the curvature spheres which can be used to describe them. In §§13.2–13.3 we
study the interaction of submanifolds with the symmetry breaking induced by a constant
vector or (k + 1)-plane (cf. §§7.2–7.3) and find homological characterizations of minimal
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submanifolds in a spaceform and submanifolds splitting across a product decomposition.
Then, in §13.4, we give a fast analysis of orthogonal systems and Dupin’s Theorem.

We next turn to Willmore and constrained Willmore surfaces. On any compact surface
Σ in Sn, the square norm (with respect to the conformal metric and the metric on the
weightless normal bundle), |II0|2, of the tracefree second fundamental form is a section of
L−2 (called the Willmore integrand), and so may be invariantly integrated. The integral∫
Σ |II

0|2 is called the Willmore functional W.
A compact Willmore surface is a critical point for W on the space of all immersions

of a fixed compact surface Σ, while a compact constrained Willmore surface is a critical
point restricted to immersions inducing a fixed conformal structure on Σ. It is usual to
extend the definition of Willmore and constrained Willmore surfaces to arbitrary surfaces
by requiring that the Euler–Lagrange equations hold, with a Lagrange multiplier (which is
a holomorphic quadratic differential) in the constrained case. We take this as our starting
point in §14.1, where we derive the classical equation in codimension one, and obtain a
spectral deformation in arbitrary codimension. Then, in §14.2, we derive the (constrained)
Willmore equation from the functional, using the relation with the harmonic map equation
for the central sphere congruence. Although this is well-known, our machinery does not
get in the way the key idea, and reveals the homological nature of this theory.

We next turn to isothermic surfaces, which were of great classical interest partly because
they are the only surfaces which admit a deformation which does not alter the induced
conformal metric, normal connection and tracefree second fundamental form. This is of
particular interest in our theory, because in this situation the induced Möbius structure
MΣ is the key invariant. We give a manifestly conformally-invariant definition in §15.1,
then describe the deformations and associated family of flat connections. In §15.2 we give
examples: products of curves in spaceforms, CMC and generalized H-surfaces, and quadrics
(previously considered as ‘mysterious’ examples). We end with an intrinsic equation for
isothermic surfaces in codimension one §15.3.

In any type of submanifold geometry, it is natural to ask when the induced intrinsic
geometry is flat. In conformal submanifold geometry this has an unambiguous meaning for
m > 3: the induced conformal metric should be (conformally) flat. For m = 1, flatness
is automatic, so it remains to consider the case m = 2. Using only conformal structures,
flatness would also be automatic, but the theory of Möbius structures provides an obvious
nontrivial condition: flatness of the induced conformal Möbius structure or equivalently
of the normal Cartan connection (on the central sphere congruence). However, a more
general condition turns out to be more natural: that there is some enveloped sphere con-
gruence V inducing a flat conformal Möbius structure on Σ. Imposing also flatness of
the weightless normal bundle (which is automatic in codimension one), we thus develop,
in section 16, a new unified theory of “Möbius-flat submanifolds”. In dimension m > 3
these are the conformally-flat submanifolds, while in dimension m = 2 and codimension
one, they turn out to be the classical Guichard surfaces [23, 49]. Using this theory we show
that channel submanifolds and constant Gaussian curvature surfaces are Möbius-flat, as are
certain extrinsic products. We rederive results of Cartan and Hertrich-Jeromin[36, 54] on
conformally-flat hypersurfaces and Guichard nets [50], and end this part by placing Dupin
cyclides in this context.

13. Sphere congruences and symmetry breaking

13.1. Shape operators, curvature spheres, and channel submanifolds.

Definition 13.1. A curvature sphere is an enveloped m-sphere congruence V such that
IIV is degenerate (as an NΣ-valued bilinear form on TΣ). Let TV denote the subbundle of
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TΣ on which IIV degenerates: we assume for simplicity that its rank, called the multiplicity
of V , is constant on Σ.

Curvature spheres are a convenient way of describing the eigenspaces and eigenvalues of
the shape operator. Indeed if V is any enveloped sphere congruence and E is a simultaneous
eigenspace for the normal components of the shape operator SV such that SV (U) has
eigenvalue ν(U) for all normal vectors U , then V + ν is a curvature sphere with TV+ν = E.

The existence of simultaneous eigenspaces is facilitated by the following well-known fact.

Proposition 13.2. The normal components of SV commute with each other if and only if
Σ has flat (weightless) normal bundle.

Proof. By the Ricci equation (9.3a) and the symmetry of the shape operator, we have

〈R∇X,Y U1, U2〉 = 〈(IIVXSVY − IIVY SVX)U1, U2〉 = 〈SVY U1,SVXU2〉 − 〈SVXU1, SVY U2〉
= 〈SVSVXU2

U1, Y 〉 − 〈SVSVXU1
U2, Y 〉.

The result follows. �

Remark 13.3. Since QV (viewed as an Λ2-valued endomorphism) is a linear combination
of id with normal components of S0 and II0 ◦ S0, we have that QV ∧ S0 = 0 if the normal
bundle is flat.

We deduce from the proposition that if Σ has flat normal bundle, then the normal
components of SV are simultaneously diagonalizable, since they are symmetric. Thus if
V1, . . . V` are the curvature spheres, then TΣ is the orthogonal direct sum of the TVi . The
subbundles TVi are the (simultaneous) eigenspaces of the shape operator, and the conormal
eigenvalues νi give the curvature spheres via Vi = V + νi.

Proposition 13.4. If a curvature sphere V has multiplicity greater than 1 then TV is an
integrable distribution and V is constant (i.e., a parallel subbundle of Σ × Rn+1,1) along
the leaves of the corresponding foliation.

Proof. The Codazzi equation for V implies that

0 = (∇DIIV )X,Y − (∇DIIV )Y,X +AD,VX Y −AD,VY X

= IIV[X,Y ] +AD,VX Y −AD,VY X
(13.1)

for X,Y in TV . Thus IIV[X,Y ] is in TV , but it is also in T⊥V by the symmetry of IIV ,
and therefore IIV[X,Y ] = 0 and [X,Y ] is in TV . Now contracting (13.1) with Y , we get

AD,VX 〈Y, Y 〉−AD,VY 〈X,Y 〉 = 0, and taking 〈X,Y 〉 = 0, 〈Y, Y 〉 6= 0, we deduce that AD,VX = 0
for all X in TV . Hence N V

X = 0 for all X in TV , i.e., V is parallel in the TV directions. �

The first conclusion of this proposition is automatic for curvature spheres of multiplicity
one, but the second is not.

Definitions 13.5. Let Σ be a submanifold of Sn of dimension m > 2 with flat normal
bundle. Then Σ is said to be:

(i) a Dupin submanifold iff its curvature spheres are all constant along their foliations;
(ii) a totally umbilic submanifold iff II0 = 0, i.e., it has only one curvature sphere;

(iii) a channel submanifold iff it is the envelope of a 1-parameter family of m-spheres, i.e.,
it admits an enveloped sphere congruence V whose derivative N V : TΣ → mV has rank
one (so that V is, in particular, a curvature sphere of multiplicity m− 1).

The following well-known observations are immediate consequences of Proposition 13.4.
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Corollary 13.6. A totally umbilic m-submanifold (m > 2) of Sn is an open subset of its
curvature sphere (hence is a Dupin submanifold).

Corollary 13.7. Suppose Σ has flat normal bundle and exactly two curvature spheres.
Then Σ is either a surface, a channel submanifold, or a Dupin submanifold.

13.2. Constant vectors and tangent congruences in spaceform geometries. In
§11.3 we showed how to break the conformal invariance of our theory by introducing a
compatible riemannian metric on M . When M is an open subset of Sn = P(L), such
a metric is given by a section of the positive light-cone L+ ⊂ Λ over M . As we have
discussed in §7.2, a particularly important class of such sections are the conic sections
{σ ∈ L+ : (v∞, σ) = −1} associated to nonzero vectors v∞ ∈ Rn+1,1. We have seen
that such a section induces a constant curvature metric g on M , with Weyl structure
Λ̂g = <v∞ + 1

2(v∞, v∞)σ> in M × Rn+1,1 (where (v∞, σ) = −1).
Along a submanifold Σ of M , Λ̂g defines an ambient Weyl structure, inducing the sphere

congruence Vg = Λ(1) ⊕ Λ̂g = Λ(1) ⊕<v∞>. We refer to a sphere congruence containing a
constant vector v∞ as the tangent congruence to Σ in the spaceform given by v∞. When
v∞ is null and the geometry on M ⊆ Sn r <v∞> is euclidean, the tangent spheres pass
through the point at infinity, and so they stereoproject to tangent planes in the usual sense.

Proposition 13.8. For a sphere congruence V and Weyl structure Λ̂ ⊂ V (with associated
Weyl derivative D), the following are equivalent :

(i) V = Vg and Λ̂ = Λ̂g for a conic section of L+;

(ii) V is a tangent congruence and is enveloped by Λ̂ (i.e., N|Λ̂ = 0);

(iii) rD,V = 1
nsc for a section s of Λ2 ∼= Hom(Λ̂, Λ), and AD,V = 0.

Proof. By (11.9), rD,Vg = (rg)> = 1
nsgc and AD,Vg = (rg)⊥ = 0. Thus (i)⇔(ii) and these

imply (iii). For the converse implication, if rD,V = 1
nsc and AD,V = 0, the Gauß equation

implies that s is D-parallel. Let σ̂ be a D-parallel section of Λ̂ and s(σ̂) the induced section
of Λ; then v∞ = σ̂ + 1

ns(σ̂) is a constant vector. �

If v∞ is null, Λ̂g is constant, so the submanifold it defines is a point, but otherwise, it is
immersed. The Gauß–Codazzi–Ricci equations in this case are equivalent to the riemannian
Gauß–Codazzi–Ricci equations in the corresponding spaceform geometry and the Bonnet
theorem reduces to the riemannian one.

