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Abstract. — This article gives a detailed account and a new presentation of
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Introduction

Compact complex manifolds which admit hamiltonian 2-forms of order 1
in the sense of [1, 2] — cf. Section 1.8 for a formal definition — have been
classified in [2] and extensively studied in [3]. The main motivation in [3]
for studying this class of Kéahler manifolds is the fact that they provide a
fertile testing ground for the conjectures relating extremal and CSC Kéhler
metrics to stability. In particular, by using recent results of X. Chen—G. Tian,
here quoted as Theorem 2.1, we were able to solve in [3] a long pending open
question since [41], namely the non-existence of extremal Kéhler metrics in
“large” Kahler classes on “pseudo-Hirzebruch surfaces”, which was the last
missing step towards the full resolution of the existence problem of extremal
Kéhler metrics on geometrically ruled complex surfaces [5].

The main goal of this paper is to present some salient results of our joint
work [3]. To simplify the exposition, we here only consider the simple case
of P'-bundles over a product of compact Kéhler manifolds of constant scalar
curvature, which in the terminology in [3] is referred to as the case without
blow-downs. This allows us for a specific treatment, somewhat simpler than
the general case worked out in [3], to which we refer the reader for more
information and details.

For the comfort of the reader, we tried to make this paper as self-contained
and easy to read as possible. With regard to [3], we introduce in places
slightly different notation and terminology, that seem to be more adapted to
the specific situations worked out in this paper. Similarly, some computations
and arguments taken from [3] here appear in a slightly different and/or a
more detailed presentation. The paper also includes new pieces of information,
which were omitted or only sketched in [3], like Proposition 1.5 in Section 1.9,
Proposition A.1 in Appendix A, a specific account of the deformation to the
normal cone of the infinity section in admissible ruled manifolds, etc.

The paper is organized as follows.
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In Sections 1.1 to 1.7, we set the general framework of the paper by intro-
ducing the class of admissible ruled manifolds, the cone of admissible Kahler
classes, the set of admissible momenta and the associated set of of admissible
Kahler metrics, and by recalling the main geometric features of these metrics
(isometry groups, Ricci form, scalar curvature, etc.). In Section 1.8, we briefly
explain how hamiltonian 2-forms of order 1 arise in this setting. In Section 1.9,
we use a variant of the Calabi method in [8], also used in [41], to construct
extremal admissible Kahler metrics in a given admissible Kéhler class €2; as in
[41], we show that this method works successfully if and only if the extremal
polynomial Fgq, canonically attached to €2, is positive on its interval of defini-
tion. Section 1.10 is devoted to the special case of admissible ruled surfaces,
here called Hirzebruch-like ruled surfaces.

In Section 2.1, we review some well-known general facts concerning the space
of Kéhler metrics in a given Kahler class on a compact complex manifold. In
Section 2.2, we recall some basic results recently obtained by X. X. Chen and
G. Tian, here stated as Theorem 2.1, which play an important role in several
parts of the paper. In Section 2.3, we compute the relative Mabuchi K-energy
on the space of admissible Kéhler metrics in any admissible K&hler class 2 and
we show that 2 admits an extremal Kéhler metric, which is then admissible
up to automorphism, if and only if Fy is positive on its interval of definition
(Theorem 2.2). Proposition A.1 established in Appendix A is used to complete
the proof of Theorem 2.2 in the borderline case, when Fg is non-negative but
has zeros, possibly irrational, in its interval of definition.

In Section 3.1, we recall the interpretation given by Donaldson and adapted
by Székelyhidi to the relative case of the Futaki invariant of an S'-action on a
general polarized projective manifold. In Section 3.2, we construct the defor-
mation to the normal cone, D(M), of the infinity section X, of an admissible
ruled manifold M. In Section 3.3, for any admissible polarization €2 on M,
we turn D(M) into a test configuration in the sense of Tian [40] and Donald-
son [15], by constructing a family of relative polarizations, parametrized by
rational numbers in the interval of definition of the extremal polynomial Fg.
In Section 3.4, we extend to admissible ruled manifolds a beautiful computa-
tion done by G. Székelyhidi [36] for ruled surfaces, and we show that, for any
rational number x in (—1,1), Fo(x) is equal, up to a constant (negative) fac-
tor, to the relative Futaki invariant of the test configuration D(M) equipped
with the relative polarization determined by z, see Theorem 3.1. Together
with Theorem 2.2, this striking — and still mysterious — fact has the follow-
ing consequence: for admissible ruled manifolds and admissible Kéahler classes,
the relative slope K-stability, as defined by J. Ross and R. Thomas [34, 35],
implies the existence of extremal K#hler metrics, cf. [3, Theorem 2]. For a
more detailed discussion on this matter, including the role of the examples of
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Section 2.4 in the current refined definitions of the slope stability, the reader
is referred to [3, Theorem 2].

Notation and convention: For any Kéhler structure (g, J,w), the riemannian
metric g, the complex structure J and the Kahler form w are linked together by w =
g(J-,-). The Levi-Civita connection of g, as a covariant derivative acting on any sorts
of tensor fields, will be denoted by DY, or simply D when the metric is understood.
The twisted differential d® acting on exterior forms is defined by d¢ = JdJ !, where
J acts on a p-form ¢ by (Jo)(X1,...,X,) = o(J 1 Xq,...,J71X,); in terms of the
operators 0 and d we then have d® = i(0—9) and dd® = 2i09. Our overall convention
for the curvature of a linear connection V is R)V(,Y = Vix,y; — [Vx, Vyl].

1. Extremal metrics on admissible ruled manifolds

1.1. Admissible ruled manifolds. — Unless otherwise specified, M will
denote a connected, compact, complex manifold of complex dimension m > 2,
of the form

(1.1) M=P1oL),

where L denotes a holomorphic line bundle over some (connected, compact)
complex manifold S of complex dimension (m — 1). Here, 1 stands for the
trivial holomorphic line bundle S x C and P(1& L) then denotes the projective
line bundle associated to the holomorphic rank 2 vector bundle £ = 1 & L:
an element £ of M over a point y of S is then a complex line through the
origin in the complex 2-plane E, = C & L,, where E,, L, denote the fibres
of E,L at y; if £ is generated by the pair (z,u) in C @ L,,, we write { = (2 :
u). The natural (holomorphic) projection 7 : M — S admits two natural
(holomorphic) sections: the zero section og : y — C C C® Ly, and the infinity
section 0 : y +— Ly, C C® L,. We denote by Xg, X the images of 0g, 0o in
M, still called zero section and infinity section, both identified with S via .
Each element of M\ ¥, over y has a unique generator of the form (1, ), with
u in Ly: we thus get a natural identification of M \ ¥ with L and M can
therefore be regarded as a compactification of (the total space of) L obtained
by adding a point at infinity to each fiber. The open set My = M \ (XgUX)
is similarly identified with the set of non-zero elements of L.

The natural C*-action on L extends to a holomorphic C*-action on M de-
fined by: (- (z:u) = (z: Cu). This action pointwise fixes ¥y and X. The
vector field on M generating the induced S'-action is denoted by 7.

We furthermore assume that S = sz\i 1 Si is the product of N > 1 (con-
nected, compact) complex manifolds S;, of complex dimensions d;, and that
L comes equipped with a (fiberwise) hermitian inner product, h, such that
the curvature, RV, of the corresponding Chern connection, V, is of the form:
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RY = —j Zfil €; ws,, where each wg, is the Kahler form of a Kahler metric,
gs;, on S; (viewed as a 2-form on S. i.e. identified with pfw;, if p; denotes the
natural projection from S to S;), and ¢; is equal to 1 or to —1. In particular,
SN i [ws,] = 2mei(L*), where ¢;(L*) denotes the first Chern class of the
dual complex line bundle L* and [wg,] the class of wg, in H?(S,R).

Moreover, for i = 1,..., N, we assume that RY: = —i€jwg, is the Chern
curvature of a hermitian holomorphic line bundle, L;, on S; — so that (S;, wg,)
is polarized by L, = L % — and that L = ®£\i1iji, equipped with the
induced (fiberwise) hermitian metric.

On Moy, identified with L\ Xy as above, define t by

(1.2) t =logr,

where r = | - |, denotes the norm relative to h, viewed as a function on
L =M\ Xs. We then have

N
(1.3) dUT) =1, ddt=7m">_eciws,),
=1

where the twisted differential operator d¢, as defined above, is relative to the
natural complex structure of M. The latter, as well as the complex structures
of S and of each factor \5;, will be uniformly denoted by J and will be kept
unchanged throughout the paper.

Definition 1.1. — Ruled manifolds of the above kind, with the additional
pieces of structure described in this section, will be referred to as admissible
ruled manifolds. Later on in this paper, we shall assume that the scalar curva-
ture of each factor (S;, gs,) of S is constant, but this assumption is not needed
until Section 1.9.

1.2. Admissible Kéahler classes. — We denote by ey, resp. ey, the
Poincaré dual of (the homology class of) g, resp. Yoo, in H?(M,R) and
we set:

(1.4) = =2m(eo + exo)-

The class ey + ex can be regarded as a projective version of the Thom class
of L, whereas

(1.5) m*c1(L) = eg — exo,

where ¢1(L) denotes the first Chern class of L (cf. Remark 1.1 below). Any
element, v, of H?(M,R) can be written in a unique way as v = aZ + m*a,
with a in R and « in H?(S,R). Moreover, in order that ~ belong to the Kéhler
cone of M, it certainly must satisfy the following two conditions: (i) its value
on each fiber of 7 is positive, hence a > 0; (ii) vn, and 7|5 both belong
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to the Kéhler cone of S, via the natural identification of ¥y and X, with S.
1 N

Now, (€0 + €o0)|sy = €05y = — 37 2ie1 G [Ws;] and (e + € )5 = €oolne =

= SN € [ws;], via the natural identification of ¥, ¥, with S (recall that

eo|s, is the first Chern class of the normal bundle of ¥y in M, identified with

L on §; similarly, eoo|s, is the first Chern class of the normal bundle of Yo in

M, identified with L* on S). It follows that = does not belong to the Kéhler

cone of M, whereas
N

(1.6) Qa=> A\m'lws]+E
i=1

clearly satisfies the above conditions (i)-(ii) whenever all \;’s are real numbers
greater than 1. In fact, as will be checked in the next section (cf. Remark 1.2),
Qy is a Kahler class on M for any N-tuple A = (A1,...,Ay) of real numbers
such that A\; > 1,7 =1,..., N. Such N-tuples of real numbers will be called
admissible.

Definition 1.2. — A normalized admissible Kahler class is a Kahler class
of the form (1.6), where A is an admissible N-tuple of real numbers. The

characteristic polynomial, pq, , of a normalized admissible Kahler class €2 is
defined by

N
(1.7) pa, () = [N + e 2)%.

i=1
An admissible Kahler class is a multiple of a normalized one by a positive real
number. The admissible Kahler cone is the set of all admissible Kéhler classes.

Remark 1.1. — Denote by Ops(—1) the tautological line bundle on M and
by Op(1) its complex dual: for any £ = (z : u) in M, the fiber of Oy (—1) at £
is the complex line ¢ itself, whereas the fiber of Op/(1) at € is £&* = Hom(¢, C).
The natural projection of C & L on C determines a holomorphic section of
O (1), whose zero locus is ¥o; similarly, the natural projection of C @ L on
L determines a holomorphic section of Oy (1) ® L, whose zero locus is Xy. We
then have

(1.8) eco = c1(Op (1)), eo =c1(Op(1)) + 1 (n*L),
hence
(1.9) E=2m(2c1(0OM (1)) + 7" c1 (L)),
and
N
(1.10) Q=27 (2¢1 (O (1) + ) (i — &) ex (7 L)),

i=1
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It follows that Q/27 belongs to the image of H2(M,Z) in H?(M,R) if and
only if all \;’s are (positive) integers. If so, Qx/2m = ¢1(Fa), with

(1.11) Fa=0u2) @ (@), LI~M).

1.3. Admissible momenta and K&hler metrics. — For each admissible
Kahler class we construct a distinguished family of Kéahler metrics called ad-
missible. For convenience, we restrict our attention to normalized admissible
Kaéhler classes, i.e. to Kéhler classes which are of the form (1.6). The other
ones are obtained by homothety.

Let z = z(t) be any smooth increasing function of ¢ which, as a function on
My, smoothy extends to M, with zx,; = —1 and 25, = +1. Equivalently, we
demand that z, as a function of ¢, satisfies the following boundary conditions:

e B : Near t = —o0, 2(t) = ®_,,(e?!), where ®_, is smoothly defined on
[0,¢), for some € > 0, with ®_,,(0) = —1 and ®" __(0) > 0.

® Bio : Near t = +00, 2(t) = @, (e72!), where @, is smoothly defined on
[0,¢), for some € > 0, with ®1,(0) = +1 and &’ __(0) < 0.

Definition 1.3. — A smooth, increasing function z : R — (—1, 1), satisfying
the boundary conditions B_,, and By, is called an admissible momentum.

For any admissible momentum z, the 2-form ¢, = z Zfil T € wg, +dz ANd°t on
My smoothly extends to M. Because of (1.3), v, is closed. Moreover, VYas =

— Ziil € ws;s Yoy, = Zfil €; wg;, and, for any fiber 7 1(y), frl(y) ) = 4m,
meaning that [1),] = E for any admissible momentum z. For any admissible
Kaéhler class and for any admissible momentum z, we then define

N
w = w>\7z = Z/\Z F*wsi +¢z
(1.12) =1

N
= Z()‘Z + € 2) T ws, + dz A d°t.
i=1

Then, w is closed, with [w] = Qy, and is positive definite with respect to J, as
2'(t), the derivative of z with respect to t, is positive; it is then the Kéhler form
of a Kéhler metric, g = gx ., in Qx. Moreover, by (1.3), tpw = —2/(t)dt = —dz,
meaning that z is a momentum of T with respect to w.

Definition 1.4. — A Kahler metric is called admissible if its Kahler form is
of the form (1.12) (for some admissible momentum z) or is a multiple of such
metric by a positive real number.
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Remark 1.2. — The above construction shows that 2y actually belongs to
the Kahler cone of M, as claimed in Section 1.2. This also shows that the
necessary conditions (i) and (ii) in Section 1.2 are also sufficient.

Remark 1.3. — In each admissible Kahler class 2y, admissible K&hler met-
rics are, by their very definition, in one-to-one correspondence with the space,
A say, of admissible momenta. Notice however that A is independent of 2.

Remark 1.4. — For any admissible Kéahler class €2y, the space of admissible
Kéhler metrics in 2 is preserved by the natural C*-action on M: each ad-
missible Kahler metric is S'-invariant whereas, for any real number ¢ and any
admissible Kahler metric gy ., we have that e“- g , = gx ¢, where z¢ denotes
the translated admissible momentum defined by z¢(t) = z(t + ¢).

Proposition 1.1. — Let 2y, be a sequence of (normalized) admissible Kdhler
classes converging to a (normalized) admissible Kdhler class Qx, meaning that
A, converges to X in RN for the usual topology. For each k, let g; be an
admissible Kdhler metric in Qy, , determined by the admissible momentum
zi in A. Suppose that g tends to a (smooth) riemannian metric g in the
C'-topology. Then, g is an admissible Kdhler metric in Qx.

Proof. — Since the g;, tend to g in the C'-topology, the limit, w, of the cor-
responding Kéahler forms wy = gx(J-,-) is closed: ¢ is then a Kéhler metric
in Q. On the other hand, wy is of the form (1.12) for a well-defined zj in
A. Since the |z;| are bounded and the sequence dzj converges to —tpw, the
sequence zj converges in the C%-topology to a smooth function z, which is
the momentum of T" with respect to w. This function z still factors through
t, satisfies the boundary conditions B_o, — B1~ and is still increasing, since
2zl = dz(T) = g(T,T); it then belongs to A and ¢ is then the associated
admissible Kéhler metric in 2. O

1.4. Admissible momentum profiles. — It is convenient to consider an
alternative parametrization of the space of admissible Kahler metrics by intro-
ducing, for any admissible momentum map z : R — (—1,1), the momentum
profile © defined by

(1.13) O(z) = 2/ (z7!(x)),

for any x in the open interval (—1,1), where, z~! : (=1,1) — R denote the
inverse of z, cf. [26]. Alternatively, for any = in (—1,1), ©(z) is the square
norm of 7' at any point of My in the level set z~!(x) with respect to the
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admissible Kéhler metric determined by z. In particular, © is positive on
(—1,1) and smoothly extends to the closed interval [—1, 1], with

(1.14) O(—1)=06(1) =0.

