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ABSTRACT. We develop in detail the theory of c-projective geometry, a natural ana-
logue of projective differential geometry adapted to complex manifolds. We realise it
as a type of parabolic geometry and describe the associated Cartan or tractor con-
nection. A Kéhler manifold gives rise to a c-projective structure and this is one of
the primary motivations for its study. The existence of two or more Kéahler metrics
underlying a given c-projective structure has many ramifications, which we explore
in depth. As a consequence of this analysis, we prove the Yano—Obata Conjecture
for complete Kéhler manifolds: if such a manifold admits a one parameter group of
c-projective transformations that are not affine, then it is complex projective space,
equipped with a multiple of the Fubini-Study metric.

INTRODUCTION

C-projective geometry is a natural analogue of real projective differential geometry
for complex manifolds. Like projective geometry, it has many facets, which have been
discovered and explored independently and repeatedly over the past sixty years. Our
aim in this work is to develop in detail a unified theory of c-projective geometry, which
highlights its relation with real projective geometry as well as its differences.

Projective geometry is a classical subject concerned with the behaviour of straight
lines, or more generally, (unparametrised) geodesic curves of a metric or affine connec-
tion. It has been known for some time [66, 99| that two non-proportional metrics can
have the same geodesic curves: central projection takes great circles on the n-sphere,
namely the geodesics for the round metric, to straight lines in Euclidean n-space,
namely geodesics for the flat metric. The quotient of the round n-sphere under the an-
tipodal identification may be identified with the flat model for n-dimensional projective
geometry: the real projective n-space RP", viewed as a homogeneous space under the
group PSL(n+1, R) of projective transformations, which preserve the family of (linearly
embedded) projective lines RP' < RP". More generally, a projective structure on a
smooth n-manifold (for n > 2) is an equivalence class of torsion-free affine connections
having the same geodesic curves. In this setting, it is a nontrivial and interesting ques-
tion whether these curves are the geodesic curves of a (pseudo-)Riemannian metric,
i.e. whether any connection in the projective equivalence class preserves a nondegen-
erate metric, possibly of indefinite signature. Such projective structures are called
metrisable and the corresponding metrics compatible. Rather surprisingly, the partial
differential equations controlling the metrisability of a given projective structure can
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be set up as a linear system [13, 40, 70, 94]. More precisely, there is a projectively
invariant linear differential operator acting on symmetric contravariant 2-tensors such
that the nondegenerate elements of its kernel correspond to compatible metrics.

In modern language, a projective structure determines a canonical Cartan con-
nection [39] modelled on RP", and hence projective geometry is a parabolic geome-
try |36, 42]. In these terms, the metrisability operator is a first BGG (Bernstein—
Gelfand—Gelfand) operator, which is a differential operator of finite type [43]. Tts
solutions correspond to parallel sections of a bundle with connection, which is, up to
curvature corrections, a linear representation of the Cartan connection. The kernel is
thus finite-dimensional; it is zero for generic projective structures, with the maximal
dimension attained on the flat model RP". The parabolic viewpoint on projective
geometry has proven to be very useful, for example in understanding projective com-
pactifications of Einstein metrics [31, 34|, the geometry of holonomy reductions of
projective structures |6, and (solving problems posed by Sophus Lie in 1882) projec-
tive vector fields on surfaces [22, 75].

Projective geometry has been linked to the theory of finite dimensional integrable
systems with great success: the equation for symmetric Killing tensors is projectively
invariant [42|, and (consequently) the existence of two projectively equivalent metrics
on a manifold implies the existence of nontrivial integrals for the geodesic flows of
both metrics. This method has been effectively employed when the manifold is closed
or complete (see e.g. |72, 74]). Moreover, the integrability of many classically stud-
ied integrable geodesic flows (e.g., on ellipsoids) is closely related to the existence of
a projectively compatible metric, and many geometric structures that lead to such
integrable geodesic flows have been directly related to the existence of a projectively
compatible metric, see e.g. [9, 13].

C-projective geometry arises when one retells this story, mutatis mutandis, for com-
plex or, indeed, almost complex manifolds, i.e. smooth manifolds equipped with an
almost complex structure J, which is a smooth endomorphism of the tangent bundle
such that J? = —Id. On such a manifold M, the relevant (pseudo-)Riemannian metrics
are Hermitian with respect to J, i.e. J-invariant, and the relevant affine connections
are those which preserve J, called complex connections. Such connections cannot be
torsion-free unless the almost complex structure is integrable, i.e. its Nijenhuis tensor
vanishes identically [89]. This holds in particular if the Levi-Civita connection of a
Hermitian metric g preserves J, in which case g is called a (pseudo-) Kihler metric.

In 1947, Bochner [12, Theorem 2| observed that any two metrics that are Kéhler
with respect to the same complex structure cannot be projectively equivalent (i.e. have
the same geodesic curves) unless they are affinely equivalent (i.e. have the same Levi-
Civita connection). This led Otsuki and Tashiro [90] to introduce a broader class
of curves, which they called “holomorphically flat”, and which depend on both the
connection and the (almost) complex structure. We refer to these curves as J-planar:
whereas a geodesic curve for an affine connection V is a curve ¢ whose acceleration
V¢ is proportional to its velocity ¢, a J-planar curve is one whose acceleration is in
the linear span of ¢ and J¢. On a Riemann surface, therefore, all curves are J-planar.
The other common manifold where it is possible to see all J-planar curves without
computation is complex projective space with its Fubini-Study connection. The point
here is that the linearly embedded complex lines CP' < CP" are totally geodesic.
Therefore, the J-planar curves on CP" are precisely the smooth curves lying within
such complex lines. Viewed in a standard affine coordinate patch C* — CP", the
J-planar curves are again the smooth curves lying inside an arbitrary complex line
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{az+0b} C C" but otherwise unconstrained. Evidently, these are the intrinsic J-planar
curves for the flat connection on C”.

The J-planar curves provide a nontrivial notion of projective equivalence in com-
plex differential geometry, due to Otsuki and Tashiro [90] in the Kéhler setting, and
Tashiro [98] for almost complex manifolds in general. Two complex connections on
an almost complex manifold (M, J) are c-projectively equivalent if they have the same
torsion and the same J-planar curves. An almost c-projective manifold is a complex
manifold (M, J) equipped with a c-projective equivalence class of such connections.
If J is integrable, we follow the usual convention and drop the word “almost” to ar-
rive at the notion of a c-projective manifold. We caution the reader that Otsuki and
Tashiro [90], and many later researchers, refer to “holomorphically projective corre-
spondences”, rather than c-projective equivalences, and many authors use the termi-
nology “h-projective” or “holomorphic(ally) projective” instead of “c-projective”. We
avoid their terminology because the connections in a c-projective class are typically
not holomorphic, even if the complex structure is integrable; similarly, we avoid the
term “complex projective structure”, which is often used for the holomorphic analogue
of a real projective structure, or related concepts.

During the decades following Otsuki and Tashiro’s 1954 paper, c-projective struc-
tures provided a prominent research direction in Japanese and Soviet differential geom-
etry. Many of the researchers involved had some background in projective geometry,
and the dominant line of investigation sought to generalise methods and results from
projective geometry to the c-projective setting. This was a very productive direc-
tion, with more than 300 publications appearing in the relatively short period from
1960 to 1990. One can compare, for example, the surveys by Mikes [82, 83|, or the
papers of Hiramatu [53, 54|, to see how successfully c-projective analogues of results
in projective geometry were found. In particular, the linear system for c-projectively
equivalent Kéhler metrics was obtained by Domashev and Mikes [41], and its finite
type prolongation to a connection was given by Mikes [81].

Relatively recently, the linear system for c-projectively equivalent Kéahler metrics
has been rediscovered, under different names and with different motivations. On a
fixed complex manifold, a compatible (pseudo-)Kéhler metric is determined uniquely
by its Kéhler form (a compatible symplectic form), and under this correspondence,
c-projectively equivalent Kéhler metrics are essentially the same as Hamiltonian 2-
forms defined and investigated in Apostolov et al. |2, 3, 4, 5|: the defining equation |2,
(12)] for a Hamiltonian 2-form is actually algebraically equivalent to the metrisability
equation (125). In dimension > 6, c-projectively equivalent metrics are also essentially
the same as conformal Killing (or twistor) (1,1)-forms studied in [86, 92, 93], see |2,
Appendix A] or [78, §1.3] for details.

The work of |2, 3| provides, a postiori, local and global classification results for
c-projectively equivalent Kéahler metrics, although the authors were unaware of this
interpretation, nor the pre-existing literature. Instead, as explained in |2, 3| and [26],
the notion and study of Hamiltonian 2-forms was motivated by their natural appear-
ance in many interesting problems in Kéhler geometry, and the unifying role they play
in the construction of explicit Kéhler metrics on projective bundles. In subsequent
papers, e.g. |4, 5|, Hamiltonian 2-form methods were used to construct many new
examples of Kahler manifolds and orbifolds with interesting properties.

Another independent line of research closely related to c-projectively equivalent met-
rics (and perhaps underpinning the utility of Hamiltonian 2-forms) appeared within
the theory of finitely dimensional integrable systems. C-projectively equivalent metrics
are closely related (see e.g. [61]) to the so-called Ké&hler—Liouville integrable systems
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of type A introduced and studied by Kiyohara in [59]. In fact, Topalov [100] (see
also [60]) shows that generic c-projectively equivalent Kéhler metrics have integrable
geodesic flows, cf. [101] for the analogous result in the projective case. On the one
hand, integrability provides, as in projective geometry, a number of new methods that
can be used in c-projective geometry. On the other hand, examples from c-projective
geometry turn out to be interesting for the theory of integrable systems, since there
are only a few known examples of Kéhler metrics with integrable geodesic flows.

Despite the many analogies between results in projective and c-projective geometry,
there seem to be very few attempts in the literature to explain why these two subjects
are so similar. In 1978, it was noted by Yoshimatsu [103] that c-projective manifolds
admit canonical Cartan connections, and this was generalised to almost c-projective
manifolds by Hrdina [55] in 2009. Thus c-projective geometry, like projective geometry,
is a parabolic geometry; its flat model is CP", viewed as a homogeneous space under
the group PSL(n + 1,C) of projective transformations, which preserve the J-planar
curves described above. Despite this, c-projective structures have received very little
attention in the parabolic geometry literature: apart from the work of Hrdina, and
some work in dimension 4 [28, 80|, they have only been studied in [6], where they
appear as holonomy reductions of projective geometries. A possible explanation for
this oversight is that PSL(n+1, C) appears in c-projective geometry as a real Lie group
and, as such, its complexification is semisimple, but not simple. This is related to the
subtle point that most interesting c-projective structures are not holomorphic.

The development of c-projective geometry, as described above, has been rather non-
linear until relatively recently, when a number of independent threads have converged
on a coherent set of ideas. However, a thorough description of almost c-projective
manifolds in the framework of parabolic geometries is lacking in the literature. We
therefore believe it is timely to lay down the fundamentals of such a theory.

The article is organised as follows. In Section 1, we survey the background on almost
complex manifolds and complex connections. As we review in Section 1.2, the torsion
of any complex connection on an almost complex manifold, of real dimension 2n > 4,
naturally decomposes into five irreducible pieces, one of which is invariantly defined
and can be identified as the Nijenhuis tensor. All other pieces can be eliminated by a
suitable choice of complex connection, which we call minimal. In first four sections of
the article we carry along the Nijenhuis tensor in almost all calculations and discussions.

Section 2 begins with the classical viewpoint on almost c-projective structures, based
on J-planar curves and equivalence classes of minimal complex connections [90]. We
then recall the notion of parabolic geometries and establish, in Theorem 2.8, an equiv-
alence of categories between almost c-projective manifolds and parabolic geometries
with a normal Cartan connection, modelled on CP".

As a consequence of this parabolic viewpoint, we can associate a fundamental local
invariant to an almost c-projective manifold, namely the curvature s of its normal
Cartan connection; furthermore, x = 0 if and only if the almost c-projective manifold is
locally isomorphic to CP" equipped with its standard c-projective structure. Since the
Cartan connection is normal (for this we need the complex connections to be minimal),
its curvature is a 2-cycle for Lie algebra homology, and is uniquely determined by its
homology class, also known as the harmonic curvature. We construct and discuss this
curvature in section 2.7. For almost c-projective structures there are three irreducible
parts to the harmonic curvature. One of the pieces is the Nijenhuis tensor, which is
precisely the obstruction to the underlying almost complex manifold actually being
complex. One of the other two parts is precisely the obstruction to there being a
holomorphic connection in the c-projective class. When it vanishes we end up with
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holomorphic projective geometry, i.e. ordinary projective differential geometry but in
the holomorphic category. The remaining piece can then be identified with the classical
projective Weyl curvature (for n > 3) or Liouville curvature (for n = 2).

Another consequence of the parabolic perspective is that representation theory is
brought to the fore, both as the appropriate language for discussing natural bundles
on almost c-projective manifolds, and also as the correct tool for understanding invari-
ant differential operators on the flat model, and their curved analogues. The various
BGG complexes on CP" and their curved analogues are systematically introduced and
discussed in Section 3.

In particular, there is a BGG operator that controls the metrisability of a c-projective
structure just as happens in the projective setting. A large part of this article is de-
voted to the metrisability equation, which we introduce in Section 4, where we also
obtain its prolongation to a connection, not only for compatible (pseudo-)Ké&hler met-
ric, but also in the non-integrable case of quasi-Kéhler or (2,1)-symplectic structures.
For the remainder of the article, we suppose that the Nijenhuis tensor vanishes, in
other words that we are starting with a complex manifold. In this case, a compatible
metric is exactly a (pseudo-)Ké&hler metric (and a normal solution of the metrisability
equation corresponds to a (pseudo-)K&hler—Einstein metric). We shall also restrict
our attention to metric c-projective structures, i.e. to the metrisable case where the
c-projective structure arises from a (pseudo-)Kéhler metric. Borrowing terminology
from the projective case, we refer to the dimension of the solution space of the metris-
ability equation as the (degree of) mobility of the metric c-projective structure (or of
any compatible (pseudo-)Kahler metric). We are mainly interested in understanding
when the metric c-projective structure has mobility at least two, and the consequences
this has for the geometry and topology of the manifold.

In Section 5, we develop the consequences of mobility for integrability, by showing
that a pencil (two dimensional family) of solutions to the metrisability equation gen-
erates a family of holomorphic Killing vector fields and Hermitian symmetric Killing
tensors, which together provide commuting linear and quadratic integrals for the ge-
odesic flow of any metric in the pencil. In Section 6, we study an important, but
somewhat mysterious, phenomenon in which tractor bundles for metric c-projective
geometries are naturally equipped with congenial connections, which are neither in-
duced by the normal Cartan connection nor equal to the prolongation connection, but
which have the property that their covariant constant sections nevertheless correspond
to solutions of the corresponding first BGG operator.

We bring these tools together in Section 7, where we establish the Yano—Obata
Conjecture for complete Kéahler manifolds, namely that the identity component of the
group of c-projective transformations of the manifold consists of affine transformations
unless the manifold is complex projective space equipped with a multiple of the Fubini—
Study metric. This result is an analogue of the the Projective Lichnerowicz Conjecture
obtained in |73, 74], but the proof given there does not generalise directly to the c-
projective situation. Our proof also differs from the proof for closed manifolds given
in [77], and makes use of many preliminary results obtained by the methods of parabolic
geometry, which also apply in the projective case.

Here, and throughout the article, we see that not only results from projective geom-
etry, but also methods and proofs, can be generalised to the c-projective case, and we
explain why and how. We hope that this article will set the scene for what promises
to be an interesting series of further developments in c-projective geometry. In fact,
several such developments already appeared during our work on this article, which we
discuss in Section 8.
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1. ALMOST COMPLEX MANIFOLDS

Recall that an almost complex structure on a smooth manifold M is a smooth en-
domorphism J of the tangent bundle T'M of M that satisfies J?> = —Id. Equivalently,
an almost complex structure makes T'M into a complex vector bundle in which multi-
plication by ¢ is decreed to be the real endomorphism .J. In particular, the dimension
of M is necessarily even, say 2n, and an almost complex structure is yet equivalently
a reduction of structure group to GL(n,C) C GL(2n,R).

1.1. Real and complex viewpoints. If M is a complex manifold in the usual sense
of being equipped with holomorphic transition functions, then T'M is a complex vector
bundle and multiplication by ¢ defines a real endomorphism T'M — T'M, which we
write as J. This is enough to define the holomorphic structure on M: holomorphic
functions may be characterised amongst all smooth complex-valued functions f = u+iv
as satisfying Xu = (JX)v for all vector fields X (the Cauchy—Riemann equations).
Thus, complex manifolds may be regarded as a subclass of almost complex manifolds
and the celebrated Newlander—Nirenberg Theorem tells us how to recognise them:

Theorem 1.1 (Newlander—Nirenberg, [89]). An almost complex manifold (M, J) is a
complex manifold if and only if the tensor

N(X,Y) = [X,Y] - [JX,JY]+ J([JX,Y] + [X, JY]) (1)

vanishes for all vector fields X and Y on M, where [ , | denotes the Lie bracket of
vector fields.

Note that N7: TM x TM — TM is a 2-form with values in TM, which satisfies
NY(JX,Y) = =JN/(X,Y). It is called the Nijenhuis tensor of J. When NY van-
ishes we say that the almost complex structure J is integrable. This viewpoint on
complex manifolds, as even-dimensional smooth manifolds equipped with integrable
almost complex structures, turns out to be very useful especially from the differential
geometric viewpoint.

It is useful to complexify the tangent bundle of M and decompose the result into
eigenbundles under the action of J. Specifically,

CTM =T""M o T""M ={X st. JX =iX}®{X st. JX = —iX}. (2)

Notice that T%'M = T1OM. There is a corresponding decomposition of the com-
plexified cotangent bundle, which we write as /A'M or simply Al if M is understood.
Specifically,

A= AT A =y st. Jw = —iw} @ {w s.t. Jw = iw}, (3)

where sections of A respectively of A%! are known as 1-forms of type (1,0) respec-
tively (0,1), see e.g. [62]. Notice that the canonical complex linear pairing between
CTM and A'M induces natural isomorphisms A% = (T%1)* and A0 = (TH0)* of
complex vector bundles.

It is convenient to introduce abstract indices [91] for real or complex tensors on M
and also for sections of the bundles T M, A%! and so on. Let us write X for real or
complex fields and w, for real or complex 1-forms on M. In local coordinates o would
range over 1,2, ..., 2n where 2n is the dimension of M. Let us denote by X“ a section
of TV M. In any frame, the index a would then range over 1,2, ..., n. Similarly, let us
write X for a section of T%!'M and the conjugate linear isomorphism T%'M = T1O0M
as X% — X = X% Accordingly, sections of A"? and A%! will be denoted by w,
and w; respectively, and the canonical pairings between T1OM and AV, respectively
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T M and A%!, written as X%w,, respectively X%y, an abstract index counterpart to
the Einstein summation convention.

We shall need the complex linear homomorphism CT'M — TYO9M defined as pro-
jection onto the first summand in the decomposition (2) and given explicitly as X
(X —iJX). It is useful to write it in abstract indices as

2
X% — I X
It follows that the dual homomorphism A" < Al is given in abstract indices by
we — Ew,
and also that the homomorphisms CTM — T%'M and A%! — Al are given by
X T2X* and  wg = %W,
respectively.

Let us denote by X — T12X*, the inclusion T"YM < CTM, paying attention to
the distinction in their indices between IIZ and II§. Various identities follow, such
as T1°TI% = 6, where the Kronecker delta 6,° denotes the identity transformation
on T'OM. The symbol II¢ also gives us access to the dual and conjugate homomor-
phisms. Thus,

wWo — W,
extracts the (0, 1)-part of a complex-valued 1-form w, on M. The following identities
are immediate from the definitions

e’ = 1(6,% —iJ.”) eI = 16,7 +4J.7)
mneJ,? =i’ meJ,? = —I (4)
JoP1Y = 411 JoPTG% = —ille.

They are indispensable for the calculations in the following sections. Further useful
abstract index conventions are as follows. Quantities endowed with several indices
denote sections of the tensor product of the corresponding vector bundles. Thus,
a section of TM ® TM would be denoted X*? whilst ®,° is necessarily a section
of T*M ® T'M or, equivalently, an endomorphism of TM, namely X? — &,/ X%, yet
equivalently an endomorphism of T*M, namely w, — ®,°ws. We have already seen
this notation for an almost complex structure .J,”. But it is unnecessary notationally
to distinguish between real- and complex-valued tensors. Thus, by w, we can mean a
section of T*M or of A'M := CT*M and if a distinction is warranted, then it can be
made in words or by context. For example, an almost complex structure J,° is a real
endomorphism whereas II? is necessarily complex.

Symmetry operations can also be written in abstract index notation. For example,
the skew part of a covariant 2-tensor ¢,z is %(gzﬁag — $pa), which we write as ¢,
Similarly, we write ¢ = %(gbaﬁ + ¢pa) for the symmetric part and then ¢,5 =
P(ap) T Plag) realises the decomposition of vector bundles A' @ Al = S?°A & A%, In
general, round brackets symmetrise over the indices they enclose whilst square brackets
take the skew part, e.g.

Rag"s = Riag"s) = §(Rag”s + Ras”a + Rsa”3 — Rga"s — Ras”"3 — Rsg’a)-

By (3) differential forms on almost complex manifolds can be naturally decomposed
according to type (see e.g. [62]). We pause to examine the decomposition of 2-forms,
especially from the abstract index point of view. From (3) it follows that the bundle
A? of complex-valued 2-forms decomposes into types according to

/\2 — /\2(/\0,1 @/\1,0) — /\0,2 @/\1,1 EB /\2,0 (5)
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and, as we shall make precise in Section 3.3, there is no finer decomposition available
(it is a decomposition into irreducibles). Using the projectors I1% and II$, we can
explicitly execute this decomposition:

Wap (ﬁgﬁgwag, Hgﬁgwag, Hg‘Hbﬁwaﬁ)
Haﬂﬂwab + 2H[ Hm ab + 1 Hﬂwab < ( Wabs Wabs (A)ab)

in accordance with (4). Notice that we made a choice here, namely to identify A1 as
ALY @ A% in this order and, consequently, write forms of type (1,1) as w,;. We could
equally well choose the opposite convention or, indeed, use both conventions simulta-
neously representing a (1,1) form as w,; and/or wg, but now subject to w,; = —wp,-
Strictly speaking, this goes against the conventions of the abstract index notation [91]
but we shall allow ourselves this extra leeway when it is useful. For example, the
reconstructed form w,g may then be written as

Two-forms of various types may be characterlsed as
Wap 1s type (0,2) <= J, wpg, = iwag
Way 1s type (1,1) <= J wg, =0 (6)
Wap 18 type (2,0) <= J, wg, = —iwag
but already this is a little awkward and becomes more so for higher forms and ex-
tremely awkward when attempting to decompose more general tensors as we shall
have cause to do when considering torsion and curvature. Notice that forms of type
(1,1) in (6) are characterised by a real condition. Indeed, the complex bundle A is
the complexification of a real irreducible bundle whose sections are the real 2-forms
satisfying Ji,"wg, = 0. As for forms of types (0,2) and (2,0), there is a real bundle
whose sections satisfy
Ja’yjﬁéwfyg = —Waup
(as opposed to J,"J5’w,s = wag for sections of A1) and whose complexification is
AY2 @B 20 Thus, the real 2-forms split irreducibly into just two kinds but the complex
2-forms split into three types (5).
Notice that if FE is a complex vector bundle on M, then we can decompose 2-forms
with values in E into types by using the same formulae (6). In particular, we can do

this on an almost complex manifold when E = T M, regarded as a complex bundle via
the action of J. Writing this out explicitly, a real tensor T,537 = T, is said to be

of type (0,2) <= J 7T/gv‘S = Ta/g“*JV‘S
of type (1,1) <= J,"T,° =0 (7)
of type (2,0) <= J,Tp,° = —Tus"J,°

For example, as the Nijenhuis tensor (1) satisfies N/(Y,JX) = JN’/(X,Y), it is of
type (0,2). Further to investigate this decomposition (7), it is useful to apply the
projectors I1¢ and II$ to obtain

Ty = ML T, T =TT T, Ty = ST T, 8"
Tyt = T T, 8" T¢ = ST T, T = ST T,
satisfying

T’ =Tan)® T =Ty T =Tiar)®  Tp° = Tiag®
m - TaBE T
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and from which we can recover T,3" according to
T = T T + 2000 T T T,° + T TSI T,
a l_) C a C
+ TATI I T + 2004, T T 75" + TISIISTT) T,
From (4) and (7), the splitting of T,,5” into types corresponds exactly to components
type (0,2) < (T abEa T—*C)
type (1, 1) <> (705", Tu°) (8)
type (270) ( ab 7 )
), a

Notice that, for each of types (1,1) and (2,0
antly extracted.

complex-valued 1-form can be invari-

type (1,1) 1o = MT5° = L(T0p’ +iT0p J,°)

type (2,0) o = M2T0" = 2 (Tos” — iTus" 7).

On the other hand, just from the index structure, tensors 7,57 = Tjog” of type (0,2)
seemingly cannot be further decomposed (and this is confirmed in Section 3.3). In
any case, it follows easily from J,YT3,° = T,57J,° that T,s" of type (0,2) satisfy
T.s" =0="T,5"JJ".

1.2. Complex connections. The geometrically useful affine connections V on an
almost complex manifold (M, .J) are those that preserve J,”, i.e. V,J37 = 0. We call
them complex connections. The space of complex connections is an affine space over
the vector space that consists of 1-forms with values in the complex endomorphisms
gl(T'M, J) of TM. A complex connection V naturally extends to a linear connection
on CT'M that preserves the decomposition into types (2). Indeed, preservation of type
is also a sufficient condition for an affine connection to be complex.

Given a complex connection V, we denote by T,z” its torsion, which is a 2-form
with values in TM. As such T,3" naturally splits according to type into a direct sum
of three components as in (7). A straightforward computation shows that the (0, 2)-
component of the torsion of any complex connection equals —}LN 7. In particular, this
component is an invariant of the almost complex structure and cannot be eliminated
by a suitable choice of complex connection. However, all other components can be
removed. To see this, suppose V is another complex connection. Then there is an
element v € T*M ® gl(T'M, J) such that V = V +uo. It follows that their torsions are
related by the formula T =T + Ov, where 9 is the composition

T"M @ g(TM,J) = T*M @ T*M @ TM — N°T*M @ TM
Uag,y — 21)[046]7.
Notice that the image of 0 is spanned by 2-forms of type (2,0) and (1,1). Consequently,
its cokernel can be identified with forms of type (0,2). Hence, any complex connection

can be deformed in such a way that its torsion is of type (0,2). We have shown the
following classical result:

Proposition 1.2 (|62, 69]). On any almost complex manifold (M, J) there is a complex
connection such that T' = —iNJ.

Since 0 is not injective such a complex connection is not unique. Complex connec-
tions V with 7= —{ N form an affine space over

kerd = (S*T"M @ TM) N (T*M @ gl(TM, J)) (9)
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and are called minimal connections.
From Proposition 1.2 and the above discussion one also deduces immediately:

Corollary 1.3. There exists a complex torsion-free connection on an almost complex
manifold (M, J) if and only if N7 = 0.

Remark 1.1. We have already noted that the cokernel of 0 can be identified with
tensors T,g” such that

T =0 Jo'Ts," =Tag"J,".

Consequently, Tn5° = T,57J," = 0. As we shall see in Section 3.3, such tensors are
irreducible. More precisely, the natural vector bundles on an almost complex manifold
(M, J) correspond to representations of GL(n,C) and we shall see that coker d corre-
sponds to an irreducible representation of GL(n, C). On the other hand, its kernel (9)
decomposes into two irreducible components, namely a trace-free part and a trace part.
We shall see in the next section that deforming a complex connection by an element
from the latter space exactly corresponds to changing a connection c-projectively.

2. ELEMENTS OF C-PROJECTIVE GEOMETRY

We now introduce almost c-projective structures, first from the classical perspective
of J-planar curves and equivalence classes of complex affine connections [90], then
from the modern viewpoint of parabolic geometries [36, 55, 103]. The (categorical)
equivalence between these approaches is established in Theorem 2.8. This leads us to
study the intrinsic curvature of an almost c-projective manifold, namely the harmonic
curvature of its canonical normal Cartan connection.

2.1. Almost c-projective structures. Recall that affine connections V and V on a
manifold M are projectively equivalent if there is a 1-form Y, on M such that

VoX7 = Vo X7+ To X7 +6,1 T X" (10)

Suppose now that (M, J) is an almost complex manifold. Then V and V are called
c-projectively equivalent, if there is a (real) 1-form Y, on M such that

VX7 = Vo X7 4 045" X5, (11)
where Ua/gfy = %(Tadg’y + (SQ’YTB — JaéT(;Jg’y — JafyT(;Jﬁé).

Note that v,57J,° = va,°J57. In other words v,57 is a 1-form on M with values in

gl(T'M, J), which implies that if V is a complex connection, then so is V. Moreover
Uag” = V(ap)” and so c-projectively equivalent connections have the same torsion. In

A

particular, if V is minimal, then so is V.

A smooth curve c¢: (a,b) — M is called a J-planar curve with respect to a complex
connection V, if V¢¢ lies in the span of ¢ and J¢. The notion of J-planar curves
gives rise to the following geometric interpretation of a c-projective equivalence class
of complex connections.

Proposition 2.1 (|55, 84, 90, 98|). Suppose (M, J) is an almost complex manifold and

let V and V be complex connections on M with the same torsion. Then V and V are
c-projectively equivalent if and only if they have the same J-planar curves.

Proof. Suppose V and V are complex connections with the same torsion. If V and \Y
are c-projectively equivalent, then they clearly have the same J-planar curves. Con-
versely, assume that V and V share the same J-planar curves and consider the differ-
ence tensor AalgVYﬁ = @QY"’ — V.Y7. As both connections are complex and have the
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same torsion, the difference tensor satisfies Anp” = Awp)? and Aup7J,° = An°J50.
The fact that V and V have the same J-planar curves and that any tangent vector
can be realised as the derivative of such a curve implies that at any point z € M and
for any nonzero vector Y € T, M there exist uniquely defined real numbers v(Y) and

(YY) such that
A(Y,Y) = A(V)Y + p(Y) T, (12)

Note that v and p give rise to well-defined smooth functions on 7'M \ 0. Extending -y
and p to functions on all of T'M by setting 7(0) = (0) = 0, formula (12) becomes valid
for any tangent vector, and by construction v and p are then clearly homogeneous of
degree one. From A(Y,Y) = —A(JY,JY) we deduce that u(X) = —v(JX) whence

AYY)=~vY)Y —~(JY)JY.
By polarisation we have for any tangent vectors X and Y
A(X,Y):%(A(X+Y,X+Y)—A(X,X)—A(Y,Y)) (13)
=5 ((VX +Y) = 9(X)X + (y(X +Y) —=1(Y))Y)
—(VIX 4+ TY) = 4(JX))JX — (v(JX + JY) —~(JY))JY).