We now consider the relation between v∞ and VΣ . Since Vg = exp(Hg)VΣ contains v∞,
it follows that VΣ component of v∞ is Hg`, where ` is dual to σ. In particular

Σ is a minimal submanifold in the spaceform iff v∞ ∈ VΣ iff VΣ = Vg,
i.e., the tangent congruence and the central sphere congruence agree. We remark that in
general the homology class of v∞ is the pair (`,Hg`) in L ⊕ LN∗Σ, and so the minimal
submanifolds are precisely those for which the homology class of v∞ is tangential.

Finally, we ask when the Weyl structure of g provides a second envelope of the central
sphere congruence, i.e., AD = 0 for the induced Weyl derivative D: equation (11.13)
here reads AD = −∇DHg, i.e., the submanifold has parallel mean curvature in the given
spaceform geometry.

13.3. Symmetry breaking for submanifolds. We study again the metrics considered
in §7.3, associated to a (k + 1)-plane W in Rn+1,1, with orthogonal (n− k + 1)-plane W⊥,
where 0 6 k 6 n, which identify an open subset of Sn with a product of spaceforms of
dimension k and n− k. For an m-dimensional submanifold Λ→ Σ of this open subset, let
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Λ̂ be the ambient Weyl structure along Σ with Λ ⊕ Λ̂ = (Σ ×W ⊕ Λ) ∩ (Σ ×W⊥ ⊕ Λ),
and V the corresponding enveloped sphere congruence.

It is natural to ask whenΣ is a local product of immersions of a p-manifold and an (m−p)-
manifold into the spaceforms associated toW andW⊥ (where 0 6 p 6 k, 0 6 m−p 6 n−k).
It is clear that this implies that the lines ∧k+1W and ∧n−k+1W⊥ lie in ∧p+1V ⊗∧k−pV ⊥

and ∧m−p+1V ⊗ ∧n−k−(m−p)V ⊥ respectively. Hence a unit vector ω in ∧k+1W may be
written ω = θ ∧ v ∧ χ with θ ∈ ∧pΛ(1), v ∈ V and χ ∈ ∧k−pV ⊥ (all decomposable). Since
we require that Λ 6⊆ W ∪W⊥, we must have θ /∈ Λ ∧∧p−1Λ(1) and v /∈ Λ⊥. On the other
hand, Λ ⊕ Λ̂ has nontrivial intersection with W , so without loss, we can take v ∈ Λ ⊕ Λ̂
and θ ∈ ∧pU , where U := (Λ⊕ Λ̂)⊥ ∩ V

Similarly ∧n−k+1W⊥ contains a unit vector of the form ω⊥ = θ⊥ ∧ v⊥ ∧ χ⊥ with θ⊥ ∈
∧m−pU , v⊥ ∈ Λ⊕ Λ̂ and χ⊥ ∈ ∧n−k−(m−p)V ⊥ (all decomposable).

Observe that the central sphere congruence may be written VΣ = Λ ⊕ U ⊕ Λ̂Σ , where
Λ̂Σ = exp(−HV )Λ̂ is the null complement to Λ in U⊥ ∩ VΣ . It follows that for nontrivial
splittings (0 < p < m), the conditions on W,W⊥ that we have obtained have a homological
consequence: [ω]Sn |Σ = [ω]Σ = θ⊗ (v mod Λ⊥)⊗χ and is a decomposable section of

H0(T ∗Σ,∧p+1VΣ)⊗∧k−pV ⊥Σ = ∧p(TΣ Λ)L⊗∧k−pV ⊥Σ

⊂ ∧k(TSn Λ)L|Σ = H0(T ∗Sn, Sn ×∧k+1Rn+1,1)|Σ ,

and similarly for [ω⊥]Sn |Σ . This turns out to be a characterization.

Theorem 13.9. Let W ⊂ Rn+1,1 be a (k + 1)-dimensional subspace with orthogonal space
W⊥. Then an immersed submanifold of Sn r (P (W ) ∪ P (W⊥)) splits locally across the
induced product structure as a product of a p-submanifold and an (m−p)-submanifold (0 <
p < m) if and only if the homology class [ω]Sn of some (hence any) nonzero ω ∈ ∧k+1W

is a section of ∧p(TΣ Λ)L⊗∧k−pV ⊥Σ along Σ.

Proof. It remains to show that the homological condition implies the splitting. For this
recall from §7.3 that [ω]Sn and [ω⊥]Sn are sections of the top exterior powers of the two
distributions tangent to the spaceform factors (up to a line bundle), so the homological
condition means that one of these distributions meets TΣ ⊕NΣ (along Σ) in the sum of
a tangential p-plane and a normal (k− p)-plane. The other distribution, being orthogonal,
then meets TΣ ⊕NΣ in a tangential (m− p)-plane and a normal (n− k− (m− p))-plane.
Now the tangential planes are integrable, and this locally splits Σ. �

In the case k = 1, the above theorem has an intuitively clear meaning.

Corollary 13.10. The vector field K on Sn associated to a 2-dimensional subspace W of
Rn+1,1 is tangent to Σ if and only if Σ is an open subset of a revolute, a cylinder or a
cone, over a submanifold of the same codimension in Hn−1, Rn−1 or Sn−1 respectively. In
this case the homology class of ω∞ along Σ is the corresponding tangent vector field.

The properties of these submanifolds can easily be read off from the data on Σ by
imposing the condition that ω, here equal to θ ∧ v, with θ ∈ U and v ∈ Λ⊕ Λ̂, is parallel.
We obtain immediately that N V θ = 0 = N V v, so that V is a curvature sphere, constant
along the curvature lines in the direction of K = θ ⊗ (v mod Λ⊥), Λ̂ is another envelope,
and N V (hence IIV ) preserves the decomposition TΣ = <K>⊕K⊥ ∩ TΣ induced by the
product metric on S1 ×Hn−1, R× Rn−1 or H1 × Sn−1.

Example 13.11. Recall that a (Dupin) cyclide in S3 is an orbit of a two dimensional abelian
subgroup of the Möbius group Möb(3). Dupin’s classification of the cyclides can be read
off easily from the above. In the span of a two dimensional abelian subalgebra of so(4, 1)
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we can always find a basis of decomposable elements (just consider the Jordan normal
form). These decomposables define two orthogonal 2-planes in R4,1, reducing the geometry
to H2 × S1, R2 × R, or S2 × H1, and the cyclide as a surface of revolution, a cylinder,
or a cone, according to whether the 2-plane is spacelike, degenerate, or timelike. At most
one of the planes can be degenerate or timelike. Therefore a cyclide, if not totally umbilic,
is a channel surface in two ways, and is either a circular torus of revolution, a cylinder of
revolution, or a cone of revolution.

If the splitting is trivial (i.e., p = 0 or p = m), then [v∞] is no longer a pure tangential
class in general. Indeed, as we have seen in the case k = 0 (or k = n) of the spaceform
geometries of the previous paragraph (§13.2), [v∞] is tangent to Σ if and only if the
immersion (into the spaceform factor) is minimal.

13.4. Orthogonal systems and Dupin’s Theorem. An extreme form of symmetry
breaking is given by n-tuply orthogonal systems. Suppose that we have a local diffeomor-
phism Λ ⊂ Σ × Rn+1,1 of a product of 1-manifolds Σ =

∏n
i=1Σi with Sn = P(L), such

that the factors are orthogonal for the induced conformal metric. Let Ui = dXi(Λ), where
Xi is a nonvanishing tangent vector field to Σi pulled back to the product. Thus the Ui are
mutually orthogonal rank 2 bundles with sum Λ⊥ and intersection Λ. For each i we have
a one parameter family of hypersurfaces Σxi in Sn by fixing the ith coordinate xi ∈ Σi as
a parameter. Dupin’s Theorem is the following one.

Theorem 13.12. For i 6= j, the families Σxi and Σxj meet each other in curvature lines.

Proof. It suffices to show that Xj is tangent to a curvature line on Σxi , i.e., II0(i)
Xj
Xk = 0

for k /∈ {i, j}. This is a multiple of (dXjdXkσk, ui) where ui is a unit section of Ui and σk
is a section of Λ pulled back from Σk. Now we simply observe that dXjdXkσk = dXkdXjσk
since [Xj , Xk] = 0, which is a section of Uk, since dXjσk is a section of Λ (for j 6= k). As
Uk is orthogonal to Ui (for i 6= k), we are done. �

The proofs in the literature take a euclidean point of view of this result. Ours is quite
different, and thus avoids computing the Levi-Civita connection of the induced metric.

14. Constrained Willmore surfaces

14.1. Definition and spectral deformation.

Definition 14.1. An immersion Λ of a surface Σ in Sn is said to be constrained Willmore
if there is a holomorphic quadratic differential q ∈ C∞(Σ,S2T ∗0Σ) (i.e., dq = 0) such that
(H∇)∗(II0) = 〈q, II0〉. We refer to such a holomorphic quadratic differential q as a Lagrange
multiplier for the constrained Willmore immersion. If (H∇)∗(II0) = 0 the surface is said to
be Willmore or conformally minimal.

Let g be an ambient metric of constant curvature, and let D be the induced exact Weyl
connection on Σ. Then, by (11.16) and (11.12)–(11.13), we have

(H∇)∗(II0) = −div∇,D AD + 〈rD,Σ0 , II0〉 = ∆∇,DHg + 〈Hg(II0), II0〉
so that the constrained Willmore equation in a spaceform may be written

∆∇,DHg + 〈Hg(II0), II0〉 = 〈q, II0〉.
In codimension one, 〈Hg(II0), II0〉 = |II0|2Hg = 2(|Hg|2−Kg)Hg, where Kg is the gaussian
curvature det IIg. This yields the usual form of the Willmore equation when q = 0 and g is
flat [81].