Moreover, it easily follows from the boundary conditions B_,.andBi for z
that © satisfies the following additional boundary conditions:

(1.15) o(-1)=2  ©@1) =-2

where ©' denotes the derivative of © with respect to x.

Definition 1.5. — A positive function © : (—1,1) — R>? is called an admis-
sible momentum profile if it smoothy extends to a function © : [-1,1] — R=9
and satisfies the boundary conditions (1.14) and (1.15).

Proposition 1.2. — For any (normalized) admissible Kdhler class Qy, there
is a natural 1-1 correspondence between the space of admissible momentum
profiles and the space of admissible Kdhler metrics in Qx, up to the natural
C*-action on M.

Proof. — We recover z from O by firstly defining ¢ : (—1,1) — R by means of

the differential equation g—; = @%w), then z : R — (—1,1) as the inverse function

of t (notice that ¢ = t(z) is increasing, as © is positive on (—1,1)). It is then
easily checked that z = z(t) defined that way is an admissible momentum, i.e.
satisfies the boundary conditions B_—Bi. Finally, ¢t = ¢(z) is only defined
up to an additive constant; we already saw that the corresponding admissible
Kéhler metric is only defined up to the natural C*-action on M. O

1.5. Standard admissible metrics. — FEach admissible Kahler class Qy
contains a standard C*-orbit of admissible Kéahler metrics, namely admissible
Kéhler metrics determined by the admissible momentum zy = tanht or the
translated momenta z§ = tanh (¢ + ¢). For all of them, the momentum profile,
O is given by

(1.16) Oo(x) =1 — 2%

When restricted to the affine open set L, \ {0} of each fiber 7~1(y), the
Kéhler form wy , (corresponding to admissible momentum z = z(t)) is 2/(¢) dt A
d°t, or equivalently, is equal to dd°®(t), where the Kéhler potential ®(t) is a
primitive of z(t), defined up to an affine function of t. (Notice that the re-
striction of dd°t on 7~!(y) vanishes.) In the standard case, when the ad-
missible momentum is zp(t) = tanht, we can choose as Kéhler potential
®o(t) = log(1+e*) = log (1 +r?), which is the Kihler potential of the
Fubini-Study of P! of sectional curvature +1. The resulting toric Kéhler man-
ifold is then the standard unit sphere S = {u = (z1,x2,23) | Yoo 22 =1}
in R3, equipped with: (i) the standard S'-action € - (1,9, x3) = (cos§ x1 +
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sin @ o, — sin 0 1 + cos § x9, x3); (ii) the standard symplectic form wy = dxs A
df; (iii) the standard complex structure JX = u x X for any X in T},52,
where x stands for the cross product in R? with respect to the natural ori-
entation; (iv) the riemannian metric go induced by the standard flat metric
of R3. The momentum of the S'-action with respect to wq is then the map
20t u = (T1,T2,3) — T3.

For a general admissible Kéhler metric in a normalized admissible Kéahler
class, the induced toric Kahler structure on the fibres of 7 are again isomorphic
to S2, equipped with the same S'-action and the same complex structure J,
and with symplectic form w = fwp and the metric g = f go, where f = f(x3)
denotes an S'-invariant invariant positive function on S2, submitted to the
only constraint that | g2 fwo = f g2 wo Or, equivalently, f_ll f(x)dx = 2; the
corresponding admissible momentum is then

tanh t
(1.17) z(t) = -1 +/ f(z)dz.

-1
1.6. Symmetries of admissible Kahler metrics. — In general, for any
(connected) compact complex manifold (M, J), we denote by H(M,J) the
identity component of the group of complex automorphisms of (M, J) and by
h =h(M,J) its Lie algebra, which we regard as the Lie algebra of real vector
fields X such that LxJ = 0, where Lx denotes the Lie derivative along X; X
is then called a (real) holomorphic vector field. Equivalently, X is the real part
of a complex vector field of type (1,0), X" which is a holomorphic section
of the holomorphic tangent bundle 7190 .

For any riemannian metric g which is Kéhler with respect to J, a (real)
vector field X is holomorphic if and only if D~X? = 0 — where X” denotes
the riemannian dual 1-form of X and D~ X" denotes the J-anti-invariant part
of DX” — and X can then be written in a unique way as

(1.18) X :XH—FgradgféX + Jgrad, hX

9>
where X is the dual of a g-harmonic (real) 1-form and f;( , hf]( are real func-
tions normalized by [, f;* vy = [, b vg = 0; f;*, called the (real) potential
of X, is determined by Lxw = dd° ;( , where w = g(J-,-) is the Ké&hler form
of the pair (g, J), cf. e.g. [27].

A (real) vector field X is called a Killing vector field with respect to g
if Lxg = 0. The Lie algebra, denoted by ¢, of Killing vector fields is the
Lie algebra of the identity component, K(M,g), of the group of isometries of
(M, g). Tt is well-known") that K(M, g) is a (compact) subgroup of H(M, .J).

W The easy argument goes as follows: for any v in K(M, g), v - w is g-harmonic, as « is an
isometry, and it belongs to the de Rham class [w], as 7 is homotopic to the identity; since
M is compact, this implies that v - w = w, hence also v - J = 0.
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In view of the above, ¢ then coincides with the space of those (real) holomorphic
vector fields whose (real) potential is identically zero.

The space, hg, of (real) holomorphic vector fields such that Xy = 0 in
the decomposition (1.18) is the Lie algebra of a closed subgroup, Ho(M, J), of
H(M, J), namely the kernel of the Albanese map from H(M, J) to the Albanese
torus of (M, J): hg is then the space of (real) vector fields of the form X =
grad, f +Jgrad h, with D~ (df +d°h) = 0. It can be alternatively described as
the space of (real) holomorphic vector fields whose zero set is not empty [29].
The space &g = €N by is the Lie algebra of hamiltonian Killing vector fields,
i.e. the space of Killing vector fields of the form X = J gradh? = gradwhgf ; it
is the Lie algebra of a closed subgroup of K(M, g) denoted Ko(M, g).

We denote by F;, the space of Killing potential with respect to g, i.e. the
space of a real functions, h, on M such that X = Jgrad,h is a hamiltonian
Killing vector field (notice that constants are included in Py). This space is the
kernel® of the Lichnerowicz fourth order differential operator (D~d)*D—d.

The group Hy(M, J) and its subgroup Ko(M, g) will be referred to as the re-
duced automorphism group of (M, J) and the reduced isometry group of (M, g)
respectively. We then have (cf. [3, Proposition 2]):

Proposition 1.8. — (i) For any admissible ruled manifold M =P(1 @ L),
Ho(M, J) projects surjectively to Ho(S,J) = Hf\il Ho(S;, J), with kernel the
semi-direct product C* x HO(S, L*), where H°(S, L*) stands for the space of
holomorphic sections of L or L* = L™ according as H°(S, L*) or H°(S, L) is
reduced to zero® .

(ii) For any admissible Kahler metric g on M, Ko(M, g) projects surjectively
to K(S,gs) = [1Ko(Si,gs,), with kernel S, which is contained in the center
of K(M,J). In particular, Ko(M, g) is independent of the chosen admissible
Kahler metric.

Proof. — For any X in h(M, J) and for any y in S, the projection of X -1,

to TS can be viewed as a holomorphic map from the fiber 7 1(y) to Ty1 g ,
which is then constant: each X in b is then projectable and we thus get a Lie
algebra homomorphism from h(M, J) to h(S, J). This implies that any element
of H(M,J) maps fiber to fiber, hence that the above Lie algebra homomor-
phism is induced by a homomorphism from H(M, J) to H(S, J). Moreover, if

@ Gince M is compact, f belongs to the kernel of (D~d)*D~d if and only if the Hessian Ddjf
is J-invariant, which amounts to saying that the hamiltonian vector field Jgrad f is Killing.
®) For any non-trivial holomorphic line bundle over a connected compact complex manifold
M, either H®(M, L) or H°(M, L*) is reduced to {0}: if o belongs to H°(M, L) and « belongs
to H°(M, L*), the holomorphic function (o, o) is constant, as M is compact, hence identically
zero, as L is non-trivial; since M is connected, it follows that either o or « is identically
ZEro.
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X belongs to ho(M,J), its projection on S belongs to ho(S,J), as each zero
of X is mapped to a zero of its projection. We denote by 7 the resulting ho-
momorphism from ho(M, J) to ho(S,J) and by 7 the corresponding Lie group
homomorphism from Hy(M, J) to Ho(S,J). We show that 7 is surjective by
constructing a right inverse. Any element V of ho(S, J) splits as V = Zf\il Vi,
with V; in bho(S;, J); we can then assume that V = gradgsif + Jgradgsl_h

belongs to ho(S;, J) for some i. Define V by
(1.19) V=V+erh)T —e(x"f)JT

on M, where V denotes the horizontal lift of V on My with respect to the
Chern connection of L. In general, for any vector field X on any almost-
complex manifold (M, J), the Lie derivative of J along X is given by LxJ =
(X, J:] — J[X,]; in particular, for any function f on M, we have:

(1.20) LixJ=[fLx]+df@X+df @ JX.
We thus get:
ﬁvJ:;CvJ%—Eidf@T—l-eidch@T

(1.21) —d°f@JT +¢dh® JT.

In particular, (LyJ)(T) = 0, as V commutes with 7" and JT for any vec-
tor field V on S. For any vector field Z on S, the horizontal component of
(Lyd)(Z) =|V,JZ]) = J[V,Z] is zero, as V is (real) holomorphic, whereas its
vertical component is equal to —e; w;(V, JZ)T + €; w;(V, Z) JT', hence to

—€; df(Z) — € dc(Z) T+ ¢ dcf(Z) — € dh(Z) JT.

By substituting in (1.21), we get L;;J = 0. Themap 7 : V V is then a linear
map — in fact a Lie algebra homomorphism (easy verification) — from by (.S, J)
to ho(M,J), hence is right inverse of 7. The kernel of 7 is the Lie algebra of
those holomorphic vector fields on M which are tangent to the fibers of ,
hence restrict to holomorphic vector fields on the projective lines P(C @ L),
for all y on S: ker 7 is then identified with the space H°(S,Endg(1 & L)) of
holomorphic sections of the holomorphic vector bundle Endy(E) of trace-free
endomorphisms of £ = 1@ L, which is isomorphic to C @& H°(S, L*), cf.
footnote 3 of page 11. The kernel of 7 in Hy(M, J) is therefore identified with
C* x H(S, L*)®). This proves (i). For any admissible metric g = ga ., (1.19)
can be re-written as

(1.22) V = grad, (A + € 2) 7" f) + J grad, (A + € 2) m°h)

) An element a of H°(S, L*) acts on M = P(1 @ L) as follows: for any element ¢ = (2 : u)
of M over y in S, a - €& = (2 + {(a(y),u) : u); similarly, any ¢ of H°(S, L) acts on M by:
o-&=(z:u+20(y)). In the former case, C* acts on H°(S,L*) by (- a = ("', in the
latter case C* acts on H°(S,L) by ¢-0 =(o.
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In particular, V is Killing with respect to ¢ if and only if V is Killing with
respect to gs,. Moreover, all admissible Kahler metrics are invariant under
the natural S'-action; since S' is a maximal subgroup of C* x H°(S.L%), we
get (ii). O

In the sequel, the common reduced isometry group Ko(M, g) for all admis-
sible Kahler metrics will be simply denoted by G. The Lie algebra, g, of G
splits as

(1.23) g=RTa &Y t(S;,gs,),

which is a Lie algebra direct sum; in particular, 7" belongs to the center of
g. Forany X =aT + Zf\il X; in g and for any admissible metric g = g .
in the (normalized) admissible Kéhler class 2, a Killing potential of X with
respect of g — cf. Section 1.6 — is h? =az+) , (N +e€2) 7" h;, where h;
is a Killing potential of X; with respect to gg,.

1.7. Ricci form and scalar curvature. — Throughout this section we fix
a (normalized) admissible Kédhler class 2. For any admissible momentum
z, pa, (z) then denotes the function on M obtained by substituting z = x
in the characteristic polynomial; pb)‘ (2), p’g’b\(z), ..., etc. are defined simi-
larly, by substituting z = x in the derivatives of po,. We then have (cf. [1,
Section 5.1]):

Lemma 1.1. — For any admissible metric g , in Qx, the Ricci form, p, and
the scalar curvature, s, of gx ., on My, are given by

(1.24) p= ;ﬂ*pi — %dde log (pa, ©)(2),
and

S s (p, ©)"(2)
1.25 S = v _ A 7
( ) ; (N +e€2) P, (2)

where p; and s; denote the Ricci form and the scalar curvature of the Kdhler
structure (gs;,ws;) on S;.

Proof. — In general, the Ricci form of a Kéhler structure (g,w) of complex
dimension m is defined by p(-,-) = r(J-,-), where r denotes the Ricci tensor
of g, and has the following local expression on the domain of any system of
holomorphic coordinates

1 v
1.2 =loc —=dd‘log <,
(1.26) p Z1oe —5ddlog -
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where v, = mm denotes the volume form of ¢ and vy stands for the volume
form of the standard flat Kahler metric determined by the chosen holomorphic
coordinates. (If these are denoted z1, ..., z;,, we then have vy = H;” 1 2dzj
dzj, but the rhs of (1.26) is independent of this choice.)

For any admissible Ké&hler metric g, whose Kéhler form is given by (1.12),
we clearly have

N N
(1.27) vy =pa,(2) H Vgs, N dz N d°t = po, (2) O(2) vasi Adt A d°t.

i=1 =1
To compute vy, we use holomorphic coordinates on each factor 5;, viewed as
holomorphic coordinates on M, and complete them to a system of holomorphic
coordinates on an appropriate open subset of My, by choosing any local non-
vanishing holomorphic section ¢ of L and adding the associated holomorphic
coordinate \ determined by u = A(u)o(mw(u)) for any w in L (viewed as an
element of My). We then have 2dAAdX = |\ dt A d°t up to terms which only
involve the differential of holomorphic coordinates coming from the base S,
hence contribute nothing to vg. We thus get

N
(1.28) Vg = |/\|2HUi,0/\dt/\dct,

i=1
where v; g denotes the volume form of the flat Kahler metric determined by the
chosen local holomorphic coordinates on S;. By comparing (1.27) and (1.28)
and by using (1.26), we get (1.24). The scalar curvature s is deduced from the
Ricci form p via the general identity:

m—1

w

From (1.12), we infer(®)

wm—l N
=
i=1

(1.31)
ﬂ*wd’ 1

N
C
+ pay (2 ZZ_; Nt (d—1) /\Hw Vgs, N dz Nd°L.