Suppose that X and Y are linearly independent and expand the identity A(X,tY) =
tA(X,Y) for all £ € R using (13). Then a comparison of coefficients shows that

VX +tY) —ty(Y) =v9(X +Y) = (V).

Taking the limit ¢ — 0, shows that v(X +Y) = v(X) + v(Y). Hence, v defines a
(smooth) 1-form and

AX)Y) =2 (AX +Y, X +Y) - A(X, X) — A(Y,Y))
= 3 (VXY +1(V)X = 4(JX)(JY) = 7(JY)IX),

2

for any tangent vector X and Y as desired. 0

Definition 2.1. Suppose that M is manifold of real dimension 2n > 4.

(1) An almost c-projective structure on M consists of an almost complex structure .J
on M and a c-projective equivalence class [V] of minimal complex connections.

(2) The torsion of an almost c-projective structure (M, J,[V]) is the torsion T" of
one, hence any, of the connections in [V], i.e. T = _};N 7

(3) An almost c-projective structure (M, J, [V]) is called a c-projective structure, if
J is integrable. (This is the case if and only if some and hence all connections
in the c-projective class are torsion-free.)

Remark 2.1. If M is a 2-dimensional manifold, any almost complex structure .J is
integrable and any two torsion free complex connections are c-projectively equivalent.
Therefore, in this case one needs to modify the definition of a c-projective structure in
order to have something nontrivial (cf. |23, 24]). We shall not pursue this here.

Remark 2.2. Recall that the geodesics of an affine connection can be also realised as
the geodesics of a torsion-free connection; hence the definition of a projective structure
as an equivalence class of torsion-free connections does not constrain the considered
families of geodesics. The analogous statement for J-planar curves does not hold:
the J-planar curves of a complex connection cannot in general be realised as the .J-
planar curves of a minimal connection. We discuss the motivation for the restriction to
minimal connections in the definition of almost c-projective manifolds in Remark 2.9.
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Definition 2.2. Let (M, Jyr, [VM]) and (N, Jy, [VY]) be almost c-projective manifolds
of dimension 2n > 4. A diffeomorphism ®: M — N is called c-projective transforma-
tion or automorphism, if ® is complex (i.e. T®o Jy = JyoT®) and for a (hence any)
connection V¥ € [V¥] the connection ®*V¥ is a connection in [VM].

From Proposition 2.1 one deduces straightforwardly that also the following charac-
terisation of c-projective transformations holds:

Proposition 2.2. Let (M, Jy, [VM]) and (N, Jx, [VY]) be almost c-projective man-
ifolds of dimension 2n > 4. Then a complex diffeomorphism ®: M — N is a c-
projective transformation if and only if ® maps Jy-planar curves to Jy-planar curves.

Suppose that (M, J,[V]) is an almost c-projective manifold. Let V and V be con-
nections of the c-projective class [V] that differ by Y, as in (11). Then V and V give
rise to linear connections on CTM = T*°M @ T%' M that preserve the decomposition
into types. Hence, they induce connections on the complex vector bundles T'°M and
TO'M. To deduce the difference between the connections V and V on T'OM (re-
spectively T%1 M), we just need to apply the splittings I1% and I1% (respectively their
conjugates) from the previous section to (11). Using the identities (4), we obtain

TI8TT) v TIS = LIOTL) (Yadp™ + 627 Y5 — Ju Lo ds” — Jo Lsds) IS
= LIOTL) (Yo — 600" Ys)IIG + (T — iJ0Y5)IIE)
= (Yo — i’ Ls)0" + 3107 (Y5 — 1T 5)0,°
=T ,0,° + Yp0,°, where T, =117, .
Similarly, we find that ﬁgnf U 115 = 0. These identities are the key to the following:

Proposition 2.3. Suppose (M, J,[V]) is an almost c-projective manifold of dimension

on > 4. Assume two connections V and V in [V] differ by Yo as in (11), and set
T, =15Y, and Tz :=1I¢Y,. Then we have the following transformation rules for
the induced connections on TY°M and T*'M .

(1) VoX©¢ = VX + T X+ 5,51y X and Vo X¢ = V,X¢,
(2) VX =VaX®+ ToX®+6,°T3X and V, X = V,X°.
Proof. We compute
Vo X¢ = MV, (IEI) X?) = IIST1V, (I X )
= I2TIE Vo (I X°) + T8I 007 TT) X
= M2V, (IS X°) + (TI2TT) va TS ) X
= Vo X+ (Tab® + Tp0,5) X" = Vo X4 To X+ 6,°T, X,
as required. The remaining calculations are similar. 0

Remark 2.3. The differential operator Vg: THOM — A M @THOM is c-projectively
invariant, as is its conjugate V,: T%'M — AWM @T% M. (Here and throughout, the
domain and codomain of a differential operator are declared as bundles, although the
operator is a map between corresponding spaces of sections.) This is unsurprising: it
is the usual J-operator on an almost complex manifold whose kernel (in the integrable
case) comprises the holomorphic vector fields.

In contrast, the transformation rules for V,: TY9M — AWM @ T'OM and its
conjugate are analogues of projective equivalence (10) in the (1,0) and (0, 1) direc-
tions respectively. When (M, J) is real-analytic and the c-projective class contains
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a real-analytic connection V, this can be made precise by extending J and [V] to a
complexification M€ of M, so that T"°M and T%'M extend to distributions on M.
If J is integrable, these distributions integrate to two foliations of M®, and [V] induces
projective structures on the leaves of these foliations.

Taking the trace in equation (11) and in the formulae in Proposition 2.3, we deduce:

Corollary 2.4. On an almost c-projective manifold (M, J,[V]), the transformation
rules for the induced linear connections on N**TM, AN"TOM , and A\"T% ' M are:

(1) VoI = VoX + (n+ 1Y%, for & e T(APTM)

(2) Voo = Va0 + (n+ 1)Ye0 and Vao = Vao, for o € T(A*THOM)

(3) Vad = Vad + (n+ 1)Y36 and V,6 = V.5, for 5 € D(A"TO'M).

For the convenience of the reader, let us also record the transformation rules for the
induced connections on T*M, respectively AM? and A%, If two complex connections
V and V are related via T, as in (11), then the induced connections on T*M are
related by

@aqbv = Voﬂsw - %(Toﬂsw + Tvgba - Ja5T5J75¢5 - JaBQSﬁJW&T(S)' (14)
Therefore, we obtain:

Proposition 2.5. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
o2n > 4. Assume two connections V and ¥V in [V] differ by Yo as in (11) and set
T, =1Y, and Y :=1I2Y,. Then we have the following transformation rules for
the induced connections on A\Y° and A%

(1) Vade = Vade — Yate — ¢aYe and Vade = Vad.,
(2) Vave = Vage — Tade — ¢ Te and Ve = Voo .

Note that the real line bundle A?"T'M is oriented and hence admits oriented roots.
We denote (/\Q"TM)#1 by Er(1,1) and for any k € Z we set Ex(k, k) := £(1,1)%F,
where Eg(k, k)" = Er(—k, —k). It follows from Corollary 2.4 that for a section ¥ of
Er(k, k) we have

Vol = VoI + kT, 3. (15)
In particular, we immediately deduce the following result.

Proposition 2.6. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 4. The map sending an affine connection to its induced connection on Eg(1,1)
induces a bijection from connections in [V| to linear connections on Ex(1,1).

Since A*"T'M and Eg(1, 1) are oriented, they can be trivialised by choosing a positive
section. Such a positive section 7 of Eg(1, 1) gives rise to a linear connection on Eg(1, 1)
by decreeing that 7 is parallel and therefore, by Proposition 2.6, to a connection in
the c-projective class. We call a connection V € [V] that arises in this way a special
connection. Suppose 7 and T are two nowhere vanishing sections of Eg(1, 1) and denote
by V and V the corresponding connections. Then 7 = e~/7 for some smooth function
fon M and any o € I'(€g(1,1)) can be written as ¢ = ht = he/7 for a smooth
function h on M. Since Vo = dh ® 7, we have

Vo=dhe!) @+ =dh®@7+df ® 0 = Vo+ (Vf)o.

Therefore, V and V differ by an exact 1-form, namely Yo = V., f.

In some of the following sections, like for instance in Section 3.1, we shall assume
also that the complex line bundle A"T"°M admits a (n + 1)** root and that we have
chosen one, which we will denote by £(1, 0) (following a standard notation on CP"). In
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that case we shall denote its conjugate bundle £(1,0) by £(0,1) and the dual bundle
E(1,0)* by £(—1,0). In general, we shall also write £(k, £) := £(1,0)%* @ £(0,1)®* for
(k,0) € Z x Z and refer to its sections as c-projective densities of weight (k,l). By
Corollary 2.4 we see that, for a c-projective density o of weight (k, ), we have

V.0 =Va0+kY,0 Va0 = Va0 + Y0 (16)
Our notion of c-projective density means, in particular, that we may identify A™° with
E(—n—1,0) and it is useful to have a notation for this change of viewpoint. Precisely,
we may regard our identification £(—n — 1,0) == A™° as a tautological section &g...c
of A"9(n + 1,0), such that a c-projective density p of weight (—n — 1,0) corresponds
to pPap...c, a form of type (n,0). Note that E(k, k) = Er(k, k) @ C.

2.2. Parabolic geometries. For the convenience of the reader we recall here some
basics of parabolic geometries; for a comprehensive introduction see [36].

A parabolic geometry on a manifold M is a Cartan geometry of type (G, P), where
G is a semisimple Lie group and P C G a so-called parabolic subgroup. Hence, it is
given by the following data:

e a principal P-bundle p: G — M

e a Cartan connection w € Ql(g, g)—that is, a P-equivariant 1-form on G with
values in g defining a trivialisation TG = G x g and reproducing the generators
of the fundamental vector fields,

where g denotes the Lie algebra of G. Note that the projection G — G/ P, equipped
with the (left) Maurer—Cartan form wg € Q'(G, g) of G, defines a parabolic geometry
on G/P, which is called the homogeneous or flat model for parabolic geometries of
type (G, P).

The curvature of a parabolic geometry (G 5 M, w) is a 2-form K on G with values
in g, defined by

K(x, &) = dw(x, &) + [w(x),w(&)] for vector fields x and & on G,

where d denotes the exterior derivative and [ , | the Lie bracket of g.

The curvature of the homogeneous model (G — G/ P, w¢) vanishes identically. Fur-
thermore, the curvature K of a parabolic geometry of type (G, P) vanishes identically
if and only if it is locally isomorphic to (G — G/P,wg). Thus, the curvature K
measures the extent to which the geometry differs from its homogeneous model.

Given a parabolic geometry (G & M,w) of type (G, P), any representation E of P
gives rise to an associated vector bundle F := G X p E over M. These are the natural
vector bundles on a parabolic geometry. Notice that the Cartan connection w induces
an isomorphism

Gxpg/p=TM
[u, X +p] = Tp(w™ (X)),

where p denotes the Lie algebra of P and the action of P on g/p is induced by the
adjoint action of GG. Similarly, w allows us to identify all tensor bundles on M with
associated vector bundles. The vector bundles corresponding to P-modules obtained
by restricting a representation of G to P are called tractor bundles. These bundles play
an important role in the theory of parabolic geometries, since the Cartan connection
induces linear connections, called tractor connections, on these bundles. An important
example of a tractor bundle is the adjoint tractor bundle AM = G X p g, which has a
canonical projection to TM corresponding to the P-equivariant projection g — g/p.
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Remark 2.4. The abstract theory of tractor bundles and connections even provides
an alternative description of parabolic geometries (see [30]).

By normalising the curvature of a parabolic geometry, the prolongation procedures
of [35, 85, 95] leads to an equivalence of categories between so-called regular normal
parabolic geometries and certain underlying structures, which may be described in
more conventional geometric terms. Among the most prominent of these are conformal
structures, projective structures, and CR-structures of hypersurface type. In the next
section we shall see that almost c-projective manifolds form another class of examples.

From the defining properties of a Cartan connection it follows immediately that the
curvature K of a parabolic geometry of type (G, P) is P-equivariant and horizontal.
Hence, K can be identified with a section of the vector bundle A?T*M ® AM and
therefore corresponds via w to a section x of the vector bundle

G xp N (g/p) ®g=Gxp/Npp®ag,

where p, is the nilpotent radical of p and the latter isomorphism is induced by the
Killing form of g. Now consider the complex for computing the Lie algebra homology
H.(py,g) of p with values in g:

0glp g Ap, @9+ ...

Since the linear maps 0* are P-equivariant, they induce vector bundle maps between
the corresponding associated vector bundles. Moreover, the homology spaces H;(p, g)
are naturally P-modules and therefore give rise to natural vector bundles. A parabolic
geometry is called normal, if 0*x = 0. In this case, we can project k to a section
kp of G xp Hy(py, ), called the harmonic curvature. The spaces H;(py,g) are com-
pletely reducible P-modules and hence arise as completely reducible representations of
the reductive Levi factor Gy of P via the projection P — P/exp(ps) = Gp. In par-
ticular, the harmonic curvature is a section of a completely reducible vector bundle,
which makes it a much simpler object than the full curvature. Moreover, using the
Bianchi identities of k, it can be shown that the harmonic curvature is still a complete
obstruction to local flatness:

Proposition 2.7 (see e.g. [36]). Suppose that (G — M,w) is a reqular normal parabolic
geometry. Then k = 0 if and only if kK, = 0.

Remark 2.5. The machinery of BGG sequences shows that the curvature of a regu-
lar normal parabolic geometry can be reconstructed from the harmonic curvature by
applying a BGG splitting operator (see [25]).

2.3. Almost c-projective manifolds as parabolic geometries. It is convenient
for our purposes to realise the Lie algebra g := sl(n+ 1, C) of complex trace-free linear
endomorphisms of C**! as block matrices of the form

= {(‘EEA i) . Acgl(n,C),X cC", 7 e (cn)*} , (17)

where tr: gl(n,C) — C denotes the trace. The block form equips g with the structure
of a graded Lie algebra:

g=9-1Dgo D g,
where gy is the block diagonal subalgebra isomorphic to gl(n,C) and g_; = C", respec-
tively g; = (C")*, as go-modules. Note that the subspace p := go @ g1 is a subalgebra
of g (with p = g¢ X g; as Lie algebra). Furthermore, p is a parabolic subalgebra with
Abelian nilpotent radical p, := g; and Levi factor isomorphic to go. For later purposes
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let us remark here that we may conveniently decompose an element A € g, into its
trace-free part and into its trace part as follows

0 0 n+1 —-2 0

n+1
Now set G := PSL(n + 1,C) and let P be the stabiliser in G of the complex line
generated by the first standard basis vector of C"*!. Let G be the subgroup of P that
consists of all elements g € P whose adjoint action Ad(g): g — g preserve the grading.
Hence, it consists of equivalence classes of matrices of the form

-1
<(detc0C) g) where C' € GL(n, C),

and the adjoint action of Gy on g induces an isomorphism
G() = GL(g_l, C) = GL(TL, C)

Obviously, the subgroups Gy and P of GG have corresponding Lie algebras gg and p,
respectively.

From now on we shall view Gy C P C G as real Lie groups in accordance with the
identification of GL(n + 1, C) with the real subgroup of GL(2n + 2,R) that is given by

GL(Q?’L + Q,Jz(n+1)) = {A S GL(Q(TL + 1),R) : Aﬂg(n+1) = Jg(n+1)A} s
where Jo(,41 is the following complex structure on R*"*2:

P

. 0 —1
Joni1) = with J, = (1 0 ) .
Ja

Suppose now that (M, J,[V]) is an almost c-projective manifold of real dimension
2n > 4. Then J reduces the frame bundle FM of M to a principal bundle py: Go — M
with structure group Gy corresponding to the group homomorphism

Gy = GL(n,C) = GL(2n, J2,) < GL(2n,R).

The general prolongation procedures of [35, 85, 95| further show that Gy — M can
be canonically extended to a principal P-bundle p: G — M, equipped with a normal
Cartan connection w € Q%G g) of type (G, P). Moreover, (G & M,w) is uniquely
defined up to isomorphism and these constructions imply:

Theorem 2.8 (sce also [55, 103]). There is an equivalence of categories between almost
c-projective manifolds of real dimension 2n > 4 and normal parabolic geometries of
type (G, P), where G and P are viewed as real Lie groups. The homogeneous model
(G — G/P,wq) corresponds to the c-projective manifold

(CP” ) Jcan ) [ngS] ) 9

where Jean denotes the canonical complex structure on CP" and V9FS the Levi-Clivita
connection of the Fubini—Study metric grg.

Let us explain briefly how the Cartan bundle G and the normal Cartan connection
w of an almost c-projective manifold (M, J, [V]) of dimension 2n > 4 are constructed.
The reduction G — FM is determined by the pullback of the soldering form on
FM and hence can be encoded by a strictly horizontal Gy-equivariant 1-form 6 €
0(Go,g_1). Recall also that any connection V € [V] can be equivalently viewed as a
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principal connection vV € Q(Go, go) on Go. Then G is defined to be the disjoint union
UuegoGu, Where

Gy ={0(w) +7V(u) : V € [V]} forany u € Go.

The projection p = py o q: G — M, where G = Gy & M, naturally acquires the
structure of a P-principal bundle. Any element p € P can be uniquely written as p =
goexp(Z), where g € Gy and Z € g;. The right action of an element gqexp(Z) € P
on an element 0(u) + vV (u) € G, is given by

(O(u) + 7V () - goexp(Z) := O(w - go)(-) + 7" (u+ go)(-) + [Z,0(w- go) ()], (19)
where [ , | denotes the Lie bracket g; x g_1 — go.

Remark 2.6. The soldering form 6§ € Q'(Gy,g_1) gives rise to isomorphisms T'M =2
Go X, 9—1 and T"M = Gy X, g1. For elements X € g_; and Z € g;, the Lie bracket
Z, X] € go = gl(g_1,J2,) evaluated on an element Y € g_; is given by

(12, X],Y] = —(ZXY + ZY X — ZJ3,XJ0nY — ZJ2,Y T2 X). (20)

This shows that changing a connection form 6 + vV by a Gy-equivariant function
Z: Gy — g1 according to (19) corresponds precisely to changing it c-projectively
(cf. formula (11)).

The definition of G easily implies that the following holds.

Corollary 2.9. The projection q: G — Gy is a trivial principal bundle with structure
group Py :=exp(py) and its global Gy-equivariant sections, called Weyl structures, are
i bigection with principal connections in the c-projective class. Moreover, any Weyl
structure o: Go — G induces an vector bundle isomorphism

Go Xg, E=G xpE
[u, X] = [o(u), X],
for any P-module E.
Note that there is a tautological 1-form v € Q'(G,g_1 @ go) on G given by

v(0(u) + 7Y (w)(€) = (0(u) + 77 () ((Tq)§). (21)
Extending this form to a normal Cartan connection w € Q!(G, g) establishes the equiv-
alence of categories in Theorem 2.8.

Remark 2.7. In Section 2.1 we observed that there are always so-called special connec-
tions in the c-projective class. A Weyl structure corresponding to a special connection
is precisely what in the literature on parabolic geometries is called an exact Weyl struc-
ture (see |36, 37]). The name is due to the fact that they form an affine space over the
space of exact 1-forms on M.

Note also that the almost complex structure J on M induces an almost complex
structure J9% on the complex frame bundle G, of M. If J is integrable, so is J% and
Go is a holomorphic vector bundle over M. Moreover, the complex structure on g
induces, by means of the isomorphism w: TG = G x g, an almost complex structure
JY on G, satisfying Tpo JY = JoTp and T'qo J9 = J% o Tq. Note that the definition
of the almost complex structure on J% and J9 implies that 6 and w are of type (1,0).

Let us also remark that an immediate consequence of Theorem 2.8 and the Liouville
Theorem for Cartan geometries (see e.g. [36, Proposition 1.5.3|) is the following classical
result.
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Proposition 2.10. For n > 2 the c-projective transformations of (CP", Jean, [VIFS])
(which by Proposition 2.2 are the complex diffeomorphisms of CP" that map complex
lines to complex lines) are precisely given by the left multiplications of elements in
PSL(n + 1,C). Moreover, any local c-projective transformation of (CP", Jean, [VIFS])
uniquely extends to a global one.

We finish this section by introducing some notation. The P-module g admits an
invariant filtration g D p D g; and hence the adjoint tractor bundle AM := G X p g is
naturally filtered

AM = A7'M > A°M > A'M,

with A'M = T*M and AM/A°M = TM. Hence, the associated graded vector bundle
to AM is given by

gr(AM) = gr_,(AM) @ gro(AM) @ gri(AM) =TM @ gl(TM,J) @ T"M,  (22)
which can be identified with Gy x4, g.

2.4. The curvature of the canonical Cartan connection. Supposeo: Gy — Gisa
Weyl structure and let 4V be the corresponding principal connection in the c-projective
class. Since the normal Cartan connection w is P-equivariant and o is Gg-equivariant,
the pullback o*w € Q(Gy, g) is Go-equivariant and hence decomposes according to the

grading on g into three components. Since w extends the tautological form v on G,
defined by (21), we deduce that

o'w =0+ ’yv —pY, (23)

where pV € Q!(Gy, g1) is horizontal and Gg-equivariant and hence can be viewed as
a section PV of T*M ® T*M, called the Rho tensor of V. Via o, the curvature
k € Q*(M, AM) of w can be identified with a section k7 of

ANT*M @ gr(AM)
= (NT*M @ TM) & (N*T*M @ g(TM, J)) & (NT*M @ T*M),
which decomposes according to this splitting into three components
KO =T+WY —-CV.

One computes straightforwardly that T' € T'(A*T*M ®T M) is the torsion of the almost
c-projective structure and that CV = dVPV € I'(A\?T*M ® T*M), where d¥ denotes
the covariant exterior derivative on differential forms with values in 7™M induced by
V. The tensor CV is called the Cotton—York tensor of V. To describe the component
WY e T(N*T*M @ gl(TM, J)), called the (c-projective) Weyl curvature of V, let us
denote by RY € Q*(M,gl(TM, J)) the curvature of V. Then one has

WY = RV — 0PY,

where
v - v v v v
(OPY)ag™c = 010 P = Jia Pl S = Pligd — J P e (24)

Remark 2.8. The map 0: T"M @ T*M — N*T*M ® gl(T'M, J) given by (24) is
related to Lie algebra cohomology. It is easy to see that the Lie algebra differentials
in the complex computing the Lie algebra cohomology of the Abelian real Lie algebra
g_1 with values in the representation g are Gy-equivariant and that 0 is induced by
the restriction to g*; ® g1 = g1 ® g1 of half of the second differential in this complex.
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The normal Cartan connection w is characterised as the unique extension of v to a
Cartan connection such that 9*x? = 0 for all Weyl structures o: Gy — G. Analysing
ker * shows that 7,57 is in there, since forms of type (0,2) are, and CV is, since
NXT*M @ T*M C ker 0*. Hence, PV is uniquely determined by requiring that WV be
in the kernel of 0*.

Remark 2.9. Recall that in Definition 2.1 we restricted our definition of almost c-
projective structures to c-projective equivalence classes of minimal connections. Since
the kernel of
0 N T*M @ TM — T*M ® gl(TM, J)

consists precisely of all the 2-forms with values in T'M of type (0, 2), the discussion of
the construction of the Cartan connection above shows that the minimality condition
is forced by the normalisation condition of the Cartan connection. The requirement
for the almost c-projective structure to be minimal is however not necessary in or-
der to construct a canonical Cartan connection. In fact, starting with any complex
connection, one can show that there is a complex connection with the same J-planar
curves whose torsion has only two components, namely the (0,2)-component —%N J
and a component in the subspace of (1,1)-tensors in A?T*M ® T'M that are trace and
J-trace free. Imposing this normalisation condition on an almost c-projective structure
allows then analogously as above to associate a canonical Cartan connection (see [65]).

Proposition 2.11. Suppose (M, J,[V]) is an almost c-projective manifold of dimen-
sion 2n > 4. Let V € [V] be a connection in the c-projective class. Then the Rho
tensor corresponding to V 1is given by

PZ n+1 (RICQB + == (RIC(QB J(a“’JB)‘SRiCX;)), (25)

where Ricavﬂ = RY,%s is the Ricci tensor of V. Moreover, if V € [V] is another
connection in the class, related to V according to (11), then
PYy = PYs — VT + L(TaTs — Jo7J52T, Ts). (26)

Proof. The map 0*: A\?°T*M @ gl(TM, J) — T*M @ T*M is a multiple of a Ricci-type
contraction. Hence, the normality of w implies

Rys®e = (0PV)ag" = (n + 5)P. — 3P + Ji3" Jo P (27)
Therefore, Ric[ﬁe] =(n+ 1)PVB ; and Ricvﬁ6 nPV y T Ji7 e ‘P.¢, which implies that
Ricsy — J(a" Jo Ricye = (n — 1)(Py — Jig7Jo PYe).

Using these identities one verifies immediately that formula (25) holds. The formula
(26) for the change of the Rho tensor can easily be verified directly or follows from the
general theory of Weyl structures for parabolic geometries established in [37] taking
into account that the Rho tensor in [37] is —3 times the Rho tensor given by (25) and
our conventions for the definition of T as in (11). O

As an immediate consequence (writing out (26) in terms of its components using the
various projectors 1%, ... and the formulae (4)) we have:
Corollary 2.12.
e Py = PY. and PY — PV,
° Pavb =Py, — V. Ty + T, Ty
o PY =PY —V,T,
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For any connection V € [V], its Weyl curvature WV is, by construction, a section
of N\?T*M ® gl(T'M, J) that satisfies I/VO[V/B“7 = 0. This implies that also J:* aﬁ e =
WQVBO‘C J.¢ = 0. In the sequel we will often simply write W instead of WV, and similarly
for other tensors such as the Rho tensor, the dependence of V being understood.
Viewing W as a 2-form with values in the complex bundle vector bundle gl(7'M, J) =

gl(T1°M, C), it decomposes according to (p, q)-types into three components:
Wa'a  Wa'a  Wa'e
The vanishing of the trace and J-trace above, then imply that
Wap®a = Wy"a = 0.

In these conclusions and in Corollary 2.12 we begin to see the utility of writing our
expressions in using the barred and unbarred indices introduced in Section 1. In the
following discussion we pursue this systematically, firstly by describing exactly how
the curvature of a complex connection decomposes. We analyse these decompositions
from the perspective of c-projective geometry: some pieces are invariant whilst others
transform simply. For the convenience of the reader, we reiterate some of our previous
conclusions in the following theorem (but prove them more easily using barred and
unbarred indices, as just advocated).

Proposition 2.13. Suppose (M, J,[V]) is an almost c-projective manifold of dimen-
sion 2n > 4. Let T;¢ denote its torsion (already observed to be a constant multiple
of the Nijenhuis tensor of (M,J)). Then the curvature R of a connection V in the
c-projective class decomposes as follows:

Rapa = Wap“a + 2010°Pyjg + Bapda”

Ropba = Wep'a +0 CPBd + 0a°Pgq

Wap“a = Hap’a — 55071y (0. Ts® Ty + 04 Tas Ty’ ) — 3Tud T

Rap“a = Wap''a = Valg"

(28)

where

Waw'q = W[ab]cd W[abcd} =0 Waa =0 ﬁab = _2P[ab}
Hyfa = Hap' Hep'a = 0.

Let V be another connection in the c-projective class, related to V by (11), and denote
its curvature components by W, H, and P. Then we have:

(1) Wab d — Wabcd and W ab d = Wal’)cd and Hagcd == Hagcd,

(2) W, b €g = Waa+ Tapfveq® and if J is integrable, then W64 = 0,
( ) ab c = O
( ) abc = Tfa TéBf;

whilst we recall that Py, = Pay — Vo Ty + Yo Ty, Py = Piy — V3Ta.
The tensor B = —2Pqy satisfies

bﬁce - Pf[che] 1 T[ be Te]a Tdf (29)
Finally, the Cotton—York tensors Cyu. and C;. are defined as

C’abc = VCLPbc - VbPOLC + TabJPJc and CaEc = VOLPBC - VBP(IC' (3())
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The first of these satisfies a Bianchi identity

VaVVbcae - (n - 2)Cbce

_ 2 _ - n _ -
= 2T, Hy " + ——T0! T, Ty — —— T’ T T (31
b )7 +n+1b df el Lda tar (31)
and transforms as
ébce = CVbce + TaWbcae (32)
under c-projective change (11). Another part of the Bianchi identity reads
Cai)c - OcBa = nLH (TgfdvdTacf + }%l;fdd,-z—‘ac]F - QRde[aTc}df)~ (3?))

Proof. In this proof we also take the opportunity to develop various useful formulae
for torsion and curvature and for how these quantities transform under c-projective
change (11). As in the statement of Proposition 2.13, we express all these formulae
in terms of the abstract indices on almost complex manifolds developed in Section 1.
Firstly, recall that since we are working with minimal connections (cf. Definition 2.1),
their torsions are restricted to being of type (0,2) and this means precisely that

(VoVy = Vo) f + Ty Vef =0 (VaVy, =V Va)f =0

34
(VaVs = ViVa)f + TiVef =0 (VaVs = ViVa)f =0, (34)

where T,,¢ = Hng ﬁVCT ", equivalently its complex conjugate Ty;¢ = T4, represents
the Nijenhuis tensor as in (8). Notice that the second line of (34) is the complex
conjugate of the first. In this proof, we take advantage of this general feature by listing
only one of such conjugate pairs, its partner being implicitly valid. For example, here
are characterisations of sufficiently many components of the general curvature tensor
Rag'yg.