An immediate consequence of this formulation is the well known fact that surfaces with
parallel mean curvature in a spaceform are constrained Willmore (including CMC surfaces
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in codimension one), while minimal surfaces are Willmore. For this, we take q = Hg(II0) and
observe that q is holomorphic by virtue of the Codazzi equation (11.21c), equation (11.13),
and the fact that ∇DHg = 0.

The following proposition provides a more general class.

Proposition 14.2. Let Σ be a surface in a spaceform with ambient metric g. Suppose
that Hg = H+ + H− where H± are complex conjugate sections of N∗Σ ⊗ C such that
(∇DH−)0,1 = 0 and 〈∇DH−, H−〉 = 0. Then Σ is constrained Willmore.

Proof. Since (∇DH−)0,1 = 0 = (∇DH+)1,0, we have

∆∇,DHg = div∇,D
(
(∇DH+)1,0 + (∇DH−)1,0 + (∇DH+)0,1 + (∇DH−)0,1

)
= div∇,D

(
−(∇DH+)1,0 + (∇DH−)1,0 + (∇DH+)0,1 − (∇DH−)0,1

)
= i div∇,D ∗∇D(H+ −H−)

= i∗R∇ · (H+ −H−).

Hence, using the Ricci equation (11.29), we have

∆∇,DHg + 〈Hg(II0), II0〉 = 〈q, II0〉

where q = 2H−(II0)2,0 + 2H+(II0)0,2. It remains to see that q (or equivalently q2,0) is
holomorphic. Since (∇DH−)0,1 = 0, it suffices to show that the contraction of ∂∇(II0)2,0

with H− is zero. But ∂∇(II0)2,0 = (d∇,DII0)2,1, which is a multiple of (∇DHg)1,0 ∧ c
by (11.21c) and (11.13). Since (∇DHg)1,0 = ∇DH−, the contraction with H− vanishes by
the second equation on H−. �

Corollary 14.3. Let Σ be cooriented codimension two surface in a spaceform with ambient
metric g, and suppose Hg is holomorphic with respect to the natural complex structure on
N∗Σ induced by its conformal structure and orientation, and the holomorphic structure
induced by ∇D. Then Σ is constrained Willmore.

Proof. Let H+ = (Hg)0,1 and H− = (Hg)1,0 be the projections of Hg onto the eigenspaces
in N∗Σ ⊗ C of the complex structure. Since Hg is holomorphic, (∇DH−)0,1 = 0. On the
other hand, these eigenspaces are null, so 0 = d〈H−, H−〉 = 2〈∇DH−, H−〉. Hence we can
apply the proposition. �

In the case that g is flat, this result is due to Bohle [9].
One reason to be interested in constrained Willmore surfaces is that they admit a spectral

deformation (in arbitrary codimension) and hence an integrable systems interpretation.

Theorem 14.4. Let Λ ⊂ Σ × Rn+1,1 be an immersed surface in Sn with Gauß–Codazzi–
Ricci data (c,MΣ ,∇, II0), and quadratic differential q ∈ C∞(Σ,S2

0T
∗Σ). Then the following

conditions are equivalent.

(i) Σ is constrained Willmore with Lagrange multiplier q.

(ii) (c,MΣ + 1
2(e2tJ − 1)q,∇, etJ II0) satisfies the Gauß–Codazzi–Ricci equations for some

t /∈ πZ.

(iii) (c,MΣ+ 1
2(e2tJ−1)q,∇, etJ II0) satisfies the Gauß–Codazzi–Ricci equations and defines

a constrained Willmore immersion of Σ in Sn for all t ∈ R.
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Proof. The Gauß–Codazzi–Ricci equations hold for the data in (ii)–(iii) iff

0 = CΣ + 1
2(e2tJ − 1)dq + 〈B∇(II0)〉

0 = (H∇ + 1
2(e2tJ − 1)q)∗(etJJII0)

= cos t(H∇)∗(JII0)− sin t(H∇)∗(II0) + 1
2〈(e

2tJ − 1)q, etJJII0〉
0 = R∇ − II0 ∧ S0

(using (11.24)), and we observe that 1
2〈(e

2tJ − 1)q, etJJII0〉 = sin t〈q, II0〉. Hence the
Gauß–Codazzi–Ricci equations hold for all t iff they hold for some t /∈ πZ iff dq = 0
and (H∇)∗(II0) = 〈q, II0〉. �

One way to realize this integrable system is to lift the spectral deformation to a family
of flat connections. This yields an alternative definition of constrained Willmore surfaces.

Theorem 14.5. Let Λ ⊂ Σ ×Rn+1,1 and (c,MΣ ,∇, II0, q) be as in the previous Theorem.
Then the following conditions are equivalent.

(i) Σ is constrained Willmore with Lagrange multiplier q.
(ii) There is a T ∗M -valued 1-form ξ ∈ Ω1(Σ, stab(Λ)⊥) ⊂ Ω1(Σ, so(VM )) with [ξ] = q

such that dhξ = 0 and dDh−ξ,∇∗N = 0.
(iii) There is a T ∗Σ-valued 1-form ξ ∈ Ω1(Σ, stab(Λ)⊥ ∩ so(VΣ)) ⊂ Ω1(Σ, so(VΣ)) with
[ξ] = q such that d + (etJ − 1)N + 1

2(e2tJ − 1)ξ is flat for all t ∈ R.

Proof. The constrained Willmore equation may be written 0 = (H∇ − q)∗II0 = −(H∇ −
q)∗J2II0. Now by Proposition 12.1, ∗N is the differential lift of JII0 with respect to DΣ ,
hence also with respect to DΣ − ξ provided ξ is a T ∗M -valued 1-form. It follows that the
constrained Willmore equation is equivalent to dDh−ξ,∇∗N = 0, where ξ is the differential
lift of q (with respect to DΣ), the equation dhξ = 0 then being equivalent to dq = 0.
The rest follows by computing the curvature of the connections in (iii), and applying
Proposition 12.2. �

14.2. Harmonicity, the functional and duality. Theorem 14.5, with q = ξ = 0,
has two more-or-less immediate corollaries. It also provides a simple way to obtain the
constrained Willmore equation from the functional. These results are all well known [18, 10],
but they are derived with particular ease in our formalism.

Corollary 14.6. A immersed surface in Sn is Willmore if and only if its central sphere
congruence is harmonic.

Proof. The central sphere congruence is harmonic if and only if dD∇∗N = 0. However,
since Q is tracelike and II0 is trace-free, dD∇∗N = dh∗N . �

Corollary 14.7. If the central sphere congruence of a Willmore surface has a second en-
velope (which is generic in codimension one) then this envelope is also a Willmore surface.

Proof. Since dhN = 0 and dh∗N = 0 we have that rD,VΣ ∧ S0 = 0 and rD,VΣ ∧ JS0 = 0.
Away from umbilics (i.e., on a dense open set because Σ is not totally umbilic, since it has
a second envelope, and II0 is analytic) it follows that the symmetric trace-free part of rD,VΣ

is zero. Hence the second envelope has the same conformal structure and the same central
sphere congruence. Since this is harmonic, the second envelope is also Willmore. �

Theorem 14.8. A compact surface is (constrained) Willmore, as in Definition 14.1, if
and only if it is a critical point of W for immersions of Σ (inducing the same conformal
metric on Σ in the constrained case).
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Proof. Since N vanishes on Λ, W =
∫
Σ |N |

2 =
∫
Σ |dS|

2, where S is the central sphere
congruence (viewed as a map from Σ into the grassmannian of (3, 1)-planes in Sn). The
first variation of this functional is dW(Ṡ) =

∫
Σ〈d

D∇∗N , Ṡ〉, where Ṡ : Σ → m denotes
the variation of S. Now dD∇∗N = dh∗N and, by Proposition 12.1, ∂dh∗N = 0, so that
N ∈ Ω2(Σ,m ∩ stab(Λ)⊥) and hence dW(Ṡ) vanishes automatically when Ṡ takes values
in C∞(Σ,m ∩ stab(Λ)) = im ∂ (this is really just a special case of Poincaré duality for
Lie algebra homology). Hence dW(Ṡ) =

∫
Σ〈[d

h∗N ], [Ṡ]〉 =
∫
Σ〈dBGG(JII0), [Ṡ]〉, with

[Ṡ] ∈ C∞(Σ,NΣ) and dBGG(JII0) is ∗(H∇)∗(II0), up to a sign.
For variations of S coming from variations of the immersion, [Ṡ] is essentially the normal

variation vector field. For general variations, [Ṡ] can therefore be arbitrary, whereas for
conformal variations are characterized by S0[Ṡ] ∈ C∞(Σ, sym0(TΣ)) being in the image of
the conformal Killing operatorX 7→ LXc. This last is adjoint to d on quadratic differentials.
The result now follows. �

15. Isothermic surfaces

15.1. Definition and spectral deformation. The classical definition of an isothermic
surface is a surface admitting a conformal curvature line coordinate, i.e., a conformal
coordinate z = x+ iy with respect to which the second fundamental form is diagonal. This
is a conformally-invariant condition, and there is a manifestly invariant way to state it,
which we take as our fundamental definition.

Definition 15.1. An immersion Λ of a surface Σ in Sn is said to be isothermic if there
is a nonzero quadratic differential q ∈ C∞(Σ,S2T ∗0Σ) ⊂ Ω1(Σ,T ∗Σ) which is holomorphic
(i.e., dq = 0) and commutes with shape operators in the sense that q ∧ S0 = 0.

Remarks 15.2. Thus q(2,0) = dz2 for some conformal curvature line coordinates z = x+ iy.
This definition has the merit of using just the Gauß–Codazzi–Ricci data, which only

determine Σ locally up to Möbius transformation. Hence, in this approach, one can develop
a theory of isothermic surfaces modulo Möbius transformation.

Also note that because the normal components of S0 commute with q, they commute
with each other, and so the weightless normal bundle is flat by the Ricci equation.