()In this and the above computation we use the general combinatorial identity

d Nk d af
(1.30) (Z:Tﬁ): > Hk'
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The contribution of 7*p; in pA~2—; ( ), only involves the second term in the rhs of

(1.31); by using (1.29) for each factor S;, this contribution is found to be equal

to %(Zf\il %)v . On the other hand, d°logO(z) = @(( )) d°z = ©'(z)dt
(2) _ P, (9)0()

and d°logpa, (2) = zQ o 47z Py d°t, so that d°log (pq, (2)©(z)) =
(pay ©)'(2)

dt; it follows that:

pay (2)
(1.32)
1 c . 1 (pQA @)//(2) c
~510g (po, (2)8(2) = — P d et
1 (pa, O)(2) [P, (2) o N
T2 pan(2) <pm(z) endt ;“’S>

In the wedge product with -~ ( ), , dz A\ d°t contributes via the first term in the

rhs of (1.31) only, whereas Zz’:l €; wg, contributes via the second term only,

giving Zfil (/\_ﬁ? 5 Ve = zz* 8 vg; the second term of (1.32) then contributes
T 1 A

to zero. O

1.8. Hamiltonian 2-forms. — In general, a hamiltonian 2-form on a (con-
nected) Kahler manifold (M, g, J,w) of complex dimension m is a J-invariant
real 2-form ¢ such that

(1.33) Dx¢ = %(dtrqﬁ/\JXb —d°trp A X°)

for any vector field X, where X” denotes the dual 1-form of X with respect
to g and tro = (¢,w) denotes the trace of ¢ with respect to g, defined as
follows: If ¢ is viewed as a skew-hermitian C-linear endomorphism of (7'M, J)
via the metric g, so that ¢(X,Y) = ¢(¢(X),Y), and if \; < ... < A\, de-
note the (real) eigenvalues of the corresponding hermitian operator —J o ¢,
then tr¢p :== Y ", A; (for simplicity, the \;’s will be referred to as the eigen-
functions of ¢). Hamiltonian 2-forms in Kéahler geometry have nice prop-
erties, extensively studied in [1, 2, 3, 4]. In particular, for any hamil-
tonian 2-form ¢, the elementary symmetric functions of its eigenfunctions
oL =tro =A\+...+A\pn,09 = ZK] AiNj, ..., 0m = A1 ... Ay, are Poisson com-
muting Killing potentials. Moreover, if K, = Jgrad,o, r = 1,...,m, denote
the corresponding hamiltonian vector fields, there exists an integer 0 < £ < m,
called the order of ¢, and an open dense subset My of M such that K1,..., K,
are linearly independent, whereas K, linearly depends of Kj,..., K, for any
r > (. If £ =1, the case of main interest in this paper, K = K = Jgrad tr¢
is called the hamiltonian Killing vector field of ¢.
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Proposition 1.4. — Let M be an admissible ruled manifold and let Qy be a
normalized admissible Kahler class on M. Then, any admissible Kdahler metric
g = gx in Qx admits a hamiltonian 2-form of order 1, whose hamiltonian
Killing vector field is T, namely the 2-form ¢ defined by

N
(1.34) o= — Z eihi(Ni + €2) T wg, + zdz A d°t.
i=1

Proof. — We fist observe that the eigenfunctions of the J-invariant 2-form
¢ defined by (1.34) with respect to g are the admissible momentum z, of
multiplicity 1, and the constant functions & = —¢; \;, each of multiplicity d;.
In particular,

N
(1.35) trqb =z — Z dl Ei/\i

The fact that ¢ is hamiltonian with respect to g is a straightforward con-
sequence of the following two lemmas, whose easy verification is left to the
reader:

Lemma 1.2. — The covariant derivative of T with respect to the Levi-Civita
connection of g is given by
1
DTT: 5 /(Z) JT, DJTT: — = /(Z) T,
(1.36)

for any vector field X = ZZ 1 X on S, where X; sits in T'S;, and X =
ZZ | Xi denotes its horizontal lift on M with respect to the Chern connection

V.

Lemma 1.3. — With the same notation, for i = 1,...,N, the covariant
derivative of m*wg, is given by:

¥ €M w
Dp(r*ws,) =0, D jr(m*ws;) Z S
(1.37) =

N
* 1§ €; c * *
i=1

where XZ-b stands for the dual 1-form of X; with respect to gg,.
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1.9. Extremal admissible Ké&hler class. — In general, a Kahler structure
(9,J,w) is called extremal if the scalar curvature s = s, is a Killing potential
with respect to g, i.e. if the hamiltonian vector field K = grad,,s = Jgrad,s,
is Killing or, equivalently, (real) holomorphic, cf. Section 1.6 and Section 2.1.

Proposition 1.5. — Let g be an admissible Kihler metric in a (normalized)
admissible Kdhler class Qx, determined by an admissible momentum z. Then,
g is extremal if and only if its scalar curvature s is an affine function of z. In
this case the scalar curvatures of (S;,gs,) are constant.

Proof. — For any i = 1,..., N, the dual vector ﬁeld of d°m*s; with respect to
the chosen admissible Kahler metric on M is m K;, where K; denotes the

dual vector field of d°s; on S; with respect to gg,, and K; denotes the horizontal
lift of K; on Mp. Notice that for any vector field, X, on S, the horizontal lift
X commutes with T" and JT'; we thus have [K;,T| = [K;, JT] = 0 for all i. On
the other hand, for any admissible Kéhler metric, T is the symplectic gradient
of z. We thus infer from (1.25) the following expression of K:

(Ki— e (n*s;) T) — (pay ©)" ’Z
(1.38) K= ;/\4—62 K; — ¢ (7s)T) <7Pm )()T.

By using (1.20), we infer:
(1.39)

N
1
Lrd = Z /\z + €; 2)2 £(Ri_5i (”*Si)T)J
/
- Z; < " + . ) (2) (d°2 @ (K; — € (1*s;) T) + dz @ J(K; — ¢ (*s;) T))

<(prA) ) (2) (d°2 @ T + dz ® JT).

Since the K;’s commute with 7' and JT', we have that (L(gi—e; (resiy)D)(T) =
0, whereas d°z(T') = ©(z), dz(T') = 0; we thus get
(1.40)

N
€; 1,7 (pQ @)// "

LrJ)T)=0(z — 2 WK — ¢ (m*s))T) — (~—=2=2))"T).

(ExNT) = 06) (X (55 ) (Ko = (7o) T) = (P =5)'T)
Assume that the chosen admissible Kéhler metric is extremal; then (LxJ)(T)
is identically zero. Since T' and the K;’s sit in separate spaces, we infer that
the K;’s, hence the K;’s are all identically zero; the scalar curvatures s; are
then constant, so that s is a function of z. Moreover, the coefficient of T" in
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the rhs of (1.40), which is identically zero, is then equal to %, cf. (1.25); it
follows that s is an affine function of z. Conversely, if s is an affine function
of z, then K is a constant multiple of T', hence a Killing vector field, meaning
that ¢ is extremal. O

In view of Proposition 1.5, we henceforth assume without further comment
that the s;’s are constant.

This assumption has in particular the following consequence, cf. [3, Propo-
sition 5:

Proposition 1.6. — The common reduced isometry group G of all admissible
Kdhler metrics — c¢f. Proposition 1.3 — is a maximal compact subgroup of
the reduced automorphism group Ho(M, J).

Proof. — Tt is a well-known fact that for any compact Ké&hler manifold (M, .J)
of constant scalar curvature the reduced isometry group Ko(M,J) is a maxi-
mal compact subgroup of the reduced automorphism group Ho(M, J). Propo-
sition 1.6 is then a direct consequence of Proposition 1.3. ]

For any (normalized) admissible Kéhler class Qy, we infer from (1.25) and
Proposition 1.5 that an admissible Kéhler metric g = g . of momentum profile
O is extremal if and only if

(1.41) (P, ©)"(2) = R(),
by setting
N s,
(142 BE)=pe@) Y gy~ Pea(@)ar +6),

i=1
for some (unknown) real constants a, 3. All functions appearing in (1.41)—
(1.42) are defined on the open interval (—1,1). Because of the boundary
conditions (1.14)—(1.15) for ©, the polynomial R is subjected to the following
two constraints:

1
(1.43) /_1 R(z)dr = —2pq, (—1) — 2pq, (1),
1

(1.44) /_1 R(z)xdx =2pq, (—1) — 2pq, (1).

These constraints in turn determine «, 3, hence the polynomial R in terms of
the (constant) scalar curvatures s;, and the characteristic polynomial pq, (z).
In particular, R is entirely determined by the chosen admissible Kéhler class
Q,, as are the constants «, 3.
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In view of the extremality equation (1.41), we define F' = F(x) — a poly-
nomial of degree at most (m + 2) — by

(1.45) F"(z) = R(z)

and

(1.46) F(-1)=F(1) =0,

cf. [3, Proposition 8|. The constraints (1.43)—(1.44) then insure that F' also
satisfies:

(1.47) Fi(-1) = 2pay(-1),  F'(1) = —2pay (1).

Like R(zx), the polynomial F(z) determined that way only depends of the
admissible Kahler 2y.

Definition 1.6. — For any (normalized) admissible Kahler class Qx on M,
the polynomial F' of degree at most (m + 2) determined by (1.45)—(1.46) is
called the extremal polynomial of €1, henceforth denoted by Fy, .

From the above discussion, we readily infer:
(1.48) Fou (2) = 2pa, (—1)(1 + 2) + / R(s)(z — 5) ds.
-1

Remark 1.5. — It readily follows from (1.42) and from the above definition
of the extremal polynomial Fy, that for each ¢ = 1,..., N, the scalar curvature
s; can be expressed by

_ Fg,(=aN)
[Thes (A — €xeirs)
provided that €;\; # ex A for k # i.

(1.49) 5

Proposition 1.7. — A (normalized) admissible Kahler class Qx on M ad-
mits an extremal admissible Kdhler metric, g = gx ., for some admissible
momentum z, if and only if its extremal polynomial Fq, s positive on the
open interval (—1,1). The momentum profile of g is then given by

Fo, (z
(1.50) O(z) = Fo, (@)

Doy (z)
In particular, g is then uniquely defined up to the natural C*-action on M.
Moreover, the scalar curvature s of g is given by

(1.51) s=az+f,

where a, B are the real constants determined by (1.42)—(1.43)—(1.44). In partic-
ular, s is constant if and only if the leading coefficient of Fq, is equal to zero;
it is identically zero if and only if the leading and the sub-leading coefficients
of Fq, are both equal to zero.
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Proof. — In view of the above discussion, ¢ is extremal if and only if its
momentum profile is given by (1.50). From (1.46)—(1.47), we deduce that the
function © defined by (1.50) is smoothy defined on the closed interval [—1, 1]
and satisfies the boundary conditions (1.14)—(1.15). It is then an admissible
momentum profile if and only if it is positive on (—1,1). Since pq, (x) is
positive on [—1, 1], this is equivalent to Fo, being positive on (—1,1). In view
of Proposition 1.2, © is then the momentum profile of an extremal admissible
Kahler metric, uniquely defined up to the natural C*-action. For a general
admissible Kéhler metric in Qy, the scalar curvature is given by (1.25), or
equivalently,

R(z) — (pay ©)"(2)
pay (2)
where the constants «, 5 are determined by (1.42)—(1.43)—(1.44). If g is ex-
tremal, this reduces to (1.51), because of (1.50) and (1.45). Moreover, from
(1.42) and (1.45), we readily infer that the extremal polynomial Fo, is of
the form Fo, (z) = Z;mf a;x™ 277 where the leading and the sub-leading

coefficients are given by

(1.52) s=az+ [+

)

(1.53) ap = + @ = & B+ (Tl didger) @

’ (m+1)(m +2)’ mm+1)
with £ = — sz\i 1 efi. The last statement of Proposition 1.7 follows immedi-
ately. -

In view of of (1.53), the constants «, 3 will be referred to as the renormalized
leading coefficients of the extremal polynomial.

Definition 1.7. — An admissible Kéahler class 2 is said to be far from the
boundary if € is a positive multiple of a normalized admissible Kahler class
Qx, with \; > 1,i=1,...,N.

Lemma 1.4. — The extremal polynomial Fg, of a normalized admissible
Kahler class Qx far from the boundary has the following asymptotic behav-
107!

(1.54) Fo, (z <H A ) (1 —22) +o(N),

meaning that each coefficients of the polynomial HQA(;)IZ — (1 —2?) tends to 0

i=1"

when all \;’s tend to +oo.

Proof. — By dividing both sides of (1.43)—(1.44) by HN )\d and observing
-1

that <Hf\i 1 /\fi> pa, () tends to the constant polynomial 1 on [—1, 1] when
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the \;’s tend to 400, we get the following limits for o = a(Aq,...,An) and
ﬁ:::ﬁ(Alw"aAAO:

(1.55) lim a=0, lim g =2.

A1—+00,..., AN —+00 A1—+00,.., AN —+00
This, in turn, implies that the polynomial R in (1.42) tends to the constant
polynomial —2; since R = Fg and Fo,(—1) = Fo,(1) = 0 for all \;’s, we
infer that Fo, tends to the polynomial 1 — 2% when all );’s tend to 0. O

Proposition 1.8. — Each admissible Kdhler class far enough from the bound-
ary admits an extremal admissible Kdahler metric.

Proof. — We can assume that () is a normalized admissible Kéahler class €2y.
It follows from (1.54) that, when the \;’s go to infinity, all roots of the extremal
polynomial Fp, other than £1 go to infinity. In particular, F, has no root in
the open interval (—1,1) when ) is far enough from the boundary; because of
the boundary conditions (1.46)—(1.47) and the fact that po, (—1) = Hfil(/\i -
€)% and pg, (1) = Hi]il()\i+ei)di are both positive, F, is positive on (—1, 1).
Proposition 1.8 then follows from Proposition 1.7. U

A further consequence of Proposition 1.7 is the following result ([3, Proposi-
tion 11]):

Proposition 1.9. — In the case when all s; are non-negative, any admissible
Kdhler class admits an admissible extremal Kahler metric.

Proof. — By Proposition 1.7, it is sufficient to check that Fo, is positive on
(—1,1) for any (normalized) admissible Kéhler class 2. Assume, for a con-
tradiction, that F, has zeros on (—1,1). Because of the boundary conditions
(1.46)-(1.47), where pq, (—1) and po, (1) are both positive, Fn, must have at
least two maxima and two inflection point on (—1,1). Denote respectively by
Ty < xpr the smallest and greatest point of maxima in (—1,1). Note also that
F{, = R(z) has at least two zeros in (—1,1).

By (1.42), R(z) can be re-written as R(x) = <HZLV:1()\Q + ea:lt)d“_l) q(z),
where ¢ is the polynomial defined by

N N
(1.56) q(z) = Z Saq H(/\b + epr) — (ax + 3) H Ao + €,T).

a=1  b#a

In this expressions and in the sequel of the argument, we (temporarily) change
our overall notation in the following manner: N denotes the number of distinct
€;A\; — that is to say the number of distinct constant values of the hamiltonian
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2-form ¢, cf. Section 1.8 — and the latter are labeled by a,b = 1,..., N in
such a way that

(1.57) ERAR < ...<eM < —-1<l<enyIn<...< €K+1)\K+l

where K is the number of negative €,’s. For each label a, we put d, =
Zi leiNi=€ada di so that pa, (‘T) = H(jzvzl()‘a + Ea‘r)da and Sa = Z“Ei)\izéa)\a 8-

With this notation, the roots of R(x) are counted as follows: (1) the N real
numbers —e, A\, — each with multiplicity d, —1 — which all sit outside [—1, 1],
and (2) the roots of . With our assumption, ¢ has at least two roots, 71,7
say, in (—1,1), in fact in the subinterval (z.,,zn). Moreover, F() (z;,) and
Ff/l/zM are both non-positive; since [[2_;(As + €ax)% 1 is positive on (—1,1),
we then have ¢(z,,) <0 and g(x7) <0.

Denote by n_, resp. ny, the number of real roots of ¢ in the interval

(—o0, —1], resp. in the interval [1,+00) (counted with multiplicity). From
(1.56), we infer

(1.58) d(—€ara) = sa [ [ (Mo — eveaa).
b#a

Since all s;’s, hence all s,’s in the new notation, are non-negative, we infer
that g(—eqAa) ¢(—€pAp) < 0 for any pair a, b, such that a,b < K or a,b > K

and |a — b] = 1. There is then at least one real root of ¢ between any two
consecutive —eg Ay, —€p\p, with a,b < K or a,b > K. It follows that

(1.59) nyg +1> K, n_.+1>N-K,

hence

(1.60) nyg+n_+2>N.

On the other hand,

(1.61) ny +n_+2<N+1,

as the degree of ¢ is at most equal to N + 1 and ¢ has at least n. +n_ + 2
real roots: the 2 roots r1,7r9 in (—1,1) and ny +n_ roots outside this interval.
From (1.60) and (1.61), we infer that ny +1 =K orn_+1=N — K.

First assume that ny + 1 = K; there is then exactly one root of ¢ between
any two consecutive —e Ay, —€pAp, with i, 7 < K and no roots in [1,+00). In
particular, there is no root in the interval [1,—e;A1). From (1.58) we easily
infer g(—e1 A1) > 0, whereas g(xps) < 0; then, there exists a root, r3 say, of
¢ in the interval [z)s, 1), hence distinct from r1,ry; we thus get at least three
roots of ¢ in (—1,1) and (1.61) can then be replaced by ny +n_ +2 < N;
this, together with (1.60), implies ny. +n_ +2= N, hence n_ +1=N — K
as above, we infer that there is no root of ¢ in the interval (—exAy, —1]; by
(1.58) again, q(—enyAy) > 0, whereas q(z,,) < 0; there then exists a root of
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q, r4 say, in the interval (—1, z,,], hence distinct from 71,7 and rs; we thus
obtain (at least) four roots, ri,79,73,7r4, of ¢ in (—1,1). It follows that (1.61)
can be improved by ny +n_ +2 < N — 1, which contradicts (1.60). Same
reasoning and same conclusion apply if we assumen_ +1 =N — K. O

Remark 1.6. — Proposition 1.8 is a part of [3, Proposition 9]. Proposition
1.9 is [3, Proposition 10]; similar results have previously appeared in the lit-
erature, in particular in [25] and [21], cf. [3] for more details.