(VaViy — VoV X + TV X = Ryt X
(VoV3 — ViVa) X = R a X

[Or (VaVy — VoVa) X = Ry aX?, if preferred} (35)
(VoViy — VuVa) X© + Toy "V 1 X = Ry 3 X7
For convenience, the dual formulae are sometimes preferred: for example,
(VaVo — ViVa)a + TupVedg = —Rap“ade - (36)

The tensor v,s” employed in a c-projective change of connection (11) was already
broken into irreducible pieces in deriving Proposition 2.3, e.g.

Vap® = T T Uag” = Yabp” + Tp0a® = Vo X© = Vo X+ Lo X+ T,.X°6,° (37)
and vg® = 2T TS va" = = VaX¢ =V X° (38)
It is an elementary matter, perhaps more conveniently executed in the dual formulation

Vady = Vady — Tady — Toda  Vady = Vady, (39)
to compute the effect of these changes on curvature, namely
Rap’a = Rap“a — 201 (Vi o) 4 201,8Ty Yo + 2(V Th)) 04
R = Ra'a = 6a°V5Ya = 64°V5 X, (40)
R = Raq+ T Yq+ Lol 05 = Ruy’a + T veg"-
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We shall also need the Bianchi symmetries derived from (35) or, more conveniently
in the dual formulation, as follows. Evidently,

Va(ViVe =V V) f + Vi (VVe = Vo Vo) f + Ve(VaVy — ViV, f
= (VaVy = ViVo)Vef + (ViVe = V V) Vof + (V. Ve = Vo Vo) Vi f,
which we may expand using (34) and (35) to obtain
(VaToo! + VT + VT )Vaf = (Rap’c + Roc'a + Roca)Vaf
and hence that

Vi’ =0  Riuq = 0. (41)
Similarly, by looking at different orderings for the indices of V,V;V.f, we find that
Ryp‘a — Ripla + Tad" T’ = Ra’5 = Vilw. (42)

Already, the final statement of (28) is evident and if T,,¢ = 0 then both R,°; and its
complex conjugate R;;°; vanish. Notice that OP does not contribute to this piece of
curvature. Specifically, from (24)

(OP)ap"q = LTI TSI (OP) g™ = —Plagda” — Pppayda® =0

It follows that W;;°y = R4 in general and that Wy = R;;°¢ = 0 in the integrable

case. The rest of statement (2) also follows, either from the last line of (40) or, more

easily, from the c-projective invariance of T,,¢ (depending only on the underlying almost

complex structure), the second identity of (42), and the transformation rules (39).
Now let us consider the curvature R, . From (24), we compute that

(OP)apa = ISTITITIS(OP) " = 2010°Pyja — 2Ppay)da”
and from (25) that

Pab = H H Paﬂ = (RlCab + RIC (ab ) RlCab —f- RlC(ab )

n+1 (

equivalently that Ricy, = (n — 1)P4 + 2Pj4). Bearing in mind the Bianchi symmetry
(41) for R4, this means that we may write

Rapa = Wap“a + 2014°Pyja + Bapda®, (43)
where
Wa‘a =Waa  Waqg=0  Wu"a=0 B = —2Pyy.
Comparing this decomposition with the first line of (40) implies that W, is invariant
and confirms that P,, transforms according to Corollary 2.12. In summary,

Wabcd = Wabcd Isab = Pab - va’rc + Tch Bab = 5ab + 2V[aTb]'

We have shown (3) and the first statement of (1).
The remaining statements concern the curvature R ;%;. From (24), we compute that

(OP) 57 = HMETL TSI (OP)ag”e = 00 Ppa + 04°Ppa
and from (25) that
Pra = ﬁfﬂéPae = Rled 1 Rab d-
From (42) it now follows that
Rupa+ 5T0d T = Hyta — m(CSaCTdféTer + 64Ty T3’ ) + (OP) oz as (44)

where

C C a
Hypa= Hg Hp%a=0.
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Recall that by definition
WaBCd = RaBCd - (8P)a50d.
Therefore
Was'a = Ha'a = a5y (0" T T + 04T Ts”) — 5Ta T
Comparison with the formula for Ragcd in (40) immediately shows that W, ;¢; and H ;%
are c-projectively invariant and also that
Wap'e = _Tafé éEfv
as required to complete (1) and (4). Next we demonstrate the behaviour of the Cotton—

York tensor. For this, we need a Bianchi identity with torsion, which may be established
as follows. Evidently,

Va(vbvc - vcvb)¢e + Vb(vcva - vavc>¢e + Vc(vavb - vaa)¢e
= (Vavb - va(L)chbe + (vac - vcvb)va¢e + (vcva - vavc)vb¢e’
the left hand side of which may be expanded by (36) as
Va(—Ryed — Toe'Vade) + -+ -+,

where --- represent similar terms where the indices abc are cycled around. On the
other hand, the right hand side may be expanded as

T Rbcdavd¢e - Rbcdeva¢d - Tbccjvd_va¢e -t
Comparison yields
(VieRog?e)ba + (ViaTog ) Vade — T Rya’ b = Rppea) Vade
and, from the Bianchi symmetries (41), we conclude that
v[aRbc]de = T‘[abec}fde-
Using (28) and tracing over a and d yields

VaVVbcae - 2(” - 2)V[ch]e + 3v[bﬁce]

n+2 5 g . .
f dp__a p. _ f
n + 1 n + 1Te[b Tc]a Tdf +(n—2)Tbc Pfe+3Pf[che] .

Skewing this identity over bee gives (29) and substituting back gives

= 2Ta[bec]fae+ TbcheagTJfa_

VaVVbcae - 2(n - 2)v[bpc]e

_ _ _ n _ _ _
= 2Ta[bec]fae + TbcheadTJfa - n e[bch}adTJfa + (n — 2)Tbcfpfe-

n+1 +1

The contracted Bianchi identity (31) follows from the definition (30) of the Cotton—
York tensor. Notice that the right hand side of (31) is c-projectively invariant. Also,
by computing that

VaWiee = VWi,
= VWite = 20 Wi — TyWaee — TWia®e + 0,40 ;Wi o — T W%,
and tracing over a and d, we see that
VaWiee = VWi + (0 — 2)T Wi

and for n > 2 conclude that (32) is valid. The case n = 2 is somewhat degenerate. Al-
though (32) is still valid, as we shall see below in Proposition 2.14, the Weyl curvature
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Whe*y vanishes by symmetry considerations and (32) reads C’bce = (e, the straight-
forward verification of which is left to the reader. Similarly, by considering different
orderings for the indices of V,V;V. 0., we are rapidly led to

VaRcEde - chal;de + VERacde - Tachl;fde

as another piece of the Bianchi identity, which may then be further split into irreducible
parts. In particular, tracing over d and e (equivalently, tracing over a and d and then
skewing over ¢ and e) gives (33). O

Proposition 2.14. Suppose that Wa¢q € A @AY @ THOM @ A has the following
symmetries:

Wa®a = Wiap)“a Wia‘q =0 Waa=0.
If 2n = 4, then Wy,q = 0.

Proof. Fix a nonzero skew tensor V,,. As W, is skew in a and b, it follows that
Wauwfa = VeS¢ for some unique tensor S¢;. Now W, = Vi, S% but V,, is also
nondegenerate so W%y = 0 implies S = 0. [

Remark 2.10. When n = 2, the identity (31) is vacuous. Proposition 2.14 implies

that the left hand side vanishes. For the right hand side, the vanishing of Ta[bf Hg5%
follows by tracing the identity T[abf H, fde = 0 over a and d, bearing in mind that H, fde
is trace-free in a and d. The remaining terms also evaporate because, when n = 2, the

tensor Tbcf T, is symmetric in fd whereas Tyr* is skew.

The torsion T,,¢ (equivalently, its complex conjugate T,;) is c-projectively invariant.
The same is true, not only of the Weyl curvature W, ;°;, but also of its trace-free
symmetric part H_,;%; (which will be identified as part of the harmonic curvature in
Section 2.7). The Weyl curvature W, is c-projectively invariant and forms the final
piece of harmonic curvature except when 2n = 4, in which case W,°; necessarily
vanishes, its role being taken by Cy., the c-projectively invariant part of the Cotton—
York tensor. In Section 2.7, we place this discussion in the context of general parabolic
geometry but, before that, we collect in the following section some useful formulae for
the various curvature operators on c-projective densities.

2.5. Curvature operators on c-projective densities. Suppose X ¢ = Xled-el ig
a section of £(n + 1,0) = A"THOM and Y€ a section of £(0,n + 1) = AT M.
Then it follows from (35) that

(VaVp — VpVa) X4 = Ry XT4¢ 4+ Ry X oo 4 Ry XS
= Ry X4
(VaVs — Vi Vo)V = Ry Y10 4 Ry Y ole oo Ry Yot/
= Ry’ jyedee
However, from Proposition 2.13 part (4), we find that
Ra' f = —Ryl s = Wil — (0P)a’ s = —Tp T’ — (n 4 1)Pas
Ra' 7= Wa 7+ (OP)a” 7 = Tp T + (n + 1)Pya.
We conclude immediately that for a section o of £(k, () we have

(VaVy — ViVa)o = EE T3, T/ 0 4 (Pyo — kP40, (45)
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Similarly, from (35) it also follows that
VoVi = ViVa) X4 ¢ 4 T/ VXt e = Ryl p X0
(VaVy = ViV )Y e 4 T,/ V 7y ede = Ryf yede,
From Proposition 2.13 we conclude that
Rap! t = 2Py + 1By = (n+ 1) By
R’ 7= VT, .
Therefore, if o is c-projective density of weight (k,¢), then

(VoVy = V) Vy)o + TabfoU = kB0 + HL_;_l(vaabf)U (46)
and, accordingly,
(VaVi — ViVa)o + T&Efvfa = (B + nLH(VfTaEf)U- (47)

Recall that for any connection V € [V] its Rho tensor, by definition, satisfies Pg, =
—<Rica and Py = —<Riciy. Hence, the identities (45) and (46) imply that the
Ricci tensor of a special connection V € [V] satisfies

e Ricg, = Ricyg

[ RiC[ab] = %VETabE.
If V:T,,° vanishes, the special connection has symmetric Ricci tensor. In particular, if
J is integrable all special connections have symmetric Ricci tensor.

2.6. The curvature of complex projective space. In Section 2.4, and especially in
Proposition 2.13, the curvature of a complex connection on a general almost complex
manifold was decomposed into various irreducible pieces (irreducibility to be further
discussed in Section 3.3). Here, we pause to examine this decomposition on complex
projective space CP" with its standard Fubini-Study metric.

Lemma 2.15. The Riemannian curvature tensor for the Fubini—Study metric g, on
CP" is given by

Roprs = 9ar 985 — 98v9as + QarySs — Q287205 + 200505 (48)
where J,? is the complex structure and Doy = Jo/jgﬁ7 (the Kdhler form).

Proof. A direct calculation from the definition of the Fubini-Study metric (e.g. [27])
or by invariant theory noting that (up to scale) the right hand side of (48) is the only
covariant expression in g,3 and 2,5 such that

Roprs = Riapiys) Rlapygs =0 Rapyslg’ =0

where the last condition is a consequence of the Kéahler condition d§2 = 0 (or, more
precisely, a consequence of V{3, = 0 as one can check, by direct computation in case
the almost complex structure .J,” is orthogonal (i.e. J,” gp is skew), that

2V, = 3VaQsy) — 340 T3 V(aSsg — QasNag’,

where recall that N,z7 is the Nijenhuis tensor (1), which vanishes when the complex
structure is integrable, as it is on CP"). 0

To apply the decompositions of Proposition 2.13 to (48) we should raise an index
Raﬁ’ye - 50479,86 - 5679% + Ja’YQBe - JB’YQCME - QQC!BJE,Y

and then apply the various projectors such as Hg‘l‘[’f II5115. However, firstly note that
applying TI°117 to J,gs, + J,%gsa = O implies that g,. = 0 (consequently Q,. = 0)
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whilst applying Hgﬁg to Qy, = P gsy shows that Q,; = ig,.. We conclude that
Rabcd =0 and

Ryt = IETTIETIG R e = 60 Gap — 102°Qapy — 2000504 = 200G + 204° Gap-
Thus, with reference to Proposition 2.13, we see that all irreducible pieces of curvature
vanish save for P;; = 2¢,4;. In particular, all invariant pieces

T Hi'a  Wa'a
of harmonic curvature (as identified the following section) vanish. This is, of course,
consistent with CP", equipped with its standard complex structure and Fubini-Study
connection, being the flat model of c-projective geometry, as discussed in Section 2.3
and especially Theorem 2.8.
Finally, observe that if we regard CP" as
A ok .-
0 x -+ %
SL(n+1,C)/ L ) ,

0 % -+ x

rather than as a homogeneous PSL(n+ 1, C)-space as in Section 2.3, then the character
A = A7*A~¢ induces a homogeneous line bundle £(k,¢) on CP" as we were supposing
earlier and as we shall soon suppose in Section 3.1. This observation also explains our
copacetic choice of notation: on CP" it is standard to write O(k) for the holomorphic

bundle that is £(k,0) just as a complex bundle (and then E(k,0) = £(0, k)).

2.7. The harmonic curvature. A normal Cartan connection gives rise to a simpler
local invariant than the Cartan curvature s, called the harmonic curvature K, which
still provides a full obstruction to local flatness, as discussed in Section 2.2 (cf. espe-
cially Proposition 2.7). The harmonic curvature k;, of an almost c-projective manifold
is the projection of xk € ker 9* to its homology class in

G xp Ho(g1,8) = Go Xa, Ha(g1,9).

By Kostant’s version of the Bott-Borel-Weil Theorem [64| the Gy-module Hy(g,9)
can be naturally identified with a Gy-submodule in A?g; ®r g = A?g*, Qg g that
decomposes into three irreducible components as follows:

e forn =2
(A*?g”; ®c g-1) ® (A2 ©c sl(g-1,C)) & (A*g2; ®c 1)
o forn > 2
(A*g"y @c g1) ® (A", @c sl(g-1,C)) & (A*"g", @c sl(g-1,C)),
where these are complex vector spaces but regarded as real, and where © denotes the
Cartan product. Correspondingly, we decompose the harmonic curvature as
Kh=T+v+X
in case n = 2 and
kn =T+ 1 + 1o
in case n > 3.
Note that 9* preserves homogeneities, i.e. 9*(A'g; ® g;) C AN'g; ® gj+1. In par-
ticular, the induced vector bundle map 0* maps A3T*M @ AM to N*T*M ® A°M.
Hence, we conclude that 7 must equal the torsion T,57. If n = 2, then 1 is the com-

ponent H,;¢; in (AM ©c sl(THPM)) of the Weyl curvature of any connection in the
c-projective class, and x is the (2,0)-part of the Cotton—York tensor. If n > 2, then
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1, respectively 1)q, is the totally trace-free (1,1)-part, respectively (2,0)-part, of the
Weyl curvature of any connection in the class.
We now give a geometric interpretation of the three harmonic curvature components.

Theorem 2.16. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 4 and denote by Ky, the harmonic curvature of its normal Cartan connection.
Then the following statements hold.

(1) kp, = 0 if and only if the almost c-projective manifold (M, J,[V]) is locally
isomorphic to (CP™, Jean, [VIF5]).

(2) 7 is the torsion of (M, J,[V]). In particular, T = 0 if and only if J is integrable,
i.e. (M,J,[V]) is a c-projective manifold. Moreover, in this case, JY is inte-
grable and the Cartan bundle p: G — M s a holomorphic principal P-bundle.

(3) Suppose T = 0. Then 91 = 0 (resp. » = 0) if and only if w is a holomorphic
Cartan connection on the holomorphic principal bundle p: G — M. This is
the case if and only if [V] locally admits a holomorphic connection, i.e. for any
connection V € [V] and any point x € M there is an open neighbourhood U > x
such that V|y is c-projectively equivalent to a holomorphic connection on U.

Proof. We have already observed (1) and the first two assertions of (2). To prove the
last statement of (2) and (3), assume that 7 = 0, which says, in particular, that the
Cartan geometry is torsion-free. Since P acts on the complex vector space A%g; @rg by
complex linear maps, P preserves the decomposition of this vector space into the three
(p, q)-types. Therefore |28, Corollary 3.2| applies and hence xj, has components of type
(p,q) if and only if k has components of type (p,q). Therefore, 7 = 0 implies that «
has no (0, 2)-part, which by the proof of [28, Theorem 3.4 (cf. [36, Proposition 3.1.17])
implies that JY is integrable and p: G — M a holomorphic principal bundle. This
finishes the proof of (2). We know that the component v); (respectively 1) vanishes
identically if and only if k is of type (2,0), which by [28, Theorem 3.4] is the case
if and only if w € Q"°(G,g) is holomorphic, i.e. dw is of type (2,0). Hence, it just
remains to prove the last assertion of (3). Assume firstly that ¢; (respectively 1))
vanishes identically and hence that (p: G — M,w) is a holomorphic Cartan geometry.
Then we can find around each point of M an open neighbourhood U C M such
that G and G, trivialise as holomorphic principal bundles over U. Having chosen
such trivialisations, the holomorphic inclusion Gy < P induces a holomorphic Gg-
equivariant section o : py ' (U) — p~*(U). Since dw is of type (2,0) and o is holomorphic

o*dw = do*w = df + dvy~ — dp¥

is also of type (2,0). In particular, dyV is of type (2,0) and it follows that 4V €
Q"(py ' (U), go) is a holomorphic principal connection in the c-projective class. Con-
versely, assume that U C M is an open set and that vV € QY(p;'(U),go) is a
holomorphic principal connection that belongs to the c-projective class. Since the Lie
bracket on g is complex linear, the holomorphicity of 7V implies that its curvature
dyY + [yV,~V] is of type (2,0). By definition of the Weyl curvature this implies that
also its Weyl curvature is of type (2,0) and hence so is kp|y. By assumption there
exists locally around any point a holomorphic connection and hence &y, is of type (2,0)
on all of M. O

3. TRACTOR BUNDLES AND BGG SEQUENCES

The normal Cartan connection of an almost c-projective manifold induces a canonical
linear connection on all associated vector bundles corresponding to representations of
PSL(n+1,C) (cf. Section 2.2). These, in the theory of parabolic geometries, so-called
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tractor connections, provide an efficient calculus, especially well suited for explicit
constructions of local invariants and invariant differential operators. We develop in this
section the basics of the theory of tractor connections for almost c-projective manifolds,
and explain their relation to geometrically significant overdetermined systems of PDE
and sequences of invariant differential operators.

3.1. Standard complex tractors. Suppose that (M, J,[V]) is an almost c-projective
manifold of dimension 2n > 4. Further, assume that the complex line bundle A"T0 A1
admits an (n+ 1) root and choose one, denoted £(1,0), with conjugate £(0,1). More
generally, we write £(k, () = £(1,0)**® £(0,1)* for any (k, () € Z x Z (cf. Section 2.1).
Note that such a choice of a root £(1,0) is at least locally always possible and the
assumption that such roots exists globally is a relatively minor constraint. The choice
of £(1,0) canonically extends the Cartan bundle of (M, .J,[V]) to a P-principal bundle
p: G — M, where P is the stabiliser in SL(n+1, C) of the complex line generated by the
first basis vector in C"™', and the normal Cartan connection of (M, J, [V]) naturally
extends to a normal Cartan connection on G of type (SL(n + 1, C), P), which we also
denote by w. The groups SL(n + 1,C) and P are here viewed as real Lie groups as in
Section 2.3, and we obtains in this way, analogously to Theorem 2.8, an equivalence
of categories between almost c-projective manifolds equipped with an (n + 1)st root
£(1,0) of A*T°M and normal Cartan geometries of type (SL(n + 1,C), P). The
homogeneous model of such structures is again CPP", but now viewed as a homogeneous
space SL(n + 1,C)/P with £(1,0) being dual to the tautological line bundle O(—1),
cf. Section 2.6. 3

The extended normal Cartan geometry of type (SL(n + 1,C), P) allows us to form
the standard complex tractor bundle

TZZQNX]sV

of (M, J,[V],£(1,0)), where V = R**2 is the defining representation of the real Lie
group SL(2(n + 1), Jam41)) = SL(n 4+ 1,C). Note that the complex structure Jo(,41)
on V induces a complex structure J7 on 7. Analogously to the discussion of the
tangent bundle of an almost complex manifold in Section 1, (T, J7) can be identified
with the (1,0)-part of its complexification T¢, on which J7 acts by multiplication by
1. We will implement this identification in the sequel without further comment, and
similarly for all the other tractor bundles with complex structures in the following
Sections 3.1, 3.3 and 3.4. Since P stabilises the complex line generated by the first
basis vector in C"*!, this line defines a complex 1-dimensional submodule of C"*!.
Correspondingly, the standard complex tractor bundle (identified with the (1,0)-part
of its complexification 7T¢) is filtered as

T=T°>T" (49)

where 7' 2 £(—1,0) and 7°/T* =2 TOM(—1,0). Since T is induced by a representa-
tion of SL(n+1, C), the Cartan connection induces a linear connection V7 on T, called
the tractor connection (see Section 2.2). Any choice of a linear connection V € [V],
splits the filtration of the tractor bundle 7 and the splitting changes by

—

X0\ Xt Xb e TYOM(-1,0)
(p) B (p—TcXC)’ where { p € &(-1,0), (50)
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if one changes the connection according to (11). In terms of a connection V € [V], the
tractor connection is given by

Xt Vo X' + plII}
T _ 64 p «
Ve ( p ) B (Vap —PuX")" (51
Applying IT1¢ and TI2 to (51), we can write the tractor connection as
X0 VX" + pd,”
T o a POq
v (%)= (S h (52)
and
X? VaX®
T o a
Va ( / ) - (Vap - PabXb) | (53)

By (49) the dual (or “co-standard”) complex tractor bundle 7* admits a natural sub-
bundle isomorphic to AM(1,0) and the quotient 7*/A(1,0) is isomorphic to £(1,0).
One immediately deduces from (52) and (53) that in terms of a connection V € [V],
the tractor connection on 7* is given by

T o\ _ Vo0 — g
@\ Mo Vi + Papo

o7 o\ _ Vao ‘
O\ b Vaty + Payo

For a choice of connection V € [V] consider now the following overdetermined system
of PDE on sections o of £(1,0):

(i) Vao =0 (ii) V(avb)a + P(ab)a =0. (54)

Suppose Ve [V] is another connection in the c-projective class. Then the formulae

(16) imply that V.o = V0. Moreover, we deduce from Proposition 2.5 and the
formulae (16) that

VaVio = Vo Vo + (Vo Th)o — T, Ty,
which together with Corollary 2.12 implies that

@a@ba + Isaba = V.Vyo + Pyo.

This shows that the overdetermined system (54) is c-projectively invariant. Note also
that by equation (46) we have

V[avb]d + P[ab]a = —% R v (55)

Therefore V,Vyo + P00 is symmetric provided that J is integrable or that o satisfies
equation (i) of (54). The following proposition shows that, if .J is integrable, the tractor
connection on 7* can be viewed as the prolongation of (54):

Proposition 3.1. Suppose (M, J,[V],E(1,0)) is a c-projective manifold of dimension
2n > 4. The projection w: T* — T*/AY0(1,0) = £(1,0) induces a bijection between
sections of T* parallel for VT~ and sections o of £(1,0) that satisfy (54) for some
(and hence any) connection V € [V]. Moreover, suppose that o € £(1,0) is a nowhere
vanishing section, then for any connection V € [V] the connection

Vo0’ = Va0 — (Vao)o o’ (56)

15 induced from a connection in the c-projective class, and o with Vzo = 0 is a solution

of (54) if and only if (56) is Ricci-flat.
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Proof. Suppose s is a parallel section of 7* and set o := 7(s) € I'(£(1,0)). It follows
from (50) that changing from connection to another in [V] changes the splitting of 7*

by (o, ) = (0, iy + Tpo). Hence, for any connection V € [V] we can identify s with a
section of the form (o, ) for some p, € T'(AN0(1,0)) and by definition of the tractor
connection o € I'(€(1,0)) satisfies (54) for any connection V € [V]. So 7 induces a
map from parallel sections of 7 to solutions of (54).

Conversely, let us contemplate the differential operator L: £(1,0) — T*, which, for
a choice of connection in [V], is given by Lo = (0, V,0). Suppose now o is a solution
of (54). Then obviously V7" Lo = 0, since (55) vanishes. By (45) we have

VaVyo + Pao = (V—Vb - va-)O' + Payo (57)
= n+1beeTea g — P(—lbO' + PabO’
= n+1beeTea g,

which vanishes, since J is integrable. Hence, we also have V! Lo = 0. Therefore L
maps solutions o € I'(£(1,0)) of (54) to parallel sections of 7* and defines an inverse
to the restriction of 7 to parallel section. For the second statement, assume now that
o is a section of £(1,0) that is nowhere vanishing and let V € [V] be a connection
in the c-projective class. If we change V according to (11) by T, = —(V,0)o~! to a
connection V € [V], then we deduce from Corollary 2.4 that the induced connection
on £(1,0) is given by (56). Moreover, V.0 = 0. Therefore, using that (57) vanishes,
we deduce that o with V,o = 0 satisfies (54) if and only if Pso =0 and Pyo = 0,
and hence if and only if V is Ricci-flat. O

More generally, we immediately conclude from equation (57) that, in the case of
an almost c-projective manifold, i.e. J is not necessarily integrable, the corresponding
proposition reads as follows:

Proposition 3.2. Let (M, J,[V],£(1,0)) be an almost c-projective manifold of dimen-
sion 2n > 4. Then sections o of £(1,0) that satisfy (54) are in bijection with sections
of T* that are parallel for the connection given by

. . 1 0
T T - -
A% and V. (Mb) e <be6Tean) . (58)

Moreover, suppose o € E(1,0) is a nowhere vanishing section with Vzo = 0. Then
o is a solution of (54) if and only if V, defined as in (56), satisfies Py = 0 and

Pab - n+1beeTea .

Remark 3.1. Recall that a parallel section of a linear connection of a vector bundle
over a connected manifold, is already determined by its value at one point. The
correspondences established in Propositions 3.1 and 3.2 between solutions of (54) and
parallel sections of a linear connection on 7* therefore implies, that on a connected
almost c-projective manifold

U={xeM:o(x)#0}CM

is a dense open subset for any nontrivial solution o € I'(£(1,0)) of (54). In particular,
the second statement of Proposition 3.1, respectively of Proposition 3.2, holds always
on the dense open subset U.

The equations (54) define an invariant differential operator of order two

D771 £(1,0) = A%H(1,0) @ S2AL(1,0),
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whose kernel are the solutions of (54). The differential operator D7 is the first oper-
ator in the BGG sequence corresponding to the co-standard complex tractor bundle;
see [25, 38]. The proof of Proposition 3.2 implies that in order for a (nonzero) parallel
section of the tractor connection on 7T to exist, it is necessary that Nijenhuis tensor
of J satisfy N gféN 7 J =0 and, in this case, parallel sections of the tractor connection

are in bijection with sections in the kernel of D7,

Similarly, one may consider the first BGG operator in the sequence corresponding
to the standard complex tractor bundle 7, which is a first order invariant differential
operator, defined, for a choice of connection V € [V], by

DT TYM(-1,0) = (A" @ TYOM(—1,0)) & (AY @, TYOM(-1,0)),
X" = (VX' VX" — 1v,.X%,"), (59)
where the subscript o denotes the trace-free part.
Proposition 3.3. Suppose (M, J,[V],E(1,0)) is an almost c-projective manifold of

dimension 2n > 4. The projection w: T — T/E(—1,0) = TYOM(—1,0) induces a
bijection between sections of T that are parallel for the connection given by

Xt 1 0
v d vI ———— 7 60
¢ “w ¢ < P ) n(n+1) <be€Teanb) (60)
and sections X° € T'(T*°M(—1,0)) that are in the kernel of D7 . In particular, ele-
ments X° € ker D7 with NbeéNéJanb = 0 are in bijection with parallel sections of the

tractor connection V7.
Proof. Suppose firstly that s € I'(T) is parallel for the connection (60) and set X° :=
7(s). For a choice of connection V € [V] we can identify s with an element of the
form (X?, p), where p € T'(£(—1,0)). By assumption V;X? = 0 and V,X° = —pd,°.
Taking the trace of the latter equation shows that p = —%VCXC. Hence, X" is in the
kernel of DT
Conversely, suppose X € ker D7 and pick a connection V € [V]. Then we deduce
from Proposition 2.13 and equation (46) that
(VaViy — VoV X = (Vo V — VuVa) X© + T 0V X¢ (61)
= Rap 4 X+ 2Py X = Wi a X + 261, Pya X .
By assumption V,X° = %VCX 0, and therefore (61) implies
L(VaVaX76,° — ViVaX0,°) = Wi 4 X + 26,°PyaX . (62)
Taking the trace in (62) over a and ¢ shows that —+V,V X4 = P, X% Hence,
(Xb, —1V,.X°¢) defines a section s of T that satisfies V]'s = 0. Similarly, since
VaX? = 0, Proposition 2.13 and equation (45) imply
VaVp X = (VaVy — Vi Va) X¢ (63)
= Ra e X’ — nL_Hbeé wal X+ PapX©
= WaaX? = 2P0 X + Pap X — 5T, Tea ' X©.
Taking the trace in (63) over b and ¢ implies that

1y c__p_ c __ 1 e fyec
LV VeX® = PeoX® = b o Td X

Hence, s is parallel for the connection (60) and it follows immediately that the dif-
ferential operator X — (X?, —%VCX ¢) defines an inverse to the restriction of 7 to
parallel sections of (60). O
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3.2. Cone description of almost c-projective structures. For (real) projective
structures there is an alternative description of the tractor connection as an affine con-
nection on a cone manifold over the projective manifold [36, 46]. This point of view,
which (at least in spirit) goes back to work of Tracy Thomas, is often convenient—it
has for instance been used in [6] to classify holonomy reductions of projective struc-
tures. An analogue holds for almost c-projective manifolds, which we will now sketch,
following the presentation in [36] of the projective case. This canonical cone connection
was used in [6] to realise c-projective structures as holonomy reductions of projective
structures. It also underlies metric cone constructions |78, 83| which we discuss later.