We now show that the new Gauß–Codazzi–Ricci data (c,MΣ + rq,∇, II0) also define
an isothermic surface for any r, with the same quadratic differential q (up to a constant
multiple). The new surfaces are sometimes called the T-transforms of Σ: note that only
the Möbius structure has changed here.

Theorem 15.3. Let Λ ⊂ Σ × Rn+1,1 be an immersed surface in Sn with Gauß–Codazzi–
Ricci data (c,MΣ ,∇, II0), and quadratic differential q ∈ C∞(Σ,S2

0T
∗Σ). Then the following

conditions are equivalent.
(i) Λ is isothermic with holomorphic commuting quadratic differential q.
(ii) (c,MΣ + rq,∇, II0) satisfies the Gauß–Codazzi–Ricci equations for some r 6= 0.

(iii) (c,MΣ+rq,∇, II0) satisfies the Gauß–Codazzi–Ricci equations and defines a isothermic
immersion of Σ in Sn for all r ∈ R.

Proof. The Gauß–Codazzi–Ricci equations hold for the data in (ii)–(iii) iff

0 = CΣ + rdq + 〈B∇(II0)〉
0 = (H∇)∗(JII0) + r〈q, JII0〉
0 = R∇ − II0 ∧ S0
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(using (11.24)). Clearly these equations hold for all r iff they hold for r = 0 and some
nonzero r, since then div q = 0 and q is orthogonal to JII0: since S2

0T
∗Σ has rank 2 this

last condition means that every component of II0 commutes with q. �

The T-transforms give rise an integrable systems interpretation of isothermic surfaces:
the Gauß–Codazzi–Ricci data (c,MΣ + rq,∇, II0) defines a pencil of flat connections on
VΣ ⊕ V ⊥Σ . It also yields an alternative definition of an isothermic surface.

Theorem 15.4. Let Λ ⊂ Σ×Rn+1,1 and (c,MΣ ,∇, II0, q), be as in the previous Theorem.
Then the following conditions are equivalent.

(i) Λ is isothermic with holomorphic commuting quadratic differential q.
(ii) There is a T ∗M -valued 1-form η ∈ Ω1(Σ, stab(Λ)⊥) ⊂ Ω1(Σ, so(VM )) with [η] = q

such that dη = 0.
(iii) There is a T ∗Σ-valued 1-form η ∈ Ω1(Σ, stab(Λ)⊥ ∩ so(VΣ)) ⊂ Ω1(Σ, so(VΣ)) with
[η] = q such that d + rη is flat for all r ∈ R.

Proof. Since d is flat and T ∗M is abelian, d+rη is flat if and only if dη = 0. This condition
certainly implies that ∂dhη = 0 so that η = jhq = q by Proposition 12.2. Now dη = 0 if
and only if dDΣ

η = 0 and [N ∧ η] = 0, i.e., if and only if dq = 0 and q ∧ S0 = 0. �

In subsequent work, we shall focus on (ii) above as our main definition of an isothermic
surface (this definition also generalizes [17]). The classical definition of isothermic surfaces
is essentially a homological version of this ‘integrable systems’ definition. In the formulation
given by (iii), the T-transform of Λ, with parameter r, is Λ itself, but viewed as a (local)
immersion in the space of (d + rη)-parallel null lines in Σ × Rn+1,1. The corresponding
map into the space of d-parallel null lines is obtained from this via a gauge transformation.

15.2. Examples and symmetry breaking. The examples of isothermic surfaces which
are easy to describe fall into three classes, all of which exhibit some sort of symmetry
breaking in the sense of §§13.2–13.3.

Cones, cylinders, revolutes and their generalizations. The simplest examples of isothermic
surfaces in S3 are cones over a curve in S2, cylinders over a curve in R2, and revolutes
(surfaces of revolution) over a curve on H2. These are the 2-dimensional case of the
submanifolds described in §13.3. In higher codimension, we obtain a larger class than
just the cones, cylinders and revolutes in this way. We focus on the nondegenerate case
(generalizing cones and revolutes), but the degenerate case is similar.

Suppose that
Rn+1,1 = Rk,1 ⊕ Rn−k+1

and so Sn r Sk−1 = Hk × Sn−k. We claim that any Cartesian product of curves γ1(s) in
Hk and γ2(t) in Sn−k is isothermic. The product surface Σ = Σ1 × Σ2 has a natural lift
σ(s, t) := γ1(s) + γ2(t) into the light-cone. Clearly s and t are curvature line coordinates,
and if γ1 and γ2 are parameterized by arc-length, then, differentiating σ(s, t), we see that
they are also conformal.

We observe that we can take η = σ M (dγ1 − dγ2), where M denotes the pairing Rn+1,1 ×
Rn+1,1 → so(n + 1, 1) with (u Mw)(v) = (u, v)w − (u,w)v. Indeed η takes values in the
nilradical of Λ, so it remains to show that it is closed. Well:

dη = (dγ1 + dγ2)∧M (dγ1 − dγ2)

(wedge product, using M to multiply coefficients). Now dγi ∧M dγi = 0 since these are wedges
of (pullbacks of) 1-forms on 1-manifolds so we are left with −dγ1 ∧M dγ2 + dγ2 ∧M dγ1, which
vanishes because the wedge product of 1-forms and M are both skew.
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This class of surfaces is stable under T-transform: for this we need to find (d + rη)-
stable subspaces U1 and U2 = U⊥1 of Σ × Rn+1,1 with ranks k + 1 and n − k + 1, such
that σ induces the same splitting of Σ = Σ1 × Σ2. To do that we make an Ansatz that
U1 = im dγ1 ⊕<γ1 + a(r)(γ1 + γ2)> and hence U2 = im dγ2 ⊕<γ2 + a(r)(γ1 + γ2)> (with
a(r) a constant for fixed r). Let X1 and X2 be vector fields on Σ1 and Σ2 respectively,
pulled back to the product. Then we compute

(d + rη)X2
(γ1 + a(r)(γ1 + γ2)) = a(r)dX2

γ2 − r(γ1, γ1)dX2
γ2.

This lies in U1 iff it is zero, which (assuming (γ1, γ1) = −1) gives a(r) = −r. For the
stability of U1, it remains to consider v ∈ im dγ1:

(d + rη)v mod im dγ1 = −(dv, γ1)γ1 − r(dγ1, v)(γ1 + γ2) = (v,dγ1)(γ1 − r(γ1 + γ2)),

which lies in U1 as required. The stability of U2 follows by orthogonality. Notice that U1

and U2 become degenerate and intersecting at r = 1/2, then change signature, so that at
r = 1 we recover the original product in reverse order.

We remark that Tojeiro’s definition [77] of isothermic submanifolds of higher dimension
generalizes these examples: his submanifolds are extrinsic products of curves in spaceforms.

CMC surfaces in spaceforms. Another well-known (and classical) class of isothermic sur-
faces are the CMC surfaces in R3 (i.e., surfaces of constant mean curvature H with respect
to the induced metric, also called H-surfaces) or in 3-dimensional spaceforms [7, 6]. The
induced metric identifies II0 with a quadratic differential called the Hopf differential, and
the Codazzi equation (in the spaceform) shows that this is holomorphic (and of course, it
commutes with itself).

In higher codimension, the mean curvature is a conormal vector, and the most natural
notion of ‘constant mean curvature’ is parallel mean curvature (using the connection on the
conormal bundle induced by the spaceform metric), but this essentially forces Σ to have
codimension one or two; however, as shown in [13], a more general class of surfaces, called
generalized H-surfaces, are isothermic. We present a novel analysis of this case.

Suppose the spaceform geometry in Sn is defined by v∞ ∈ Rn+1,1 and let σ ∈ C∞(Σ,Λ)
be the spaceform lift of a submanifold of Sn (so (σ, v∞) = −1), which is the gauge induced
by the spaceform metric g. Let ξ be a parallel unit section of V ⊥Σ . Now set η = σ M dξ.
This clearly takes values in the nilradical of Λ, so it remains to determine when it is closed,
i.e., when dσ ∧M dξ = 0. For this, let Vg = exp(Hg)VΣ be the tangent sphere congruence
in the spaceform, so that ξg = exp(Hg)ξ = ξ + 〈Hg`, ξ〉σ, where ` is dual to σ. Thus
dξ = dξg − d(〈Hg`, ξ〉σ) and dξg = N gξ = −Sgξ = −S0ξ − 〈Hg`, ξ〉dσ, since Ag = 0.
Now dσ ∧M S0ξ is identically zero, so dσ ∧M dξ = 0 if and only if d〈Hg`, ξ〉 = 0, i.e., the ξ
component of the mean curvature covector Hg is constant.

These are the generalized H-surfaces. The quadratic differential q is the corresponding
(ξ) component of II0, although it is not so obvious to see directly that this commutes with
the other components. Observe that by construction η · v∞+ dξ = 0. It follows that for all
r ∈ R, v∞+ rξ is parallel with respect to d + rη. This conserved quantity provides another
way to characterize generalized H-surfaces, and we shall explore this further in the sequel
to this paper.

Quadrics. Quadrics are natural generalizations of spheres in euclidean space. After the
study of surfaces of constant nonzero gaussian curvature (K-surfaces), which are isometric
to spheres or their hyperbolic analogues, surfaces isometric to quadrics were of great interest
in classical differential geometry. An important classical observation is that quadrics are
isothermic (see [43]), and this was generalized to conformal quadrics by Darboux [39, pp.
212–219]. This is often considered to be surprising [13, 56], since quadric surfaces live most
naturally in the projective geometry of RP 3, not the conformal geometry of S3. Darboux’s
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argument fits well into our formalism, so we sketch it here: in fact Darboux restricts
attention to diagonal quadrics, so we complement his analysis by describing some of the
geometry in the general case.