1.10. Hirzebruch-like surfaces. — In this section, we consider the par-
ticular case when N = 1 and the base S = S7 is a compact Riemann surface
of genus g. The resulting complex surface M = P(1 & L) will be called a
Hirzebruch-like surface of genus g: it is a genuine Hirzebruch surface [23]
when g = 0, a pseudo-Hirzebruch surface in the sense of [41] if g > 1. We as-
sume that the degree deg(L) = (¢1(L),[S]) is negative — meaning that ¢, = 1
— equal to —/¢, and that gg is of constant scalar curvature s = 2k. It then
follows from the Gauss-Bonnet formula that

2(1-g)
——

With the above assumption, for any real number A > 1, the characteristic
polynomial of the (normalized) admissible Kéhler €2 is simply

(1.62) K=

(1.63) pa, () =X+ .
In view of (1.5), 2 can also be written:
(1.64) Oy =27 (—(/\—1) 60—1—(/\—1—1) eoo)

for A > 1. In the notation of Section 1.9, we have
(1.65) R(z) = —az® — Na+B)z+ 2k — \S.
The constraints (1.43)—(1.44) then read:

1
2
/ R(z) da = —?a+4/<;—2m: —4,

(1.66) o pa 24
«
R de = —— — — = —4
/_1 (x) zdx 3 3 ,
so that
12\ — 6k 6A%2 + 6 K — 6
(1.67) a_i?))\?—l ) 5——3)\2_1 .

The extremal polynomial is then Fo, = (1 — 2?) Q(x), with
(1.68) Qx) = A(z? — 1)+ + A,
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by setting

A= K/2

31

(because of (1.62), A is positive; moreover, limy_, - A = 0). By Proposition
1.7, Qx admits an admissible extremal K&hler metric if and only if Q(z) is
positive on the open interval (—1,1). Notice that Q(—1) = A —1 and Q(1) =
A+ 1 are both positive, whereas Q'(—1) = 1—-2A4 = ()‘_1;&327)‘;1)%{ and Q'(1) =
1+2A>0. If K > 0, i.e. if the genus g of S is 0 or 1, then Q'(—1) > 0
and Q(x) is then positive on (—1,1) for any A > 1. If K < 0, i.e. g > 1,
Q'(—1) is positive for large values of A — hence Q(x) is positive on (—1,1)
— but it takes negative values when \ is small, namely for any A such that
(A —=1)(3X\ + 1) < —k. For these values of A\, @ achieves its minimum at
Ty = —%; this belongs to the open interval (—1,0), as Q'(—1) =1 —2A <0,

and Q(zg) = —m, where

(1.69) A=A

D) = =3\ 6503 + 207 — 68N + 1 + K2

=\ = 1)(=3\? + 6K\ — 1) + &7
It is easyto check that, for any negative value of x, the rhs of (1.70) decreases
from A(1) = k2 > 0 up to —oo, when A runs from 1 to +oo; it follows that

the equation D(\) = 0 has a unique root greater than 1, called A\g. From this
and from Proposition 1.7 we infer:

(1.70)

Theorem 1.1. — Let M be a Hirzebruch-like surface of genus g. Then, each
Kdhler class 2 is admissible, hence a positive multiple of a normalized admis-
sible Kahler class Q0 for some A > 1.

Denote by A\ the unique root greater than 1 of the equation D(X\) = 0, where
D() is defined by (1.70). Then:

(i) Ifg<1lorifg>1and\> )\, then Q) admits an extremal admissible
metric, unique up to the natural action of C*.

(ii)) If g > 1 and X\ < Xg, then Qy\ admits no extremal admissible Kdhler
metric.

Remark 1.7. — The case when g = 0 in Theorem 1.1, and, more generally,
the case when S is a complex projective space of any dimensions, are due to
E. Calabi [8] and constitute the first examples of (compact) extremal Kéhler
manifolds of non-constant scalar curvature (cf. also [38] for an alternative
approach). As mentioned earlier, our general approach can be viewed as a
generalization of Calabi’s method. The case when g = 1 was worked out
by A. Hwang in [25] and D. Guan in [21]. The case when g > 1 is due to
the fourth author [41] and constitute the first known family of examples of
(compact) Kéhler manifolds where the extremal Kéhler cone is non-empty but



EXTREMAL KAHLER METRICS 25

does not fill the Kéhler cone. Notice that in the latter case, Theorem 1.1 does
not imply the non-existence of — non-admissible — extremal Kéhler metric if
A > A\ (more on this point in [41]). This question will be settled in Section 2.3.

2. Relative K-energy and extremal metrics

2.1. The space of Kahler metrics. — In this section, we briefly review
some general facts concerning the space Mgq of Kéahler metrics on a compact
complex manifold (M, J) of (complex) dimension m, in a fixed Kéhler class
Q2. The presentation and the notations are taken from [19].

An element of Mg will be indifferently designated by a K&ahler riemannian
metric g or by its Kéhler form w = g(J-, ), with [w] = £, or by the pair (g,w).
As a consequence of the dd“-lemma in Kéhler geometry, cf. e.g., [20], Mg is
essentially a space of (real) functions. More precisely, for any fixed reference
element wy in Mg, we have that

(2.1) Mgq ={p|w:=wy+dd°¢p > 0},

where ¢, the relative Kdihler potential of w relative to wy, is well-defined up to
a (real) additive constant (here, w > 0 means that g = w(-,J-) is a riemannian
metric). The relative potential can be normalized, cf. [14], in such a way
that, for any g in Mg, the tangent space T, Mgq be identified with the space
of real functions f on M such that [ v fvg=0. The L?-norm on this space
then gives Mq a structure of riemannian Fréchet manifold, first introduced
and studied by T. Mabuchi [32].

The Mabuchi metric on Mg admits a Levi-Civita connection, denoted by
D. For any real function f on M, let f be the constant vector field on Mg

defined by g — f — f, where f = IMV—ivg denotes the mean value of f. The

covariant derivative D is entirely determined by the D f ’s, which are given by

Jarldfr, df2) v
4 Jm = g

for any g in Mg and any fi in Ty Mgq. In particular, a curve w; = wo + dd“py,
t € [0,1], in Mg is a geodesic if and only if

(2.3) Gt — (depg, dipy) g, = 0.

As observed by S. Semmes [37], the geodesic equation (2.3) can be re-written
as a degenerate homogeneous Monge-Ampere equation my considering ; as
a function, ® say, defined on the product M := M x ¥, where ¥ here stands
for the cylinder [0,1] x S', equipped with the complex structure determined
by JO/0t = 0/0s, where s denotes the natural parameter of the additional

(2.2) Dy, fo = —(dfr, df2)g
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circle factor S'. By still denote by w the pull-back of w on M, the geodesic
equation can be rewritten as

(2.4) (w4 dd®)™ ! =0

for Sl-invariant functions ® defined on M x X such that ®(-,¢) is a relative
Kahler potential on M with respect to wy.

Remark 2.1. — The Monge-Ampere equation (2.4) makes sense when ¥ is
replaced by any Riemann surface with boundary. Let ® be a (smooth) solution
of (2.4), such that ®(-,7) is a relative Kéhler potential on M with respect to
wo for any 7 in ¥. Choose a local holomorphic coordinate z = ¢ + is on >:
® then appears as a family of relative Kahler potentials parametrized by s, t,
© = p(t, s), and the Monge-Ampere equation (2.4) is then equivalent to

(25) Sbtt + ()588 - ‘d(pt - dc(lbslzt,s = O’

where g, + denotes the Kéhler metric of relative Kéhler potential (s, t), cf. [14].

The Monge-Ampeére equation (2.4) makes sense in particular when ¥ is the
(closed) unit disk D in C. In this case, it has a nice interpretation in terms of
holomorphic disks [31], [37], [13], which plays a crucial réle in the theory, in
particular in the proof given by Chen-Tian of Theorem 2.1 below.

The group H(M,J) — cf. Section 1.6 — acts on Mg and preserves its
riemannian structure. For any (real) vector field X in its Lie algebra h and
any (g,w) in Mg, the induced vector field X on Mg is g — féX, where f;{
denotes the real potential of X with respect to g, as defined in Section 1.6.

The scalar curvature determines a vector field, 5, on Mg via the assign-

ment g — (sg — 5), with 5§ = f”%ﬂgvg (notice that [, sqvy = 27 (cy(M) U

Gpn)[M] =: So is independent of g in Mg). The dual I-form, o, is

o(g) = sqvg, via the duality relation (o, f) = [, s4fvg, for any f in TyMaq.
Both § and o are left invariant by H(M, J). The covariant derivative of o is
given by

(2.6) Do = —2(D~d)*D~df v,,

for any ¢g in Mg and any f in T,Mgq, cf. e.g. [19, Chapter 4] and Section
1.6 for the notation. Recall, cf. Section 1.6, that the kernel of the operator
(D~d)*D~d is the space P, of Killing potentials for g. It then follows from
(2.6) that the critical point of the Calabi functional C(g) = [,,(sq — 5)* vy =
04(8) on Mgq are those metrics g in Mg whose scalar curvature is a Killing
potential.

Since (D~d)*D~d is self-adjoint, a further direct consequence of (2.6) is
that the 1-form o is closed. Since o is H(M, J)-invariant, by using the Cartan
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formula 0 = L ¢0 = 1 ¢do +d(150), we infer that o(X) is constant on Mg for
any X in b, cf. [7]. We thus obtain an R-linear form Fq : h — R, defined by

(2.7) Fa(X / f3 59 g

By the above discussion, the rhs of (2.7) is independent of the choice of the
metric g in Mgq. This linear form has been first introduced by A. Futaki in [17]
for Fano manifolds, then extended to general Kahler manifolds by E. Calabi
in [9]. It will be referred to as the Futaki invariant or the Futaki character®)
of Q.

We also consider the Futaki-Mabuchi bilinear form, Bq, defined on hg, the
Lie algebra of the reduced group of automorphisms Hy(M, J), cf. Section 1.6,
by

(2.8) BQ(X,Y):/ fjff;%g—/ hy hY v,
M M

for any X = gradng + JgradghX, Y = gradgfy + Jgradghy in ho. It can
be checked that the rhs of (2.8) is independent of the metric g in Mg, cf.
[18]. Notice that Bq(JX,JY) = —Bq(X,Y), for any X,Y in bhp and that
Bq is negative definite on the space, £y, of hamiltonian Killing vector fields,
and positive definite on J€y, C hg. For any two elements X,Y in bg, with
Bqo(Y,Y) # 0, we define the relative Futaki invariant of X with respect to'Y
by

Bo(X,Y)

(2.9) Fo(XmodY) = Fq(X) — m

Fa(Y).

The Mabuch K -energy, £, is defined on Mg by

(2.10) o= —dE,
i.e.
(2.11) 4, (f) = — /Mfsg

for any g in Mg and any f in T, Mgq. Since o is closed and Mg, is contractible,
€ exists and is well-defined up to an additive constant; we denote by &, the
unique determination of £ which vanishes at the chosen base element wy on
M. It follows from (2.6) that & is D-convex on Mg, meaning that its Hessian
Dd¢€ is non-negative; moreover, for any g in Mg, its kernel in Ty Mg is the
space of Killing potentials of mean value zero.

(Ot easily follows from its definition that Fg is a character of the Lie algebra b, i.e. vanishes
on the derived ideal [h, b].
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Because of (2.10), the critical points of £ are the zeros of o, hence the metrics
of constant scalar curvature in Mgq. To generalize the setting to include
extremal metrics of non-constant scalar curvature — the case of main interest
in this paper — it is convenient to substitute a relative version introduced by
D. Guan in [22] and S. Simanca in [39]. This is done as follows.

Let G be a maximal compact subgroup of Hy(M, J) and denote by Mg the
space of G-invariant Kahler metrics in (2. ./\/lg is a totally geodesic submanifold
of Mgq. In virtue of a celebrated theorem of Calabi [9], any extremal Kéhler
metric in Mq — if any — belongs to the Ho(M, J)-orbit of an element of
Mg Since G is maximal in Ho(M, J), its Lie algebra, g, is the Lie algebra of
all hamiltonian Killing vector fields for each element, g, of Mg Notice that,
while the latter is independent of g, the space, P, of Killing potentials with
respect to g does depend of g.

For any g in Mg, of scalar curvature sg4, the Killing part, Hg(sg), of s4
is defined as the L?-projection of s relative to ¢ in P,. The reduced scalar
curvature of g, denoted by sg, is defined by

(2.12) G =54 —TIS (s4).

G

g 1s identically

Then, g is extremal if and only if its reduced scalar curvature s

Zero.
The vector field Z§ = grad(H?(s)) — called the extremal vector field of the

pair (2, G) — is independent of g in Mg and can be alternatively determined
by

(2.13) Fa(JX) = Ba(JX, Z§),

for any X in g. Notice that Zg belongs to the center 3 of g. Its lift, Zg, on
MS§ is the vector field g — Hg(sg). It turns out that Z§ is D-parallel, and so
is its dual 1-form (5, cf. [19]. We now consider the 1-form on M§ defined by

(2.14) 0% =0 ug — (S
Since (§ is D-parallel, we infer from (2.6)
(2.15) Dyo% = —2(D~d)*D~df,

for any f in Tg./\/lg. In particular, 0@ is closed.
Denote by Hg (M, J) the normalizer of G in Ho(M, G) and by hg the Lie
algebra of Hg(M,J). The group Hg(M,J) acts on M§ and we define as

above the relative Futaki character .7-"8 :bg — R by
(2.16) FE(X) = 0€(X) = / £ $Gu,.
M

As before, Q : ho — R is independent of g in Mg



EXTREMAL KAHLER METRICS 29

The relative K -energy £C is defined by

(2.17) 0% = —d&’,
i.e. by

G _ G
(2.18) CHOREY WEER

for any ¢ in Mg and any f in Tg/\/lg. Since ¢ is closed and Mg is con-
tractible, £¢ is well-defined up to an additive real constant. As before, we
denote by 550 the determination of £ which is zero at the chosen base point
wo. By (2.17), the critical points of £ are the zeros of 0¥, hence the extremal
metrics in ./\/lg Moreover, since Do® = Da‘ ME> EC is D-convex and, at each
g in Mg, the kernel of the Hessian DdEC is the space of G-invariant Killing
potentials relative to g.

2.2. The Chen-Tian Theorem. — The K-energy £ and the relative K-
energy £¢ defined in Section 2.1 play an important role in the theory of ex-
tremal Kahler metrics, due in particular to the following observation.

Proposition 2.1 (S. Donaldson [14]). — Let wy, w be any two elements
of Mg Assume that wq 1s extremal. Assume, moreover, that there exists a
geodesic wy = wo + ddpy, t € [0,1], between wy and w = wy. Then

(2.19) E%w) > E%wp)

and equality holds if and only if w is extremal. If so, w belongs to the Ho(M, J)-
orbit of wg.

Proof. — (Sketch) To simplify notation, let’s write f(t) for £%(w;); we can
assume f(0) = 0. By (2.17), we have that f'(t) = —¢“(T), where T denotes
the tangent vector field along the geodesic wy, given by the assignment ¢ —
¢t € T, M§. In particular, f'(0) = 0, since wy is extremal. By using (2.15),
we get:

f"(t) = —~(Dra®)(T) — o (DrT)

(2.20) = —(Dro®)(T) = 2/M((D_d)D_d¢t7¢t)Ugt

:2/ |D™dpi* vy,
M

The last term is non-negative and is zero if and only if ¢; is a Killing potential
with respect to g; for each t in [0,1], cf. Section 1.6. Proposition 2.1 follows
easily. O

This argument has been extended by X. X. Chen and G. Tian in the following
way (cf. also Remark 2.1 for the notation):
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Proposition 2.2 (X. Chen—G. Tian [13]). — Let wy be a fized element of
Mg and let ® be a smooth G-invariant solution of the Monge-Ampére equation
(2.4) defined on M x X for any Riemann surface with boundary . Suppose
that, for any T in 3, ®(-,p) is the relative Kdhler potential of an element
W™ = wy + dd°®(-,7) in M§, so that the relative energy E¢(1) := £ (w(M)
can be regarded as a function defined on Y. Let z = t+is be a local holomorphic
coordinate on ¥.. Then, with the notation of Remark 2.1, £4(7) satisfies the
following equality

d2e¢  d2e¢ ) )
(2:21) gz T gez — 2 /M D™ (dpr — d°ps)I2, ., v, -
In particular, djlff + % > 0, with equality if and only if Z := grad,, ¢ —
Jgrad,, ¢s is a (real) holomorphic vector field on M for any T in 3.