Let (M, J,[V],£(1,0)) be an almost c-projective manifold and, as in Section 3.1, let
P C G = SL(n + 1,C) be the stabiliser of the complex line V! through the first basis
vector e; of V = C"*1. Denote by Q) C P the stabiliser of e, which is the derived
group of P, hence a normal complex Lie subgroup. Now set

C:=G/Q=0 xpP/Q.
The natural projection pe: G — C defines a (real) principal bundle with structure

group (). Since the canonical Cartan connection w of (M, J,[V],£(1,0)) can also be
viewed as a Cartan connection of type (é, Q) for pe, it induces an isomorphism
TC = Q XQ g / E[

Note that C inherits an almost complex structure J¢ from the almost complex structure
on G characterised by Tpe o J9 = JC o Tpe. Furthermore, the projection me: C —
M defines a principal bundle with structure group ]5/ Q = C*. Since 15/ Q can be
identified with the nonzero elements in the complex P-submodule V! C V, we see that
C can be identified with the space of nonzero elements in £(—1,0) or with the complex
frame bundle of £(—1,0). Note that, by construction (recall that Tpo J9 = J o Tp),
we have T're o J¢ = J o Tme. By the compatibility of the almost complex structures
J9, J¢ and J with the various projections, it follows immediately that vanishing of the
Nijenhuis tensor N/ of J9 implies vanishing of the Nijenhuis tensors N7, which in
turn implies vanishing of N”. Conversely, Theorem 2.16 shows that N/ = 0 implies
N7 = 0. This shows in particular that

N/ =0 < N/ =0, (64)
in which case m¢: C — M is a holomorphic principal bundle with structure group C*.

Lemma 3.4. There are canonical isomorphisms TC = G XoV=mT.

Proof. From the block decomposition (17) of g it follows that g/q = (V')* ® V and
hence g/q =2 V as Q-modules, i.e.

TC=Gxp8/42G x5 V(G xpV)=nr.T. O

Hence the standard tractor connection induces an affine connection V¢ on C which
preserves J¢ and the complex volume form vol¢ € A™°T*C that is induced by the
standard complex volume on V = C"*!. Alternatively, note that w can be extended
to a principal connection on the principal G-bundle G X G, and since V = C"*lis a
G-module, we obtain an induced connection on 7TC = C; X4 G xq V.

If we identify a vector field Y € X(C) with a Q-equivariant function f: G — V via

Lemma 3.4, then by [36, Theorem 1.5.8|, the equivariant function corresponding to
V&Y for a vector field X € X(C) is given by

X fH+wX)f (65)
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where X € X(G) is an arbitrary lift of X. Moreover [36, Corollary 1.5.7] shows that
the curvature R¢ € A?T*C ® AC of V¢ is given by

RE(X,Y)(Z) =r(X,Y) e Z, (66)

where AC = G X508 = sU(TC, J¢) and e: AC x TC — TC denotes the vector bundle map
induced by the action of g on V. Let us write 7¢ € A?T*C @ TC for the torsion of V°.
It follows straightforwardly from (65) that TC is the projection of x € I'(A*T*C ® AC)
to A2T*C®TC, i.e. it is the torsion of w viewed as a Cartan connection of type (Q, é)
In particular, like &, the 2-forms 7€ and R® vanish upon insertion of sections of the
vertical bundle of m¢, which is canonically trivialised by the fundamental vector fields
E and J°E generated by 1 and i respectively.

Proposition 3.5. Suppose (M, J,[V],E(1,0)) is an almost c-projective manifold. Then
there is a unique affine connection V¢ on the total space of the principal bundle
me: C — M with the following properties:
(1) V€J¢ =0 and VEvol© = 0;
) VGE = X for all X € X(C);
) LeVC =0 and L5V = 0;
) igTC =0 and ijcgTC¢ = 0;
) TwoTC is of type (0,2) and the (2,0)-part of TC vanishes;
) VC is Ricci-flat;
(7) for any (local) section s of me the connection s*V¢ lies in [V].

(2
(3
(4
(5
(6

Moreover, if J is integrable, m¢: C — M is a holomorphic principal bundle and T¢ = 0.

Proof. We already observed that (1) and (4) hold and (2) is an immediate consequence
of (65). Since we have in addition ipR® = 0 and i;cpR¢ = 0 by (66), statement (3)
follows from (78). The statements (5) and (6) are consequences of 0*k = 0. More
explicitly, note that (5) can be simply read off Proposition 2.13, which also shows
that if J is integrable, 7¢ = 0. In this case N ¢ which is up to a constant multiple
the (0,2)-part of 7€, vanishes and 7 is a holomorphic principal bundle as calimed.
Statement (6) follows because T'w o T¢, viewed as a section of A®2T*M @ T M, has
vanishing trace and 9*: N*T*M ® gl(T M, J) — T*M @ T*M is a multiple of a Ricci-
type contraction. The proof of statement (7) and the uniqueness of V¢ we leave to the

reader, but note that (1)-(6) imply that V¢ descends to the normal Cartan connection
on TC/C* =T. O

3.3. BGG sequences. For a general parabolic geometry, it was shown in [25, 38| that
there are natural sequences of invariant linear differential operators generalising the
corresponding complexes on the flat model. These are the Bernstein—Gelfand—Gelfand
(BGG) sequences, named after the constructors [10] of complexes of Verma modules,
roughly dual to the current circumstances.

Here is not the place to say much about the general theory. Instead, we would like
to like to present something of the theory as it applies in the c-projective case. The
point is that the invariant operators that we have already encountered and are about
to encounter, all can be seen as curved analogues of operators from the BGG complex
on CP" (as the flat model of c-projective geometry).

In fact, the main hurdle in presenting the BGG complex and sequences is in having a
suitable notation for the vector bundles involved. Furthermore, this notation is already
of independent utility since, as foretold in Remark 1.1, it neatly captures the natural
irreducible bundles on an almost complex manifold.
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Recall from Section 1 that the complexified tangent bundle on an almost complex
manifold decomposes

CTM =T""M e T M

as does its dual. An alternative viewpoint on these decompositions is that the tangent
bundle T'"M on any 2n-dimensional manifold is tautologically induced from its frame-
bundle by the defining representation of GL(2n,R), that an almost complex structure
is a reduction of structure group for the frame bundle to GL(n,C) C GL(2n,R),
that the defining representation of GL(2n,R) on R** complexifies as GL(2n, R) acting
on C?" (as real matrices acting on complex vectors), and finally that this complex
representation when restricted to GL(n,C) decomposes into two irreducibles inducing
the bundles T'°M and T%' M, respectively. Of course, the dual decomposition comes
from the dual representation, namely GL(n,C) acting on (C**)*. Our notation arises
by systematically using the representation theory of GL(n,C) as a real Lie group but
adapted to its embedding

GL(n,C) =Gy Cc P C G=PSL(n+1,C)

as described in Section 2.3.

For relatively simple bundles, there is no need for any more advanced notation. In
several complex variables, for example, it is essential to break up the complex-valued
differential forms into types but that’s about it. Recall already with 2-forms

/\2 — /\0,2 69/\1’1 D /\2,0
that this complex decomposition is finer that the real decomposition
ATV — [/\0,2 o /\270}1& o /\%{,1 (67)

already discussed in Section 1 following (6). Of course, as soon as one speaks of
holomorphic functions on a complex manifold one is obliged to work with complex-
valued differential forms. However, even if one is concerned only with real-valued forms
and tensors, it is convenient firstly to decompose the complex versions and then impose
reality as, for example, in (67). In fact, this is already a feature of representation theory
in general.

For more complicated bundles, we shall use Dynkin diagrams from [36] decorated in
the style of [8]. The formal definitions will not be given here but the upshot is that the
general complex irreducible bundle on an almost complex manifold will be denoted as

p a b ¢ d
0 (in the 10-dimensional case (2n nodes in general)) (68)
g e f g h

where a,b,c,d, e, f, g, h are nonnegative integers whilst, in the first instance, p, q are
real numbers restricted by the requirement that

p+2a+3b+4c+5d =g+ 2e+ 3f + 49 + 5h mod 6 (69)

(again, in the 10-dimensional case). For example,

1 0 0 0 1 -2 1 0 0 O 0O 0 0 0 O
Tl,OM =1 /\1,0 =1 /\0,2 =1
0 0 0 0 O 0 0 0 0 O -3 0 1 0 O

but the point is that this notation covers all bases and, in particular, the various
awkward bundles that have already arisen and will now arise in this article. In general,
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the integrality condition (69) is needed, as typified by

-6 0 0 0 O
det ALO = ABO — % Ep,p) =3

0o 0 0 0 O p 0 0O O O

i}
e=]
o
o
o

but, as already discussed at the end of Section 2.1, on an almost c-projective manifold
we shall suppose that there is a bundle £(1,0) and an identification £(n + 1,0) :=
E(1,0)"t = APTHOM | in which case we shall add

1 0 0 0 O
£(1,0) = 3

0 0 0 0 O

to our notation and relax (69) to requiring merely that p — ¢ be integral. In fact, all
of p,q,a,b,c,d, e, f,g, h will be integral for the rest of this article.

Our Dynkin diagram notation is well suited to the barred and unbarred indices that
we have already been using. Specifically, a section of

may be realised as tensors with a 4 2b 4 3¢ 4 4d unbarred covariant indices, having
symmetries specified by the Young diagram

‘|l le—C—»
<—d—>

and of c-projective weight (p + 2a + 3b + 4c + 5d,0). Indeed, for those reluctant to
trace through the conventions in [8], this suffices as a definition and then

0O 0 0O 0 O q e f g h
is the complex conjugate of 1
e f g h 0 0 0 0 O

corresponding to tensors with barred indices in the obvious fashion and
p a b ¢ d P
0 = I
q e f g h 0

a b ¢ d 0 0 0 O

0
®
q

0 0 0 o0 e f g h

Already, these bundles provide locations for the tensors we encountered earlier. For

example,
30 1 0 0 -3 2 0 0 1
TabEEF(i ) and Hagcder($ )
0

1 0 0 0 1 -2 1 0 O

Although the Dynkin diagram notation may at first seem arcane, it comes into its own
when discussing invariant linear differential operators. The complex-valued de Rham
complex

/\2,0

/\1,0 @
A — = AB (70)

/\071 @

/\072
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becomes

00 0 0 oo oo 21 0 0 0
— - 1 —
0 0 0 0 0 o 0000 51 0 0 0
!
51 0 0 0 0 0 00

and in either of them one sees the torsion T;,¢: A% — A%0 and its complex conjugate
T¢: AW — AY2 as the restriction of the exterior derivative d: A! — /A2 to the
relevant bundles (note that

-3 0 1 0 O
Hom(/\o’l,/\Q’O) — To,l ® /\2,0 =1
1 0 0 0 1

Y

as expected). In the torsion-free case, the de Rham complex takes the form

/\2,0
/\1,0 /‘
N\
s < INE (71)
/\0,1 /‘
N A0

familiar from complex analysis and the remarkable fact about c-projectively invariant
linear differential operators is firstly that this pattern is repeated on the flat model
starting with any bundle (68) with p, ¢ € Z>, for example

!
—32001/l00000
10001/‘20000\:—32001
0 N 0 (72)
0 0 0 0 0 10001/&41000
0
_21000\10001
0

The algorithm for determining the bundles in these patterns is detailed in [8] (it is
the affine action A — w(X + p) — p of the Weyl group for G along the Hasse diagram
corresponding to the parabolic subgroup P). On G/ P in general, these are complexes of
differential operators referred to as Bernstein—-Gelfand-Gelfand (BGG) complexes. In
our case, i.e. on CPP", they provide resolutions of the finite-dimensional representations

IS
(=
o
U

p

1

*—0o 0 0 o
q

(

(in case n = 5 (2n nodes in general))

O @<
~ @<+
Q @<
S @<

of the group G = PSL(n + 1,C) as a real Lie group. More precisely, any finite-
dimensional representation E of G gives rise to a constant sheaf G/P x E, which may



38 D.M.J. CALDERBANK, M.G. EASTWOOD, V.S. MATVEEV, AND K. NEUSSER

in turn be identified with the corresponding homogeneous bundle induced on G/P by
means of

G/P xpE>|g,e] — ([g],9¢) € G/P x E. (73)

Since the first bundle in the BGG complex is a quotient of this bundle, we obtain a
mapping of E to the sections of this first bundle and to say that the complex is a
resolution of [ is to say that these sections are locally precisely the kernel of the first
BGG operator (just as the locally constant functions are precisely the kernel of the
first exterior derivative d: A — Al). In our example (72), this means that

1 0 0 0 1 1 0 0 0 1

0— — 1 <
0 0 0 0 0 0 0 0 0 0 1 00 01

is exact, the G-module E in this case being the adjoint representation of PSL(n+1,C) as
a complex Lie algebra. More generally, the BGG resolutions on CP" as a homogeneous
space for PSL(n + 1, C) begin

—p—2 p+a+l b ¢ d

0
p a b ¢ d p a b ¢ d /‘ q e f g h
g ¢ [ g h g e f g h b ¢ b o d
0

—q—2 qte+l f g h

for nonnegative integers p, a, b, c,d, q, e, f, g, h constrained by (69). We may drop the
constraint (69) by considering CP" instead as a homogeneous space for SL(n+1,C), as
is perhaps more usual. Having done that, the standard representation of SL(n + 1, C)
on C"*! gives rise to the BGG resolution

00 0 0 1 00 0 0 1 V/ﬁ‘ 0 0 0 00
0— — 1 N (75)

00 0 0 0 00000 g0 01

251 0 0 0

where the operators V, and V; are, more explicitly and as noted in (59),
Xl (Vo X%, and X°— V,X° (76)

where X is a vector field of type (1,0) and of c-projective weight (—1,0) and the sub-
script o means to take the trace-free part. Notice that these are exactly the operators
implicitly encoded in the standard tractor connection (52) and (53). More precisely,
the filtration (49) is equivalent to the short exact sequence of vector bundles

-1 0 0 0 O 0O 0 o0 0 1 O 0 0 0 1
0— 1 — — 3 — 0
O 0 O 0 O o 0 0 0 O o 0 0 0 O

I | |
£(~1,0) T THOM(—1,0)
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and on the flat model, namely CP" as a homogeneous space for SL(n+1, C), the tractor
connection is the exactly the flat connection induced by (73). In the c-projectively flat
case, the remaining entries in (52) and (53), namely

Vop—PupX® and Vzp — PgpX?
may be regarded as quantities whose vanishing are differential consequences of setting
VX +po,b =0 and VzX°=0.

Hence, they add no further conditions to being in the kernel of the first BGG operator
(76) and the exactness of (75) follows. The same reasoning pertains in the curved
but torsion-free setting and leads to the standard tractor connection being obtained
by prolongation of the first BGG operator. This is detailed in Proposition 3.3. For
more complicated representations, the tractor connection may not be obtained by
prolongation in the curved setting, even if torsion-free. This phenomenon will soon
be seen in two key examples, specifically in the connection (85) and Proposition 3.9
concerned with infinitesimal automorphisms and in Proposition 4.5, Theorem 4.6, and
Corollary 4.7 dealing with the metrisability of c-projective structures. With reference
to the general first BGG operators (74), the following cases occur prominently in this
article.

00 0 0 1 00 0 0 1
s
— 1
00 0 0 0 0 0 0 0 0| This is the standard complex tractor bundle 7
and its canonical projection to TV°M(—1,0).
1 0 0 0 1 1.0 0 0 1
s
— 7
0 0 0 0 0 0 0 0 0 0 |Thisisthe adjoint tractor bundle AM to be con-

sidered in Section 3.4 and its canonical projection to T°M. A first BGG operator
acting on TH9M is given in Remark 3.3.

00 0 0 1 00 0 0 1
™
—

0 0 0 0 1 0 0 0 0 1|Thisis the tractor bundle arising in the metris-

ability of c-projective structures to be discussed in Section 4 and a first BGG operator
is given in (121).

1 0 0 0 0 1 0 0 0 0
s
— 1
1 0 0 0 0 1 0 0 0 0 |Thisis the dual of the previous case and arises in

Section 4.6, which is concerned with the first BGG operator D" defined in (167) and
acting on c-projective densities of weight (1,1). It is a second order and c-projectively
invariant operator.

In fact, there is quite a bit of flexibility in what one might allow as BGG operators,
already for the first ones (74). For example, the operator D* in Remark 3.3 is rather
different from the c-projectively invariant operators occurring as the left hand sides of
(1) and (2) in Proposition 3.7. Even for the bundle 7"°M (—1,0) in (75) corresponding
to standard complex tractors, there is the option of replacing the second operator in

(76) by
XC > Vo X©+ To° X0

in line with equation (1) in Proposition 3.7. Only in the torsion-free case do these
operators agree (with each other and the usual 0-operator).
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On the flat model, however, there is no choice. The operators occurring in the BGG
complexes are unique up to scale. Moreover, there are no other c-projectively invari-
ant linear differential operators: every such operator is determined by its symbol and
the BGG operators comprise a classification. In the curved setting it is necessary to
add curvature correction terms and there is almost always some choice. Regarding
existence, it is shown in [25] and [38] that such curved analogues always exist. How-
ever, even for the BGG sequence associated to the trivial representation, the resulting
operators are different if there is torsion. Specifically, the construction in [38] follows
the Hasse diagram beginning as in (71). In particular, there is no place for the torsion
as an operator A% — A20 whereas, in [25], the first BGG sequence associated to the
trivial representation for the case of |1]-graded geometry such as c-projective geometry,
is just the de Rham complex (70).

In summary, the BGG operators on CP" provide models for what one should expect
in the curved setting. In the flat case, there is no choice. In the curved case, there
is a certain degree of flexibility, more so when there is torsion. Finally, the general
theory of parabolic geometry [36] provides a location for harmonic curvature, as already
discussed in Sections 2.2 and 2.7 and Kostant’s Theorem [64] on Lie algebra cohomology
provides the location for this curvature, namely the three bundles appearing in the
second step of the BGG sequence (72) for the adjoint representation whilst the two
bundles at the first step locate the infinitesimal deformations of an almost c-projective
structure, in line with the general theory [29].

3.4. Adjoint tractors and infinitesimal automorphisms. For a vector field X on
a manifold M we write Lx for the Lie derivative along X of tensor fields on M. Recall

that there is also a notion of a Lie derivative of an affine connection V along a vector
field X € I'(T'M). It is given by the tensor field

LxV:TM —T"M®TM

characterised by

for any vector field Y € I'(T'M). In abstract index notation we adopt the convention
that (EXV)O@BVYﬁ = ,CX(VQY’Y).

Definition 3.1. A c-projective vector field or infinitesimal automorphism of an almost
c-projective manifold (M, J,[V]) of dimension 2n > 4 is a vector field X on M that
satisfies

o LxJ =0 (ie. [X,JY] = J[X,Y] for all vector fields Y € I'(T'M))
o (LxV)as" = vag”, where v,57 € T'(S?*T*M @ TM) is a tensor of the form (11).

Note that X € I'(T'M) is an infinitesimal automorphism of an almost c-projective
manifold precisely if its flow acts by local automorphisms thereof.

Let us rewrite the two conditions defining a c-projective vector field as a system of
differential equations on a vector field X of M. Expressing the Lie bracket in terms of
a connection V € [V] and its torsion shows that Lx.J = 0 is equivalent to

Tog" X = =LV X7 + JO TV XO). (77)

for one (and hence any) connection V € [V]. Moreover, one deduces straightforwardly
from the definition of the Lie derivative of a connection that for any connection V € [V]
we have

(LXV)&;'Y = Rag’y(;Xa -+ V5V5X7 -+ VB(TQ({YXQ). (78)
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Via the isomorphism TM = TY'O9M we may write the result as a differential equation
on X equation (77) then becomes
Vi X© + Ty X = 0. (79)
Since a tensor vgs” of the form (11) satisfies vg;® = 0 = v, the equation (LxV)z7s =
vgs! can be equivalently encoded by the three equations
(Lx V)" = vpd” (LxV)e =0 (LxV)e" =0, (80)

or, alternatively, their complex conjugates.

Lemma 3.6. If X* € T'(TY°M) satisfies the invariant differential equation (79), then
(LxV)p =0 (LxV)y =0,
for any connection V € [V].
Proof. Equation (78) and the formulae of Proposition 2.13 imply
(LxV)3q" = Reg®aX® + RataX® + V3V X©

= —Rp,a X + RpfaX® + VgV X + Ry e X®

= 2Ry, g X + VaVX© — (VT3 X7
Hence, the Bianchi symmetry (42) shows that

(Lx V) = Tua"T" X" + VaV5X© — (VT3 X7,

which evidently vanishes if V;X¢ = T;,°X®, and consequently also V X¢ = T,,°X“.
As (Lx V)i = ViVaX© + Vi(T;5°X®), the second assertion is obvious. O

According to Lemma 3.6, it remains to rewrite (LxV)p°q = vpa© as a differential
equation on X® Note that we have

(LxV)a = VpVaX°+ RupaX® + Rap“aX®. (81)
The Bianchi symmetry (41) R = 0 implies Ry, = —2Rq . Moreover,
ViVaX¢ = ViV X+ VpVgX© = ViV X+ 3(Rua®e X — Th"VeX©).
Therefore, we may rewrite (81) as
(LxV)a= ViV X+ Rop‘ey X + Rc‘z(bcd)Xa
— 3T Ve X + 3T Tea X, (82)
where we used the Bianchi symmetry (42) given by Rap°q = %T vt X% The torsion

terms of (82) evidently cancel if X satisfies (79).
Suppose now that 2n > 6. Then we deduce from Proposition 2.13 that

Ry X* = Wo@ 9y X + Ppay X + 0(°Paye X — 0y°Paa X — 64°Pap X, (83)
where the third term and the two last terms already define two tensors of the form (11).
Moreover, we obtain by Proposition 2.13 that

Ra’oyX® = Ha aX® + 2760 Ta s Tea’ X* — 2P5,00)° X", (84)
where the last two terms are again already of the form (11). Therefore, we conclude:

Proposition 3.7. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 6. A wvector field X € T(T*°M) is c-projective if and only if it satisfies the
following equations

(1) Vi X+ T3 X% =0 )

(2) (VoVa X+ Pug X+ Wopta X + Hap 9 X)o = 0,



42 D.M.J. CALDERBANK, M.G. EASTWOOD, V.S. MATVEEV, AND K. NEUSSER

where the subscript o denotes the trace-free part.
Due to Proposition 2.14 for 2n = 4 the equations take a simpler form:

Proposition 3.8. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n = 4. A vector field X* € T(T*°M) is c-projective if and only if it satisfies the
following equations

(1) Vi X€+ TaI;CXa =0 .

(2) (V(bvd)Xc + P(bd)XC + HadeXa)o =0,

where the subscript o denotes the trace-free part.

The equations in Propositions 3.7 and 3.8 define an invariant differential operator
Daut . Tl’OM — (/\1,0 ® TO,lM) D (32/\1,0 ® Tl’OM)O,

whose kernel comprises the infinitesimal automorphisms of (M, J, [V]).
Let us recall some facts about infinitesimal automorphisms of Cartan geometries.

Definition 3.2. Suppose (p: G — M,w) is a Cartan geometry. A vector field X e
['(TG) is called an infinitesimal automorphism of (p: G — M, w), if X is right-invariant
for the principal right action on G and L zw = 0.

A Cartan connection w on p: G — M induces a bijection between right-invariant vec-
tor fields X € I'(T'G) and equivariant functions w(X): G — g. Hence, right-invariant
vector fields on G are in bijection with sections of the adjoint tractor bundle AM. A
section s of AM corresponds to an infinitesimal automorphism of the Cartan geometry
if and only if s is parallel for the linear connection

VAs + k(I1(s), -), (85)

where VA is the adjoint tractor connection, IT: AM — TM the natural projection,
and xk € Q*(M, AM) the curvature of the Cartan geometry; see [29, 36].

The equivalence of categories established in Theorem 2.8 implies that any infini-
tesimal automorphism X € I'(T'M) of an almost c-projective manifold can be lifted
uniquely to an infinitesimal automorphism of its normal Cartan geometry and con-
versely, any infinitesimal automorphism of the Cartan geometry projects to an infin-
itesimal automorphism of the underlying almost c-projective manifold. This implies,
in particular, that IT induces a bijection between sections of the adjoint tractor bun-
dle of the almost c-projective manifold that are parallel for the connection (85) and
infinitesimal automorphisms of the almost c-projective manifold.

For the convenience of the reader let us explicitly compute the modified adjoint
tractor connection (85). For these purposes let us identify the adjoint tractor bundle
with the (1,0)-part of its complexification. As such it is filtered as

AM = A*M > A°M > A'M,

where A7'M/A°M = THOM, A°M/A'M = gl(T*'M,C) and A'M = A0, Hence,
for any choice of connection V € [V], we can identify an element of AM with a triple

X XbeT M
& |, where { ¢, € gl(T M, C)
o py € A0

Note that ¢,° may be decomposed further into its trace-free and trace parts according
to the decomposition (18) gl(T'°M,C) = sl(T*"M,C) & £(0,0). However, we shall
not make use of this decomposition. From the formulae (52) and (53) defining the
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tractor connection on the standard complex tractor bundle 7 one easily deduces that
tractor connection on AM = sl(7) is given by

X0 Vo X? — ¢g"

VA 65° | = [ Vads® + 6.1 + Pap X + (pta + PaaX )6 (86)
2 Vatty — Pac®p®
Xt V,X?

Vi o | = | Vadr® + Pap X + Paa X6, | . (87)
2 Vatty — Pac®p®

From (85) we deduce that:

Proposition 3.9. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 6. Then the projection 11: AM — AM/A°M = TYOM induces a bijection
between sections of AM that are parallel for

X? 0
Vil 0 | + | Waas X+ Wa, X+ Ty To0" X6,
,ub Ccach + CéabXC
Xt C Ta'XT
Vi [ ¢ | + | WaaX?+ Wit X+ (VT X4 — Ty Tea! X0)5,°
Mo Coap X+ Caap X €

and infinitesimal automorphisms of the almost c-projective manifold.

Proposition 3.9 can, of course, also be obtained directly by prolonging cleverly the
equations of Proposition 3.7. Note that the form of the equations in Proposition 3.7
immediately shows that II maps parallel sections for the connection in Proposition
3.9 to c-projective vector fields. To see the converse, one may verify that that for a
c-projective vector field X and for any choice of V € [V] the section

Xb Xb
d)bc — vac
My —%H(Vavaa + QP(ab)Xb)

is parallel for the connection given in Proposition 3.9 and observe that this differential
operator indeed defines the inverse to the claimed bijection.

Remark 3.2. If the dimension of the almost c-projective manifold is 2n = 4, then
Proposition 3.9 still holds taking into account that W,,¢; = 0.

Remark 3.3. Note that the differential operator
DA TYM — (A @ T M) & (S*AY @ THOM),
X (VI;XC, (V(bvd)Xc + XCP(bd))o)
is also invariant. It is the first operator in the BGG sequence of the adjoint tractor
bundle. As for projective structures, this operator differs from D" the operator that

controls the infinitesimal automorphisms of the almost c-projective manifold. For a
discussion of this phenomena in the context of general parabolic geometries see [29).

4. METRISABILITY OF ALMOST C-PROJECTIVE STRUCTURES

On any (pseudo-)Kéhler manifold (M, J, g) one may consider the c-projective struc-
ture that is induced by the Levi-Civita connection of g. The c-projective manifolds
that arise in this way from a (pseudo-)Kéhler metric are the most extensively studied c-
projective manifolds; see [41, 56, 81, 90| and, more recently, [44, 77, 80|. A natural but
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difficult problem in this context is to characterise the c-projective structures that arise
from (pseudo-)Ké&hler metrics or, more generally, the almost c-projective structures
that arise from (2, 1)-symplectic (also called quasi-Kéhler) metrics. In the following
sections we shall show that, suitably interpreted, this problem is controlled by an invari-
ant linear overdetermined system of PDE and we shall explicitly prolong this system.
Under the assumptions that J is integrable and the c-projective manifold (M, J, [VY])
arose via the Levi-Civita connection V9 of a Kéhler metric g, a prolongation of the
system of PDE governing the Kéhler metrics that are c-projectively equivalent to g
was first given in [41, 81] and rediscovered in the setting of Hamiltonian 2-forms on
Kéhler manifolds in [2].

4.1. Almost Hermitian manifolds. We begin by recalling some basic facts.

Definition 4.1. Suppose (M, J) is an almost complex manifold of dimension 2n > 4.
A Hermitian metric on (M, J) is a (pseudo-)Riemannian metric g, € T'(S*T*M) that
is J-invariant:

JoJ5° Gv5 = Gup-
We call such a triple (M, J, g) an almost Hermitian manifold, or, if J is integrable, a
Hermitian manifold. Note that we drop the awkward (pseudo-) prefix.

To an almost Hermitian manifold (M, .J,g) one can associate a nondegenerate .J-
invariant 2-form Q € T'(A?*T*M) given by
Qaﬁ = Ja'yg,},g. (88)

It is called the fundamental 2-form or Kdhler form of (M, J,g). If Q is closed (dQ2 =

0), we say (M, J,g) is almost Kdhler or almost pseudo-Kdhler accordingly as g is

Riemannian or pseudo-Riemannian; the “almost” prefix is dropped if J is integrable.
We write g*° for the inverse of the metric g,g:

Jory gvﬁ =5,7.
We raise and lower indices of tensors on an almost Hermitian manifold (M, J, g) with
the metric and its inverse. The Poisson tensor on M is Q% = J Fg*7| with
Qa7 = =45, (89)

Viewing A @ A% as a complex vector bundle equipped with the real structure given
by swapping its factors, a Hermitian metric can, by definition, also be seen as a real
nondegenerate section g,; of A ® A%l We denote by g% € T'(T™'M @ T*OM) its
inverse, characterised by

99" = 0.5 and  g,;0° = 6"

Let us denote by VY the Levi-Civita connection of a Hermitian metric g. Differen-
tiating the identity J,”J,” = —§,” shows that

(V9Js) T + JgVe I = 0. (90)
Since VIQg, = ¢,.V9J35¢, it follows immediately from (90) that
VIQs, + J5), VIO = 0. (91)

Viewing V9, as 2-form with values in 7*M, equation (91) says that the part of type
(1,1) vanishes identically. On the other hand, the vector bundle map

NPTM @ T*M — N>T*M
Vapy = Uiagy)
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induces an isomorphism between 2-forms with values in 7*M of type (0, 2) and 3-forms
on M of type (2,1) + (1,2), i.e. real sections of A*>! & A2, Since

v[gaQ/B’Y] - %(dQ)aﬁw (92)

the identity

QVZQM = (dQ)aﬁv - Jﬂg*]vC(dQ)aeC - Néyegea (93)
shows that type (0,2) component of VY€, is identified with the (2,1) + (1,2) com-
ponent of df2 [48]. The type (3,0) + (0,3) component of d2 is determined by the
Nijenhuis tensor N7, hence so is the type (2,0) part of V9Qp, (which has type (0,2)
when viewed as a 2-form with values in TM using g).