A quadric Q in S3 is determined by a matrix A ∈ sym(R4,1), which is not a multiple
of the identity: then Q = {<σ> ∈ P(L) : (σ, σ) = 0 = (Aσ, σ)}. Conversely, the quadric
Q only determines A up to affine transformations A 7→ aA + bI (a, b ∈ R, a 6= 0). The
geometric idea behind Darboux’s construction is to extend this affine action to a projective
one: the matrices (aA + bI)(cA + dI)−1 (a, b, c, d ∈ R, ad − bc 6= 0) determine a one
parameter family of quadrics. (In fact these quadrics are confocal, but we do not need this
here.) Given A, we can parameterize the family by the matrices A(I − uA)−1.

Now observe that for fixed σ, det(I −uA)(A(I −uA)−1σ, σ) = 0 is a quartic in u, whose
leading coefficient vanishes if (σ, σ) = 0. The roots u1, u2, u3 of this cubic determine three
quadrics in the family passing through <σ> ∈ P(L). Now observe that the conditions

(A(I − u1A)−1σ, σ) = 0 = (A(I − u2A)−1σ, σ)

imply that

0 =
((
A(1− u2A)−A(1− u1A)

)
(I − u1A)−1(I − u2A)−1σ, σ

)
= (u1 − u2)(A(I − u1A)−1σ,A(I − u2A)−1σ)

so that distinct quadrics in the family meet each other orthogonally at <σ> ∈ P(L). By
Dupin’s Theorem, they therefore meet in curvature lines.

To see that this gives rise to conformal curvature line coordinates, we now follow Darboux
and assume A is diagonalized, with distinct eigenvalues (1/a0, 1/a1, 1/a2, 1/a3, 1/a4) in
coordinates x = (x0, x1, x2, x3, x4) on R4,1 such that (x, x) = −x2

0 + x2
1 + x2

2 + x2
3 + x2

4.
Thus A(I − uA)−1 has eigenvalues 1/(ai − u). Then, for x null, we can solve for xi in
terms of the parameters (u1, u2, u3) of the three quadrics passing through that point to get
x2

0 = −c(u1 − a0)(u2 − a0)(u3 − a0)/f ′(a0) and x2
i = c(u1 − ai)(u2 − ai)(u3 − ai)/f ′(ai) for

i = 1, . . . 4, where f(u) = (u− a0)(u− a1)(u− a2)(u− a3)(u− a4) and c is an overall scale.
By differentiating these formulae for xi, it follows that the conformal metric on S3 has

a representative metric

(15.1)
(u2 − u1)(u3 − u1)

f(u1)
du2

1 +
(u3 − u2)(u1 − u2)

f(u2)
du2

2 +
(u1 − u3)(u2 − u3)

f(u3)
du2

3

in these coordinates. Thus (u1, u2) are conformal curvature line coordinates on the quadrics
with u3 constant, which are therefore isothermic.

If A is not diagonalizable as above, the coordinates (u1, u2, u3) are still well defined,
and so a continuity argument gives the same representative metric (15.1) for the conformal
structure on S3, where f(u) is the characteristic polynomial of A−1.

This argument almost provides the conceptual explanation sought in [13]: it shows that
conformal geometry equips a quadric with a natural conjugate net; then, perhaps not so
surprisingly, this net is orthogonal, and gives rise to the conformal curvature line coordinates
which show that the quadric is isothermic.

We end by remarking that the eigenvectors of A can be used to break the symmetry
to that of a spaceform, and then the quadric is realized as a quadric in a spaceform. In
particular, for matrices with a null eigenvector, we recover the quadrics in euclidean space.

15.3. When is a surface isothermic? The definition we have given of an isothermic
surface has the disadvantage that it does not characterize when a surface admits such a
quadratic differential q. There is also a subtle global issue here: q might exist locally (near
any point, perhaps only in a dense open set), but not globally on Σ. However, q is unique
up to a constant multiple away from umbilic points: it must be a pointwise multiple of
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any nonvanishing component 〈II0, ξ〉 of II0 and this multiple is determined up to a constant
since q is holomorphic. Hence q is globally defined on the universal cover of the open subset
U where II0 is non-vanishing (or equivalently it may be viewed as a holomorphic quadratic
differential with values in a flat line bundle L on U).

In the case that the central sphere congruence has a second envelope, i.e., there is a
Weyl derivative D0 with 0 = AD

0
= −div∇,D

0 S0, an intrinsic characterization is available.
Writing S0 = S⊗ ξ for a weightless unit normal vector ξ we first see that such a second
envelope can only exist if ξ is parallel, and then D0 is the Weyl derivative of a second
envelope iff divD

0
S = 0. If the weightless normal bundle is flat, it follows that V ⊕ <ξ>

is constant, and so can assume without loss that we are in codimension one, with S = S0.
Since AD+γ = AD + γ ◦ S0, it then follows that such a second envelope exists precisely

on the set where either N = 0 or S0 6= 0. In the latter case, the second envelope is unique,
and D0 can be determined from an arbitrary Weyl structure D via D + (S0)−1 divD S0.

Now any commuting quadratic differential may be written q = σS0, and it is holomorphic
if and only if D0σ = 0. Such a (nonzero) σ exists if and only if D is exact. This turns out
to be the classical assertion that

a surface is isothermic iff its central sphere congruence is Ribaucour.
Furthermore, this gives an equation for isothermic surfaces. Let D be the unique Weyl
derivative with D(|S0|2) = 0. Then D is exact and so, since (S0)−1 = 2S0/|S0|2, D0 =
D + 2S0 divD S0/|S0|2, which is locally exact if and only if d(S0 divD S0/|S0|2) = 0. This
may be written in a conformally invariant way as d(∗〈B∇(II0)〉/|II0|2) = 0 (simply expand
the definition of B using the Weyl derivative D).

16. Möbius-flat submanifolds

16.1. Definition and spectral deformation. Let Σ be a submanifold of Sn with flat
weightless normal bundle. We wish to impose the condition that there is a enveloped sphere
congruence V inducing a flat conformal Möbius structure on Σ. For m > 3, all enveloped
sphere congruences induce the same conformal Möbius structure on Σ, since they induce
the same conformal structure. On the other hand by equation (9.10), when m = 2, the
conformal Möbius structure induced by V has HV = HΣ − q with q = HV (II0), hence it is
flat iff q is a Cotton–York potential, i.e., dq = CΣ . Since the weightless normal bundle is
flat q commutes with the shape operators in the sense that q ∧ S0 = 0. (Conversely, if q is
nonzero, the flatness of ∇ follows from this.)

This motivates the following definition.

Definition 16.1. An immersion Λ of Σ (dimΣ > 2) in Sn is called Möbius-flat if it has
flat weightless normal bundle, and either m > 3 and Σ is conformally flat, or m = 2 and Σ
admits a commuting Cotton–York potential (CCYP), i.e., there exists q ∈ C∞(Σ,S0T ∗Σ)
with dq = CΣ and q ∧ S0 = 0. (For m > 3, we set q = 0.)

Conversely, if Σ is Möbius-flat, then for m > 3 any enveloped sphere congruence induces
this flat conformal structure; for m = 2, an enveloped sphere congruence V induces the
flat conformal Möbius structure HΣ − q iff q = HV (II0). If q = 0, we can take V to be
the central sphere congruence; otherwise, on the open set where q is nonzero, we can write
II0 = q ⊗ U for a normal vector U and set HV = 〈U, ·〉/〈U,U〉. In codimension one the
enveloped sphere congruence inducing HΣ − q is clearly unique. (Note that HV extends
by zero to the zeros of q unless II0 is also zero there.)

Möbius-flat submanifolds admit a spectral deformation and hence an integrable systems
interpretation.
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Theorem 16.2. Let Λ ⊂ Σ × Rn+1,1 be a submanifold of Sn of dimension m > 2 with
Gauß–Codazzi–Ricci data (c,MΣ ,∇, II0) and a quadratic differential q ∈ C∞(Σ,S2

0T
∗Σ)

with q = 0 if m > 3. Then the following conditions are equivalent.
(i) Σ is Möbius-flat (with CCYP q if m = 2).

(ii) (c,MΣ + (t2−1)q,∇, tII0) satisfies the Gauß–Codazzi–Ricci equations for some t /∈
{0,±1}.
(iii) (c,MΣ + (t2−1)q,∇, tII0) satisfies the Gauß–Codazzi–Ricci equations and defines a
Möbius-flat immersion of Σ in Sn (with CCYP t2q if m = 2) for all t ∈ R.

Proof. The Gauß–Codazzi–Ricci equations hold for the data in (ii)–(iii) iff

0 = WΣ − t2[[id ∧Q]]− t2S0 ∧ II0 m > 4

0 = CΣ + (t2 − 1)dq + t2〈B∇(II0)〉 m = 2, 3

0 = tCCoda∇ II0 m > 3

0 = t(H∇)∗(JII0) + t(t2 − 1)〈q, JII0〉 m = 2

0 = R∇ − t2II0 ∧ S0

(using (11.24)). These hold for all t iff they hold for t = 1, WΣ = 0, CΣ = dq, R∇ = 0
and q ∧ S0 = 0, and it suffices that the equations hold for t = 1 and some t /∈ {0,±1}. �

As in the isothermic case, the integrable systems viewpoint is made most transparent in
terms of an associated family of flat connections. This also reveals an alternative definition
which will be very useful to us in the sequel to this paper.

Theorem 16.3. Let Λ ⊂ Σ ×Rn+1,1 and (c,MΣ ,∇, II0, q) be as in the previous Theorem.
Then the following conditions are equivalent.