Proof. — From (2.18), we infer % = — fM SgG(T) P vy - It is easily deduced
from (2.15) that, in general, the first variation of the reduced scalar curvature
at g in Mg in the direction of f is given by

(2.22) sC(f) = —2(D~d)*D=df + (dsC. f),

whereas the first variation of the volume form is given by vy(f) = —A,f v,.

The second derivative of £4 with respect to t is then given by

d2E¢
dt?

(2.23) =2 /M |D—d‘1bt|2 vg — /M(gbtt — (dgbt,dgbt)g(r)) sg(ﬂvg(f).

We get a similar formula by replacing ¢ by s, hence, by using (2.5):

d2e¢  a2e¢
ae —2 [ D (dgr — d°¢)|?
dt2 + d82 /]VM| (d(’Dt d ¥ )| Vg,

(2.24)
+2 / (2(D™d¢y, D™ ds) + (dipy, d°ps) 55 ) vg,
M

where the second term in the rhs is actually zero(”). The last assertion of

Proposition 2.2 follows easily (see Section 1.6). O

(MThis is an easy consequence of the following general formula (see Section 1.6 for the
notation):

(2.25) (D~d)"D~d°f = —%ﬂxﬂ

for any function f on a Kéhler manifold of scalar curvature sy, with K := Jgrad s,. Here,
(2.25) is applied to f = ¢s. Moreover, since ¢, is G-invariant, K can be replaced by
K¢ .= Jgradgs?.
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The argument in Proposition 2.1 only holds for metrics which are linked to
extremal metrics by a geodesic. On the other hand, the existence issue for
geodesics in Mg has remained an open question, principally because of the
lack of regularity for solutions of the Monge-Ampere equation (2.4). In [13],
X. X. Chen and G. Tian established a (weak) regularity theorem for solutions
of (2.4), improving a previous regularity result by X. X. Chen [10] which
asserts the existence of solutions in the class C1!. From this, and by using
the above Proposition 2.2, they were able to deduce the following fudamental
results:

Theorem 2.1 (X. X. Chen—G. Tian [11], [12], [13])
(i) All extremal metrics in Mg, if any, belong to a unique Ho(M, J)-orbit.
(ii) Let wg be an extremal metric in Mgq. Without loss of generality, assume
that wg belongs to Mg Then,

(2.26) E%(w) > €% (wo),

with equality if and only if w is extremal.

2.3. The relative energy of admissible metrics. — Denote by M?g\m
the space of admissible K&hler metrics in a given (normalized) admissible
Kaéhler class 2. Then, M?ﬂ\m C Mg/\, where G is the maximal compact
subgroup of Hy(M, J) given by Propositions 1.3-1.6, and the reduced scalar
curvature is given by the following proposition (cf. [3, Proposition 6]):

Proposition 2.3. — For any (normalized) admissible Kdhler class Qx and
for any admissible Kdhler metric g = gx . in Qx, of scalar curvature sq, the
Killing part of sy is given by

(2.27) 11§ (sg) = a2+,

where «, B denote the renormalized leading coefficients of the extremal poly-
nomial Fo, , defined by (1.53), whereas the reduced scalar curvature has the
following expression:

F _ "
(2.28) G = (Fo, —po, ©)7(z)
pay (2)
Proof. — For any admissible Kéhler metric in a (normalized) Kéhler class, it

follows from (1.23) that the space P, of Killing potentials relative to g splits
as

(2.29) P,=RORza (@,N:lpgsi) ,

where: R denotes the space of constant functions; R z the space generated by
z; Pgos_ denotes the space of Killing potentials of mean value zero on (.S, gs, ).

By (1.52), the scalar curvature s is a function of z only; by (1.27), s is then
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L%-orthogonal to all Killing potentials in @Y. 1P0 In order to prove (2.27),

it is sufficient to check that Riz)=(pay ©)"(@)
Pay (Z‘)

view of (1 27) this amounts to checking that f_ll(R(a;) — (pa, ©)"(z))dz =0

and f — (pay ©)"(z)) xdr = 0; in view of the boundary conditions
(1.14)- (1 15) for ©, these two conditions are equivalent to (1.43)—(1.44); since
R=F], , (2.28) follows from (2.27) and (1.52). O

is orthogonal to 1 and to z. In

Corollary 2.1. — For any admissible Kahler class 2, denote by Zg)\ the
extremal vector field relative to the pair (G,€x), see Section 2.1. Then

(2.30) JZ§ =aT.
Proof. — By definition, Zg/\ = gradg(HE(sg), for any ¢ in Mg)\, hence for
gxz- Since, —JT = grad,, _z, (2.30) readily follows from (2.27). O
Corollary 2.2. — For any admissible Kdhler class Qx, we have
(2.31)

2nV (S
For(—gT) = 2VE)

f—l poy (s)ds
1 1 1 1
a(/ sngl\(s)ds/ pQ)\(S)dS—/ spQA(s)ds/ s pa, (s)ds)

-1 -1 -1 -1
and
(2.32)

2

Bo, (—JT,—JT) = _2mV(S)

f—l V29N (s)ds

1 1 1
/ $%pa, (s dS/poA(S)dS—/1SpQ)\(S)dS/1SpQ)\(S)dS),

where V(S) =[]V (Si, gs,) denotes the volume of S. In particular,

(2.33) fQ)‘(—JT) = aBq, (—JT,—JT).

Proof. — Since T is a hamiltonian Killing vector field of momentum z, —JT

belongs to Jg and its real holomorphic potential is z — Z, where z = IM—ZUUQ
M ~9

is the mean value of z. Since z — Z belongs to Py, in (2.7) only the Killing
part H?(Sg) = az + 3 contributes: we then get Fo(—JT) = o [,,(z — 2)zv,
and Bo, (=JT,—-JT) = [,,(z — 2)?vy. By using the expression (1.27) of v,
we readily get (2.31) and (2.32); (2.33) follows readily; alternatively, (2.33)
follows from (2.32) and Corollary 2.1, via (2.13). O
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Choose a reference element in M?{im, e.g. the standard admissible metric
wo corresponding to the admissible momentum zy(¢) = tanht¢, cf. Section 1.5.
Any other element w of M?ﬂ\m can be written w = wg + dd°¢p, where ¢ = ¢(t),
called the relative potential of w, is uniquely determined by w up to an additive
constant. Notice that

do
2.34 Z=2z0+ —.
(231 o+ %
For any curve w; in M?g\m we set w = s 7 1520 and we denote similarly the first

variations of all objects determined by w; we thus have: w = ddcq'ﬁ, z = %,

etc. By identifying & with ¢ we identify each tangent space Tg/\/l%‘im of M?ﬁm

with the space of all smooth real functions of ¢ mod constant functions.
Although it is a hard task to get an explicit expression of the relative energy

£%(g) for a general element of ./\/lg)\, it turns out that the restriction of £ to
M?)d)‘m admits a simple explicit expression in terms of the extremal polynomial
Fq,, given by the following proposition (cf. [3, Proposition 7]):

Proposition 2.4. — For any admissible metric g in Qy, of momentum pro-
file ©, we have

v (F
(2.35) g% g)=C / < SA(:S) + pa, (z) log @(:17)) dxr mod R,

-1

with C =27 sz\il Vi, where V; denotes the volume of (S;, gs,).

Proof. — The restriction of £ to M?ﬂ\m is determined by
(2.36) dES () = — / 56 g,
M

for any g = g, in M?ﬂm and for ¢ = (Z‘ﬁ(t), any function of ¢ mod R, where,

we recall, sg denotes the reduced scalar curvature of g with respect to G. By
using (2.28) and (1.27), we get

1
(2.37) (d€9),(d) = —C / (Poy =70, ©) (@)f(a) da.
where C is as above and by setting

(2.38) f(@) = ¢(z"" ().

By integrating by part twice and by observing that at each step the intregrated
terms vanish because of (1.14)—(1.15)—(1.46)—(1.47), we get

1
(2.39) (d€S)y(d) = —C / (Foy =10, ©) (@) (@) do.
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From (2.38) we get f/(z) = 2502 hence f/(x) = giby (% (27 (2)) — ©'(2) (2"} (@)).

— O (z)2(z7(2)).

~ Q|

On the other hand, from (1.13), we get O(z) = L (27! (x)
We thus end up with

O ()

02(x)

By substituting in (2.39), we eventually obtain

(2.41) (d€9),(d) = C / ( FQA pg;(g‘))e(x)dx,

for any b = (b(t) in TgM?ﬂm, where the extremal polynomial Fg, and the
characteristic polynomial po, are both independent of g in Mgq,. The rhs of
(2.41) is then the first derivative in M?g\m of the rhs of (2.35). O

(2.40) F(x) =

Proposition 2.5. — Let Qy be any admissible Kdhler class on M.
(i) Assume that Fq, is positive on (—1,1) and denote by go an admissible

. . F,
extremal Kdhler metric in Qx, of momentum profile ©g = m&
A

1.7). Then, for any admissible Kdhler metric in 2y, we have
(2.42) £%9) = €% o),

with equality if and only if g is extremal, hence equal to gg up to the natural
R>%-action on M.

(ii) Assume that Fq, is negative on a non-empty open subinterval I of
(—=1,1). Then, for any admissible Kdhler metric g in Qx, there exists a half-
line g5 of admissible Kdhler metrics in Qyx, with s in [0,+00) and go = g, such
that £C(gs) tends to —oo when s tends to +oc.

(cf. Proposition

Proof. — (i) From (2.35) we infer

1
(2.43) E%go) =C /_1(1 + log Rlp*Ti””)(x))pm () d,
whereas
(2.44) =y, / 1 mf oy (@ o *log O(z)) po, (z) dz.
We thus get
(245)  £9(g) — E%(g0) = o/ 2) — 1~ log A()) pa, (x) da
by setting

_ Fa, ()

(2.46) Az) = o (®) 6@
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Now, A(z) is positive for any x in (—1,1) by hypothesis and, by Proposi-
tion 1.7, is identically equal to 1 if and only if g is extremal. It is easy to check
that the function ¢(t) :=t — 1 — logt defined on (0,+00) is convex, tends to
400 when t tends to 0 or to +00, and reaches its unique minimum 0 at t = 1.
It follows that the rhs of (2.45) is positive except when A = A(z) is identically
equal to 1, i.e. when g is extremal.

(ii) Let © be the momentum profile of any admissible Kéahler metric g in
Q. Let ¢ be a non-negative, non-constant smooth function on (—1,1) which
is compactly supported in the interval I, and set

_ O(x)
1+ sp(@)0(x)’
for any non-negative real number s. By Proposition 1.2, ©; is the momentum

profile of an admissible Kahler metric, gs, in Qy for any s > 0, with go = g.
Moreover

(2.47) Os(z)

1
£6(gs) =£%(g) + C / s o) Fo (2) da
(2.48) -

1
-C /_1 log (1 + s(x)O(x)) dx

where, f_ll sp(x)Fa, (z))de = [; o(x)Fo, (z))dx is a negative multiple of s.
It follows that the rhs of (2.48) tends to —oo when s tends to +oo. O

Remark 2.2. — The expression (2.35) of the (relative) energy of admissible
metrics, as well as the argument in Proposition 2.5, are quite reminiscent to
Donaldson’s paper [15] for toric manifolds.

Now we are ready to state and prove the main result of [3]:

Theorem 2.2. — Let M = P(1 & L) be any admissible ruled manifold and
let Qx be any (normalized) admissible Kdhler class on M. Then, Qx contains
an extremal Kdhler metric — which is then admissible up to the action of
Ho(M,J) — if and only if the extremal polynomial Fo, is (strictly) positive
on (—1,1).

Proof. — By Proposition 1.7, if Fo, is positive on (—1,1), Qx contains an
admissible extremal Kéhler metrics. By Proposition 2.5, if Fq, is negative
on some open subinterval of (—1, 1), the relative K-energy £ is not bounded
from below: by Theorem 2.1 (ii), {2 contains no extremal Kéhler metric.

It remains to consider the limiting case, when Fg, is non-negative but has
(repeated) zeros on (—1,1). Suppose that Fo, is of this form and assume, for a
contradiction, that @ = Q2 contains an extremal Kéhler metric, (g,w) say. In
view of the already mentioned Calabi theorem, we can assume that the pair
(g,w) is G-invariant (cf. Proposition 1.6). By LeBrun-Simanca’s openness
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theorem [29, 30], any (normalized) admissible Kéhler class Qy/, with X’ close
to A in RV, contains an extremal Kihler metric. More precisely, LeBrun-
Simanca’s theorem asserts the existence of a sequence of extremal Kahler
metrics (g, 0x), with [©Ox] = Qf, which converges to (g,w) in the Fréchet
topology and the (gx, @) can be again chosen G-invariant.

Two cases then may a priori occur: (i) either, Fo,, has repeated roots
on (—1,1) for all A’ in some open neighborhood of A in RY or else: (ii)
there exists a sequence of (normalized) admissible Kéhler classes Q) = Qx,
converging to {) — meaning that A, converges to A in the usual sense — such
that Fg, is positive on (—1,1) for each k.

Case (i) would imply that the discriminant of Fq, is zero as a polynomial
with coefficients in the field R(Aq, ..., Ay) of rational fractions in {\1,..., Ay }:
this would contradict Proposition A.1 in Appendix A (by substituting A\; = ¢;A
in Fq,, regarded as a polynomial with coeflicients in R(A1,...,An), up to a
factor Hf\il egi, we get the extremal polynomial of an admissible Ké&hler class
), as a polynomial with coefficient in R(\), on an admissible ruled manifold
with N=1,d=>,_,d; and s = Zz]\;1 s;). Case (i) is thus discarded.

Now assume, again for a contradiction, that Case (ii) occurs. LeBrun-
Simanca openness theorem actually guarantees the existence of a sequence,
(gr, @), of G-invariant extremal Ké#hler metrics, with [wg] = € for each
k, which converges to (g,w) in the Fréchet topology. On the other hand,
since Fy, is positive on (—1,1), Proposition 1.7 guarantees the existence of an
admissible extremal Kéhler metric, (gx,wy) say, in each 2k, unique up to the
natural C*-action, with wj;, = Zf\il(()\k)z + €; z) Tw; + dzi A d°t, cf. Section
1.3.

By Theorem 2.1, for any k the extremal Kahler metrics (g, wy) and (g, Ok)
in Qy, are linked together by gx = Wy - gk, for some ¥y in Hy(M, J). Moreover,
from the invariance of the extremal vector field ng of each pair (Q, G) — see

Sections 2.1 and 2.3 — we get ng = grad,, sg, = grad;, sg, = Vg - gradg, sg,,
meaning that ng, hence also T' by Corollary 2.1, are preserved by W, for
any k. We infer that the W;’s all belong to the subgroup of elements of
Ho(M, J) which commute with C*, hence, by Proposition 1.3, to the extension
of Hy(S,J) by C*. Moreover, since the (gi,wy) are only defined up to the
natural C*-action, we can actually arrange that the W;’s all belong to a lift
of Ho(S,J) in Hy(M,J), meaning that each ¥y is induced by a linear lift
on L of an element, ®; say, of Hyo(S,J). Each @ is then of the form @, =
SN ()it € U z) T (B -wi) +d( Uy, 2) Ad°(Ty 1), hence the Kéhler form
of an (extremal) admissible Ké&hler metrics on the admissible ruled manifold
obtained by simply substituting the hermitian inner product hy = Wi - h

on L. Since any two hermitian inner products on L are conformal, hj can
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be alternatively written as hy = €2 h for some well-defined (real) smooth
function Fj, on S and we then have t, = V), - t =t + 7" F},. Since U, - T =T,
we also have that Z, = Uy - 2, is a momentum of T with respect to @y.