If M has dimension 2n > 6, VI{Qg, can be decomposed into 4 components, which
correspond to 4 real irreducible U(p, ¢)-submodules in A?C"®C", where U(p, ¢) denotes
the (pseudo-)unitary group of signature (p,q) with p + ¢ = n, the signature of gus.
If 2n = 4, then VIQg, has only two components. The different possibilities of a
subset of these invariants vanishing leads to the Gray—Hervella classification of almost
Hermitian manifolds into 16, respectively 4, classes in dimension 2n > 6, respectively
2n = 4, see [51]. In the following we shall be interested in the class of almost Hermitian
manifolds which in the literature (at least in the case of metrics of definite signature) are
referred to as quasi-Kdhler or (2, 1)-symplectic, see [48, 51]. We extend this terminology
to indefinite signature, as we have done for Hermitian metrics in general.

Definition 4.2. Suppose (M, J,g) is an almost Hermitian manifold of dimension
2n > 4. Then (M, J, g) is called a quasi-Kdahler or (2, 1)-symplectic manifold, if

VIQs, + Jo I3 VIQe, = 0, (94)
which is the case if and only if
V9" = —Ja TV, (95)

Since V35, as a 2-form with values in 7% M, has no component of type (1,1), (94)
means, equivalently, that V,Qg, has type (2,0), i.e. has no (0,2) part; equivalently
dQ has no component of type (2,1) + (1,2), i.e. it has type (3,0) + (0,3), which
explains the “(2, 1)-symplectic” terminology. The class of (2, 1)-symplectic manifolds of
dimension 2n > 6 contains as a subclass the almost (pseudo-) Kihler manifolds, which
are symplectic, and the subclass of nearly Kdhler manifolds, i.e. those almost Hermitian
manifolds that satisfy V9{ls, = —V%QM, which is manifestly equivalent to 3V2€ls, =
(d€2) . Since in dimension 2n = 4 any 3-form has type (2, 1)+(1, 2), the condition for
an almost Hermitian manifold of dimension 4 to be (2, 1)-symplectic is equivalent to the
condition to be almost (pseudo-)Kéhler. If J is integrable, i.e. (M, J,g) a Hermitian
manifold, then (M, J,g) is (2,1)-symplectic if and only if dQ2 = 0, i.e. (M, ], g) is
(pseudo-)Kéhler.

Definition 4.3. Let (M, J, g) be an almost Hermitian manifold of dimension 2n > 4.
Then a Hermitian connection on M is an affine connection V with VJ = 0 and Vg = 0.

Such Hermitian connections exist and are uniquely determined by their torsion. A
discussion of Hermitian connections and of the freedom in prescribing their torsion
can for instance be found in [48] (see also [69]). The following proposition shows that
(2, 1)-symplectic manifolds can be characterised as those almost Hermitian manifolds
which admit a minimal Hermitian connection; for a proof see [48|.

Proposition 4.1. Suppose (M, J,g) is an almost Hermitian manifold of dimension
2n > 4. Then (M, J,g) admits a (unique) Hermitian connection whose torsion T' is of
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type (0,2) as 2-form with values in TM, equivalently T = —iN‘], if and only if it is
(2,1)-symplectic.

For a a (2,1)-symplectic manifold (M, J, g) we refer to the unique Hermitian con-
nection V of Proposition 4.1 as the canonical connection of (M, J,g). In terms of the
Levi-Civita connection V9 of g it is given by

VoX? =VIXP 4+ (V917 I X (96)
For the convenience of the reader let us check that this connection has the desired
properties. For an arbitrary almost Hermitian manifold (M, J, g) the formula (96) is
obviously a complex connection, since
Va(J,7X7) = H(V4(L,7X7) + 1, VEX0)
1OV X0 = H(V4(L,X7) + J,PV8X),
which implies (V,J57)X? = V4 (J,PX7) = J,7V, X7 = 0 for all vector fields X*. Since
V9 is a metric connection, the connection given by (96) is a metric connection if and
only if (V9J:)J5¢gye = (VIQ¢,)J5¢ is skew in v and 3, which follows immediately
from (93). Hence, on any almost Hermitian manifold formula (96) defines a Hermitian
connection. Moreover, since VY is torsion free, the torsion 7" of (96) satisfies
Tog” = 5((VEIT) I = (VEIT) o). (97)

Recall that the Nijenhuis tensor can be expressed in terms of V9 (actually in terms of
any torsion free connection) as

N2 =—(V9J) s + (V3J)Ja = JoVedg" + Jg Vo, (98)
which by (95) reduces in the case of a (2, 1)-symplectic manifold to the equation
N7g" = =2((V8J) 5 = (V§I) JaS). (99)

Comparing (97) with (99) shows that on a (2, 1)-symplectic manifold the torsion 7" of
(96) satisfies T = —1N” as required. Note that, if the Levi-Civita connection V¥ of
(M, J, g) is a complex connection, then also V93, = 0, which by (92) implies that 2,3
is closed. Moreover, the identity (93) shows that J is necessarily integrable in this case.
Conversely, the same identity shows that, if J is integrable and the fundamental 2-
form closed, then the Levi-Civita connection is a complex connection, cf. Corollary 1.3.
Hence, the connection in (96) coincides with the Levi-Civita connection of on an almost
Hermitian manifold if and only if (M, J, g) is (pseudo-)Kéhler.

Remark 4.1. We have already observed that formula (96) defines a Hermitian con-
nection on any almost Hermitian manifold, which is usually referred to as the first
canonical connection following [69]. In the case of a (2, 1)-symplectic manifold the first
canonical connection coincides also with the second canonical connection of [69], which
is also called Chern connection; see [48|.

Let (M, J,g) be a (2,1)-symplectic manifold and denote by R the curvature of its
canonical connection V. Since V is Hermitian, we have R € Q*(M,u(TM)), where
w(TM) C T*M ® TM denotes the subbundle of unitary bundle endomorphisms of
(TM, J,g). Setting Ropys = Rap 59, the property R € Q*(M,u(TM)) of the curvature
of a (2, 1)-symplectic manifold can be expressed as

Ropys = Ragys)  and .Pboé/gw[(s(]g]’y = 0. (100)

Moreover, recall that for any linear connection the Bianchi symmetry holds. Hence, R

satisfies
Riag"s) = ViaTps)" + Teo T, (101)
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where T,37 = —3 N7 is the torsion of V. Note that (101) for a minimal connection is
of course precisely equivalent to the already established identities (41) and (42). Since
V is a complex connection, R decomposes as a 2-form with values in the complex endo-
morphism of T'M into three components according to type as explained in Section 2.4.
In barred and unbarred indices R can therefore be encoded by the three tensors

Rabcd Ral_)cd Ral_jcda

or equivalently by their complex conjugates, where R,,¢q = Hgnf HgHgRa/ng and so on.
Since V preserves in addition a (pseudo-)Riemannian metric, the additional symmetry
Rag,y(s = —Ra557 implies

Raped = Rap“a9ee = _Rabéégéd = —Rabde Rateq = Rap“afec = _R&I_jéégéd = —Rapaz

Rajeq = Rap“afec = _Raééégéd = —Rapaz Raveda = Rav“a9ec = _Rdbéégéd = — Rabde-
Note that the first two identities (which are conjugates of each other) show that for
the canonical connection of a (2, 1)-symplectic manifold (in contrast to a general min-
imal complex connection) the curvature components Ry,°q and R,,°; = Rz;¢q are not
independent of each other, since they are related by g. Hence, the curvature R of the
canonical connection of a (2, 1)-symplectic manifold can be encoded by the two tensors

Rapeq = R[ab}éd and  Rpzy

(or their complex conjugates). By (101), (100) and the fact that the torsion of V
has type (0,2) one deduces straightforwardly that the curvature and the torsion of a
(2, 1)-symplectic manifold satisfy the symmetries

Rapea = —Velapa Rapea + Ridea + Raaer = 0 (102)
ViaTbga =0 (103)
Ryjea = Rapea = —TuaTire  Rapod — Racba = T Tead (104)
Rpea — Regas = TaseTua® + Traa T (105)

where Tipe = Top?go and Thpe = Tap%gae (cf. also (41) and (42)). Now let us consider
the Ricci tensor Ric of the canonical connection of a (2,1)-symplectic manifold. By
definition we have

Ricab = Rcacb RiC&E = Réaég Ricag = REQEB RiCab = Rcﬁcb.
From the identities (102) we we conclude that
Ricg, = =V Ricpy) = 5VeTw®

_ . . ) . (106)

Moreover, taking a Ricci type contraction in (105) shows immediately that the J-
invariant part of the Ricci tensor of the canonical connection of a (2,1)-symplectic
manifold is symmetric:

Ricag = Rnga. (107)
The canonical connection of a (2,1)-symplectic manifold is special in the sense of
Section 2.5, since it preserves the volume form of g; hence (106) and (107) confirm in
particular what we deduced there for the Ricci curvature of special connections.

We already observed that (2, 1)-symplectic is equivalent to (pseudo-)Kéhler when J
is integrable. Hence, in this case, the canonical connection simply coincides with the
Levi-Civita connection. Suppose (M, J, g) is now a (pseudo-)Kéhler manifold. Then
the identities (102)—(105) imply that R is determined by any of the following tensors

RaEcJ Rﬁch RaBEd Rabéd
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which are now subject to the following symmetries
Ral;ccz = _RI;acJ Rai)c& = _RaBJc RaEcJ - RcBaJ RaEcJ - RaJcB (108>

as well as
Ravea = Rypeq = Ryade-

Remark 4.2. Let us remark that for the curvature R of a (pseudo-)Kéhler manifold,
we have Rp,375 = 0 which, together with the symmetries (100), implies

Rag,yg = R,ygag and Ja€J5<R€C’Y§ = Raﬁvg. (109)

The symmetries of (100) and (109) are precisely the ones in (108) expressed in real
indices. Note also that (109) shows immediately that the Ricci tensor Ricas = Reas
is symmetric and J-invariant, which is consistent with (107).

Moreover, note that it is immediate that the rank of the bundle of (pseudo-)Kéhler
curvatures is (n(n + 1)/2)? and that this bundle further decomposes under U(n) as

52/\1,0 ® SQ/\O,l — (52/\170 R0 52/\0,1) D (/\1,0 R0 /\0,1) D R,

where the subscript o means trace-free part and R stands for the trivial bundle. Under
this decomposition, the (pseudo-)Kéhler curvature splits as

—_
—

Raped = Usbed = 2(Eap9ed + Zciab + Zaddes + EcbYad) — 2M9asged + 9aades),  (110)

where ) )
Udbed = Ugad = Uads 9" Uabea =0 ¢"*E5 = 0.

This is a Kéhler analogue of the usual decomposition of Riemannian curvature into the
conformal Weyl tensor, the trace-free Ricci tensor, and the scalar curvature. The tensor
Uyieq is called the Bochner curvature (or tensor) and is the orthogonal projection of
the conformal Weyl curvature onto the intersection of the space of Kéhler curvatures
with the space of conformal Weyl tensors [2]. The analogue of constant curvature in
(pseudo-)Kéhler geometry is to insist that R,;5. = A(9u39ed + 9e59ad), Where the (a
priori) smooth function A is constant by the Bianchi identity. This is called constant
holomorphic sectional curvature and (for A > 0) locally characterises CP" and its
Fubini-Study metric as in Section 2.6 (where the normalisation is such that A = 1).

4.2. Other curvature decompositions. It will be useful, both in this article and
elsewhere, to decompose the (pseudo-)Kéhler curvature tensor from various different
viewpoints, some of which ignore the complex structure. Without a complex structure,
barred and unbarred indices are unavailable so firstly we should rewrite the irreducible
decomposition (110) using only real indices. We recall that
Rapys = Riagiye) Rlapys =0 RapyisJg” =0 (111)
and the real version of (110) will apply to any tensor satisfying these identities. Re-
calling that Q.5 = Jos = Jo"gsy, We obtain
Rapys = Uaprs

+ gawE@S - gﬁ’YEaé - gastﬁ’y + 9/355047

+ QOWE&; — ngzats — Qa5257 + Qﬁgzow -+ QQagE,W; + 29752045

+ A(ga'ygﬁé — 9pv9as + Qa’yQﬂ5 - Q,B'yQaé + 2Qa,BQ'y<5)a

(112)

where

e U,p.s is totally trace-free with respect to g** and Q°
o X5 = J, =5, whilst Z,5 is symmetric, trace-free, and of type (1,1):

[1]

= —
‘—‘045 —

@) Za" =0 Xap =g



C-PROJECTIVE GEOMETRY 49

A simple way to see this is to check that all parts of this decomposition satisfy (111) as
they should and then apply Hgﬁ§ HZﬁz—, using the various identities from Section 1.1
including (4), to recover (110). One can also read off from (112) the corresponding
decomposition of the Ricci tensor in (pseudo-)Kéahler geometry. Specifically,

Ricgs = 2(n +2)Zs5 +2(n + 1)Agss Scal = 4n(n + 1)A
and, conversely,

A = ——=Scal Zag =

4n(n+1 RICQB SC&I gaﬁ) .

2(n+2) (
Other natural realms in which one may view (pseudo—)Kéther geometry are

e projective

e conformal

e c-projective

e symplectic
and in each case decompose the curvature accordingly. The projective Weyl curvature
tensor [42] on a Riemannian manifold of dimension m is given by

Rag,yg - ﬁgavRiCB(s + ﬁgg,yRiCa(;.

If this vanishes, then, in conjunction with the interchange symmetry Rags = R 508,
we deduce that R,gs = AGarGss — 9sv9as) Where, if m > 3, the (a priori) smooth
function A is constant by the Bianchi identity. This is Beltrami’s Theorem that the
only projectively flat (pseudo-)Riemannian geometries are constant curvature (when
m = 2 one instead uses that the projective Cotton—York tensor vanishes). In any case,
comparison with (112) shows that for n > 2 the only projectively flat (pseudo-)Kéhler
manifolds are flat. The conformal Weyl curvature is given by

Ra,@’yé - ga'yQ56 + gﬁ'yQo«S - g[%Qory + gaéQ,B’ya

where (o is the Riemannian Schouten tensor

1 1
o8 = Ricag — =———Scal go5 | .
Qo = z(lcﬁ 2(m — 1) Cagﬁ)
Thus, if the conformal Weyl curvature vanishes on a (pseudo-)Kéhler manifold, then

2Ra6’7[51]6}’y - JeaQb’B + 2(n - Q)JG’YQOC’Y‘

From (111), we see that for n > 3 the only conformally flat (pseudo-)Kéahler manifolds
are flat. For n = 2 it follows only that the geometry is scalar flat and, in fact, Tanno [96]
showed that 4-dimensional conformally flat Kéhler manifolds are locally of the form
CP! x ¥ where CP! has the Fubini-Study metric up to constant scale and the complex
surface ¥ has a constant negative scalar curvature of equal magnitude but opposite
sign to that on CP'.

From the c-projective viewpoint, if we compare the decomposition (112) with (24),
then we conclude, firstly that W,z7s = Haps (see the proof of Proposition 4.4 for a
barred /unbarred index proof of this), and then that

—_ — 1 —_ =
Haﬂfy& - Uaﬁ’y& — Jas=By + 936 =y + n_H(gﬂ’y:a(s - ga'y:[%)

(113)
+ 2005805 — QasBgy + QpsTay — 737 (2206Zas — gy Zas + Qary Dgs)-
Notice, in particular, that
Hop,f =22tz (114)

from which we can deduce the following c-projective counterpart to Beltrami’s Theo-
rem.
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Theorem 4.2. Suppose a (pseudo-)Kdhler metric is c-projectively flat. Then it has
constant holomorphic sectional curvature.

Proof. To be c-projectively flat, the harmonic curvature tensor H,g”s must vanish.
Then from (114) we find that Z,5 = 0 and from (113) that also U,s,5 = 0. According
to (112) we find that R,s.s is of the required form. O

Finally, we may view (pseudo-)Kéhler geometry from the purely symplectic view-
point as follows. For any torsion-free connection preserving 2,3, the tensor R,z {2,
is symmetric in 79 and may be decomposed into irreducible pieces under Sp(2n,R):

Rag 58y = Vapys + QayPas — QgyPas + Qas Py — QpsPay + 200D, (115)
where
Vagys = Viagle)  Viesa =0 QVaps =0 Qog = Prap).

Proposition 4.3. On a (pseudo-) Kdhler manifold, if the tensor V,p.,s vanishes, then
the metric has constant holomorphic sectional curvature.

Proof. From (115), we find that
QR 50 = Q% [QarPgs — Qpy Pas + QasPsy — QasPay + 200 Prs] = 4(n + 1) Do

whereas computing according to (112) leads to Q*’ R,55Q, = 4=,5. We conclude that
Eap = (n + 1)@, at which point we may compare (115) with (112) when Vy3.5 = 0
to conclude that U,g.s = 0 and Z,5 = 0, as required. O

4.3. Metrisability of almost c-projective manifolds. Suppose (M, J,[V]) is an
almost c-projective manifold. It is natural to ask whether [V] contains the canonical
connection of a (2, 1)-symplectic metric on (M, J).

Definition 4.4. On an almost c-projective manifold (M, J,[V]) a (2,1)-symplectic
metric g € T'(S*T*M) on (M, J) is compatible with the c-projective class [V] if and only
if its canonical connection is contained in [V]. The almost c-projective structure on M
is said to be metrisable or (2, 1)-symplectic or quasi-Kdhler (or Kdhler or pseudo-Kdhler
when J is integrable) if it admits a compatible (2, 1)-symplectic metric g (respectively
a Kéahler or pseudo-Kéhler metric g, if J is integrable).

The volume form vol(g) of ¢ is a positive section of A**T*M, which we view as a
c-projective density of weight (—(n+ 1), —(n+ 1)) under the identification of oriented
real line bundles A?"T*M = Ex(—(n + 1), —(n + 1)) determined by

Eab--c gd}g...f S F</\2nT*(n + 1, n -+ 1)),

where g4p... € D(A™%(n+1,0)) is the tautological form from Section 2.1. We now write

vol(g) = Tgf(nﬂ) uniquely to determine a positive section 7, of Eg(1,1). The canonical
connection V of ¢ is a special connection in the c-projective class, and for all ¢ € Z,
7l =vol(g) ™) € I(Eg(¢, €)) is a V-parallel trivialisation of Ex (¢, ).

In the integrable case, the metrisability of a c-projective structure gives easily the

following constraints on the harmonic curvature.

Proposition 4.4. Let (M, J,[V]) be a c-projective manifold of dimension 2n > 4.
If [V] is induced by the Levi-Civita of a (pseudo-)Kdhler metric on (M, J), then the
harmonic curvature only consists of the (1,1)-part

w,

a

C C
pa=Hi

of the (c-projective) Weyl curvature.
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Proof. Suppose first that 2n > 6. Then we have to show that W,,¢; vanishes. Recall
that, by construction, W, is the connection-independent part of the (2, 0)-component
of the curvature of any connection in the c-projective class. Hence, if [V] is induced
from the Levi-Civita connection of a (pseudo-)Kéhler metric on (M, J), then W%,
vanishes identically, since the curvature of a (pseudo-)Kéhler metric is J-invariant. If
2n = 4, then W,,°, is always identically zero and the (2,0)-part Cyp. of the Cotton—
York tensor is independent of the choice of connection in the c-projective class. Since
the Ricci tensor Ric,g of a (pseudo-)Kéhler metric ¢ is J-invariant (109), we have
P = %HRicag and Ric,, = Py, = 0. Hence, if 2n = 4 and the c-projective structure is
metrisable, then Cyp. = V,Pp.— VP, vanishes identically, which proves the claim. [

We now link compatible metrics to solutions of the first BGG operator associated to
a real analogue V of the standard complex tractor bundle 7. Any almost c-projective
manifold (M, J, [V]) admits a complex vector bundle

Ve=T®T.
Although the construction of 7~ and 7 requires the > existence and choice of an (n+ 1)t
root £(1,0) of A"TM, the vector bundle 7 ® T is defined independently of such
a choice. Moreover, swapping the two factors defines a real structure on 7 ® T and

hence V¢ is the complexification of a real vector bundle V over M corresponding to
that real structure. The filtration (49) of T induces filtrations on ¥V and V¢ given by

Ve=V:z' D V2 DV,
where
VW2 =T M @ T M(—1,-1)
V2/VE = (TYM & T M) (~1, -1)
Ve =2 E(—1,-1).

For any choice of connection V € [V] we can therefore identify an element of V¢ with
a quadruple

,,71_70 ) 77l_zc c T0’1M®T1’OM(—17T1),
X | vh], where ¢ Xt e THOM(—1,-1), YbeTOMM(-1,-1),
P p e 5(_17 _1)7
and elements of V can be identified with the real elements of Vc:
O Xb=Y" and p=p. (116)

The formulae (52) and (53) for the tractor connection on 7 immediately imply that
the tractor connection on Ve =T ® T is given by

175(: VanBc + 5acyl3

VEL XY | VP = [ VaX? + p8." = Paenn®™ | Vo Y? — Py (117)
P Vap — PaBYE - PabXb
nBC Vangc + (SaBXC

Ve[ xb | vP | = | VaX? = Paan® | VaY? 4 pds® — Pac™ | . (118)
p Vap = PaY? = Pay X

Note that the real structure on V¢ is parallel for this connection and that, consequently,
the tractor connection on V is the restriction of (117) and (118) to real sections (116).
Now consider, for a section 1 of T%'M @ TOM(—1,—1), the system of equations

Vo™ 4+ 6,5Y" =0,  Van™ +68,'X°=0 (119)
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for some sections X¢ of T"0M(—1,—1) and Y? of T%'M(—1,—1). It follows immedi-
ately from the invariance of (59) that the system (119) is c-projectively invariant. In
fact, if n** € D(TO'M @ T"OM(—1,—1)) satisfies (119) for some connection V € [V],
for some X¢ e T(T*YM(—1,—1)), and for some Y? € D(T'OM(—1,—1)), then n’
satisfies (119) for V € [V] with

Xe=X—Tym" and YP=Y"— T (120)

Moreover, if (119) is satisfied, one must have Y? = —lvanl_’“ and X¢ = —1Vn. If

% is a real section, then the first equation in (119) is satisfied if and only if the second

equation of (119) holds, in which case X X =Y?. We can reformulate these observations
as follows. There is an invariant differential operator

(A QTYMM @ T M (~1,-1)),
DE&: T "M @ T M (—1,—-1) — ® (121)
(A @ TOIM @ THOM (-1, -1)),

given by 0’ — (V1P c—15 Vb VanP c— 15 2PV n%). Restricting DYe to real sections
N’ = n® gives an invariant differential operator DY. It is the first operator in the BGG
sequence corresponding to the tractor bundle V and D¢ is its complexification.

Proposition 4.5. Let (M, J,[V]) be an almost c-projective manifold of dimension
2n > 4. Then, when n is even, the map sending a Hermitian metric gy to the real
section n® = g®7, 1 of T M @ T"OM (-1, —1) restricts to a bijection between com-
patible (2,1)-symplectic Hermitian metrics on (M, J,[V]) and nondegenerate sections
in the kernel of DY. The inverse map sends n® to the Hermitian metric gy with
g% = (det n)n®, where

detn := ni S Ebde- fn“and - e T(&(1,1)) (122)

and €qp.... denotes the tautological section of N"°(n+1,0). Whenn is odd, the mapping
n%® s g% = (detn)n® is 2-1 and, conversely, the mapping g* — n® = 7.7 1¢g% picks
a preferred sign for n%° but, otherwise, the same conclusions hold.

Proof. Assume first that g,z is a compatible (2, 1)-symplectic Hermitian metric, i.e. its

canonical connection V is contained in [V]. Then 7™ = ¢g®7 ' is a real section of

TO'M @ THOM(—1,—1), which satisfies (119) for V with X¢ = 0 and Y = X°¢ =

Hence, 1% is in the kernel of DY, and detn = Tg”HTg’" =7,

Conversely, suppose that n* € T(T%'M ® T"OM (-1, —1)) is a real nondegenerate
section satisfying (119) for some connection V € [V] with X? € ['(T"°M (-1, —1)) and
vt = XP e D(T%'M(—1,—1)). Since n™ is nondegenerate, there is a unique 1-form
T, such that 7Y, = X% Let us denote by V € [V] the connection obtained by c-
projectively changing V via Yj,. Then we deduce form (120) that Ve = Vanbe = 0.
Since e4,.... is parallel for any connection in the c-projective class, det n is parallel for
V. Hence, gbc — nPdetn is a real nondegenerate section of T 1M ®@ TYOM that is
parallel for V, i.e. its inverse gyz is a (2, 1)-symplectic Hermitian metric whose canonical
connection is V € [V]. O

The real vector bundle V can be realised naturally in two alternative ways as follows.
First, let us view 7 as a real vector bundle T equipped with a complex structure J7
(thus, equivalently, Tr ® C = T @ T). Then we can identify V as the J7-invariant
elements in S?7Tr. However, since J7 induces an isomorphism between J7-invariant
elements in S?7Tg and such elements in A*Tg, cf. (88), we may, secondly, realise V as
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the latter. Realised as the bundle of J7-invariant elements in S*7Tx we can, for any
choice of connection in the c-projective class, identify an element of )V with a triple

nP n?r e S?°TM ® Er(—1,—1) with JsBJ e =
XP 1, where { XP eTM® E(-1,-1)
p pESR(—l,—l).
In this picture the tractor connection becomes
n” Van® + 6,0 XY + J,PJ VX
Ve | X7 | = VaoX? + pdo? — Poyn™ : (123)
P Vap — PagX’B

The formulae (117) and (118) may be recovered from (123) by natural projection:
Ve =1gvy, VE=ILVY n*=IL0y", X°=I5X° Y'=I;X°
so that, for example,
TCTT (Vo XP + p0o® — Parit®) = Vo X + po,% — Poyn®
= VaXb + péab - Paénaba

as in (117). To pass explicitly to the second (skew) viewpoint on V described above,
one can write ®* = J,"n*® and Y? = J,#X“. Then, for any choice of connection in
the c-projective class, an element of ¥V may alternatively be identified with a triple

el P € N°TM ® Ep(—1,—1) with J;7J7P% = M
YP |, where { YP € TM ® E(-1,-1)
p p € Er(—1,-1).
The tractor connection becomes
Leal V. 0% + 6,7 + J By
VI YE | = VoY’ + pJ, + P, @7 . (124)
p Vap + Pag /Y7

The formulae (117) and (118) are again projections of (124):
e = dLIeN  XP = —IIY? vP =iy ",

4.4. The metrisability equation and mobility. Let (M, J,[V]) be an almost c-
projective manifold. By Proposition 4.5, solutions to the metrisability problem on
M, i.e. compatible (2, 1)-symplectic metrics up to sign, correspond bijectively to non-
degenerate solutions 1 of the equation DYn = 0. We refer to this equation as the
metrisability equation on (M, J,[V]). It may be written explicitly in several ways.
First, viewing V as the real part of V¢, % satisfies, by (119), the conjugate equations:

Ve 4+ 6,°XP =0 and V' + 6" X =0 (125)

for some (and hence any) connection V € [V] and some section X* of T''M ®
Er(—1,—1) with conjugate X In the alternative realisation (123) of V, the metris-
ability equation for J-invariant sections n*? of S?TM ® Eg(—1,—1) is

Vo™ + 0, BXY 4+ J BINxe =0 (126)

for some section X of TM ® Eg(—1,—1). Similarly, using the realisation (124) of V,
the metrisability equation for J-invariant sections ®* of A2TM ® Eg(—1,—1) is

vV, 0% + 6,87y £ g By =0 (127)
for some section Y* of TM ® Er(—1, —1).
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Definition 4.5. The (degree of ) mobility of an almost c-projective manifold, is the
dimension of the space

m.[V] := ker DY = {naﬁ

‘]’Yajeﬁnve = naﬂ
Va®' + 6,8 X7 + J,B )X =0 for some X*

of solutions to the metrisability equation.

In the sequel, the notion of mobility will only be of interest to us when the metris-
ability equation has a nondegenerate solution. Then (M, J,[V]) has mobility > 1, and
the mobility is the dimension of the space of compatible (2, 1)-symplectic metrics. For
any (2, 1)-symplectic Hermitian metric g on a complex manifold (M, J), the mobility
of the c-projective class [V] of its canonical connection V is > 1, and will be called the
mobility of g. If such a metric g has mobility one, i.e. the constant multiples of g are
the only metrics compatible with c-projective class [V], then most natural questions
about the geometry of the c-projective manifold (M, J,[V]) can be reformulated as
questions about the Hermitian manifold (M, J, g). For example the c-projective vector
fields of (M, J,[V]) are Killing or homothetic vector fields for g. Hence, roughly speak-
ing, there is essentially no difference between the geometry of the Hermitian manifold
(M, J, g) and the geometry of the c-projective manifold (M, J, [V]).

We will therefore typically assume in the sequel that (M, J,g), or rather, its c-
projective class (M, J,[V]), has mobility > 2, and hence admits compatible metrics
g that are not proportional to g; we then say g and g are c-projectively equivalent.
Although all metrics in a given c-projective class are on the same footing, it will often
be convenient to fix a background metric g, corresponding to a nondegenerate solution
n of (125). Then any section 7 of T™' M @ T*OM (-1, —1) may be written

ﬁéc — nébAbc
for uniquely determined A,“—explicitly, we have:
A™ = (det )™ and A" = gucA”.

Since 7 and 7 are real, Ay is g-Hermitian (i.e. the isomorphism 7% M — Q9 induced
by ¢ intertwines the transpose of A,° with its conjugate):

A_ab = AE& = gEdAdcgca-

Using the canonical connection V of g, the metrisability equation (125) for 77 may be
rewritten as an equation for A,°, which we call the mobility equation:

V. Ay = —0,4y, or (equivalently) VeAs" = =g, (128)

where A" = 11547 with A° real, and A, = [0 Ag = 11, gga A* = goaA® with A% = T12 A*.
Taking a trace gives A, = V. .\ and A; = VA, with A = —A,* = —A;% real. The
metric g itself corresponds to the solution A,° = 6,” of (128), with A. = 0.