(i) Σ is Möbius-flat (with CCYP q if m = 2).
(ii) There is a sphere congruence V enveloped by Λ and a 1-form χV ∈ Ω1(Σ, stab(Λ)⊥)

such that dχV = RD∇,V .
(iii) For any sphere congruence V enveloped by Λ, there is χV ∈ Ω1(Σ, stab(Λ)⊥ ∩ so(V ))
such that dVt := D∇,V + tN V + (t2 − 1)χV is flat for all t ∈ R (or equivalently, since d1 is
flat, D∇,V − χV is flat and [N V ∧ χV ] = 0).
When m = 2, χV is a lift of q−HV (II0) for a CCYP q. (Notice that the condition in (ii) only
needs to be verified for one sphere congruence V ; then the—apparently stronger—condition
in (iii) holds for all V .)

Proof. We prove (i)⇒(iii)⇒(ii)⇒(i). Clearly (iii)⇒(ii) by taking t = 0 and observing that

dχV = dD∇,V χV + [N V ∧ χV ],

whereas the curvature of D∇,V − χV is RD∇,V − dD∇,V χV .
Suppose dχV = RD∇,V with χV as in (ii). By considering the m-component of this

equation, we see that [β ∧ (χV )⊥] = 0, hence χV ∈ so(V ) and DV −χV is a flat connection
on V . Since exp(−HV ) · (DV − χV ) is a flat (hence normal) Cartan connection on VΣ
inducing the same soldering form as DΣ , it must equal DΣ − q, where q = 0 if m > 3 and
q is a quadratic differential for m = 2. Hence χV = QV + q and q is the given quadratic
differential by assumption when m = 2.

Conversely, given (i) we can define χV = QV + q so that exp(HV ) · (DΣ − q) = DV −χV .
To complete the proof of (ii)⇒(i)⇒(iii), we note that QV ∧ S0 = Q ∧ S0 = 0 since the

weightless normal bundle is flat (the latter equality follows either from the explicit formula
for Q or by computing that ���h[Q ∧ N ] = 0 so that [Q ∧ N ] is the differential lift of its
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homology class, which is zero because [Q∧N ] ∈ im ∂). Now it is clear that [N V ∧χV ] = 0
iff q ∧ S0 = 0, and D∇,V − χV is flat iff the normal bundle is flat and DΣ − q is flat, i.e.,
m > 3 and Σ is conformally-flat or m = 2 and dq = CΣ . Since

RdVt = (1− t2)
(
RD∇,V − dDV

χV − t[N V ∧ χV ]
)
,

the equivalence of these conditions with the flatness of dVt is immediate. �

16.2. General theory and examples. The following observation makes precise the idea
that Möbius-flat submanifolds are those with a enveloped sphere congruence inducing a flat
Möbius structure, and leads to many examples of Möbius-flat submanifolds.

Theorem 16.4. Let Σ be an m-submanifold of Sn with flat weightless normal bundle.
Then Σ is Möbius-flat (with CCYP q if m = 2) if and only if* there is an enveloped sphere
congruence V (with q = HV (II0) if m = 2) such that SV ∧ IIV + [[id ∧ QV ]] = 0 (which is
automatic for m 6 3) and for some (hence any) Weyl derivative D, we have

dDQV +AD,V ∧ IIV = 0 (m = 3),(16.1)
1
2DK

V ∧ c = AD,V ∧ IIV (m = 2).(16.2)

For m > 3, it then follows that any enveloped sphere congruence satisfies these conditions.
(*The ‘only if ’ part holds only away from umbilic points when m = 2.)

Proof. Let V be an enveloped sphere congruence. Then Σ is Möbius-flat if and only if
it has flat weightless normal bundle, WΣ = 0 (this equation is vacuous for m 6 3) and
CΣ = dq for m 6 3. Now WΣ = SV ∧ IIV + [[id ∧QV ]] by the Gauß equation (11.4), so it
is zero if and only if SV ∧ IIV + [[id ∧ QV ]] = 0. When m 6 3, the Gauß equation (11.5)
instead gives CΣ = −AD,V ∧ IIV − dDQV (with respect to any Weyl derivative D). For
m = 2 we have QV = −HV (II0)− 1

2K
V c. The result easily follows. �

Corollary 16.5. Channel submanifolds are Möbius-flat.

Proof. By definition, a channel submanifold admits an enveloped sphere congruence V
such that N V : TΣ → Hom(V, V ⊥) ⊕ Hom(V ⊥, V ) has codimension one kernel. Hence
SV ∧ IIV = 0 (so the weightless normal bundle is flat), IIV ∧ SV = 0 (and so QV = 0 for
m = 3 and KV = 0 for m = 2) and AD,V ∧ IIV = 0 for any Weyl derivative D. Hence Σ is
Möbius-flat. �

The gaussian (sectional) curvature of a 2-plane U ⊆ TΣ is defined to be KU =
〈det IIV |U 〉. It is a section of Λ2. We say that a submanifold of Sn has constant gaussian
curvature with respect to a compatible metric g on Sn if KU = Kg for all U and DgKg = 0.

Corollary 16.6. A submanifold of a spaceform with flat weightless normal bundle and
constant gaussian curvature is Möbius-flat and the induced metric has constant curvature.

Proof. Take V = Vg, the tangent congruence, and D = Dg, the induced Weyl derivative,
so that AVg ,D

g
= 0. For m = 2 we then have KVg = Kg, hence DgKVg = 0. More

generally, Sg ∧ IIg = −1
2K

g
∑

i,j εi ∧ εj ⊗ [[εi, ej ]] with DgKg = 0 where ei is a local frame
of TΣ Λ with dual frame εi. (This can be seen, for instance by viewing both sides as
Λ2-valued quadratic forms on ∧2(TΣ Λ).) Therefore for m > 3, QVg = −1

2K
gc, hence

rD
g ,Σ = rD,Vg −QVg = ( 1

nsg + 1
2K

g)c. The result easily follows. �

Of course, it is well-known that for m > 3, m-manifolds of constant sectional curvature
are conformally-flat, so the point of the above Corollary is to take a submanifold point of
view on this result, via gaussian (sectional) curvature in a spaceform, and extend it to the
case m = 2.
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It is also well known that for m > 3, a product of a p-manifold and an (m−p)-manifold of
constant sectional curvatures cp and cm−p is conformally flat provided cp+ cm−p = 0. Note
that the sectional curvature of a 1-manifold is undefined, and a product of a 1-manifold
and an (m− 1)-manifold of constant sectional curvature is always conformally flat.

Let us consider the case that this product is an extrinsic product of submanifolds of
spaceforms inside Sn, as in §13.3. As usual we focus on the nondegenerate case SnrSk−1 =
Hk × Sn−k, but the degenerate case is similar. We thus obtain the following submanifold
analogue of the m > 3 result, together with an extension to the case m = 2.

Theorem 16.7. Let Σp
1 → Hk and Σm−p

2 → Sn−k be immersed submanifolds of spaceforms
(with 1 6 p 6 k, 1 6 m−p 6 n−k). Then the product embedding Σ1×Σ2 → Sn is Möbius-
flat if and only if Σ1 and Σ2 have flat normal bundles and constant gaussian curvatures
K1 and K2 (the latter condition being automatic on a 1-dimensional manifold) such that
K1 +K2 = 0 if p > 1 and m− p > 1.

Proof. Pulling back by the obvious projections we carry out all computations on Σ = Σ1×
Σ2, and let σ1, σ2 be the induced maps Σ → Hk, Σ → Sn−k. Then Σ×Rn+1,1 = V ⊕V ⊥,
with V = <σ1, dσ1>⊕<σ2,dσ2>, V ⊥ = V ⊥1 ⊕ V ⊥2 (corresponding to the normal bundles
of Σ1 and Σ2), and Λ = <σ1 + σ2>. Λ̂ := <σ1 − σ2> is the Weyl structure induced by
the product geometry. Clearly DV , N V and ∇V split across the decomposition of V and
V ⊥. We deduce two things: first, ∇V is flat if and only if Σ1 and Σ2 have flat normal
bundle; second, V is enveloped by both Λ and Λ̂, so AD,V = 0 (for the Weyl derivative D
induced by Λ̂) and N V = IIV −SV , with IIV = II1 +II2 being the (direct) sum of the second
fundamental forms of the factors (and SV similarly). Now

SV ∧ IIV = S1 ∧ II1 + S2 ∧ II2

and the equation SV ∧IIV +[[id∧QV ]], which is necessary for Möbius-flatness and determines
QV for m > 3, implies that m = 2 or QV = f(c1 − c2) for some function f : indeed we first
observe that QV must split as Q1 +Q2, with no cross term, but then we obtain

[[id ∧QV ]] = [[id1 ∧Q1]] + [[id2 ∧Q2]] + [[id1 ∧Q2]] + [[id2 ∧Q1]]

and the last two terms can only cancel with Q1 = fc1, Q2 = −fc2. For m > 4, f is
constant, while for m = 3, dDQV = 0 if and only if f is constant. By Theorem 16.4, this
completes the proof for m > 3.

For m = 2, we write II1 = e2
1 ⊗ ν1 and II2 = e2

2 ⊗ ν2 with respect to a weightless
orthonormal basis e1, e2. Then KV = 〈det IIV 〉 = 〈ν1, ν2〉 = 0, so our product surface is
always Möbius-flat (provided the normal bundles are flat), with CCYP q = HV (II0) =
1
4(e2

1 − e2
2)⊗ (|ν1|2 − |ν2|2). �

Remark 16.8. There is a fast way to see that these submanifolds are Möbius-flat, using
the equation dχV = RD∇,V : simply take χV = c(σ1 + σ2) M (dσ1 − dσ2). When m = 2,
dχV = 0 (as we have seen, these product manifolds are isothermic) and RD∇,V = 0. In
higher dimensions dχV = cdσ1 ∧M dσ1 − cdσ2 ∧M dσ2, and so we take c proportional to the
gaussian curvatures of the factors to get dχV = RD∇,V .