By assumption, the sequence @ converges to w in the Fréchet topology: it
follows that Zj converges to a momentum of 7' with respect to w; similarly,
since 1@ = —gr(T, T) dty, = —gi(T,T) d°(t + 7*F}), the sequence F}, con-
verges to a smooth function F’ on S, meaning that the sequence izk converges
to the hermitian inner product h = e*" h, whereas each U}, - w; converges to
@;, which is the curvature form of L™¢ equipped with the hermitian inner
product induced by .

It follows that w is the Kéhler form of an extremal admissible Kéhler metric
on M with respect to (L,h). Since the extremal polynomial Fn of € only
depends of the N-tuple A and of the ¢;’s, Fg should then be positive on
(—1,1) by Proposition 1.7 again. Case (ii) is then discarded as well. O

2.4. A borderline case example. — In this section, we present a family
of examples of (normalized) admissible Kéhler classes on an admissible rules
manifold M = P(1® L) — S whose extremal polynomials are non-negative
but have a repeated root, which can be chosen irrational, on (—1,1).

The simplest examples are obtained by considering (complex) four-dimensional
admissible ruled manifolds for which S = H§=1 S;, where each S; is a Riemann
surfaces of genus g; greater than one. For i = 1,2, 3, the (constant) scalar cur-
vatures s; of 5; is then negative; more precisely, by the Gauss-Bonnet formula,
(2.49) o= A —gi)

ki
where k; denotes the degree of the polarizing line bundle L; = L. (cf. Section
1.1 and formula (1.62) in Section 1.10). In particular, each s; can be made
equal to any negative rational number by an appropriate choice of the genus
g; and of the degree k;.

Our aim is to construct a family of (normalized) admissible Kéhler classes
Q. on M, for an appropriate choice of the scalar curvatures s; — hence of the
line bundles L; on S; by (2.49) — in such a way that the extremal polynomials
be of the form

(2.50) Fo,(x)=C(1—- 22 (2 +rz —1)%,

for some positive constants C' and r. The polynomial in the rhs of (2.50)
satisfies the first boundary condition (1.46) for extremal polynomials and is
non-negative on (—1,1). It has two repeated roots: a positive one, ry =
%\/m, in the open interval (0,1); a negative one, r_ = _T’%’"ZH,
(—o0,—1). The first and second derivatives of Fp, are given by:

(2.51) F§, (z) = C(—62° — 10rz" + 4(3 — r*)2® + 12ra® + 2(r* — 3)z — 2r)

in
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and
_ 4 3 2y .2 2
(2.52)  Fj, (z) = C(=302" — 40rz® 4+ 12(3 — r*)z” + 24rz 4 2(r* — 3)).

In particular, FY, (—1) = 2Cr® and F,, = —2Cr?. It follows that Fg, satisfies
the second boundary condition (1.47) for extremal polynomials if and only if

(2.53) pay(—1) = pa, (1) = Cr?,
where pg, (z) = [[>_,(A\ + &) denotes the characteristic polynomial ®) of
Qa, cf. (1.7). If we write po, () = ?:Opjx?’_j, with pg = €1€9€3, p1 =

Eijk €i€j N, P2 = Zijk €iNjAk, P3 = A1A2)3 (summation over the circular
permutation of (1,2,3)), (2.53) is equivalent to the two conditions:

(2.54) po +p2 =0,

(2.55) p1 +ps = Cr2.

The condition (2.54) cannot be satisfied if all ¢; are equal to 1 or —1: We then
assume

(2.56) €1 = €2 = 1, €3 = —1,
and (2.54) then reads:
14+ Ao
92.57 Ae = LT AIA2
( ) 3 A1+ A2

Notice that % =1+ % > 1. The condition (2.55) determines
the constant C' as follows:

Cp1tp3s M A3 A3 — A — Ao
- 7»2 - 7»2 :
Notice, by using (2.57), that AjAads + Ay — A — Ay = (FAA=Qutda)®

A1+A2
2 2
% > 0. Also notice that

(2.58) C

M -1 A -1
> 0, Ay — A3 = > 0.
A1+ Ao 2 3 AL+ A2

Now, for any positive real number r and for any admissible triple A = {1, A2, A3}
satisfying (2.57), the polynomial Fg, defined by (2.50), where C' is defined
by (2.58), is actually the extremal polynomial of the (normalized) admissible

(2.59) Al — A3 =

(®) As long as the s; and the ¢, — hence the S; and the polarizing line bundles L;ei over
S; — have not been fixed, 2 is only a “virtual” admissible Kéahler class encoded by an
admissible triple A = {1, A2, Az}
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Kéhler class Q) if and only if F{} (z) = R(z), where, in general, R(x) is defined
by (1.42) in Section 1.9. In the present situation, this condition is then:

(2.60)
F(/Z/A (:E) = 81(/\2 + :E)(/\3 — :E) + 82()\3 — l‘)()\l + :E) + 83()\1 + l‘)()\g + l‘)
—(ax+ B) (A +2) (A2 + x) (A3 — ),

where «, 3 are real constants. In view of (2.60), we now assume that A; and
Ao are distinct, hence A\; > Ao say. This implies that the s;’s are uniquely
determined by
(2.61)

FS (M) S (—X2) Fg, (A3)

Do —M)st A 2700 st x) BT 000+ hs)

a special case of the general formula (1.49). By using (2.52), this can be
re-written as

S1 =

20

2.62) s1 = 6A2—1) 12 —4X; (BA?—3) r+15AT—18A2+3)),
(2.62) s1 (Al_AQ)(AlJFAg)(( 1—1) 1(5A1—-3) 1 1+3))

(2.63)

20

S9 = — (6M\2 — 1) 72 + 4 (5X2 — 3) r — 15)5 + 18X2 — 3)),
2 ()\1_)\2)()\2+)\3)( ( 2 ) 2( 2 ) 2 2 ))
(2.64)

_ 20 (-
BT 0+ Ae) s+ Ag)

(6A3 — 1) r? —4X3(5M3 — 3) 7 — 15A5 4 18A3 — 3)).

Conversely, if s1, s9, 53 are given these values, then Ff’z’/\ (x) is of the form (2.60)
—as F (2) = s1(A2 +2) (A3 — ) + s2(A3 —2) (M1 + @) + s3(\1 + @) (A2 +2) s
then divisible by (A1 +)(A2+2)(A3 — ) — so that Fg, is indeed an extremal
polynomial provided however that the real numbers s; defined by (2.62)-(2.63)-
(2.64) can be realized as the scalar curvatures of Riemann surfaces .S; of genus
greater than 1, polarized by a holomorphic line bundle L;“. According to
(2.49), this can be done whenever s; are (arbitrary) negative rational numbers.
This forces us to assume that A1, \o — hence also A3 by (2.57) — are rational,
as well as the parameter r.

By (2.64), s3 is negative for any r > 0 and any admissible triple {\1, A2, A3}.
By (2.63)-(2.64), s; is negative if and only if

(2.65) 1[)_ ()\1) <r< 1/)+(/\1),

and so is negative if and only if

(2.66) r<P_(A2) or 1 >1i(A),
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by setting

2A(BAZ — 3) + /10X6 + 3\1 + 3
(2.67) pa(n) = 2O IV .

It is easy to check that 1_ is increasing from ¢_(1) = 0 to +oo and that ¢
is increasing from v (1) = 8/5 to oo when A runs from 1 to +o0o. We readily
infer: For any (rational) admissible triple {1, A2, A3} satisfying (2.57) and
A1 > Ag, the (rational) numbers sy, 2, 53 given by (2.62)-(2.63)-(2.64) are all
negative if and only if

(2.68) Y- (A1) <7 < Pi(A1)
if _ (A1) > ¢ (N2), or
(2.69) Yi(A2) <1 <y (M),

if p_ (A1) < ¥4 (A2). The above discussion can be summarized by the following
statement ([3, Example 1]):

Proposition 2.6. — For any admissible triple A = {A1, A2, A3} of rational
numbers satisfying (2.57) and A\ > A2, denote by Iy the open interval in
(8/5,400) defined by (2.68)-(2.69). Then, for any rational number r in Ix,
there exists a (complex) four-dimensional ruled manifold M = P(1 & L) —
S = H?:1 Si, where each S; is a Riemann surface of hyperbolic type, such that
Qy is a (normalized) admissible Kdhler class on M whose extremal polynomial
Fa, is of the form (2.50), with C defined by (2.58).

A

Remark 2.3. — In view of the current conjectures concerning the link be-
tween the existence of extremal Kéahler metrics and stability questions consid-
ered in the next chapter, the case of particular interest in Proposition 2.6 is
when r is chosen so that the repeated root r; = _1%@ of Fq, in (0,1)
is drrational. If r is written as » = p/q, for two (relatively prime) positive
integers, this happens if and only if the integer p? + 4¢? is not a square, hence
for “most” rational numbers in Iy.

3. Extremal metrics and stability

3.1. The Futaki character on polarized manifolds. — In this section,
M = (M, J,g,w) denotes a general compact Kéahler manifold of complex di-
mension m, polarized by a hermitian holomorphic line bundle L, meaning
that RY = iw, i.e. that the Kihler form w is the curvature form of the Chern
connection V of L. In particular, Q@ = [w] = 27 ¢;1(L). We denote by 7 the
projection of L on M. As usual, L is viewed as a complex manifold of complex
dimension m + 1.



EXTREMAL KAHLER METRICS 41

We consider an S'-action on M which preserves the whole Kahler struc-
ture. Denote by X the generator of this action, i.e. the (real) vector field X
defined by X (z) = %ltzoe“ -z, for any x in M. We assume that the action is

hamiltonian, i.e. that X = grad % = .J grad, X, for some real function fX
well-defined up to an additive constant.

For any choice of f%, X lifts to a vector field X on L, preserving the
natural complex structure of L, defined by X = X — (7* fX) T, where X
denotes the horizontal lift of X on L determined by V and T the generator
of the standard S'-action on L (= the usual multiplication by S' on each
fiber). Moreover, for an appropriate choice of f¥, X is the generator of a
holomorphic S!-action on L which lifts the given S'-action on M, cf. e.g. [19,
Proposition 7.5.1]. Such a distinguished momentum is well-defined up to an
additive integer. We henceforth assume that X is the generator of a lifted
Sl-action on L, corresponding to the distinguished momentum f¥X. Notice
that the lifted action on L determines a lifted S'-action on all tensor powers
L¥ of L.

The lifted action induces a C-linear S'-action on the space, I'(L), of smooth
sections of L, defined by

(3.1) (C-s)(@) =¢-(s(¢h ),
for any s in I'(L), any ¢ in S' and any x in M. According to the general
definition of the Lie derivative, we then define:

(3.2) Lxs= _4 et s

for any s in I'(L) and any = in M. In terms of covariant derivative, this can
be rewritten as

(3.3) Lxs=Vxs+if¥s.

The Lie derivative Lx preserves the subspace H(M, L) of holomorphic sec-
tions of L and thus induces a C-linear, skew-symmetric action on H°(M, L)
and, more generally, on H(M, L¥) for any positive integer k.

Definition 3.1. — The infinitesimal weight of the lifted S'-action on L is
the trace of the hermitian operator —iLx on H°(M, L).

Ezxzample 3.1. — Let (V,(-,-)) be any hermitian (m + 1)-dimensional com-
plex vector space and denote by P(V') the corresponding complex projective
space, equipped with the induced Fubini-Study Ké&hler metric of holomor-
phic sectional curvature equal to 2: the Kéhler form w is then the curvature
form —iRY of the Chern connection of the dual tautological line bundle O(1),
equipped with the induced hermitian inner product, cf. Section 1.1. Any
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hermitian endomorphism A of V' with integer eigenvalues ag, a1, ..., a,, deter-
mines an S'-action on P(V) by: e -z = e*4(x), for any x in P(V). This
action preserves the whole Kéhler metric. The generator of this action is the
(real) Hamiltonian Killing vector field X4 defined by X4(z) : u € x — iA(u)
mod x (we here the natural identification T,,P(V') = Hom(z, V/x)). This ac-
tion has a natural, tautological, lift on the tautological bundle O(—1), namely
e u = e*A(u), for any x in P(V) and any u in the complex line z. The dual
Sl-action on O(1) is then (e - a)(u) = a(e”™*A(u)), for any a in O(1), = z*.
This is a lift of the above S'-action on O(1), corresponding to the distin-
guished momentum defined by fXA () = (Au,u), for any unit generator u
of x. The space H°(P(V),O(1)) is naturally identified with the dual space
V*: each element « of V* can be viewed as a holomorphic section of O(1) by
setting a(z) = ay,. From the above discussion, we readily infer Lyaa = aoA.
In particular, the infinitesimal weight of X4 is the trace of A, i.e. St @i

It is a far reaching observation by S. Donaldson [15] that Fq(—JX) can
be computed by using the asymptotic expansions of the infinitesimal weights,
wy,(X), of the lifted S'-action on L*, when k tends to infinity. More precisely,
denote by dj, the (complex) dimension of H°(M, L*); then

we(X) X 1 Fa(=JX) -2
(3.4) ke Vo + 1 7 E=+O(k™2),
where fX denotes the distinguished momentum of X determined by the chosen
lifted S*-action on L and Vg the volume of (M, ().

If Y is the generator of another hamiltonian S'-action on M, preserving
the whole Kéhler structure, the combined infinitesimal weight w(X,Y) on L
is defined as the trace of the product operator (—iLx)o (—iLy) on H°(M, L).
Denote by wg(X,Y) the combined infinitesimal weight on HO(M, L*). We
then have

(3.5)

wi(X,Y)  wi(X) wp(Y)  Bo(—JX,-JY)
k2dy, kd, — kd, Va

The key point is that formulae (3.4)-(3.5) can be used to define Fo(—JX) and

Bq(—JX,—JY) in the case when M is singular and these objects cannot be

defined directly in geometric terms. Such situations occur in particular when

considering test configurations introduced by G. Tian [40] and S. Donaldson

[15] to check the stability of polarized projective manifolds.

+O(k™h).

3.2. Deformation to the normal cone. — In general, for any closed
subscheme X of a complex variety M, the deformation to the normal cone of
in M is a classical construction in algebraic geometry, by which the embedding
of ¥ in M is connected to its embedding in its normal cone C' = Cxy M as the
zero section.
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This is done by considering the blow-up — call it D(M) — of the product
M x P! along ¥ x (1:0), where (1 : 0) is the point at infinity of the standard
complex projective line P, and the induced projection p : D(M) — P'. Denote
by ¢ : D(M) — M x P! the blow-down mapping: the exceptional divisor
g (X x (1:0)) is then the projectivized normal cone P(C & 1) of ¥ x (1 : 0)
in M x P'. For each (\: p) # (1:0) in P!, the fiber p~!((\ : p)) is naturally
identified with M, whereas the central fiber p~((1 : 0)) splits into two pieces:

(i) the exceptional divisor P(1 @ C), and
(ii) the blow-up M of M along X.

Notice that the two pieces M and P(1 @ C) of the central fiber intersect at
the divisor at infinity P(C) in P(1 @ C), which is also the exceptional divisor
of the blow-up of M along 3.

Since the blow-up of ¥ x P! along ¥ x ((1 : 0)) is ¥ x P! again, ¥ x P!
is naturally embedded over P! in D(M): For any (A : p) # (1 : 0) in P!,
the induced embedding ¥ < p~!((A : p)) = M is isomorphic to the initial
embedding ¥ < M, whereas, over (1 : 0), X is embedded in p~1(1 : 0)) =
P(1 & C) U M as the zero section in the normal cone C € P(1 & C) (cf. [16,
Chapter 5] for details).

In this paper, we consider this construction in the case when M = P(1® L)
is an admissible ruled manifold and ¥ = Y is the infinity section®. Since
Yoo is smooth, its normal cone C is simply the normal bundle 7'My, | JTY o =
(7*L*)|s..- With the above notation, the central fiber p~*((1 : 0)) is the union
of

(i) M, identified with M, as Yo is a divisor of M, and

(ii) the exceptional divisor P(C' @ 1), identified with P(L* & 1) via the natural
identification X, = S.

Via the natural isomorphism P(L* @ 1) = P(1 & L) obtained by tensoring
L*®1by L, P(C®1) is naturally identified with M again and its intersection
with M = M in D(M) is then the zero section .