Since the background metric g trivialises the bundles £(¢, ¢) by V-parallel sections
Tgé = (det )¢, we shall often assume these bundles are trivial. We may also raise and
lower indices using ¢ to obtain further equivalent forms of the mobility equations:

VA" = 5,54 or  VaAY" = —5,24°, (129)

VoApe = —Gacly or VaApe = —grale. (130)

Like the metrisability equation, the mobility equation can be rewritten in explicitly

real terms. If we let 777 = n®¥AzY and raise indices using g, then the metrisability

equation (126) maybe rewritten as a mobility equation for the unweighted tensor A*® €
L(S%(TM)):

VAP = —6,8470 — J, B Js A%, (131)
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We thus have that

Ao =VoA  where  A=-14,° (132)
Tracing back through the identifications, note that
A8 — (V(ﬂ@)” (D) o (133)
vol(g) ’

where g7 = (det 7)7*” is the inverse metric induced by 7.
We may, of course, also lower indices to obtain:

VaAgy = _ga(ﬁflv) + Qa(ﬁj—y)é/ld- (134)

This is the form of the mobility equation used in [41, 94| and |44, Equation (3)] to study
c-projectively equivalent Kéhler metrics. This is a special case of Proposition 4.5, in
which we suppose that there is a (pseudo-)Kéhler metric in our c-projective class and
we ask about other (pseudo-)Kéhler metrics in the same c-projective class.

Finally, we may rewrite (127) as a mobility equation with respect to a background
(2, 1)-symplectic metric g with fundamental 2-form € and canonical connection V.
Trivialising £(1, 1) and lowering indices using g, we obtain

Va®sy + gajg¥y) — Qa[ﬁJﬂ‘sYb =0

for a 2-form ®,5. In the integrable case (i.e. when ¢ is (pseudo-)Kéhler) this is the
equation for Hamiltonian 2-forms in the terminology of [2]. We extend this terminology
to the (2, 1)-symplectic setting and refer to its c-projectively invariant version (127) as
the equation for Hamiltonian 2-vectors ®*# on an almost c-projective manifold.

Remark 4.3. If g is a Kéhler metric, then applying the contracted differential Bianchi
identity gebV[eRa]gcg = 0 to the Bochner curvature decomposition (110), we deduce that
if the Bochner curvature is coclosed, i.e. ¢°*V U.g = 0, then A := (n+2)Z.7+ Ag.q
satisfies the mobility equation in the form (130). Equivalently, the corresponding .J-
invariant 2-form, which is a modification of the Ricci form, is a Hamiltonian 2-form.
This was one of the motivations for the introduction of Hamiltonian 2-forms in [2], and

is explored further in [5].

Remark 4.4. Many concepts and results in c-projective geometry have analogues
in real projective differential geometry. We recall that on a smooth manifold M of
dimension m > 2, a (real) projective structure is a class [V] of projectively equivalent
affine connections, cf. (10). It is shown in [43] that the operator

(M, S?°TM(—2)) 317”7 — (Van),, (135)

where S?T'M(—2) denotes the bundle of contravariant symmetric tensors of projective
weight —2 and o denotes the trace-free part, is projectively invariant (it is a first BGG
operator) and that, when n is even and otherwise up to sign, nondegenerate solutions
are in bijection with compatible (pseudo-)Riemannian metrics, i.e. metrics whose Levi-
Civita connection is in the projective class [V]. We define the mobility of [V], or of
any compatible (pseudo-)Riemannian metric, to be the dimension of this space

m[V] := {n* € (M, S*’TM) | Von® = 6,° 17 + 8,71 for some p®}

of solutions to this projective metrisability or mobility equation, where we reserve the
latter term for the case that the projective structure admits a compatible metric.
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4.5. Prolongation of the metrisability equation. Suppose (M, J,[V]) is an almost
c-projective manifold and let us prolong the invariant system of differential equations
on sections 7’ of T%'M @ T*OM (-1, —1) given by (119). We have already observed
that (119) implies that

X' =-1ugp®  and  Y'=-lvghe (136)

Moreover, we immediately deduce from (119) that
(VaVi = Vi V)™ + T Ven™ = 26,9V Y — T, X (137)
(VaVi = ViVa)n™ + Tt Ven™ = 26V X — TV " (138)

The left hand sides of equations (137) and (138) equal
Rabdenée + Rabéénéd + 2P[ab]776d - L(véjﬁabé)néd

n+1
= abdenée + 25[(1de]6776€ + (véTabé)néd - HL_H(VETabE)nEd (139)
RaBéénéd + Rai)denge + 2P[al§]776d - %H(veTaBe)nEd
= aééénéd + 25[5%}5776‘1 + (veTaBd)née - %H(VeTaBe)nEda (14())

where we have used Theorem 2.13 to rewrite the curvature tensors R, Rap g, Rap‘d
and R,°;3. We conclude from (137) and (139), taking a trace with respect to a and d,
and from (138) and (140), taking a trace with respect to a and ¢, that

VoY = Pyen™ + 2U,° VX = Ppn™ + 1137, (141)

where
Uy o= ;25T X + 327 (Ve ™ — Gy (VeTw )™ (142)
V= T Y + 25 (VL™ — iy (VeTw )™, (143)

depend linearly on ni’c and on X® respectively Y.

Remark 4.5. Suppose J is integrable. Then the equations (141) imply V,Y¢ = Py.n®
and V; X4 = Pyn°. Hence, in this case, the equalities between (137) and (139) and
between (138) and (140) show that

Walen™ =0 Win® = 0. (144)

If 7% is a nondegenerate solution of (119), then (144) implies that W, and its
conjugate are identically zero, which confirms again Proposition 4.4 for 2n > 6.

Now consider

(VaVi = VaVa)n™ = Ry en®™ + Rap’en®™ + Popn™ — Ppan™. (145)
By Equation (119) and Theorem 2.13 we may rewrite (145) as
=0 Vo X+ 0, VY = W™ + Wopfen™ + 6,Ppen™ — 6°Paen™. (146)
Taking the trace in (146) with respect to b and ¢ shows that
VX = Puen®™ — 16,9(Pp™ — V3Y?) — L9 0P (147)
and with respect a and d that
VY = Py — L6°(Paen™ — Vo X7) + LW, n ™. (148)

As the contraction of (147) with respect to a and d and the contraction of (148) with
respect b and ¢ must lead to the same result, we see that

L(Pgre — V5Y?) = L(Pen®™ — V, X, (149)

n
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which we denote by p € I'(E(—1,—1)). Inserting (136) into (149) therefore implies
that

p = B (VaVer™ + nPan™) = 5 (VyVan™ + nPn™). (150)
By Theorem 2.13 we have
(VaVi = V5Va) X = Ry X + Py X — Py, X° (151)

al;chd + 5aCP5dXd + PQI;XC.

Inserting the second equation of (141) and (147) into the left hand side of (151) one
computes that

(VaVi = ViVa) X = nVip 4 P X — nPg Y + Cupen®™ + Z;, (152)
with
Zy = trrriy (Ve lu)Y + 5T Paan™ + 15 Teb“U ’
— e (VaVala ) + iy (Ve Vala")n™, (153)

where we have used (119), (142) and that W,;%4 is zero. Note again that Z; depends
linearly on %, X® and Y% From (151), the expression (152) must be equal to nP;, X+
P;X?, which implies that

Vip = Pp, X + PpY — 2 Cent™ — 1. 7. (154)
Rewriting (V,V; — V;V,)Y ¢ analogously shows immediately that
Vap = PaaX?+ PV 4+ 1Cam™ + 1Q,, (155)
where
Qo =7 (Velu" VX T P + n( Tdabe
- (nH—(VbV e1a” )77 + o 1)(V5V el dq ) ; (156)

depends linearly on 7%, X and Y?. In summary, we have proved the following.

Theorem 4.6. Suppose (]\_4, J,[V]) is an almost c-projective manifold. The canonical
projection 7: Ve := T @ T — T M ® TYOM(—1,-1) induces a bijection between
sections of V¢ that are parallel for the linear connection

nl_)c 1 O
Vel X Y|+ = Wad bope ’ ~ U (157)
n
P abcn Qa
and _
,r]bc ) 1 0 -
el POIRC N AR A (158)
n be
P _O&cl;nb - Za

and elements in the kernel of D¢, where U.b, Vi, Q. and Z, are defined as in (142),
(143), (153) and (156). The inverse of this bijection is induced by a differential operator
L: T%'"M @ TYYM(—1,—1) — V¢, which for a choice of connection V € [V] can be
written as ~
i 7]bc )
L | =LV | —Ly,pbe
L(VaVin™ + nPan™)

If J is integrable, W;¢q = H,;¢q and Walqy = Haly (by Theorem 2.18) and U,°, Vib,
Q. and Z; are identically zero.
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Let now V be the real form of the vector bundle V¢, as defined in the previous section.
Obviously, the connection in Theorem 4.6 preserves V and therefore Proposition 4.5
and Theorem 4.6 imply that:

Corollary 4.7. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 4. Then, up to sign, there exists a bijection between compatible (2, 1)-symplectic
Hermaitian metrics and sections s of V that satisfy

o 7(s) = 1 is nondegenerate
e s is parallel for the connection given by (157) and (158).

Note, that since s is a real section, it is covariant constant for (157) if and only if it
is covariant constant for (158).

Suppose s is a section of V that is parallel for the tractor connection. Then 7(s) = 7"
is still in the kernel of DY and hence Theorem 4.6 implies that s is also parallel for
the connection given by (157) and (158), i.e. w(s) = 1 must satisfy W,;°n% = 0,
Walan® = 0, U = 0, V;° =0, Cpon™ + Qo = 0 and Caen® + Zz; = 0. The
following proposition gives a geometric interpretation of parallel sections of the tractor
connection and hence of so-called normal solutions of the first BGG operator DV in

the terminology of [33].

Proposition 4.8. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 4. Then, if n is even, there is a bijection between sections s of V such that

o 7(s) = 1% is nondegenerate

e 5 is parallel for the tractor connection VY on V

and compatible (2, 1)-symplectic metrics g satisfying the generalised Einstein condition:
Ricyy =0 and Ricy = kg, for some constant k € R, (159)

where Ric is the Ricci tensor of the canonical connection of g. If J is integrable, then
(159) simply characterises (pseudo-)Kdhler—Einstein metrics. If n is odd, the same
conclusions are valid up to sign.

Proof. Suppose s € I'(V) is parallel for the tractor connection V¥ and that n(s) =
n® € ker DV is nondegenerate. Then Proposition 4.5 implies that the inverse of g% =
n® detn is a compatible (2,1)-symplectic Hermitian metric. Now let V € [V] be the
canonical connection of g,;. With respect to the splitting of V determined by V the
section s corresponds to the section

775(: ) nEc

X | Xxt]l=10]0|. (160)

p “Pan™
From VVs = 0 it therefore follows on the one hand that PaanC = 0, which implies
P.. = 0 by the nondegeneracy of 7. Since Ricy, = (n — 1)Pgp + 2P 4, we see that the
first condition of (159) holds for g. On the other hand, we deduce from VVs = 0 that
P.en® = pd,’ and Vap = Vap = 0. Since P, = %HRical;, we conclude that

Riceeg® = (n + 1)p(det n)d,”.

Hence g,; satisfies also the second condition of (159).

Conversely, suppose ¢,; is a compatible (2, 1)-symplectic Hermitian metric satisfying
(159). Let us write s € I'(V) for the corresponding parallel section of the prolongation
connection given by (157) and (158). With respect to the splitting of V determined
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by the canonical connection V of g,;, the section s is again given by (160), where
7 det(n) = g®°. By assumption we have

Ricg, = 0, (161)

which is equivalent to P, = 0, and also that
P = —5Rics = 504 (162)

for some constant k. Moreover, (161) yields
0 = Rica = —¢“VTu! g, 0 = Ricy = 1V T (163)

which shows immediately that (with respect to V) in (157) and (158) we have
Ul=0 Vi=Ul=0 Qu=0 Z;=Qz=0.

Hence, to prove that s is parallel for VY it remains to show that W,;%.¢% and C,;.¢*
(or equivalently their conjugates) are identically zero. From Theorem 2.13 and (162)
we obtain

W,

a

chgdc = Rancgdc - 5abPchdc - PJagdb = Racibcgdc - kéab- (164)
Therefore, if we lower the b index in (164) with the metric, we obtain
Wa%cgdc - RadT)cgdC - kgag'

Since V preserves g, the tensors R,g. = —Rgp. and — R4, coincide. Hence, R,g,.9% =
Rz9% = Ricygy = kgup, which shows that (164) vanishes identically. From (161) and
(162) it follows immediately that C,;, = V,P;. — VP, vanishes identically, which
completes the proof. [l

Remark 4.6. As observed in Section 4.3, Ve = T®7T, and sections of V may be viewed
as Hermitian forms on 7*. This has an interpretation in terms of the construction of the
complex affine cone 7¢: C — M described in Section 3.2: by Lemma 3.4, a Hermitian
form on 7 pulls back to a Hermitian form on 7*C. If this form is nondegenerate, its
inverse defines a Hermitian metric on C. Further, if the section of V' is parallel with
respect to a connection on V induced by a connection on 7, then the latter connection
induces a metric connection on C.

In particular, if we have a compatible metric satisfying the generalised Einstein
condition of Proposition 4.8, then it generically induces a metric on C which is parallel
for the connection V¢ induced by the tractor connection on 7.

4.6. The c-projective Hessian. Let us consider the dual W of the tractor bundle
V of an almost c-projective manifold. Its complexification is given by We = T* @ T*,
which admits a filtration

We =Wz DWW D WL,

such that for any connection V € [V] we can write an element of We as

o oe&(1,1),
o | Ay |, where { pp € AYOM(1,1), Ny € AMM(1,1),
CbE be: S /\1’1M(17 1)7
and the tractor connection as
g vag — Ha
Vel | N | = | Vato + Pavo | Vs + Pago — (s (165)

Cre VoGoe + Paaﬂb + Pap Az
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and
o Vao — Ag
Ve | X | = | Vars +Pavo — Ga | Vads + Pago | (166)
Che VaCoe + Pactty, + Pap Az

The first BGG operator associated to We or W is a c-projectively invariant operator
of order two, which we call the c-projective Hessian. It can be written as

DY E(1,1) =S2AM(1,1) @ S2PA%M (1, 1) (167)

Do = (V(uViyo + Payo ., VaVio + Papo),
or alternatively as
DVo = V(aVpo + Ppo — J(a'ng)&(v,yv(sa + P,W;U), (168)

for any connection V € [V]. The reader might easily verify the c-projective invariance
of DY directly using Proposition 2.5, the identities (16), and the formulae for the
change of Rho tensor in Corollary 2.12. The following Proposition gives a geomet-
ric interpretation of nonvanishing real solutions ¢ = ¢ € I'(£(1,1)) of the invariant
overdetermined system DWo = 0.

Proposition 4.9. Let (M, J,[V]) be an almost c-projective manifold and o € T'(E(1, 1))
a real nowhere vanishing section. Then Do = 0 if and only if the Ricci tensor of the
special connection V° € V| associated to o satisfies Ricyy = 0. In particular, if J
is integrable, then Do = 0 if and only if the Ricci tensor of V7 satisfies Ricg, = 0,
i.e. the Ricci tensor is symmetric and J-invariant.

Proof. Let 0 = d € T'(£(1,1)) be nowhere vanishing. Recall that the Ricci tensor of
the special connection V7 associated to o satisfies

RiCab = RiCb@ RiC[ab] = %ngabé.
With respect to V° the equation Do = 0 reduces to
P(ab)a =0 P(ag)O' = O,
Le. to Ric(gy) = ﬁP(ab) = 0 and Ricg) = ﬁP(ag) = 0, since o is nonvanishing. ]

It follows immediately that if a c-projective manifold (M, J, [V]) admits a compati-
ble (pseudo-)Kihler metric g, then 7, = vol(g)~Y/"*) € T'(£(1,1)) satisfies D7, = 0.
By Proposition 4.5, 7, = detn, where 7 is the nondegenerate solution of the metris-
ability equation corresponding to g. This observation continues to hold without the
nondegeneracy assumption.

Proposition 4.10. Let (M, J,[V]) be a c-projective manifold and suppose that n* €
D(T'M @ TYOM(—1,-1)) is a real section satisfying (125). Then o = detn €
['(E(1,1)) is a real section in the kernel of the c-projective Hessian (which might be
identically zero).

Proof. Let U C M be the open subset (possibly empty), where ¢ is nowhere vanishing
or equivalently where 7% is invertible. By Proposition 4.5 the section n”(detn) €
D(T%'M @ T"YM) defines the inverse of a compatible (pseudo-)Kéhler metric on U
and its Levi-Civita connection on U is V7. Since the Ricci tensor of a (pseudo-)Kéhler
metric is J-invariant (109), i.e. Ricy, = Ricgz; = 0, we deduce from Proposition 4.9 that
o satisfies Do = 0 on U whence, by continuity, on U. Since o vanishes identically
on the open set M \ U, we obtain that D" is identically zero on all of M. U
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Remark 4.7. For an almost c-projective manifold admitting a compatible (2,1)-
symplectic metric g, the section 7, € I'(£(1,1)) is in the kernel of the c-projective
Hessian, if the Ricci tensor of the canonical connection V of g satisfies

Ric(apy = =VeT (apy = 1 VN () = 0,

where we use g to raise and lower indices. It is well known that nearly Kéahler manifolds
can be characterised as (2, 1)-symplectic manifolds such that Tj,. is totally skew (see
e.g.[63]). It then follows straightforwardly from the identities (102)-(103) that the
canonical connection of a nearly Kéahler manifold preserves its torsion, i.e. VI =
—2VN = 0 (see [58, 87]), and Ry vanishes identically. Hence, Proposition 4.10
extends to the nearly Kéhler setting.

4.7. Prolongation of the c-projective Hessian. The c-projective Hessian will play
a crucial role in the sequel. We therefore prolong the associated equation. Suppose
o €T'(E(1,1)) is in the kernel of the c-projective Hessian:

VVio 4+ Payo =0 V@Veo +Pgpo =0, (169)

Then we deduce from (46) that (169) is equivalent to
VoVyo + Payo = Vi Vo + Payjo = 2(n+1) (VeTwt)o 1TabEV—a (170)
VaVio + Pyo = Vg Vyo + Pgo = n+1 5o (VeI )o — 314V o, (171)

where we abbreviate the left-hand sides by ®,;, respectively Wz, which depend linearly
on o and on \; := V0 respectively p, := V,0. From (45) we moreover deduce that

VA + Pgo = VoVio + Po = ViVeo + P00 = Ve + Pio,
which we shall denote by (,; € AMM(1,1). Consequently, we have
VaVepy — VeV, = (172)
Ve — (VaPa)o — Paypta + (VePap)o + Pape + Lape,
where
Yabe =~ 5rT +1 (VaV T + (ViTwH ) (173)
+ LVl A — TP g + Tup™W 53)

depends linearly on o, p, and A;. From Proposition 2.13 and the identity (45) we
obtain that the expression (172) must be also equal to

VoVt = VeV = =Wy pia — Patta — Paciis, (174)
which shows that
Valee = —Pavde — Pagity — Waespta + Cact0 — Sape: (175)
Similarly, one shows that
Valie = —Panhe — Pagitn — Wan"sAg + Caneo — Zane, (176)
where
Sabe = — n+1 (VoVaTueo + (VaTee") i) (177)

5((vbTaé ) Hd — Taédpde + Taé (I)bd)

depends linearly on o, p, and A;. In summary, we have shown the following theorem:



62 D.M.J. CALDERBANK, M.G. EASTWOOD, V.S. MATVEEV, AND K. NEUSSER

Theorem 4.11. Suppose (M, J,[V]) is a c-projective manifold. Then the canonical
projection w: We — E(1,1) induces a bijection between sections of We that are parallel
for the linear connection

o 0

V| |+ B | 0 (7s)
e Waédbﬂd — Caab0 + Bape
o 0

Al [P [ | (179)
Che Wap?eAi — Capeo + Eae

and sections o € I'(E(1,1)) in the kernel of the c-projective Hessian, where @4, Vg,
Y and Egpe are defined as in (170), (171), (173) and (177). The inverse of this
bijection is induced by a linear differential operator L, which, for a choice of connection
V € [V], can be written as

L: 5(1, 1) — We
o
L(oc)=| V.o | Vao
V.Vio + Pgo

The following Proposition characterises normal solutions of D" (o) = 0, i.e. real
sections 0 = ¢ € I'(£(1, 1)) in the kernel of the c-projective Hessian that in addition
satisfy:

D, =0 V=0 (180)
Wae"sVa0 = Cagy0r + Yaps = 0 Wap"eV 40 — Capeo + Zane = 0, (181)
where ®, U, > and = depend linearly on ¢ and Vo.

Proposition 4.12. Let (M, J,[V]) be an almost c-projective manifold and suppose
that o € T'(E(1,1)) is a real nowhere vanishing section in the kernel of the c-projective
Hessian. Then o satisfies (180) if and only if the Ricci tensor Ricas of the special
connection V7 € [V] corresponding to o satisfies

RiCab =0 and VgRiCbg =0= VgRiCbE.

If the Ricci tensor Ricy: = Ricg, is, in addition, nondegenerate, then it defines a (2,1)-
symplectic Hermitian metric satisfying the generalised Finstein condition (159) with
canonical connection V.

Proof. Let 0 = & € T'(£(1, 1)) be a real nowhere vanishing section in the kernel of (167).
With respect to the special connection V7 € [V] corresponding to o, the equations
(180) reduce to

1 o c 1 :
0 = —2(n+1) VETab — n_HRlc[ab] = P[ab]
1 o c _

_ e 1 Rie o —p
0= sy Velas = maRices = P,

which, since o is in the kernel of the c-projective Hessian, is equivalent to Ric,, = 0 =
Ricgz. If these equations are satisfied, is follows immediately that also ¥, and Zgpe
are identically zero (with respect to V7) and that the equations (181) reduces to
Coaro = (VIPg)o = (VIPy)o = %H(VgRicbg)a =0
Caveo = (V3 Pye)o = ﬁ(ngiCbQU =0
which proves the claim, since ¢ is nowhere vanishing. O
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5. METRISABILITY, CONSERVED QUANTITIES AND INTEGRABILITY

In this section we investigate the implications of mobility > 2 for the geodesic flow of
a (pseudo-)Ké&hler manifold (M, J, g): we show that any metric § c-projectively equiv-
alent, but not homothetic, to g gives rise to families of commuting linear and quadratic
integrals for the geodesic flow of g, and characterise when this implies integrability of
the flow.

5.1. Conserved quantities for the geodesic flow. For any smooth manifold M,
the total space of its cotangent bundle p: T*M — M has a canonical exact symplectic
structure dO, where ©: TT*M — R is the tautological 1-form defined by ©,(X) =
a(Tp(X)). The Poisson bracket of smooth functions on T* M preserves the subalgebra

(T M,R) = @ C>(M, S*TM)
k>0
of functions which are polynomial on the fibres of p, where a symmetric tensor () of

valence (k,0), i.e. a section of S¥T'M, is identified with the function a — Q(a, ..., )
on T*M (which is homogeneous of degree k on each fibre of p). The induced bracket

(-} C%(M, SITM) x C(M, S*TM) — C> (ST M)

on symmetric multivectors is sometimes called the (symmetric) Schouten—Nijenhuis
bracket. It may be computed using any torsion-free connection V on T'M as

{Q, R} =j Q" PV R — | ROy Q¥ P, (182)

When j =1 and @ is a vector field, {Q, R} is just the Lie derivative LoR.
Now suppose g is a (pseudo-)Riemannian metric on M. Then the inverse metric
g*? induces a function on T*M which is quadratic on each fibre. The flow of the

corresponding Hamiltonian vector field on T*M is the image of the geodesic flow on
T M under the vector bundle isomorphism T'M — T*M defined by g.

Definition 5.1. A smooth function I: TM — R on a (pseudo-)Riemannian manifold
(M, g) is called an integral of the geodesic flow (or an integral) of g, if for any affinely
parametrised geodesic 7, the function s +— I(§(s)) is constant.

The interpretation of the geodesic flow as a Hamiltonian flow on 7*M allows us to
describe integrals as functions on 7M.

Proposition 5.1. QQ: T*M — R defines an integral I of the geodesic flow of g if and
only if it is a conserved quantity for g*® i.e. has vanishing Poisson bracket with ¢*°.

We shall only consider integrals defined by @ € Coo(T*M,R). Without loss of
generality, we may assume such an integral is homogeneous, hence given by a symmetric
tensor Q¥ € C°(M,S*T'M). Using the Levi-Civita connection of g to compute the

Schouten—Nijenhuis bracket, we obtain

which is obtained from V(,Q,...) by raising all indices (using ¢) and multiplying by 2.
When k£ =1, {g,Q} = 0 if and only if @ is a Killing vector field. Thus we recover
Clairaut’s Theorem, that Killing vector fields define integrals of the geodesic flow.
More generally, a symmetric Killing tensor of valence (0, ¢) on a (pseudo-)Riemannian
manifold (M, g) is a tensor H,p..s € S“T*M that satisfies

ViaHgycp =0, (183)

where ¢ > 1 can be any integer and V is the Levi-Civita connection of g.
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Corollary 5.2. Q¥ € C®(M,S*T' M) defines an integral of the geodesic flow of g if
and only if Qq...y is a symmetric Killing tensor of g.

5.2. Holomorphic Killing fields. Let (M, J, g) be a (pseudo-)Ké&hler manifold with
Levi-Civita connection V and Kahler form Q.5 = J,7g+3.

Definition 5.2. A vector field X on (M, J, g) is called a holomorphic Killing field if
it preserves the complex structure J and the metric g, i.e. LxJ =0 and Lxg = 0.

In terms of the Levi-Civita connection V the defining properties of a holomorphic
Killing field can be rewritten as:

VoX? = —J0J YV, X?  and  VaX5+ VX, =0. (184)

It follows immediately from the definition of a holomorphic Killing field X that X also
preserves the Kéhler form, which means that LxQ = d(ix(2) = 0 or equivalently

Va(2,5X7) = V(2,0 X7) = 0. (185)

In particular, this equation is satisfied if there exists a smooth function f: M — R
such that —ixQ = df, i.e. Q,,X7 =V, f, or, using the Poisson structure Q%

XP =8y, f=J°vs, (186)
in which case X is said to be the symplectic gradient of f.

Proposition 5.3. If X and Y are symplectic gradients of functions f and h, then
Lxh = 0 if and only if Ly f = 0 if and only if Q**(Vof)(Vsh) = 0 if and only if
QupX°YP =0. These equivalent conditions imply that X andY commute: [X,Y] = 0.

Proof. ixdh = —ix(iyQ) = iy(ixQ) = —iydf and so the equivalences are trivial.
Now Lxh = 0 implies 0 = Lxdh = —Lx(iy§)) = —ijxy12, since Lx = 0. Hence
[X,Y] =0, since 2 is nondegenerate. O

In this situation, X and Y have isotropic span with respect to €2, and they are said
to Poisson commute, since f and h have vanishing Poisson bracket.
We now return to holomorphic Killing fields.

Proposition 5.4. Let f: M — R be a smooth function. Then the symplectic gradient
X8 = QY. f is a holomorphic Killing field if and only if the Hessian V*f is J-
mvariant, i.e.

VoVof = 0= ViV f. (187)

Proof. Since any two equations of (184) and (185) imply the third, we deduce that a
vector field of the form X? = Q*V, f is a holomorphic Killing field if and only if

Vodg"Vof +VpJ, "V, f =0 (188)

or equivalently
VoVaf =J IV Vs f, (189)
which is equivalent to (187). O

We call f in this case a Killing potential or a Hamiltonian for the holomorphic
Killing field X. Note that a holomorphic Killing field always admits such a potential
locally (and on any open subset U with H*(U,R) = 0).

Suppose now that g is a compatible (pseudo-)Kéhler metric on a c-projective man-
ifold (M, J,[V]). Then we may write any real section o € I'(£(1,1)) as 0 = hr, for
some function h: M — R, where 7, is the trivialisation of £(1,1) determined by g.

Proposition 5.5. Let (M, J,[V]) be a c-projective manifold and h € C*(M,R).
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(1) If, is the (real) trivialisation of £(1,1) corresponding to a compatible metric g,
then o = hr, is in the kernel of the c-projective Hessian Do = 0 if and only
if h is a Killing potential with respect to (g, J).

(2) If g and g are compatible metrics whose corresponding trivialisations of £(1,1)
are related by 7; = e~I1,, then h is a Killing potential with respect to (g,J) if
and only if e/ h is a Killing potential with respect to (g,J).

Proof. For the first part, compute Do using the Levi-Civita connection V9. Since
7, is parallel, and the Ricci tensor of g is J-invariant, D"Wo = 0 if and only if the
J-invariant part of the Hessian of h is zero, and Proposition 5.4 applies. The second
part follows from the first. O

These observations may be generalised to (possible degenerate) solutions 7 of the
metrisability equation. Given any J-invariant section %° of S?°TM ® Eg(—1,—1) and
any section o of Eg(1,1), we define vector fields A(n, o) and K(n, o) by

A(n,0) =n""Va0 — %avanw (190)
K’(n,0) = J, A (n,0) = ®*V,0 — LoV, (191)

where & = ] Fpo,
Proposition 5.6. A(n,0) and K(n,o) are c-projectively invariant, and if n is a
nondegenerate solution of the metrisability equation corresponding to a metric g and

o = hdetn is in the kernel of the c-projective Hessian, then A(n,o) is holomorphic,
and K(n, o) is the holomorphic Killing field of g with Killing potential h.

Proof. For a c-projectively equivalent connection Ve [V], we have
NV 0o — %a@an‘” =1"Vao + 17 e0 — LoVn® — " Too

and the T terms cancel, showing that A(n, o0)—and hence also K (n, o)—is independent
of the choice of V € [V].