We now give a more explicit description of Möbius-flat submanifolds. For this, recall that
the flatness of the weightless normal bundle means that the components of S0 commute,
and so they are simultaneously diagonalizable. This means we can locally write

S0 =
m∑
i=1

εi⊗ ei⊗ νi
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where νi are conormal vectors (whose components are the eigenvalues of the components of
S0) with

∑
i νi = 0, and ei, εi are dual orthonormal frames of TΣΛ and T ∗ΣL (the ei being

the eigenvectors of S0). (Thus II0 =
∑m

i=1 ε
2
i ⊗ ν

]
i , using the identification S2

0T
∗Σ ⊗NΣ ∼=

S2
0(T ∗Σ⊗L) ⊗ (Λ2NΣ), where ν(ν]i ) = 〈ν, νi〉.) When m = 2, q is also diagonalized in

this frame, and we write q = µ2(ε2
1 − ε2

2) with µ a section of Λ. (Up to reordering we can
assume µ is real.)

We can now extend results of Cartan and Hertrich-Jeromin to arbitrary dimension and
codimension for m > 3, and a result of [21] to a much broader context for m = 2.

Theorem 16.9. Let Σ be an m-dimensional submanifold of Sn (m > 2) with flat normal
bundle, and write S0 =

∑m
i=1 εi⊗ ei⊗ νi and (for m = 2) q = µ2(ε2

1 − ε2
2). Then Σ is

Möbius-flat if and only if :

• m = 2 and the (complex ) 1-forms α1 =
√
〈ν, ν〉+ µ2 ε1 and α2 =

√
〈ν, ν〉 − µ2 ε2, where

ν = ν1 = −ν2, are closed ;
• m = 3 and the (complex ) 1-forms αi are closed, where

α1 =
√
〈ν2 − ν1, ν3 − ν1〉 ε1,

α2 =
√
〈ν3 − ν2, ν1 − ν2〉 ε2,

α3 =
√
〈ν1 − ν3, ν2 − ν3〉 ε3;

• m > 4 and 〈νi − νj , νk − ν`〉 = 0 for all pairwise distinct i, j, k, ` ∈ {1, . . .m}.

Proof. For m > 4 Möbius-flatness is equivalent to the vanishing of the Weyl curvature
WΣ , i.e., using (11.25), to the equation S0 ∧ II0 + [[id ∧ Q]] = 0. We now compute that
S0 ∧ II0 =

∑
i,j〈νi, νj〉εi ∧ εj ⊗ [[εi, ej ]] and also (2−m)[[id ∧Q]] =

∑
i,j

(
〈νi, νi〉+ 〈νj , νj〉 −

1
m−1

∑
`〈ν`, ν`〉

)
εi ∧ εj ⊗ [[εi, ej ]], so that WΣ = 0 is equivalent to

(m− 1)(m− 2)〈νi, νj〉+ (m− 1)〈νi, νi〉+ (m− 1)〈νj , νj〉 −
∑

`〈ν`, ν`〉 = 0

for all i 6= j. (These conditions are vacuous for m 6 3.) The sum over i (i 6= j) of the left
hand sides is zero, so it suffices to consider the differences between pairs of equations, i.e.,

〈νj − νk, (m− 2)νi + νj + νk〉 = 0

for all i 6= j, k. Again summing the left hand sides over i (for i 6= j, k) gives zero, so again
the equations are equivalent to their differences, which proves the theorem for m > 4.

For m = 2, 3, Möbius-flatness is instead expressed by the equation CΣ = dq. By (11.26),
the Cotton–York curvature CΣ = −〈B∇(II0)〉 is given by a first order quadratic differential
operator applied to II0: 〈B∇(II0)〉 = dDQ+〈II0,d∇,DII0〉 and Q is Cartan’s tensor 〈II0

· , II
0
· 〉−

1
4 |II

0|2c, which has eigenvalues 〈νi, νi〉 − 1
4

∑
j〈νj , νj〉 for 1 6 i 6 m. We set χ = Q + q

(which is χVΣ ) and observe that, since
∑

k νk = 0, χ =
∑

i ε
2
i ⊗µi, where µi+µj = −〈νi, νj〉

for i 6= j (these being the eigenvalues of operator induced by χ on ∧2TΣ).
We now compute

(16.3) 〈dDχ, ei〉 = µid
Dεi +Dµi ∧ εi +

∑
j µj〈Dej , ei〉 ∧ εj .

On the other hand

(16.4) 〈d∇,DII0, II0
ei〉 = 〈νi, νi〉dDεi + 1

2D〈νi, νi〉 ∧ εi +
∑

j〈νi, νj〉〈Dej , ei〉 ∧ εj
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Now 〈Dej , ei〉 = −〈Dei, ej〉 (which is zero for i = j). Now Σ is Möbius-flat iff 〈B∇(II0)〉+
dq = 0, and by adding (16.3) and (16.4), we find that this holds iff for all i = 1, . . .m,

0 = 〈dDχ, ei〉+ 〈d∇,DII0, II0
ei〉

= (µi + 〈νi, νi〉)dDεi +D(µi + 1
2〈νi, νi〉) ∧ εi +

∑
j µi〈Dei, ej〉 ∧ εj

= (2µi + 〈νi, νi〉)dDεi + 1
2D(2µi + 〈νi, νi〉) ∧ εi = 1

2λid(λiεi),

where λ2
i = 2µi + 〈νi, νi〉. When m = 2 and ν1 = −ν2 = ν, λ2

1 = 2(〈ν, ν〉 + µ2) and
λ2

2 = 2(〈ν, ν〉 − µ2). When m = 3, λ2
1 = 〈ν2 − ν1, ν3 − ν1〉, λ2

2 and λ2
3 being obtained by

cyclic permutations. This completes the proof. �

Remark 16.10. For m = 2, 3 the proof shows a little more: if we do not assume CΣ is zero,
then it is a universal nonzero constant multiple of

∑
j dαj ⊗ αj .

We refer to the closed 1-forms αi (determined up to signs in the cases m = 2 and m = 3)
as the conformal fundamental 1-forms or the conformal principal curvature forms. Locally
we can write αi = dxi for coordinates xi which form a principal curvature net wherever
they are functionally independent, since their differentials are orthogonal with respect to
both c and II0:

c =
∑m

i=1 λ
−2
i dxi

2, II0 =
∑m

i=1 λ
−2
i dxi

2⊗ νi.

When m = 2, λ2
1 = 〈ν, ν〉+µ2 and λ2

2 = 〈ν, ν〉−µ2, with ν = ν1 = −ν2, whereas for m = 3,
λ2

1 = 〈ν12, ν13〉, λ2
2 = 〈ν23, ν21〉, λ2

3 = 〈ν31, ν32〉, with νij = νi − νj .
We end this paragraph by relating the case m = 2 to Guichard surfaces. Suppose that

〈ν, ν〉 6= µ2, and write ν] = λξ for a weightless unit normal ξ. Then there are locally
functions (x1, x2) on Σ (with x2 real or pure imaginary) such that

(16.5) c =
dx1

2

λ2 + µ2
+

dx2
2

λ2 − µ2
, II0 = λS⊗ ξ, q = µ2S with S :=

dx1
2

λ2 + µ2
− dx2

2

λ2 − µ2
.

We now compare this (in codimension one) with the characterization by Calapso [23] of
Guichard surfaces [49] in R3: he shows that these surfaces have induced metric g = E1dx1

2+
E2dx2

2 with
√
E1E2(κ1−κ2) =

√
E2 ± E1, where κ1 and κ2 are the principal curvatures. By

allowing x2 to be real or pure imaginary, we can reduce to the condition
√
±E1E2(κ1−κ2) =√

±(E1 + E2). Now, up to reordering of (x1, x2), this is equivalent to its square, which
yields (κ1−κ2)2 = E−1

1 +E−1
2 . This is exactly the condition satisfied by metrics of the form

`−2c in (16.5). The sign of x2
2 distinguishes between cases known by Calapso as Guichard

surfaces of the first and second kind.

16.3. Conformally-flat hypersurfaces. Conformally-flat hypersurfaces in Sm+1 have
been classified (for m > 3 in [36, 54, 55]. From the Theorem 16.9 we can easily reobtain
this classification entirely within the realm of (Möbius) conformal geometry as follows.

For m > 4, the equations (νi− νj)(νk− ν`) = 0 force m− 1 of the eigenvalues νi of II0 to
coincide (and conversely, these equations are then satisfied). Therefore Σ has a curvature
sphere of multiplicity m− 1 > 3 and hence is a channel submanifold by Proposition 13.4.

For m = 3 there are two cases. First, if one of the conformal fundamental 1-forms
vanishes, then two of the νi coincide and Σ is again a channel submanifold. Otherwise,
two of the conformal fundamental 1-forms are nonzero and real, the third is nonzero and
imaginary (so that x = (x1, x2, x3) are really coordinates on R2,1). Furthermore,

∑
i λ
−2
i =

(ν12ν13)−1 + (ν23ν21)−1 + (ν31ν32)−1 = 0 (multiply by ν12ν23ν31), so that the principal
curvature net satisfies a condition studied by Guichard: the sum of the squares of its Lamé
functions is zero. Conversely, if the principal curvature net is Guichard, with the νi given
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by 3ν1 = λ1λ2/λ3−λ1λ3/λ2 and cyclic permutations thereof, then the Guichard condition
ensures that the conformal fundamental forms are the dxi, so that Σ is conformally-flat.

For m = 2, there are again two cases: if µ2 = 〈ν, ν〉 then q = ν(II0) and V = VΣ + ν is
a sphere congruence with KV = 0 which induces the given flat Möbius structure, so that
IIV is degenerate. It follows from Theorem 16.4 that AD,V ∧ IIV = 0 and hence Σ is a
channel submanifold enveloping the sphere-curve defined by V . Otherwise, as we saw in
the previous paragraph, Σ is a Guichard surface of the first or second kind (given by (16.5))
according to whether µ2 > 〈ν, ν〉 or µ2 < 〈ν, ν〉.
• When m > 4, a conformally-flat hypersurface in Sm+1 is a channel submanifold, i.e.,
m− 1 of the eigenvalues of II0 coincide.
• When m = 3, a conformally-flat hypersurface in S4 is a either a channel submanifold or

is Guichard isothermic in the sense that the principal curvature net is a Guichard net.
• When m = 2, a Möbius-flat surface in S3 is either a channel surface or is a Guichard

surface as described by Calapso [23].
We have a little more to say on the cases m = 3 and m = 2.