As observed in Remark 1.1 of Section 1.2, ¥, is the zero divisor of the
holomorphic section of Oy/(1), s say, determined by the natural projection
of 1 & L to the trivial bundle 1 = § x C. This allows for the following
alternative description of D(M), which is a particular case of the general
MacPherson’s graph construction [33]. Let P(1® Op;(—1)) denote the natural
compactification of Oy;(—1) over M and consider the embedding M x (P!\ (1 :
0)) — P(1® Op(—1)) x P! defined by

(3.6) (€=(z:uw),(A:p) = (A2 :p(zw), (N :p) e P(CaE) x P,

) The choice of Yoo instead of the zero section X is inessential.
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for any £ = (2 : u) € P(C@® L) in M — cf. Section 1.1 for the notation
— and for any (A : p) # (1 :0) in PL. In (3.6), Az has to be regarded as
As(€)((z,u)). Then, D(M) is alternatively defined as the closure of the image
of M x (P*\ (1:0)) in P(1® Op(—1)) x P! by the embedding (3.6), hence as
the (closed) complex submanifold of P(1@® Ops(—1)) x P! whose elements are
of the form ((a : (G,u)), (A : p)), for any pair («, 3) of complex numbers such
that A3 — pa = 0, cf. Example 5.1.2 and Example 18.1.6 (d) in [16].

We denote by 7 : D(M) — S the natural projection induced by 7 : M — S;
for any y in S, we set D(M), = 7 (y).

In order to get a more concrete grasp on D(M),, we write P! = P(C; & Cy),
where C; and Cy stand for two copies of C, we rewrite M, = 771 (y) = P(Co @
Ly) and we introduce the complex projective plane P7 = P(C; & Cy & Ly):
D(M), can then be viewed as a (compact) complex submanifold of the product
M, x P* x P2, namely the space of ((z:u),(X: p), (e : f:v)) in M, x P x P2
such that («, 3) belongs to the complex line (X : i) (in P' = P(C; @ Cy)) and
(B,v) belongs to the complex line (z : u) (in M, = P(Cy & L)), that is to say
the 2-dimensional (compact, smooth) complex submanifold of M, x P! x ]P’Z
defined by the equations:

(3.7) o — A3 =0, 2v — Bu = 0.

For any y in S, denote by p1, : D(M), — My, pay : D(M), — P! ps, :
D(M), — IP’ZZI the induced projections and by Ci,,Cs,,Cs, the (complex)
curves in D(M), defined by

(38)  Ciy={((z:u),(1:0),(1:0:0)), (z:u)e M, =P(Cy® Ly)},
(3.9)  Copy={((0:u),(A:p),(0:0:u)), (A:p)e P! = P(C; @ Cy)},

(3.10) Csy ={((0:u),(1:0),(a:0:v)), (a:v)€P(CydLy)}.

The curves C7, and Cy, are tautologically identified with M, and P! respec-
tively, whereas C3 , will be identified with M, via the the natural identification
Cy = Cy, ie. via the map (a:v) € P(Cy @ Ly) = P(Ca ® Ly) — ((0: ), (1
0),(a:0: v)) The curves C , and Cs ,, are disjoint; the intersection C ,NC3
is 0 (y) in C1y = My and og(y) in C3, = M,; the intersection Co, N Cs,, is
(1:0) in Coyy =Pl and 000 (y) in Cs,y = M,

Each fiber D(M),, of 7 : D(M) — S is a blow-up of P2 at two points, via
the map ps ,, which contracts the curves Cy, and Cy 4 to the points [C;] and
[L,] of IP’ZZI respectively, and a blow-up of M, x P! at one point, via the map
(p1,y, P2,y), Which contracts the curve Cs3, to the point ([Ly] = 0so(y), (1 : 0))
of M, x PL.
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Denote by ¢ : D(M) — M x P!, resp. p : D(M) — P!, the map whose
restriction to each D(M), is (p1y,P2,y), r€sp. p2y. Then, g realizes D(M)
as a blow-up of M x P! along ¥, x (1 : 0), hence as the deformation to the
normal cone of Y, according to the general construction described at the
beginning of this section, and p is the induced projection on P'. Accordingly,
each (p1y,p2y), resp. pay, will be renamed gy, resp. py.

For any y in S and for any (X : p) # (1:0), p;*((X : p)) is isomorphic to
M,, via the embedding M, — D(M),, defined by:

(3.11) (z:u) = ((z:u), (A p), (A2t pz:pu)).
This family of embeddings parametrized by P!\ (1 : 0) can be viewed as
a unique embedding of M x (P! \ (1:0)) in D(M),. The restriction of this

embedding to 0 (y) x (P1\ (1 : 0)) then extends to an embedding of o (y) x P!
in D(M),), given by

(3.12) ((0:u),(N:p))— ((Ozu),()\:,u),(O:O:u)),
whose image is Ca .

The central fiber p,'((1 : 0)) is C1,y U C3, over each y in S. By setting
Ci = UyescLy, Cy = Uyengvy and C3 = Uyesc&y, we then get

(3.13) P~ ((1:0) = CLUCs,

where C; and C5 are both identified with M as explained above. The in-
tersection C7 N C3 is then identified with ¢ in C7 &£ M and with Y, in
Cs = M.

3.3. The space D(M) as a test configuration: Polarizations. —
For any y in S, denote by Aq,,A2,,A3, the holomorphic line bundles on
D(M)y defined by pi (O, (1)), p3,(Op1 (1)), p;y(Opg(l)) respectively. Each
A1y, Aoy, A3y admits a distinguished holomorphic section whose zero divisor
is Oy y +C3y, C1y+C3y, C1y+ Coy + Cs,, respectively. If Cy ), Cay, C3 4 are
regarded a elements of H*(D(M),,Z), by Poincaré duality, we then have

Ol,y =< (Aizll ® A3,y),
(3.14) Coy = c1(A5, ® Asy),
Cg,y =C (Al,y X Az,y & Ag_,;)v

where ¢ (+) stands for the (first) Chern class.

We now choose an admissible polarization on M, i.e. an admissible K&hler
class 2y on M in the image of H?(M,Z) in H*(M,R). By Remark 1.1, this
means that the \;’s are integers and that Q/27m = ¢1(Fx), where Fj is given
by (1.11).
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In order to turn D(M) into a test configuration compatible with this po-
larization, we need a hermitian holomorphic line bundle, £, on D(M), whose
restriction to p~'((\ : p)) is the chosen polarization of M = p~1((\ : u)) if
(A p) # (1 :0) and which induces, in some sense, a polarization on the
central fiber p~*((1 : 0)) (however, £ is not required to be a polarization on
the whole space D(M)).

For each D(M),, this will be done by twisting the pull-back of (Fx)|u
on D(M), by an appropriate multiple —aCs, of the exceptional divisor, i.e.
by tensoring the pull-back of (Fx)ar, by A1y ® Ayy ® A§  for some positive
rational number a (strictly speaking, a should be chosen an integer but, for
our purposes, it will be sufficient that ka be an integer for k a positive integer
growing to infinity). By using (1.11), we thus get:

N
—a —a a 1—e; N\
(3.15) Lipan, =A@ A5 @ Af, @ (R LI,
i=1
We now show that the restriction of £ to each fiber p=!((A : p)), is ample
whenever 0 < a < 2.

We first consider the case when (A : p) # (1;0). From (3.11) we infer that
the restriction of A3, to p, L((X: p)) is naturally identified with the restriction
of A1y ® Agy, so that:

N
(3.16) Lty = My @ (Q L)y = (Fa),

i=1
for any a.
We now consider the central fiber p~1((1 : 0)), which is Cy, U Cs,, in each
D(M),. On C 4, we have Ay, = A3, = C}, so that:

N
— 1—e; )\
E\C’l,y = Aiya ® (® Lz ‘ )y

i=1
(3.17) .

1-3 —€idi 2
= (), @ (R LI,
=1

whereas, on C3 4, we have Ay, = Ly, Aoy = C7, A3y = Ay, so that:

N
— _Ei)\i
Lic,, =AM, @Cle L2 @ (R Li—N),

i=1

3 1—e;
2 - 1 z
>\ \My ®L

(3.18)
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By setting: Q©) = 2me1(Lyo,) and Q=) = 2me1(Lic,), both regarded as
defined on M, we thus get

(3.19) QO =(1-a/2) (E+ Z - _a/ze’ ™ [ws]),
and
N
(3.20) Q) =a/2(2+Y At (1a;2a/2) ™ ws,])-
=1

These evidently belong to the (admissible) Ké&hler cone of M if and only if
0 < a < 2. Moreover, via the common identification ¥y = X, = 5, the
restriction of Q© to X, coincides with the restriction of Q%) to X, as it
must be. More precisely, by setting

(3.21) a=1-uz,
we have
N
(3.22) Q‘Ew Z Ni +ze) |

which is the class of the Kéhler form of the Kahler reduction of M, equipped
with the admissible Kahler metric (1.12) in 2y, for the level set z = . We
infer that the pair (Q(O),Q(‘X’)) determines a well-defined “polarization” on
the (singular) central fiber p~((1 : 0)). This polarization depends on the
parameter z in (—1,1) and will be therefore denoted by Q).

3.4. The space D(M) as a test configuration: C*-actions. — The C*-
action on P! defined by ¢-(\ : p) = ((~'A: i) determines a C*-action, denoted
by o, on D(M), defined by:

(3.23) Ca((z:u),(N:p),(a:B:v))=((z:u), N p), (Tha: Bv)).

This action moves the fibers of p. It fixes the fiber p~1((0 : 1)) (this is smooth,
identified with M, and plays no particular role in the story), and the central
fiber p~1((1: 0)) = C; U C3: the action « is then trivial on C; and coincides
with the natural C*-action on C3 = M.

The natural C*-action on M = P(1 @ L) — cf. Section 1.1 — induces an
C*-action on D(M), denoted by 3, defined by

(324)  Cop((zu (i) (a:B:0)) = (2 Cu)o(h: )y (a: B Cv)),
for ¢ in C*. This action preserves the fibers of p and coincides with the natural

C*-action on each fiber p~1((A : p)), (A : p) # (1 : 0), via the embedding
(3.11). On the central fiber p~!((1: 0) = C; U C3, where C; and C3 are both
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identified with M as explained above, the action 8 coincides with the natural
C*-action on M.

Notice that these actions preserve each fiber of 7 : D(M) — S and are
therefore entirely determined by their induced actions on D(M), for each y
in S. Moreover, on each D(M),, both a and B have natural lifts on the line
bundles Ay, Agy, A3 . This determines an a- and a B-action on £ as well as
on the vector space of its holomorphic sections.

For each fiber p~*((\ : 1)), and each positive integer k, the space of holomor-
phic sections of Eﬁ) “1((p) coincides with the space of holomorphic sections

of the holomorphic vector bundle, EF*(*#) on § whose fiber EZ’()‘:” ) at y is the

space of holomorphic sections of £F o (o))

If (A\;p) # (1:0), we infer from (3.16):

M
Ep O = Sy ((C2 @ L)) @ (Q Li~)}

i=1

_ ZL—J ® ( ®Li1_€i>\i)§7
i=1

(3.25)

where, in general, Sy(V') denotes the ¢-th symmetric tensor power of V. We
thus have

(3:26)  HOG ™ ((\: ), £ Z HOS, () L) o 1),
i=1

On the central fiber p~1((1 : 0)), EZ’(LO) is obtained by considering the direct

sum of the spaces of holomorphic sections of £F on C; and Cy separately, then

removing the common part on C; N Cs. From (3.17), we infer

N
H(Cry, L, ) = (Q) Li™ M)y © Spe-a)(C2 @ Ly)")
=1

(3.27) v

N
= (@ Li ), Z L.
=1

Moreover, the infinitesimal weight of a, as defined in Definition 3.1, is 0 on this
space, whereas the infinitesimal weight of 3 is j on each factor (®Z]\;1 L} _Ei)‘i)'; ®
L= (for this computation and similar ones in the sequel, compare with Ex-

ample 3.1 in Section 3.1).
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From (3.18), we infer

N
HO(Csy, L, ) = (Q L M)y @ Cf* @ L P74 @ Sp,((Cr @ L))
=1
(3.28) N o )
—€i A —k(2—a -7
~(@rMEe Y ey
i=1 j=k(2—a)

Moreover, on each factor (QM | L _Ei)"')lyf ® C{_k@_a) ® L,”, the infinitesimal
weight of a is j — k(2 — a), whereas the infinitesimal weight of 3 is j.

Finally, H°(C1,,NCs,, £F) = (QY, L}_Ei)‘i)l; ®L;k(2_a), which appears in
both expressions with weight 0 for a.
By removing this term from the rhs of (3.27) or (3.28), and by removing

the factors (C{_k@_a) appearing in the rhs of (3.28) — but keeping them in
mind for weight issues — we eventually get

N

(3.29) BP0 = (@) L)k ®§:L

i=1

hence
N
(3.30) HO(p™' (11 0), £, 1 1.0 E:E3J§§Q*Wﬁ®Lﬂ)
It is convenient to rewrite (3.30) as follows
N
(331)  H'(p((1:0), L (o) - Y S @ L
i=1

l=—Fk

where each L; = L;“ is ample and polarizes (S;,ws,) — cf. Section 1.1 —
and where we changed the index by setting

(3.32) =5k
Moreover, the infinitesimal weight of o on H(S, (QN , i}j‘iM/ F “Hk) is

0 ifl <k(l—a)=kx

(3.33) (—kr  ifkz <(<E,

whereas the infinitesimal weight of 8 on H(S, (QX ﬂ?ﬁz/ F k) is

(3.34) k+0, —k<(<k



50 APOSTOLOV, CALDERBANK, GAUDUCHON & TONNESEN-FRIEDMAN

3.5. The relative Futaki invariant of D(M). — For any z in (—1,1)NQ,
the Futaki invariant of the C*-action a on the central fiber p~1((1 : 0))

with respect to the polarization Q(;) is defined by F@)(a) = ffz(;)(_JX)v
where X denotes the generator of the S'-action induced by a. We simi-
larly define: F@)(3) = f@&x)(_JY), where Y denotes the generator of the
Sl-action induced by 3, BW(a,B) = BQ(;)(—JX,—JY) and B(3,8) =
BQ&x)(—JY, —JY') (as we shall see below, F(8) and B(3,3) are independent

of z). The relative Futaki invariant of o with respect to 3, in the sense of
(2.9), is then

@) (a
(3.35) F (o) = 73 (@) - 733 ([(3 B? ) 7 ().

The aim of this section is to provide a self-contained computation of F, [(;) (o)
by using (3.4)-(3.5) and to prove the following theorem, first established by

G. Székelyhidi in [36] in the case of pseudo-Hirzebruch surfaces, then extended
to the general case in [3, Section 4.4]:

Theorem 8.1. — For any x in (-1, 1), we have
x F
(3.36) F(a) = —2nv(s) Lalr)

f—l Doy (s)ds

where V (S) = Hfil V(Si, gs,) denotes the volume of S and, we recall, pa, and
Fq, denote the characteristic and the extremal polynomial of QU respectively.

Proof. — Denote by dj(£) the (complex) dimension of H°(S, (QY, ﬂ;\iM/k k)

and by dj, the dimension of H?(p~!((1 : 0)),5{;,1((1:0))); by (3.31), we then
have
k
(3.37) dr = Y di(0).
=k

We denote by wi(a), resp. wi(3), the infinitesimal weight of a, resp. 8, and
by wg (e, B), resp. w(3,3), the combined infinitesimal weight — as defined in
Section 3.1 — of a, 3, resp. of 3,3, on the space H*(p~((1 : 0)), LF ).

lp=((1:0))
From (3.33)-(3.34), we readily infer:

k k

(3.38) wi(a) = > (0 —ka)dp(0), wp(B) =Y ((+k)di(0),

{=kx y/—



EXTREMAL KAHLER METRICS 51

k k
(3.39) wi(a, B) = Y (L+k)(L —kx)d(0), wi(B,8) =Y (L+k)*di(0).
l=kx Y/
Lemma 3.1. — When k tends to infinity, di(¢) has the asymptotic expansion
lt) = ot (Kpa (/1)
(3.40) 1
+ = (R(/R) + pa, (¢/k) (a L]k + 8)) + O(k?)

where, we recall, pq, denotes the characteristic polynomial of Qx, defined by
(1.7); R is the polynomial defined in (1.42); «, 3 are the normalized leading
coefficients of the extremal polynomial Fq, , i.e. the constant appearing in the
rhs of (1.42).