Now if 7 is nondegenerate, corresponding to a compatible metric g with 7, = det 7,
we use VY to compute

KP(n,0) = ®*°VY(ht,) = Q*V ,h,
which is the holomorphic Killing field associated to h. 0J

Remark 5.1. Suppose that (M, J, [V]) is an almost c-projective manifold and consider
the tensor product

Ve @We =T QT @TQT.
Since T* @ T = AM @ £(0,0), there is a natural projection
AM & £(0,0)

II: Ve @ We - @ (192>
0T @ £(0,0)

or equivalently a natural projection
L:vew— AM & £(0,0). (193)

Hence, the results in [25] imply that there are two invariant bilinear differential oper-
ators

AT M@TYM(-1,-1) x £(1,1) = T'M @ T M (194)
c: T"M @ T M(—1,-1) x £(1,1) — £(0,0) @ £(0,0), (195)
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which are constructed as follows. Consider the two differential operators L: T%'M ®
TYM(—1,-1)) — V¢ and L: £(1,1)) — We from Theorem 4.6 respectively 4.11.
Recall that in terms of a connection V € [V] they can be written as

. 77bc o

L(n™) = | =iVan™ | —Lvpte L(o)=| Vao | Vao
L(VaVun™ + Payn™) VoVio + Pgo
Then A and ¢ are defined as the projections to TcM = AcM/ALM respectively to
£(0,0) & £(0,0) of TI(L(n*) ® L(0)).
In particular, for a choice of connection V € [V], the invariant differential operator
A is given by

A(n,o) = (nBCVga — %JVEUBC | 7PV,0 — %avcn%). (196)

Note that if 7 and o are real sections, the two components of (196) are conjugate to
each other. In this case we may identify n° with a J-invariant section n®¥ of S*TM.

5.3. Hermitian symmetric Killing tensors. Suppose (M, J) is an almost complex
manifold and £ > 1. Then we call a symmetric tensor H,g.... € F(S%T *M) Hermitian,
if it satisfies

Jio"Hgy.p = 0. (197)
Since, by definition, Hg,... = H(g,...), equation (197) is equivalent to
Jo Hpooe + J) Hopooe + -+ + J Hopyos = 0. (198)

Viewing a symmetric tensor H of valence (0, 2k) as an element in S?*T*M ®@C = SZA!
via complexification, we can use the projectors from Section 1 to decompose H into
components according to the decomposition of S?*/A! into irreducible vector bundles:

2%

SN = P SHFIAL @ SN (199)

§=0
Since this decomposition is in particular invariant under the action of J, all the compo-
nents of a tensor Hyp...s € S?*/A! that satisfies (198) must independently satisfy (198).
If Hy gef.ir 18 a section of S* ALY @ SIADM that satisfies (198), then this equation
says that 2(k — j)iH = 0, which implies that H = 0 unless j = k. We conclude that
Hermitian symmetric tensors of valence (0,2k) can be viewed as real sections of the
vector bundle
Sk/\l,O ® Sk/\O,I’

which is the complexification of the vector bundle that consists of those elements in
S?T*M that satisfy (197).

Remark 5.2. Note that, if H is a symmetric tensor of valence (0, 2k + 1) satisfying
(197), then the above reasoning immediately implies that H = 0. The same argu-
ments apply, mutatis mutandis, to symmetric tensors Q¢ of valence (2k,0), and to
weighted tensors of valence (0,2k) and (2k,0).

Suppose now (M, J, g) is a (pseudo-)Kéhler manifold and ¢ = 2k is even, then we can
restrict equation (183) for symmetric Killing tensors of valence (0,2k) to Hermitian
tensors. If we complexify (183), we obtain the following system of differential equations
on tensors H € T(S*AM @ SEALL):

v(aHbc---d)éf---f_L =0 and V(ZLH|bc---d|éf...§) = 0, (200)
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where |- --| means that one does not symmetrise over these indices. Real solutions of
(200) thereby correspond to Hermitian symmetric Killing tensors of valence (0, 2k) and
obviously for real solutions the two equations of (200) are conjugates of each other.
The following proposition shows that (suitably interpreted) the Killing equation for
Hermitian symmetric tensors of valence (0, 2k) is c-projectively invariant.

Proposition 5.7. Suppose (M, J,[V]) is an almost c-projective manifold of dimension
2n > 4. If Hyy gep.in € D(SPANY @ SPAM (2K, 2K)) satisfies

VaHpe..ayef.i = 0 VaHpe...qzf.my = 0, (201)

for some connection in V € [V], then it does so for any other connection in the c-
projective class.

Proof. Suppose H € T(S*AW @ SFAYML(2k, 2k)) satisfies (201) for some connection
V € [V] and let V € [V] be another connection in the c-projective class. Then it
follows from Proposition 2.5 and Corollary 2.4 that
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Since V(o H,,...4pe..; = 0 by assumption and

T(aHb...d)g.‘.]} - %H(TaHb...dé...]} + TbHa.‘.dé...E + -+ Tde...ag..]L),

we conclude that the symmetrisation over the unbarred indices on the right hand side
is zero, which proves that the first equation of (201) is independent of the connection.
Analogous reasoning shows that this is also true for the second equation of (201). O

We refer to solutions of the c-projectively invariant equation (201) as c-projective
Hermitian symmetric Killing tensors of valence (0, 2k).

Corollary 5.8. Suppose (M, J,[V]) is a metrisable c-projective manifold with com-
patible (pseudo-)Kdhler metric g. Then a real section H € T'(S*FAYY @ SEADL) s q
Hermitian symmetric Killing tensor of g (i.e. a solution of (200) with respect to V9)
if and only if ngkH 18 a c-projective Hermitian symmetric Killing tensor. In partic-
ular, in this case, if § is another compatible (pseudo-)Kdihler metric, then e**/H is a
Hermitian symmetric Killing tensor of g, where f is given by 7; = e /1.

The differential equation (201) gives rise to a c-projectively invariant operator, which
is the first BGG operator

—2k+1 0 0 O

3
0O kK O 0 O 0 k£ 0 0 0
< (202)
0O E 0 0 0 0O kK O O O
0

—-2k+1 0 0 O

corresponding to the tractor bundle W, where W is the Cartan product of k copies of
A2T* and k copies of A>T *. As for the BGG operators discussed in previous sections,
this implies (see |20, 52, 88]), that there is a linear connection on W whose parallel
sections are in bijection to solution of (201). Hence, the dimension of the solution
space is bounded by the rank of W.
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Proposition 5.9. Suppose (M, J, g) is a (pseudo-) Kihler manifold of dimension 2n >
4 and let k > 1 be an integer. Then the space of Hermitian symmetric Killing tensors
of valence (0,2k) of (M, J,g) has dimension at most

((k—i— D(k+2)2(k+ (n— 1))2(1{;4_”))2'

(n—1)n!

(203)

In the sequel, we shall be interested in the case k = 1, where any compatible metric g
defines a c-projective Hermitian symmetric Killing tensor Hy; = nggba by Corollary 5.8.
This has the following c-projectively invariant formulation.

Proposition 5.10. Let (M, J,[V]) be an almost c-projective manifold and let n® be a
real section of T'M @ T*OM(—1,—1). Then

Hya = G2y Easez o 0™ 017 (204)

is a real section of ANM0 @ A2 2) with Hyn®™ = o6,°, where o = detn. If n®
satisfies (119) for some X, Y ¢ (depending on V) then Hy, is a c-projective Hermitian
symmetric Killing tensor and

0%V yHys = Yo Hy:0,° — Y Hyg, NN Hyy = X H,36,% — X Hy,. (205)

Proof. The first statement is straightforward. For the rest, suppose first that n% is
nondegenerate, hence parallel with respect to some connection V in [V], related to V
by T with T, = HyzY® and Y; = Hy X°. Then H,; is parallel with respect to @,
hence a Hermitian symmetric Killing tensor, and equation (205) follows by rewriting
this condition in terms of V. At each point, these are statements about the 1-jet of
H, which depends polynomially on the 1-jet of . They hold when the 0-jet of 7 is
invertible (at a given point, hence in a neighbourhood of that point), hence in general
by continuity. O

5.4. Metrisability pencils, Killing fields and Killing tensors. Suppose we have
two (real) linearly independent solutions 7% and 7% of the metrisability equation (125).
Since the metrisability equation is linear, the one parameter family

p(t) =" —tn™ (206)

also satisfies (125), and we refer to such a family as a pencil of solutions of the metris-
ability equation, or metrisability pencil for short.
By Proposition 4.10, the determinant

G(t) = det7j(t) (207)

of the pencil (206) lies in the kernel of the c-projective Hessian for all ¢ € R (as does
o = detn). If 7(t) is degenerate for all ¢, then 5(t) is identically zero. Otherwise, we
may assume, at least locally:

Condition 5.1. 7 is nondegenerate, i.e. ¢ = detn is nonvanishing, and hence ¢** =
(det n)n®? is inverse to a compatible metric g.

Assuming Condition 5.1, we may write 7%¢ = n%®A,¢ as in Section 4.4, where the
(g, J)-Hermitian metric A satisfies (128). Setting A,%(t) := A,® — t4,°, we have

() = n™A,°(t) and &(t) = (detn)(det A(t)).

Thus G(t) is essentially the characteristic polynomial det A(t) of A,’ regarded as a
complex linear endomorphism of the complex bundle T*°M.
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Remark 5.3. A pencil is another name for a projective line: if we make a projective
change s = (at + b)/(ct + d) of parameter (with ad — bc # 0) then the pencil may be
rewritten, up to overall scale, as an + bn — s(cn + dn) = (7 — tn)(ad — be)/(ct + d).
Assuming that cf) + dn is nondegenerate, the rescaled and reparameterized pencil is
thus (¢ + dn)(A — sId), where A = (cA + dId)"!(aA + b1d).

We next set Hyg 1= ﬁ Eace Ebaf M-+ n? as in (204) and introduce
Hoalt) i= gy v oy T -+ 779 (1) = (0 A Hear  (208)

where adj B denotes the endomorphism adjugate to B, with Badj B = (det B)I.

Proposition 5.10 implies that for all ¢t € R, ]:L,C—L(t) is a c-projective Hermitian sym-
metric Killing tensor of (M, J,[V]). Hence for any s € R with 7(s) nondegenerate,
&(s)"2Hps(t) defines a family of Hermitian symmetric Killing tensors for the corre-
sponding metric.

Similarly, Proposition 5.6 implies that if 7(s) is nondegenerate (for s € R), then for
allt € R, K(7(s),a(t)) is a holomorphic Killing field with respect to the corresponding
metric (hence an inessential c-projective vector field). Now observe that

K(n(s),a(t)) = K@(t) + (t = s)n,a(t)) = (t = s)K(n,5(t)),
since K is bilinear and K (7(t),5(t)) = 0. By continuity, the vector fields
K(t):=K(n,6(t), ie K°(t)=QV,det A(t), (209)
which are holomorphic Killing fields with respect to g, preserve 7j(s) for all s,¢ € R,
ie. Lz y(s) =0, and hence also L, H(s) = 0= Li,5(s). Thus K (t) preserves the
Killing potential det A(s) of K(s) with respect to g, so Proposition 5.3 implies that
K(s) and K(t) Poisson-commute. We summarise what we have proven as follows.

Theorem 5.11. Let (M, J,[V]) be a c-projective manifold with metrisability solutions
n and 1) corresponding to compatible (pseudo-) Kdihler metric metrics g and g that are
not homothetic. Let 17j(t) be the corresponding metrisability pencil (206).

(1) The vector fields K(t) : t € R defined by (207)~(209) are Poisson-commuting
holomorphic Killing fields with respect to g and g.
(2) The tensors H(t) : t € R defined by (207)—(208) are c-projective Hermitian

symmetric Killing tensors, invariant with respect to K(s) for any s € R. In
particular, by Corollary 5.8, they induce Hermitian symmetric Killing tensors
of g respectively g (by tensoring with 7'9*2 respectively 7'9_2).

We call the vector fields K (¢) and tensor densities H (t) the canonical Killing fields
and canonical Killing tensors (respectively) for the pair (g, §); the former are Killing
vector fields with respect to any nondegenerate metric in the family (206), and the
latter give rise to symmetric Killing tensor fields for any such metric by tensoring with
the corresponding trivialisation of £(—2, —2).

Since the canonical Killing fields K(t) are holomorphic with [K(t), K(s)] = 0 for
all s,t € R, we also have [K(t), JK(s)] = 0. Since J is integrable, JK(t) are also
holomorphic vector fields, and [JK (t), JK(s)] = 0 for all s,t € R.

The fact that for all t € R, K (t) is a holomorphic Killing field means equivalently
(by linearity) that the coefficients of K (t) are holomorphic Killing fields, whose Killing
potentials with respect g are the coefficients of the characteristic polynomial det A(t).

Up to scale, the nontrivial coefficients of det A(t) can be written
o1i= A, Gy = A0Ad, 0 5= AkAC A, (210)
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which are real-valued because A is Hermitian with respect to g. Raising an index
n (128), we have

VAL = —¢®A,, or equivalently, V¢A," = —4,°4°. (211)

Hence, applying the (1,0)-gradient operator V¢ = I1¢¢*?V 5 to the canonical potentials
n (210), we obtain (up to sign) holomorphic vector fields

Afy =A% Al =24AAN A = nAlASAS AN (212)

whose imaginary parts are (up to scale) the coefficients of K (). In particular, I194% =

%(/1“ —iK*®), where the holomorphic Killing field K* = Jz*A” is the leading coefficient

of K (t). In general, the coefficients satisfy the recursive relation
Afirny = A Afy + 514% (213)

Proposition 5.12. Let g and g be compatible metrics on (M, J, [V]) related by a (real)
solution A of (128). Then there is an integer £, with 0 < £ <n, such that Af,, ..., A,

are linearly independent on a dense open subset of M, and dim span K( )<l onM.

Proof. Suppose for some p € M and 1 < k < n, A&) is a linear combination of
/1(“1), A(k 1) ab p. Then Ay*AY ) is a linear combination of A, /1 () - AN (k1>
hence of Afys - Agy by (213). Applylng (213) once more, we see that A(k+1) is a
linear combination of Af,,..., A3, Hence at each p € M, dim span{/l(al), ce A(‘jl)} =
dim span K (t) is the largest integer ¢ such that /1(“1), ceey A&) are linearly independent
at p. However, for any integer k, /l(al), ey A&) are linearly dependent if and only if the
holomorphic k-vector A([f)/l(l;) - /1(6,1) is zero. Hence the set where Af,,..., A7, are
linearly independent is empty (for & > ¢) or dense (for k& < ¢). The result follows. [

Following [2], the integer ¢ of this Proposition will be called the order of the pencil.

Proposition 5.13. Let g and g be compatible metrics on (M, J,[V]) related by a (real)
solution A of (128). Then the endomorphisms VA and A commute, i.e.

AV N — APV A = 0. (214)

Proof. We first give a proof using Theorem 5.11, which implies that K¢ is a holomor-
phic Killing field with respect to both ¢ and § It follows that Lx A = 0. However,
VA =0 (since A°V A, = —A,4° = A°V A,°) and so [VK, A] = 0. Equation (214)
is obtained by taking (1,0)-parts.
We now give a more direct proof of (214), starting from the observation that
Vody = =V, V3 AL = —VV,A% = Vi,

(i.e. Vo4 isreal). Now expand (V,V;—V;V,) A% by curvature and also by using (129)
to obtain
Rt A™ 4 Ry A = 6,5V 1° — 67V, A% (215)
Transvect with Ai’g to conclude that
A" Rype A3+ AP A Rypae = 9og APV A7 — A%V A5
and hence that

abcé

"46(:}%(11)06"46 ACbRbdecA ‘= (216)
(i.e. A*R ;.. A%; is real). Now transvect (215) with A f“&—;b to conclude that
— A" Ricae Ag + A" Rypqo A% = ApgVeA® — nAp"V,Ag
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and hence that
Ad" Ryegoe A% = A Ry e A% = (A" V54, — APV, Ag).
But from (216) the left hand side vanishes whence
ALV AL =AM A, = AMY A = AV, A,
as required. O

Note that (214) can be used to provide an alternative proof that the holomorphic
vector fields (212) commute. If V* and W? are two such fields, we must show that

0=[V,W]’=VV W — WV, V. (217)
Let us take V® = A% and W® = 24t A, 9. Then (128) yields
VWb = (VA AL + AV, AL — (VA AL — AV, AL
= (VA AL — NP Ay — (VA9 AL +6,°1°A,
whence VeV, WP = A%(V,A%) AL — A%(V,A9) AL and
VOV WP — WV, VP = A%(A VA — ALV, A9).
Similar computations show that all the fields in (212) commute.

Remark 5.4. It is interesting to compare Proposition 5.13 with what happens in the
real projective setting. The mobility equations (128) are replaced by

VaAﬁ’y = —(5/3@‘/1’y — gaﬂy/lg

and the development runs in parallel. These equations control the existence of another
metric in the projective class other than the assumed background metric and, from the
coefficients of the characteristic polynomial of A,”, a solution gives rise to n canonically
defined potentials for n canonically defined vector fields. These are counterparts to the
fields (212) and, as such, need not be Killing. Nevertheless, they commute and to see
this it is necessary to employ the alternative reasoning that we encountered near the
end of the proof just given. The key observation, like (214), is that the endomorphisms
AP and V,A? commute and its proof follows exactly the course just given.

5.5. Conserved quantities on c-projective manifolds. On a c-projective mani-
fold (M, J,[V]), the construction of an integral from a compatible metric and Killing
tensor has a c-projectively invariant formulation: in particular, given a nondegenerate
solution 7%’ of the metrisability equation, and a c-projective Hermitian symmetric
Killing tensor H.s of valence (0,2), the Hermitian (2, 0)-tensor n*7n* H.s defines an
integral of the geodesic flow of the metric corresponding to n; if H,; is associated to
n*? by Proposition 5.10, then this integral is the Hamiltonian associated to the inverse
metric ¢*® = (detn) n®?.

Definition 5.3. Let (M, J,[V]) be a c-projective manifold, and let %7 (t) := 7% —tn*?
be a metrisability pencil satisfying Condition 5.1, so that ¢*# = (det n)n®” is inverse to
a (nondegenerate) compatible metric g, and we may write 77%¢(t) = nA,(¢). Then the
linear and quadratic integrals Ly, I, : TM — R of (the geodesic flow of) g are defined by
Li(X) == g(K(t), X) = gasK°(t)X? and L,(X) := 7, 2H(t)(X, X) = 7, 2Ha(t) X X,
where K (t) and H(t) are the holomorphic Killing fields and c-projective Hermitian
symmetric Killing tensors associated to g by Theorem 5.11.

Proposition 5.14. The integrals I, L, of g (for all t € R) mutually commute under
the Poisson bracket on T'M induced by g.
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Proof. Since, by Theorem 5.11, the canonical Killing fields commute and Lie preserve
the canonical Killing tensors, it remains only to show that for any s,¢ € R the qua-
dratic integrals I, and I; commute. The Hermitian symmetric tensors of valence (2,0)
corresponding to I; are Q?f) = n¥n?H (g?, where we write Hcg? instead of H, az(t). It thus
suffices to show that for all s #t € R, QZ’) and Q?tb) have vanishing Schouten—Nijenhuis

bracket, which (in barred and unbarred indices) means
(Vi) @l - (i) el =0, (Ve@iy) @ — (V@) Qi = 0.

We prove the first equation (the second is analogous); taking for V the Levi-Civita
connection of g (so Vi = 0), this reduces to:

c t s ¢ s t
n d (VfHé&)) Hc(l)()E -1 d (Vsz(L(D Hc(z))a =0.

The key trick is to multiply the left hand side by s — ¢ and observe that (s — t)n =
7% (t) — 7%/ (s). Now using equation (205) for 7% (¢) and H éf), we obtain

il (t () es cpr) pr(s) eyt ry(s) eyt zy(s) epr(t) ry(s)
(1) (Vo HY,) Hy = Y0 HGHS) — YO H), = Y HQHS) — Y H{HY)
for some Y@, The same reasoning applies to 7%°(s) and H lg? with the same vector field
Y® to obtain the same expression with s and ¢ interchanged. These two expressions
sum to zero and hence

(71 (0) = i (5)) (V) Hiy = (V5H35) Hie) = =610V i = 5009 oy,

which vanishes because H(s) and H(t) are c-projective Hermitian symmetric Killing
tensors. O

We now discuss the question how many of the functions L, and I; (t € R) are
functionally independent on T'M, i.e. have linearly independent differentials. Since
T'M has dimension 4n, and the functions L, and I; mutually commute (i.e. they span
an Abelian subalgebra under the Poisson bracket induced by g), at most 2n of these
functions can be functionally dependent at each point of TM. If equality holds on
the fibres of T'M over a dense open subset of M, the geodesic flow of g is said to be
integrable.

Since A.b(t) = A —14,°, integrability turns out to be related to the spectral theory
of the field A,° of endomorphisms of T%°M. In particular, using the trivialisation of
E(1,1) determined by g, the determinant &(t) := det 7(f) becomes the characteristic
polynomial x4(¢) := det A(t) of A,°. Since A is Hermitian, the coefficients of x ()
are smooth real-valued functions on M. Any complex-valued function g on an open
subset U C M has an associated algebraic multiplicity m,,: U — N, where m,(p) is
the multiplicity of u(p) as a root of xa(t) at p € U, or equivalently the rank of the
generalised fi(p)-eigenspace of A" in T°M; additionally, its geometric multiplicity
d,(p) is the dimension of the yu(p)-eigenspace of A" in T)°M, and its index h,(p) is
the multiplicity of u(p) in the minimal polynomial of A4, at p.

Remark 5.5. If u: U — C is smooth with m, constant on U, then the restriction
of A% — 1ud,’ to the generalised p-eigendistribution, defines, using an arbitrary local
frame of this distribution, a family of nilpotent m,, x m, matrices N. There are only
finitely many conjugacy classes of such matrices, parametrised by partitions of m,:
we can either use the Segre characteristics, which are the sizes of the Jordan blocks
of N, or the dual partition by the Weyr characteristics dimker N* — dim ker N*~1,
k € Z*. The index h,, is the first Segre characteristic (i.e. the size of the largest Jordan
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block), while the geometric multiplicity is the first Weyr characteristic dimker N (so
max{d,, h,} < m, with equality if and only if d, = 1 or h, = 1). The unique (hence
dense) open orbit consists of nilpotent matrices of degree m,, whose Jordan normal
forms have a single Jordan block, and in general, the orbit closures stratify the nilpotent
matrices (with the partial ordering of strata corresponding to the dominance ordering
of partitions). Thus N maps a sufficiently small neighbourhood of a point p € U into
a unique minimal stratum, and for generic p € U, this stratum is the orbit closure of
N(p). In other words, the type of N may be assumed constant in neighbourhood of
any point in a dense open subset of U.

The general theory of families of matrices is considerably simplified here by Propo-
sition 5.12 and the following two lemmas.

Lemma 5.15. Suppose U is an open subset of M and T'°U = E @& F where E and
F are smooth A-invariant subbundles over U such that the restriction of A to E has
a single Jordan block with smooth eigenvalue p: U — C. Then the gradient of p is a
section over U of E® F+ C TYWU @ T U = TU ® C, where F*+ denotes the subspace
of T"YU orthogonal to F with respect to g.

Proof. In a neighbourhood of any point in U, we may choose a frame Z%(1), ..., Z%(m)
of E such that A is in Jordan normal form on E. We identify E* with the annihilator
of F'in Q' and let Z,(1),..., Z,(m) be the dual frame (with Z,(:)Z*(j) = d;;). Then
the transpose of A is in Jordan normal form with respect to this dual frame in reverse
order: for k =1,...m we thus have

(A — o) z2%k) = Z°(k — 1), (218)
(AL — 0. Zy(k) = Zy(k + 1), (219)

where Z°(—1) = 0 = Zy(m + 1). By (128), the (0, 1)-derivative of (218) yields
(gaz A’ + 0,V ap) Z(k) = (A® — 1 0.)VaZ(k) — V28 (k — 1), (220)

which we may contract with Z,(k), using (219), to obtain
— N Zy(k)gacZ%(k) + Vep = Zy(k + 1)V Z0(k) — Zy(k) V20 (k — 1).

Summing from k& = 1 to m, the right hand side sums to zero, and hence
mVeu =Y AZ,(k)Z" (k)
k=1

so the (1, 0)-gradient of x is a linear combination of Z%(1), ..., Z%(m), hence a section

of E. Since A is Hermitian, its restriction to F also has a single Jordan block, with
eigenvalue Ji, and so V%u = V%[i belongs to F'* by the same argument. 0J

It follows that if there is more than one Jordan block with eigenvalue p, then p is
constant—equivalently, all nonconstant eigenvalues of A have geometric multiplicity
one. In fact, a stronger result holds.

Lemma 5.16. Let pu be a smooth function on M and let U C M be a nonempty open
subset on which p has constant algebraic multiplicity m. If p is constant and M is
connected, then p has algebraic multiplicity m,, > m on M. Conversely, if m > 2 then
W s locally constant on U.

Proof. Since A is Hermitian, x 4(¢) has real coefficients, fi is an eigenvalue of A with the
same algebraic multiplicity as p, and V*u = V. By assumption x4(t) = (¢t — u)"q(t)
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on U, where ¢ is smooth with ¢(x) nonvanishing. Since x 4(t) is a Killing potential for
g, its gradient V%x4(t) is a holomorphic vector field on M for all ¢.

Suppose first that u is constant: we shall show by induction on £ that if m > & then
m,, > k on M, which is trivially true for k£ = 0. So suppose that m > k+1 and m, > k,
so that p(t) = xa(t)/(t — p)* is a polynomial in ¢. Since V%p(1) is holomorphic on M
and vanishing on U, it vanishes on M, since M is connected. Similarly for p(u), so
that p(u) is locally constant on M, hence zero, since M is connected and p(u) vanishes
on U. Thus m, > k + 1 as required.

For the second part, the (m — 2)nd derivative in ¢ of x*(¢) is also a Killing potential,
which may be written

V() = mi(t — () Vo + (E— p)*X°(2)
for some polynomial of vector fields X%(t). Applying V® = ¢**V; and evaluating at

t = p yields VeuVPu =0, i.e. Veu = 0. Replacing u by ji, we deduce that u is locally
constant on U. O

In contrast, in the analogous real projective theory of geodesically equivalent pseudo-
Riemannian metrics, Jordan blocks with nonconstant eigenvalues can occur: see [15].

In order to apply the above lemmas at a point p € M, we need p to be stable for A in
the following sense. First, we need to suppose that the number of distinct eigenvalues
of A,° is constant on some neighbourhood of p. This condition on p is clearly open,
and it is also dense: if the number of distinct eigenvalues is not constant near p,
then there are points arbitrarily close to p where the number of distinct eigenvalues
is larger; repeating this argument, there are points arbitrarily close to p where the
number of distinct eigenvalues is locally maximal, hence locally constant. Now, on the
dense open set where this condition holds, the eigenvalues of A, are smoothly defined,
and their algebraic multiplicities are locally constant (since they are all upper semi-
continuous). Now a point p in this dense open set is stable if in addition the Jordan
type (Segre or Weyr characteristics) of each generalised eigenspace of A,” is constant
on a neighbourhood of p. The stable points are open and dense by Remark 5.5.

Definition 5.4. We say p € M is a regular point for the pencil 7j(t) = n% (A, — t6,°)
if it is stable for A,°, and for each smooth eigenvalue ;1 on an open neighbourhood of
p, either du, # 0 or p is constant on an open neighbourhood of p.

Equivalently, the regular points are the open subset of the stable points where the
rank of the span of the canonical Killing fields associated to the pencil is maximal,
i.e. equal to the order ¢. Consequently, by Proposition 5.12, the regular points form a
dense open subset of M.

Corollary 5.17. Let pu be a smooth eigenvalue of A over the set of stable points. Then
ALV = pVap  and AV = pVap. (221)
If i is constant, its algebraic multiplicity is constant on the set of reqular points.

Indeed, where p has algebraic multiplicity m, = 1, Lemma 5.15 implies that V,pu
generates the eigenspace of u, whereas where m, > 2, Lemma 5.16 implies that p
is locally constant, and hence equations (221) are trivially satisfied. Furthermore, it
implies that the algebraic multiplicities of the constant eigenvalues are upper semi-
continuous on M, hence constant on the connected set of regular points.

Theorem 5.18. Let (M, J,[V]) be a c-projective manifold that admits (pseudo-) Kahler
metrics g, and §,; associated to linearly independent solutions 1% and 7% = n®A,°
of the metrisability equation (125).
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(1) The number of functionally independent linear integrals L is equal to the num-
ber of nonconstant eigenvalues of A at any regular point of M.

(2) The number of functionally independent quadratic integrals I; is equal to the
degree of the minimal polynomial of A at any stable point of M.

(3) The integrals I, are functionally independent from the integrals L.

Proof. Integrals of the form L or [, are functionally independent near X € T,M if
their derivatives are linearly independent at X. Since L; is linear along the fibres of
TM — M, the restriction of dL, to Tx(T,M) = T,M is g(K(s),-) (at p). Similarly, I,
is quadratic along fibres, and the restriction of d; to T'x (T,,M) = T, M is Tg_2ﬁ<t> (X,-)
with 7, = det 7. Hence, for generic X € T,,M, the quadratic integrals I; are functionally
independent from the linear integrals Lg, and the number of functionally independent
linear, respectively quadratic, integrals is at least the dimension of the span of K(s)
at p, respectively the dimension of the span of H(t) at p.

The geodesic flow preserves the integrals and therefore the property of the integrals
to be functionally independent. Since any two points of M can be connected by a
piecewise geodesic curve, it suffices to compute the dimensions of these spaces at a
regular point of p, where the dimensions of the spans of K(s) and H(t) are maximal.

At such a point, the number of linearly independent Killing vector fields K (s) is the
number of nonconstant eigenvalues of A, so it remains to compute the number of lin-
early independent Killing tensors H(t). For this, recall that Hy;(t) = (adj A(t))p°Hea,
with adj A(t) = A(t)"'det A(¢t). Now write A(f) in Jordan canonical form: on an
h x h Jordan block with eigenvalue yu, (t — u)"A(t)~! is a polynomial of degree h — 1
in ¢ with A linearly independent coefficients. Hence on the generalised pu-eigenspace,
(t — )™ A(t)~! is a polynomial in ¢ with h,, linearly independent coefficients, where
m,, is the geometric multiplicity of x, and h, the index (the multiplicity of i in the
minimal polynomial, i.e. the size of the largest Jordan block). It follows readily that
the dimension of the span of adj A(t) is the degree of the minimal polynomial of A. [

5.6. The local complex torus action. For a c-projective manifold M?" admitting a
metrisability pencil with no constant eigenvalues, Theorem 5.18 shows that any metric
in the pencil is integrable, i.e. its geodesic flow admits 2n functionally independent
integrals. Furthermore n of the independent integrals are linear, inducing Hamiltonian
Killing vector fields. Hence if M is compact, it is toric (i.e. has an isometric Hamil-
tonian n-torus action).