Guichard nets and the Gauß–Codazzi–Ricci equations. In [56], Hertrich-Jeromin observes
that any Guichard net arises from a conformally flat hypersurface in S4. We have already
seen that Guichard nets provide solutions to the Gauß equation for such conformally-flat
hypersurfaces, so it remains to verify the Codazzi equation. We then apply the conformal
Bonnet theorem, thus bypassing some of the computations in [56].

Consider a Guichard net with coordinates (x1, x2, x3) and Lamé functions 1/λi, as in the
previous paragraph. Define (ν1, ν2, ν3) by 3ν1 = λ1λ2/λ3−λ1λ3/λ2 and cyclic permutations
and set II0 =

∑
i(dxi/λi) ⊗ νi(dxi/λi). To verify the Codazzi equation, we need to show

that dDII0 = α∧ g for some 1-form α, where D is the Levi-Civita connection of the metric
g =

∑
i(dxi/λi)

2.
We compute D via Cartan’s method using the orthonormal frame ωi = dxi/λi and find

that Dωi =
∑

j Aij ⊗ ωj with Aij = −(∂iλj)ωj/λj + (∂jλi)ωi/λi (and ∂i is shorthand for
∂/∂xi): we just need to check that Aij = −Aji and dωi =

∑
j Aij ∧ ωj . Then

dDII0 =
∑
i

Dωi ∧ (νiωi) + ωi ⊗ dνi ∧ ωi + ωi ⊗ (νidωi)

=
∑
i,j

ωj ⊗Aij ∧ (νiωi) + ωi ⊗ (∂jνi)ωj ∧ ωi + ωi ⊗ νiAij ∧ ωj

=
∑
i

ωi ⊗
(
(∂jνi)ωj − (λ−1

i ∂jλi)(νi − νj)ωj
)
∧ ωi,

where the last line follows by relabelling the indices in the first term and substituting for Aij .
We thus need the term in brackets to be independent of i (modulo ωi). It is straightforward
to verify the three conditions this entails, once one appreciates the following identity for
the quantities entering into the definition of the ν’s:

d
(λjλk
λi

)
= −λi

(dλj
λk

+
dλk
λj

)
for i, j, k distinct. This in turn is an easy consequence of the Guichard condition

∑
i λ
−2
i =

0. Hence the Codazzi equation holds, and the data ([g], II0) define a local conformally-flat
immersion into S4.

Strictly Möbius-flat surfaces and Dupin cyclides. We turn now to Möbius-flat surfaces with
CCYP q = 0: in this case, or more generally when q is divergence-free (i.e., q2,0 is holo-
morphic), the conformal Möbius structure induced by the central sphere congruence is flat,
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and we shall say Σ is strictly Möbius-flat. We obtain the Möbius structure by setting
µ = 0 in (16.5) (we may use this formula away from umbilic points). However, it follows
from these formulae that any strictly Möbius-flat surface carries a nonzero holomorphic
quadratic differential commuting with II0, namely λ2S, and hence is also an isothermic
surface. Also g = λ2c is flat, so these surfaces are very special. We now show that they are
in fact Dupin cyclides. Although this result is presented in [21], we discuss it in more detail
here to show how the properties of Dupin cyclides can be seen explicitly in this setting.

Proposition 16.11. Away from umbilic points, a strictly Möbius-flat surface Σ in the
conformal 3-sphere has conformal metric and tracefree second fundamental form given by
equation (16.5) with µ = 0 (for some coordinates x1, x2, a weightless unit normal ξ and a
gauge λ), and the Möbius structure given by

H = sym0(Dg)2 + t
2(dx1

2 − dx2
2)

for a constant t ∈ R, Dg being the Levi-Civita connection of the flat metric g = λ2c.
Furthermore, Σ is isothermic with holomorphic quadratic differential q0 = dx1

2 − dx2
2,

and is Willmore iff t = 0.

Proof. We have already obtained the formulae for c and II0 and the conformal Möbius
structure is determined by H = sym0(Dg)2 + q̃ for some quadratic differential q̃. However,
both H and sym0(Dg)2 are flat, so q̃2,0 must be holomorphic, and the Codazzi equation
gives 0 = (H∇)∗(JII0) = 〈q̃, JII0〉, so that q̃ commutes with II0, and is therefore a constant
multiple of q0 = dx1

2 − dx2
2. Since q0 is holomorphic and commutes with II0, the surface

is isothermic. It is Willmore iff 0 = (H∇)∗II0 = 〈 t2 q̃, II
0〉, i.e., t = 0. �

Since the vector fields ∂/∂x1 and ∂/∂x2 leave the Gauß–Codazzi–Ricci data invariant,
they induce symmetries of the surface. More precisely, with respect to the decomposition
Σ × R4,1 = Λ⊕ Ug ⊕ Λ̂g ⊕<ξ>, where Ug is orthogonal to Λ⊕ Λ̂g ⊕<ξ>, we have

(16.6) d = id +Dg +∇+ II0 − S0 + 1+t
2 dx1

2 + 1−t
2 dx2

2,

(which, incidently, shows that Λ̂g is immersed unless |t| = 1; furthermore, it is also strictly
Möbius-flat). Here we have use the fact that the Weyl structure Λ̂g induced by g is the sec-
ond envelope of the central sphere congruence (since Ag = −div∇,D

g
II0 = 0). From (16.5)

(with µ = 0) and (16.6), we now easily check that

θ1 =
(
∂/∂x1, II0

∂/∂x1
, 1+t

2 dx1

)
, θ2 =

(
∂/∂x2, II0

∂/∂x2
, 1−t

2 dx2

)
are constant sections of Σ× so(4, 1) ∼= (TΣ⊕NΣ)⊕ co(TΣ⊕NΣ)⊕ (T ∗Σ⊕N∗Σ) and so
are the differential lifts of ∂/∂x1 and ∂/∂x2. Thus we have two elements of so(4, 1) which
commute and induce vector fields on S3 (their homology classes) which are tangent to Σ.
It follows that Σ is an open subset of a Dupin cyclide, cf. §13.3. Furthermore θ1 and θ2 are
the decomposable vectors in their span: identifying so(n+ 1, 1) with ∧2Rn+1,1, we have

θ1 =
(
−λ−1, ξ, t+1

2 λ
)
∧ (0,−λ−1dx1, 0), θ2 =

(
λ−1, ξ, t−1

2 λ
)
∧ (0, λ−1dx2, 0).

The two planes defined by these decomposables are both spacelike for |t| < 2, while for
|t| = 2 one is spacelike, the other degenerate, and for |t| > 2 one is spacelike, the other
has signature (1, 1). Accordingly, Σ is (Möbius equivalent to) an open subset of a circular
torus of revolution, a cylinder of revolution, or a cone of revolution.

Thus strictly Möbius-flat surfaces in S3 form a very restricted class, in contrast to the
3-dimensional case, where there is a rich supply of conformally flat hypersurface in S4 from
cones, cylinders or revolutes over surfaces of constant gaussian curvature in S3, R3 or H3

respectively. This was one of our motivations for broadening the notion of Möbius-flat
surface: the broader class includes arbitrary cones, cylinders, or revolutes.
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Preview of Part V

The machinery of this paper reduces the theory of conformal immersions to its homo-
logical essence, and we have seen the efficiency of this in some applications. Nevertheless,
it is often more expedient to work with the bundle formalism of sphere congruences, which
we develop further in Part IV. One reason for this is simplicity: the calculus of bundles
and connections is more straightforward and familiar than that of BGG operators. Another
reason is that the homological approach emphasises the central sphere congruence, whereas
other enveloped sphere congruences my be better adapted to the problem at hand.

In Part V of our conformal submanifold geometry project, we return to (constrained)
Willmore surfaces, isothermic surfaces and Möbius-flat submanifolds to study their trans-
formation theory. For this, sphere congruences take centre stage, with the homological view-
point as a backdrop. In particular, we relate Ribaucour sphere congruences and Bäcklund
transformations of curved flats to Darboux and Eisenhart transformations of isothermic
surfaces and Möbius-flat submanifolds respectively. In the isothermic case, these links are
well-known, but they are less well understood for Möbius-flat submanifolds.

Möbius-flat submanifolds arise as orthogonal submanifolds to flat spherical systems and
have a rich transformation theory, generalizing the transformations of Guichard surfaces,
developed by C. Guichard [49], P. Calapso [23] and L. Eisenhart [42] in dimension two
and codimension one. In dimension 3 or more and codimension one, conformally flat
hypersurfaces were known to be related to flat cyclic systems [55]. We provide a uniform
theory in arbitrary dimension and codimension, both of transformations of Möbius-flat
submanifolds, and of the relation with curved flat spherical systems, providing further
justification for the definition given in this part.

We also apply the notion of polynomial conserved quantities to isothermic surfaces
and Möbius-flat submanifolds. The former application has been developed extensively
in [22, 67]—in particular affine conserved quantities provide a conformal approach to con-
stant mean curvature surfaces in arbitrary spaceforms (by regarding them as isothermic
surfaces). Similarly, affine conserved quantities for Möbius-flat submanifolds provide a
conformal approach to constant gaussian curvature submanifolds in arbitrary spaceforms
(cf. [42]).
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Abh. 3 (1923) 31–56.

[77] R. Tojeiro, Isothermic submanifolds of Euclidean space, J. reine angew. Math. 598 (2006) 1–24.



74 FRANCIS E. BURSTALL AND DAVID M. J. CALDERBANK
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