Proof. — Since f/i isample on S;, and 0 < \;—1 < \j+£/ke; < \;+1 for each
—k < € <k, for k large enough dy(¢) is equal to x((QY, ﬂl’-\iJré/ke")k), the
holomorphic Euler characteristic of (®Z]\i1 I:?ﬁg/k ‘). By the Riemann-Roch
theorem, we have that

N N
Fritl/ke; X+l ke
B @B = [ (@D s),
=1 i=1
N FNi+/keik .
where ch((Q);_; L; )*) denotes the Chern character of the complex line

bundle (QY ﬂ?#é/ F ‘Y% and td(S) the Todd class of the holomorphic tangent
bundle of S. Recall that the Chern character of any complex line bundle £
is defined by ch(£) = ef) = >0 Cl(f!)r, whereas the Todd class is the
multiplicative characteristic class associated to the generating series z/(1 —
e~®); in particular td(S) =14 ¢1(S)/2 + -+, cf. e.g. [24]. We thus get:

(3.42)

d r N ' ) Twe Y
di(0) :Z(;)T /S@izluﬁf!/k s | sy
r=0
_ ¥ /(Zi\il()\ri-ﬁ/kq)[wsi])d
(2m)? Jg a!
d—1 N . &) [ws d—1 c B
T (’;T)d /5 (N Ufﬁ)!)[ ) alS) | pgaey
N
_ E;STS)C)l (kpay (¢/k) + kd_poA(E/k)Z#é;lke L O(k2)).
i=1 " i

We conclude by using (1.42). O
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In order to evaluate the asymptotic expansions of the sums in (3.37), (3.38)
etc. we use the following asymptotic formula, known as the trapezium rule:

bk b 1
(3.43) > k) = k/ f(tydt+ 5 (f(a)+ (b)) + O(k™")

l=ak
for any polynomial f, where ak < bk are integers, and ¢ runs over all integers
between ka and kb.
For convenience, we assume, without loss of generality, that V(S) = (27)¢
and we simply write p(t) for po, (t).

Corollary 3.1. — When k tends to infinity, dy. has the asymptotic expansion
1 d pl
k
(3.44) dj, = k4t1 / p(s)ds + R / (as 4+ B) p(s)ds + O(k41).
-1 -1

Proof. — Direct consequence of Lemma 3.1 and of the trapezium rule (3.43).
O

Corollary 3.2. — When k tends to infinity, wi(a) has the asymptotic ex-
pansion

1
uwmz—wﬂ/@—@mww

(3.45) fpd+1 1
- (Fo,(z) + / (s — x)(as + B) p(s)ds) + O(k™).
In particular,
(3.46)
wila) _ [oG—2)pl)ds 1 Fo(@)
kdy, f_ll p(s)ds 4 f_ll p(s)ds
L fxl s(s — ) p(s)ds f_llp(s)ds - fxl(s —x)p(s)ds f_ll sp(s)ds -
4 ([2 p(s)ds)*

+ O(k™?)

Proof. — (3.45) is a direct consequence of Lemma 3.1 and of (3.43), by using
the identity (1.43)-(1.44) and the expression (1.48) of the extremal polynomial
Fa,; (3.46) readily follows from (3.45) and (3.44). O

Corollary 3.3. — When k tends to infinity, wi(8) has the asymptotic ex-
pansion

(3.47)
kd-i-l 1

1
wi(B) = — k2 /_1(3 + 1) p(s)ds — - —1(a3 + 6)(s+ 1) p(s)ds + O(kd).



EXTREMAL KAHLER METRICS 53

In particular,

wi(B) S5 (14 5)p(s)ds

k dy, f_ll p(s)ds
(3.49) Lo (s p)ds [y plsyds = [ spleyds [ spia)ds)
N 2
4 (/21 p(s)ds)
+ O(k™2).
Proof. — Direct consequence of Lemma 3.1 and of (3.43). O

Corollary 3.4. — When k tends to infinity, wi(c,3) has the asymptotic
exTpansion

(3.49) wi(ax, B) = —k4+3 /l(s —z)(s + 1) p(s)ds + O(k¥2).

In particular,

(3.50)
wi(e, B)  wi(a) wp(B)
k2d), kd,  kdy
Jy (s =) p(s)ds [ p(s)ds — [, (s = x) p(s)ds [*) s p(s)ds
(J21p(s)ds)”

+0(k™h)
Proof. — Direct consequence of Lemma 3.1 and of (3.43). O

Corollary 3.5. — When k tends to infinity, wi (8, 3) has the following asymp-
totic expansion:

(3.51) wi(B, B) = K3 / (s 1) pls)ds + O(RH?),

-1

In particular,

wp(B,8)  wi(B) wi(B)

k2dy, kdi.  kdy
(3.52) I 82 p(s)ds 1 p(s)ds — [ tp(s)ds 1) s pls)ds
( f—ll p(s)d3)2
+O0(k™h)

Proof. — Direct consequence of Lemma 3.1 and of (3.43). O
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By using (3.4)-(3.5) and Vo, = 27 V(S5) f_llp(s)ds (deduced from (1.27)), we
obtain (by temporarily omitting the overall factor 27V (.S)/ f_ll p(s)ds)

(3.53)
F ) = —Fo, (z)

-« (/xl s(s — ) p(s)ds /_1 p(s)ds — /:(s —z)p(s)ds /1 sp(s)ds),

1 -1

(3.54)  F(B) =« (/1 s2p(s)ds /1 p(s)ds — /1 sp(s)ds /1 sp(s)ds),

-1 -1 -1 -1
(3.55) ) ) ) )
B(x)(a,,@) = —/ s(s—x)p(s)ds /_1p(8)d8—/ (s—x)p(s)ds /_18p(8)d8,

(3.56)  B(B.8) = /_ 11 2 p(s)ds / L o(s)ds / ' op(s)ds /_ o p(s)ds,

-1 -1 1
Notice that F(8) = a B(8,8) — cf. Remark 3.1 below — whereas F*)(a) =
- S(i\) (z) +a B®(a, B). By restoring the missing factor 27V (S)/ f_ll p(s)ds,
we get (3.36). O

Remark 3.1. — By comparing (3.54) and (3.56) with (2.31) and (2.32) in
Corollary 2.2, we get:
(3.57) F(B) = Fa(=JT), B(B,B) = Ba(-JT,-JT).

This was in fact quite expected as the B action is the same on any fiber
p~Y((A: ) and coincides with the natural S'-action on M.

Remark 3.2. — The extremal polynomial Fq, is of degree less than m + 2 if
and only the normalized leading coefficient « is zero. In this case, F(3) = 0,
by (3.54), and, by (3.53), (3.36) then reduces to

3.58 FO(@) = —27V (S FQ*—(”“’).
(3.58) (e) ( )f_llpg)‘(s)ds

Appendix A
The extremal polynomial for N =1

We here compute the extremal polynomial Fp, of any (admissible) Kéahler
class on an admissible ruled manifold M : P(1 & L) — S = sz\i 1 Si in the
case when N = 1. The Kahler class 2y is then determined by a unique real
number A > 1, the chosen (constant) scalar curvature s of S = 57 and € = ¢
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which, without loss of generality, will be chosen equal to 1, see Section 1.1.
For convenience, we set

(A.1) K=

5

d(d+1)’

where d denotes the complex dimension of S (we then have dim¢M = d + 1
and Fo, is of degree at most d + 3) and we replace the variable x in (—1,1)
by

(A.2) X =A+ux,

in the interval (A —1,A 4+ 1) and we set P(X) = Fq, (z): P = P(X) will be
referred to as the modified extremal polynomial of 2y; it will be occasionally
denoted by P.(X) or P.(X,\) to emphasize the dependence in x and A; it
will be most often regarded as a polynomial in X with coefficients in the field
R(A) of rational fractions in A; in particular, except for poles, P, (X, A) is well-
defined for any real (or complex) value of A, not only for admissible A > 1.

In terms of the modified extremal polynomial P(X), the boundary conditions
(1.46)-(1.47) read as follows

PA—=1)=P(A+1)=0,

PA—1)=20-1%  PA+1)=-20\+1)?
whereas the second derivative of P has the form

(A.4) P'(X) = —aX 4 (aX— B) X +d(d+ 1)k X971,

where «, § are determined by (A.3), cf. Section 1.9. In particular, P is of the
form

(A5)  Po(X, ) = agW) X3 4+ a1 (N X2 4+ 5 X 4 a3(V\)X + aa(N),

where ag, a1, a3, aq are rational fractions in A, which depend on k in an affine
way. For convenience, we introduce

(A6) SN =O+DF+0=DF 4N =0+DF-0A-1Dk
Then, ag, a; are solutions of the linear system:
(d + 3)Ad+2()\) ap + (d + 2)Ad+1()\) ay = —(d + 1)Ad()\) KR — 25[1()\),

(A.3)

AT (01 3)Su1200) — Aara) (N ao + ((d +2)Surs (V) — Agr)(N ar

= (Aa+1(A) = (d + 1)Sa(N)) £ — 244(N),
whereas ag, a4 are deduced from ag, a1 by

15 = 5 (AarsN) a0 + Agso (N ar + 5 Agia(N),
(A.8)

ay = %(/\2 — 1)(Ag2(X) ao + Agr1(N) a1 + 5 Ag(N)),
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We thus get (see also [8]):

AR
1

oY) (2 Asara(N) = 8(d + AN — 1)d) ’

ao (—Sgd+2()\) 1202 — 1) 4(d + 1)2(\2 — 1)d)

(A.9)

AN
1

+ NG <—2 Asgra(\) +4(2d + 3)(A\2 — 1)L 1 16(d + 2)(\2 — 1)d) ,

(232d+3()\) — A2 = 1) 8(d + 1)(d + 2)A(N2 — 1)d)

(A.11)

2 _1\d K
2 Al Al)) ( - %(V — 12451 (N) = 2(d + 2)2(A2 = 1) Az (\) + 20(A2 = 1) Agra(N)

az —

FAF 1)@+ DMaa() — 502~ DAgs(3) — 20+ 17 Aa5(V)

( — 2N — 1)24, — 2(2d + 3)(\2 — 1) Agia(N)

= 8(d+2)Agr2(N) +4(d + DA Aas(V))

(A.12)
()\2 _ 1)d+1 K
A(X)

ay = <§(A2 —1)2Ag(A) +2(d + 2)*(\ — 1) Ag(A) = 2A(N* — 1) Ag1 (D)

2
~ 4+ DA+ 2M a1 ) + 20 + 1240120 + 5 Aasa ()

(A2 — 1)d+1

A0) (40d+2)0% + 1) 401 () = 4d + DAas2 (V)

where we have set:

(A.13) AN) = —Saq44(N) +4(d + 2)?(N2 — 1) 4 2(A% —1)7+2,

Proposition A.1. — For any real number k, the discriminant of Py(X) is
non-zero in R(X).
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Proof. — 1In general, for any polynomial f(X) = Y7 ;a; X""* = ag [T (X -
tj) with coeflicients in some field K, with a9 # 0 and n > 1, the discrimi-
nant9), D(f), of f is defined by

(A.14) D(f)=ay'R(f, ) =ad" > [[t; — ta) = af 2Hf
J#k

where R(f, f’) denotes the resultant) of f and its derivative f’, and tj,
j=1,...,n, denote the n roots of f in a suitable field extension K of K.

In the present case, we observe that P.(X), defined by (A.5), can be written

(A.16) P(X)=®(X)+ (X + 2382) P/ (X),
by setting ®(X) = —X?Q(X) and

Q(X) =(d+2)ag(A\) X + ((d+3) ap(N) 2285 +(d+1)ar(N) X?
(A.17) () (V)

+((d+2)ar(N)

2300 +d/1)X—|-(d+1)/£a3()\).

We then have R(P, P') = R(®, P’), hence

3
(A.18) D(P) = (=1)%(d + 2)"3ag(\)Pas(N) [ P'(8),
i=1

—

where (31, 32, O3 denote the roots of @ in a suitable field extension, R(\), of
R()N). Tt follows that D(P) is zero in R(A) if and only if P'(3;) = 0 in R())
for some ¢ = 1,2 or 3. We show that this cannot happen by considering the

(19 We here adopt the definition which appears in [28]. The definition in [6] differs by a

factor (—1) S

(D Recall that the resultant R(f, g) of two polynomials f(X) = 3" a; X" = ao [T (X—
t;)and g =Y b X™ " =bo [[7, (X — ur), with aobo # 0, has the following expressions:
a1 IS 10) CRINED | RS | e

j=1lr=1 Jj=1
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behaviour of the product H3_1 P’(3;) near A = £1. Notice that

ao(A) = (/’i¥2)
(A.19) ar(\) =2 -k £1,
az(\) = (~(d+1)r) £2) AF 1),

)
as(N) = (de F2)(A F 1)4F1,
modulo terms of hlgher orders in (AF 1) near A = £1. We temporarily assume
that x # 2 Z and Kk # d+1, ( ) exactly of order 1 in (A F 1) near

A ==+1. We also assume k # +2 and K # 0. It then follows that one root, (3
say, of @) is of order 1 as well, with

~ BT
(A.20) B3 = d AT,
KF g
whereas the other two, 31, 82 tend to the roots, r1,ry say, of the equation

(d+2)

(A.21) (KF2) X2+ (d+1)(—k£1) X +dr =0,

which are both finite (as £ # %£2) and non zero (as k # 0). It is easily
checked that, for i = 1,2, the limit of P'(5;) at A = £1, which is equal to

rd((d+3)r + (d + 2)(—k £ 1)r; + (d 4 1)k), is non-zero for any value of & ;

(3
indeed, a common root, 7, of (A.21) and of the equation

(A.22) @(H:F2)X2+(d+2)(—/€ﬂ:1)X+(d+ 1)k = 0.
would satisfy r = — 2:?51) = — (_i’;l), which is clearly impossible. In partic-

ular, P'(f1) and P’((32) are both non zero in K. As for P'(f33), we have
P'(B3) = az(A) + (d + 1)az /35

)(A.23) e , )
ICEF=T (F 7)™ = wleF ) AF 1)

modulo terms of higher orders in A F 1. If P’(f3) was zero in K, the rhs of
(A.23) would be zero for A = —1 and A = 1, meaning that x and —x would be
both a root of the equation

2 2
A.24 X+ 2 )t x(x 4+ 2y =,
(A.24) ( +d+1) ( +d) 0

On the other hand, if h(X) = ZdH ;. X?+1=7 denotes the polynomial in the
rhs of (A.24), we have that

2 ()

(A.25) Bl 7 B s T s ey pj-1(d),
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for j =0,...,d+1, by setting ¢ (z) = 271 — (z — k)(z + 1), for any integer
k. It follows that cg = ¢; = 0, whereas ¢; > 0 for any j > 2. To prove the
last assertion, it is sufficient to check that ¢y (z) is positive on [1,+o0) for
all integers k > 1. Observe that ¢} (z) = (k+ 1)¢g—1(z). We then conclude
by a simple argument by induction: if pi_1 is positive, then ;. is increasing,
hence positive on [1,400), as ¢r(1) = 1; the argument by induction is then
completed by observing that ¢1(x) = 1. We infer that x and —k cannot be
simultaneously roots of (A.24), proving that P’((33) is non-zero in K. The case
when k is £2, :l:%, idiﬂ which were discarded in the argument, is solved by
using the same argument at A = —1 or at A = 1 and by observing that none of
these values is a root of the equation (A.24). If k = 0, we observe that (A.16)
holds with ® = — X! Q(X) and

Q(X) = (d+2)ag(N)X* + ((d + 3) ag(N)
as(\)
ag()\) ’

This polynomial has two roots, ai, a9, in some extension of R(\) and, as
before, the discriminant of P is zero if and only if P’(cay) or P'(«z) is 0 in this

+(d+1)ar(N) X2
(A.26)
+ (d + 2) ay ()\)

extension. One of these roots, ay say, is zero at A = 1, with ap = @D (AF1),
whereas oy = 2&1:21))‘ Then, P'(aq) = i% # 0 at A = £1, whereas
P'(a1) = a3(N) is non-zero in R(A). This completes the proof of Proposition
Al U
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