When the pencil has constant eigenvalues, there are only ¢ independent linear in-
tegrals, where ¢ is the order of the pencil (the number of nonconstant eigenvalues),
and at most n independent quadratic integrals. In this case the flows of the Hamil-
tonian Killing vector fields K(t) generate a foliation of M whose generic leaves are
(-dimensional. If M is compact, one can prove (see [2]) that these leaves are the orbits
of an isometric Hamiltonian action of an /-torus U(1)*, and it is convenient to assume
this locally. The complexified action, generated by the commuting holomorphic vector
fields K(t) and JK(t), is then a local holomorphic action of (C*)¢, and the leaves of
the foliation, which are locally J-invariant submanifolds with generic dimension 2/,
will be called complex orbits.

Lemma 5.19. The complex orbits through regular points are totally geodesic and their
tangent spaces are A-invariant. The c-projectively equivalent metrics g and g restrict
to nondegenerate c-projectively equivalent metrics (with respect to the induced complex
structure) on any reqular complex orbit O°. The metrisability pencil 7)(t) restricts to a
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metrisability pencil of order £ on OF, using g and its restriction to trivialise Eg(1,1),
and then g is a constant multiple of the metric induced by 7.

Proof. Since the complex orbit of any regular point contains only regular points and
the tangent space to the orbit is spanned by holomorphic vector fields, it suffices to
prove that the (1,0)-tangent spaces to regular points are closed under the Levi-Civita
connection V of g. These tangent spaces are spanned by eigenvectors Z¢ of A,? with
nonconstant eigenvalues p, and by differentiating the eigenvector equation using (128),
as in the proof of Lemma 5.15, we obtain

(At — 1 0,)VoZ = (= Au0 b4, 8"V o) Z% = — (A0 Z%)6." + (Vo) Z°.

Clearly if we contract the right hand side with a (1, 0)-vector X¢ tangent to a complex
orbit, we obtain another such vector. Hence VxZ is a (1,0)-vector tangent to the
complex orbit as required: the complex orbits are thus totally geodesic.

The tangent spaces to a regular complex orbit O¢ are clearly J-invariant and A-
invariant, so that g induces a Kéhler metric O¢, with a metrisability pencil spanned
by the restrictions of 1 and 7, where we use g and its restriction to trivialise Eg(1,1).
Since n = no A, and the generalised eigenspaces of A which are not tangent to O¢ have
constant eigenvalues, the metric induced by the restriction of 7 is a constant multiple
of the restriction of g. O

Also of interest is the local (R*)* action whose local orbits are the leaves of the
foliation generated by the vector fields JK (t), which will be called real orbits.

Lemma 5.20. The real orbits through reqular points are totally geodesic, and their
tangent spaces are A-invariant and generated by the gradients of the nonconstant eigen-
values of A. The c-projectively equivalent metrics g and g restrict to nondegenerate
projectively equivalent metrics on any regular real orbit O, and the restriction of A is
vol(glo) \1/(€+1)  ~ -1

) gle) glo.

a constant multiple of the (1,1)-tensor (Vol(gﬂo)

Proof. At a regular point p, X € T, M is tangent to the real orbit through p if and only
if it is tangent to the complex orbit through p and orthogonal to the Killing vector
fields K (t) at p. Since both properties are preserved along geodesics, the real orbits
are totally geodesic with respect to g (hence also g).

Let O°¢ be the complex orbit through the regular real orbit O, so that g and g restrict
to c-projectively equivalent Kihler metrics on O°. Furthermore (vol(§|oe))Y/2¢+Dg=1 o
is a constant multiple of (vol(g|oe))/2“* Vg~ o A|p.. The tangent spaces to O are gen-
erated by the vector fields V*u, for nonconstant eigenvalues p, which are mutually
orthogonal and non-null. Hence 7,,0¢ is the orthogonal direct sum of 7,0 and J71,0

(with respect to both g and §). Hence g and g restrict to nondegenerate metrics on
Vol(§|o))1/(£+1)(

vol(glo)

connections of g and § on O¢ are related by (11) for some 1-form Y,. If we now

restrict to O (which is totally geodesic in O°), it follows that the induced Levi-Civita
connections V and V are related by

Vo X7 = Vo X7 = LT 0857 +6,7Tp),

i.e. the metrics on O are projectively equivalent. ([

O and A restricts to a constant multiple of ( Glo) tglo. The Levi-Civita

5.7. Local classification. Let (M, J,[V]) be a c-projective 2n-manifold admitting
two compatible non-homothetic (pseudo-)Kahler metrics, and hence a pencil of so-
lutions of the metrisability equation of order 0 < ¢ < n. Lemma 5.20 shows that
the real orbits yield a foliation of the set MY of regular points which is transverse
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and orthogonal to the common level sets of the nonconstant eigenvalues &, ...&
of A; these are also the levels of the elementary symmetric functions oq,...0, of
&1, ... &, which are Hamiltonians for Killing vector fields generating the local isomet-
ric Hamiltonian ¢-torus action on M°. Indeed, on M°, xa(t) = xe(t)Xuc(t), where
Xne(t) = T (t — &) = S0 o(=1)"0, 17", x.(t) has constant coefficients, and o = 1.
The leaf space S of the foliation of M° by the complex orbits may then be identified
with the Kéhler quotient of M by this local /-torus action.

It is convenient to write x.(t) = [ [, pu(t)™", where p,(t) are the distinct irreducible
real factors (with deg p, = 1 or 2) and m,, their multiplicities. Then if S is a manifold,
its universal cover is a product of complex manifolds S, of (real) dimension 2m, deg p,,.

These observations lead to a local classification of (pseudo-)Kéhler metrics which
belong to a metrisability pencil (i.e. admit a c-projectively equivalent metric, or equiv-
alently, a Hamiltonian 2-form), which was obtained in [2] in the Kéhler case, and in [16]
for general (pseudo-)Kéhler metrics. We state the result as follows.

Theorem 5.21. Let (M, J,[V]) be a c-projective 2n-manifold, and suppose that g is
a (pseudo-) Kdhler metric in a metrisability pencil of order £, which we may write as
% (t) = n® (A2 — t8,°), where n® corresponds to g. Then on any open subset of M°
for which the leaf space of the complex orbits is a manifold S, we may write:

g= Zgu Xne(As), +Z @ +Z (Z Oy 1(éj)er>2, (222)

W= Zwu Xnc(Ag)-, ) + Zdar A6, with db, = Z(—l)’”wu(Aé_r-, ), (223)

r=1 u

lf—r

9,(&) < 3 oy

The ingredients appearing here are as follows, where we lift objects on S to M by
identifying the horizontal distribution ker(d&y, ... d&,, 61, . ..0y) with the pullback of T'S.

e &1,...& are the nonconstant roots of A, which are smooth complex-valued func-
tions on M?°, functionally independent over R, such that for any j € {1,... £},
§; = & for some (necessarily unique) k.

e Xue(t) = [T (t — &) = 3¢ o(=Dro o,_1(&;) is the (r — 1)st elementary
symmetric functzon of {& : k # j}, and Aj = [1,4,;(§ — &)

o Forje{l,...0}, ©; is a smooth nonvanishing complex function on the image
of & such that ngj = & then ©; = ©,.

e For each distinct irreducible real factor p, of x., the metric g, is induced by a
(pseudo-) Kdhler metric on the factor S, of the universal cover of S.

e Ag is a parallel Hermitian endomorphism with respect to the local product met-
ric Y, gu on S, preserving the distributions induced by T'S,, on which it has
characteristic polynomial p,(t)™.

(224)

Any such (pseudo-) Kihler metric admits a metrisability pencil of order ¢, with

A= AS+Z§1(d¢; 6+(ch52®<];;)

In other words (M, g, J,w) is locally a bundle over a product S of (pseudo-)Kéhler
whose fibres (the complex orbits) are totally geodesic toric (pseudo-)Kéahler manifolds
of a special kind, called “orthotoric”. The proof in [2] proceeds by establishing the
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orthotoric property of the fibres and the special structure of the base S. In contrast,
the proof in [16] relies upon the observation (generalising Lemma 5.20) that the local
quotient of (M, g) by the real isometric ¢-torus action admits a projectively equivalent
metric: the first two sums in (222) are the general form of such a metric when the
nonconstant eigenvalues of the projective pencil have algebraic multiplicity one.

In the Riemannian case, the expression (222) provides a complete local descrip-
tion of the metric: locally, we may assume S = [[, S, is product of open subsets
S, C R?™: and then Ag is a constant multiple of the identity on each factor. In
the pseudo-Riemannian, it remains only to describe explicitly the parallel Hermitian
endomorphism Ag on S =[], Sy, for which we refer to [18].

Remark 5.6. In order to understand the compatible metrics corresponding to the
general element 7 — tn of the metrisability pencil, it is convenient to make a projective
change s = (at+0b)/(ct +d) of parameter, as in Remark 5.3. The metric corresponding
to ¢ + dn (assuming this is nondegenerate) must have the same form (222) as g,
with respect to the coordinates & = (a&; + b)/(c&; + d), and with A replaced by
A= (cA+d)"(aA +b). We find in particular that the new functions ©; are related
to the old functions by ©,(s)(ct + d)*' = (ad — bc)**'0;(t)—in other words they
transform like polynomials of degree ¢ 4+ 1 (sections of O(¢ + 1) over the projective
parameter line).

Remark 5.7. It is straightforward to show that the restriction of the metric (222) to
any complex orbit (a totally geodesic integral submanifold of 9, JO¢, : j € {1,...£})
has constant holomorphic sectional curvature if and only if each ©;(¢) is a polynomial
independent of j, of degree at most ¢ 4 1: the curvature computations in [2| extend
readily to the (pseudo-)Kahler case. If we write ©,(t) = O(t) := Zﬁz_l a,t*=", then
the complex orbits have constant holomorphic sectional curvature B = ia_l.

Following [2], we may introduce holomorphic coordinates w, + it, on the complex
orbits by writing 6, = dt, +«, and Jdu, = dt, for r € {1,...¢}, where «, are pullbacks
of 1-forms on S. Thus

¢
Jdu, = —a, — (=1)" Z

where da, = > (—1)"w, (A5, ), and these formulae extend to any r < ¢. For r > 1,
dJdu, = 0, whereas dJdug = —w and dJdu_; = ¢ + oyw, where ¢ = g(JA-,-).
In particular, if ©,(t) = O(t), then

¢
Z (=) "a,(Jdu, + o) = —Jdoy

r=—1
and hence

dJdoy = a_1(¢ + o1w) + agw — Zwu(G(A)~, ).

However, o, differs from trace A = A,* by an additive constant, so do; = —/A and
hence dJdo; = -2V JA, i.e.

2VA = (a_1 + ago1)g +a_1g9(A-,-) — ZQU<®<A)" ). (225)
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6. METRIC C-PROJECTIVE STRUCTURES AND NULLITY

Henceforth, we assume that (M, J) is a complex manifold (i.e. with J integrable)
of real dimension 2n > 4, equipped with a metric c-projective structure, i.e. a c-
projective structure [V] containing the Levi-Civita connection of a (pseudo-)Kahler
metric g, which we denote by V9, or V if g is understood. We may also consider a
metric c-projective structure as an equivalence class [g] of (pseudo-)Kéhler metrics on
(M, J) having the same J-planar curves.

By Proposition 4.5, the map sending a metric g € [g] to n = 7,7 "g~" embeds [g]
into m, = m.[V] as an open subset of the nondegenerate solutions to the metrisability
equation (126). We refer to dim m, as the mobility of ¢ for any g € [g], cf. Section 4.4,
and we are interested in the case that dimm, > 2. In Section 5, we obtained some
consequences of this assumption for the geodesic flow of g on M. We now turn to the
relationship between mobility and curvature.

As explained in Section 4.5, m, may be identified with the space of parallel sections
of the real tractor bundle V with respect to the prolongation connection (157)—(158).
However, in [44, Theorem 5|, it was shown that if dimm,. > 3, then m, may also be
identified with the space of parallel sections of ¥V with respect to the connection

1

ABY VAP +65,6 A + 7,6 ] Ae
Vol 42 | = Vad? +pd.” —2Bg., AP
p vap - QBgoz,BAﬂ

for some uniquely determined constant B. In this section we explore this phenomenon,
and its implications for the curvature of M. First, as a warm-up, we consider the
analogous situation in real projective geometry.

6.1. Metric projective geometry and projective nullity. A metric projective
structure on a smooth manifold M of dimension n > 2 is a projective structure [V]
containing the Levi-Civita connection of a (pseudo-)Riemannian metric, or (which
amounts to the same thing) an equivalence class [g] of (pseudo-)Riemannian metrics
with the same geodesic curves. As in the c-projective case (see Section 4.3 and Re-
mark 4.4), up to sign, [g] embeds into the space m = m[V] of solutions to the projective
metrisability equation (135) as the open subset of nondegenerate solutions.

A metric projective structure has mobility dimm > 1, and we are interested in the
case that dimm > 2. However, it is shown in [57] that, on a connected projective
manifold (M, [V]) with mobility dimm > 3, there is a constant B such that solutions
AP of the mobility equations may be identified with parallel sections for the connection

ABY Vo APY 4 26,8 1)
Vol 12 | = | Vapl® + pdn? — Bga, AP (226)
P Vozp - 2Bgaﬁpﬂ

on the tractor bundle associated to the metrisability equation. This connection is
the main tool used in [45] to determine all possible values of the mobility of an n-
dimensional simply-connected Lorentzian manifold.

This result is an example of a general phenomenon: in metric projective geome-
try, solutions to first BGG equations are often in bijection with parallel sections of
tractor bundles for a much simpler (albeit somewhat mysterious) connection than the
prolongation connection. We illustrate this with a toy example. The operator

[(TM(-1)) 3 9° = (Van®)o = Van® — 26,V
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is projectively invariant, where 7'M (—1) denotes the bundle of vector fields of projec-
tive weight —1; its kernel consists of solutions to the concircularity equation

(Van®)o =0, (227)

called concircular vector fields. This equation is especially congenial in that its pro-
longation connection coincides with the Cartan connection. Indeed, following 7], for
any solution n® of (227) there is a unique function p (of projective weight —1) such
that V,n® = —,”p, namely p = —%VWV. We then have

Rag"sn’ = (VaVs = VaVa)' = 6a"Vap — 65" Vap, (228)

and tracing over ay yields Ricgsn® = (n — 1)Vgp. We conclude that n® lifts uniquely
to parallel section of the standard tractor bundle for the connection

B B B
U Vant” + da ,0)
Va = 229
( :0) <vap - Paﬂnﬁ ( )
induced by the (normal) Cartan connection, where P,z = ﬁRicaﬁ.
The simpler connection arising in the metric projective case is described as follows.

Theorem 6.1. Let (M, [V]) be a metric projective manifold, and for any p € M, let
N, be the dimension of the span at p of the local solutions of (227). Then for any
metric g with Levi-Civita connection V9 € [V], there is a function B on M, which is
uniquely determined and smooth where N, > 1, such that every concircular vector field
lifts uniquely to a parallel section of the standard tractor bundle for the connection

5 Vont 4 6,°p )
Vo T )= (2T 0P 230
< p) (Vg/) - Bgaﬂnﬁ (230)
Moreover B is locally constant on the open set where N, > 2, which is empty or dense

in each connected component of M. If M is connected and B s locally constant on a
dense open set, it may be assumed constant on M.

Proof. We take V = V9 and use g to raise and lower indices. Suppose that
Vo’ +6,.%p =0 and Vi’ +6.°7=0
for solutions n®,n® of (227). Then (228) implies that
Riﬁ'yéné = ga'yvﬂp - gﬂ’yvouo and Riﬁyéﬁ(s = ga’yvﬂﬁ_ gﬂvvaﬁa

and so 201,V =R ' = _RY T = 2V 17, (231)
eV BIP 048’)’577 U a,B'yén n NV a)p-

In particular, 7, Vgp = 0 and so there is a unique smooth function B on the open set
where n* # 0 such that

Vap — Bgasn® =0 (232)
on M for any extension of B over the zero-set of n® (since V,p also vanishes there).
Equation (231) now implies that any two concircular vector fields have the same func-
tion B where both functions are determined. Thus B is uniquely determined and
smooth where N, > 1. Differentiating (232) on the open set where B is smooth gives

ngap - UaVﬁB + Bgagp = 0,

and so Vg B = 0. Hence V,B = 0 on the open set where N, > 2. This subset is
empty or dense in each component of M, since two solutions of (227) that are pointwise
linearly dependent on an open set are linearly dependent on that open set.

It remains to show that if M is connected and B is locally constant on a dense open
subset U (which could be disconnected), then it may be assumed constant. To see this,
we use only that

Pgyn" = Bng and V,B=0
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on U, for then we may differentiate once more to conclude that
(VaPsy)n" + Pg,Van” = BV
and hence that
(Vapﬂv)m - Paﬁp = _Bga,@p
on U. Tracing over af yields

(VoP*)n" —P,%p=—nBp

Pes 0 n'/” B n®
(—%Vapaﬁ %Paa> (p> =5 (p (233)

on U. Although this equation was derived on U, it is a valid stipulation everywhere
on M. Moreover, the tractor

nﬁ

p

is nowhere vanishing on M (else in (229), the vector field 7” would vanish identically).
From this point of view, we see that B extends as a smooth function on M. Finally,
since B is locally constant on U, it is locally constant and hence constant on M. [

and hence that

The connection (230) of Theorem 6.1 differs from the tractor connection (229) by
the endomorphism-valued 1-form

0 0 n? 0
 XY® — o
(Paﬁ — Bag 0) (p) ((Paﬁ — Bgag)X n‘*)

The connections agree on the flat model. Specifically, on the unit sphere we have

Raﬁ’y& = Yo 985 — 9BvYGas whence Paﬁ = GaB;

so that the connections coincide with B = 1.

The proof of Theorem 6.1 may be broken down into two steps. First, one shows that
the connection (230) has the required lifting property for some function B, which may
only be uniquely determined and smooth on an open set. Secondly, one establishes
sufficient regularity to determine the connection globally on M (in this case, with B
constant). In the literature, the second step has often been carried out by probing M
with geodesics. In the above proof we advocate an alternative line of argument that
we believe to be simpler and more generally applicable.

Remark 6.1. For example, we may apply the same technique to the mobility equa-
tions (226), where the replacement for (233) has the form

R O 0 14&Y A’B’Y A56 gﬁfy
VR R 0| pf|=B||lwW|-"1| 0
VVR+RxR VR R) \ p p "oA\LP,

As above, this is sufficient to show that B is constant if it is locally constant on a
dense open set. One striking difference between this case and Theorem 6.1, however,
is that the connection (230) actually has the same covariant constant sections as does
the standard Cartan or prolongation connection (229). For the mobility equations,
however, not only is the resulting connection (226) different from the prolongation
connection [43] but also their covariant constant sections are generally different. Nev-
ertheless, all solutions of the mobility equations lift uniquely as covariant constant
sections with respect to either of these connections (and this is their crucial property).
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We next seek to elucidate the first step in the proof of Theorem 6.1. Here we observe
that the key equations (231) used to establish the uniqueness of B may be viewed as
a characterisation of B in terms of the curvature RY of g, namely that

Riman& = B(gownﬁ - gﬁw”a)
This motivates the introduction of some terminology, following Gray [50].
Definition 6.1. Let (M, g) be a (pseudo-)Riemannian manifold and suppose that the
tensor R.g,s has the symmetries of the Riemannian curvature of g. Then a nullity
vector of R at p € M is a tangent vector v® € T,M with R,s,s0° = 0, and the nullity

space of R at p is the set of such nullity vectors. We say R has nullity at p if the nullity
space is nonzero, i.e. the nullity index is positive.

In particular, if RY is the Riemannian curvature of g, then at each p € M, there is
at most one scalar B € R such that Rfﬂw = Rimé — B(gngﬁg — 98,9as) has nullity
at p. Indeed if v and 9* are nullity vectors for R” and R® respectively then

0=(B- E) (Gargps — gﬂvgaﬁ):‘jﬂvé = (B - E) (U55ﬂ9a7 — Ualy),
which implies that B = B unless v® or 7 are zero.
Definition 6.2. Let (M, g) be a (pseudo-) Riemannian manifold. Then the (projective)
nullity distribution of ¢ is the union of the nullity spaces of RfﬁmS over B € R and

p € M. We say that g has (projective) nullity at p € M if there is a nonzero v* € T, M
in the nullity distribution of g, i.e.

(R% 4.5 — B(gavgas — 9aras) )V =0, (234)
for some B € R, uniquely determined by p.
The definition of B is reminiscent of an eigenvalue; indeed, the ay trace of (234) is
P, v® = B’ ,

so B is an eigenvalue of the endomorphism P,”. On the other hand the trace-free part
of (234) provides a projectively invariant characterisation, using the projective Weyl
tensor Pog7s := Rap"s — 0a"Pgs + 057Pas, as follows (cf. [49]).
Proposition 6.2. Let (M, g) be a (pseudo-) Riemannian manifold of dimension n > 2,
and let v° € T,M be nonzero. Then the following statements are equivalent:

(1) v° is a projective nullity vector at p

(2) there exists B € R such that Pog?sv” = (Pas — Bgas)v?

(3) Pa5757J6 = 0.
Proof. (1)=(2). Since P,3v” = Bg,pv”®, R.pvs = Rysap and Pog = Pa,, we have

Proprsv® = Rosapt® — gayPpst® + gg,Past”

= B(9ar 985 — 95-905)0" — BGar9ss0° + 95 Past” = (Pas — Bgas)gs,v”,

and (2) follows by raising the index ~.
(2)=(3). Since Pug"s = 0, which follows easily from Rj,375 = 0,
Pog750° = (Pag"5 — Pss"o)0°,
which vanishes by (2), since P,s — Bgap is symmetric in af.
(3)=(1). Observe that 0 = Ragy 500" = (garPps — gsyPas)v7v’ = vjoPgsv°. Hence
there exists B € R such that P55v5 = Bgﬁ(;v‘s, and hence
Raﬁvév(s = (gavpﬁé - gﬁ’yPa(S)U(s = B(goc'ygﬁﬁ - gﬁ'ygocé)v(sy

% is in the projective nullity at p. O

l1.e. v
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In particular, this shows that the projective nullity distribution is a metric projective
invariant, as is the expression P,3 — Bg,s wherever there is projective nullity, hence
so is the special tractor connection (230). The above argument for this fact is given
in [49], where the special connection on the standard tractor bundle is also discussed.

Remark 6.2. In the 2-dimensional case, all metrics have nullity at all points and B
is the Gauflian curvature. On the unit n-sphere the nullity distribution is the tangent
bundle and B = 1. Condition (234) may be written as

Cagﬂﬂ;v‘S = (mScal — ﬁB) (GarV8 — 9gyVa) — ﬁ(Ricmvg — Ricgyvq)

where Cyg4s is conformal Weyl curvature tensor. For a Riemannian metric, we may
orthogonally diagonalise the Ricci tensor to see that if Chss = 0 (as it is in three
dimensions or in the conformally flat case in higher dimensions) then R,s.s has nullity
if and only if all but possibly one of the eigenvalues of P, coalesce with B being the
possible exception. So in the three-dimensional Riemannian case R, has nullity if
and only if the discriminant of the characteristic polynomial of P,” vanishes:

(Pa®)® = 9(Pa®)* (PP, ) + 21(Pa")* (P4 7P, ) — 3(P,7P,7)’
+8(Pa®)?(PsPP,%) = 36(Pa®) (Ps7 P, ") (PsPLPY) + 18(PsPIP, )% = 0.

Indeed, in three dimensions (where R,gs is determined by P,g) it is also the case in
Lorentzian signature that R,g,s has nullity if and only if P,” is diagonalisable with
eigenvalues distributed in this manner. In any case, in three dimensions it follows that
B is a continuous function and is smooth except perhaps at points where P,z is a
multiple of g,3. In the four-dimensional Riemannian case, one can check that if R,g.s
has nullity and the eigenvalues of P,” are B, X, A3, A4, then

] = Coéﬁwgcaﬁws = 6(()\2 — )\3)2 + (/\3 — )\4)2 + (/\4 — /\2)2)
and if this expression is nonzero, then
B=1P., "+ L(Cup”CrsCut™ — 18Ca5""P,*Ps").
It follows that B is smooth on {I # 0} whilst on {I = 0} three of the four eigenvalues
of P,® merge as above and B is the odd one out unless Pas X gap. Therefore, as in
three dimensions, it follows that B extends as a continuous function that is smooth

except where P, is a multiple of g,3. We anticipate similar behaviour in general but,
for the moment, the regularity of B remains unknown.

6.2. C-projective nullity. We return now to metric c-projective geometry, where
we seek to develop analogous interconnections between curvature and special tractor
connections to those in the metric projective case. In order to do this, we first de-
velop a notion of c-projective nullity for (pseudo-)Kéahler metrics, modelled on the
curvature of complex projective space (48) in the same way that projective nullity for
(pseudo-)Riemannian metrics is modelled on the curvature of the unit sphere.

We suppose therefore that (M, J, g) is a (pseudo-)Kéahler manifold with V the Levi-
Civita connection of g,g and Q.3 = J,7 g5 the Kéhler form. Further let us write

Sapys = Gar985 — 98v9as + Lary 85 — Qs Qas + 20058245 (235)

for the Kéhler curvature tensor of constant sectional holomorphic curvature 4. As in
the (pseudo-)Riemannian case, at each p € M, there is at most one scalar B € R such
that Gfmé = Ropys — BSapys has nullity at p. Indeed, if v and v are nullity vectors
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for G55 5 and Gfﬂw respectively then
0= (B — B)Sap,s0°0°
— (B = B)(057°gary — valy + J52050° Qay + Jo’050, 505 + 2., 2051, 5)
which implies that B = B unless v® or 7% are zero. By analogy with Definition 6.2, and

again following Gray [50] (who used the term “holomorphic constancy”), we therefore
define c-projective nullity as follows.

Definition 6.3. The (c-projective) nullity distribution N of a (pseudo-)Kéhler mani-
fold (M, J, g) is the union of the nullity spaces of Gfﬁ,ﬂg over B € R and p € M, and
for each p € M, we write N, for the (c-projective) nullity space N NT,M. We say that
(J,9) has (c-projective) nullity at p € M if N, is nonzero, i.e.

(Ra575 — BSQM(;)U‘S = O, (236)
for some B € R, uniquely determined by p, and some nonzero v € T,,M.

Thus N, is the kernel of the linear map

5 B 6
V" = Gy’

for some B € R depending on p. Let us remark that, since G = G has the symmetries
of the curvature tensor of a Kihler metric, A, is a J-invariant subspace of T, M (i.e. v €
N, implies J,%v% € N,), hence is even dimensional.

Bearing in mind the discussion of Section 4.1, we may write (236) in barred and
unbarred indices. We find that

(Rabed + 2B(9asged + 9590d)) 0" = 0
(RaBEd - 2B(gaégd5 + gaggdg))vd =0.

As in the projective case, tracing (236) over ary yields an eigenvalue equation

(237)

Ric’s0° = 2(n + 1)Bv®, equivalently P?50° = 2Bv”, (238)
since Pog = —Ricag by (25) and (109). This can equivalently be expressed in barred
and unbarred indices as

PPy = 2Bv°, or as PP v? = 2B’ (239)

Of course, we may derive (239) also directly by tracing the second equation of (237),
respectively its conjugate, with respect to ac, respectively ac. Further, note that the
symmetries of the Ricci tensor of a (pseudo-)Kéhler metric show that (239) can be also
equivalently written as P;%v? = 2Bv°, respectively P v? = 2Bv°.
Now assume that (237) is satisfied and decompose R, ; q according to (28) as
Rep‘a = Hep'a + 0a°Prg + 0P,
Then equation (239) implies
Hyifav” = (Ryia — 0aPra — 04°Ppa)v” = 2B(8,504 + 34°0a) — (6,°Ppg + 84°Pja)0" = 0.
Furthermore,

H

a

570" = (Rap’a — 0a°Pag — 04°Ppq )0
= (2B(g,5v° + 0,v3) — 2B, vy — Py, 0°)
= (QBgaI; - PI;a)Uc’

which implies H,;¢qv%® = 0. It fact these two conditions are also sufficient for nullity.

a
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Proposition 6.3. Let (M, J,g) be a (pseudo-) Kihler manifold of dimension 2n > 4,
and let v € Tpl’OM = T,M be a nonzero tangent vector. Then the following statements
are equivalent:

(1) v e N,
(2) there exists B € R such that Hy v = (2Bga5 — Pap)v°
(3) Hyzquv? =0 and Hycq® =0,

where, as in (28), H q is the trace-free part of Rycqa = —g“Rypge-

Proof. We have just observed that (1) implies (2) and (3). Note, moreover that taking
the trace with respect to a and ¢ in (2) gives (239), which shows immediately that (2)
implies (1). Hence, it remains to show that (3) implies (1). If (3) holds, then

Ragcdv“vd = (0a°Pgq + 5dCP5a)U“vd = Ragadv“vd = 2U5P5dvd

so 0= v[an]dvd and we conclude that Pzv? = 2Bwv;, for some constant B. Substituting

the conjugate conclusion PJCUJ = 2B, into Ragcdv'_’ gives

Ral’)chE = (H Bcd + 5acPBd + 5dCPI;a)UB = QB5and + ZBédea

a

which, after lowering the index ¢ is equivalent to (237), as required. (Note that B is
necessarily real, since R, ;g and S, ;% are real tensors.) U

Corollary 6.4. At any p € M, the nullity distribution of N, is a metric c-projective
invariant, i.e. the same for c-projectively equivalent (pseudo-)Kdihler metrics g,; and

Gai- Furthermore, if N, is nonzero, and B, B € R are the corresponding scalars in the
definition of N, with respect to g, § respectively, then P, — 2Bg.; = Pui; — 2Bgq3-

Proof. By Proposition 2.13, criterion (3) of Proposition 6.3 is c-projectively invariant.
In fact, by Proposition 4.4, H ;¢ is precisely the harmonic curvature of the underlying
c-projective structure. The last part follows immediately from criterion (2). O

Remark 6.3. For later use, we apply the projectors of Section 1 to reformulate the
equivalent conditions of Proposition 6.3 directly in terms of v° € T,M as follows:

(1) v e N,
(2) there exists a constant B € R such that H,z750° = (J,Pes — 2BQy5)J570°
(3) ]’Ioégfy(g’l}()[’(}(S =0 and (Haﬁ’Yg + JgGJC'YHaec(;)Uﬁ = 0,

where Hug"s = Rop”s — 0o Pgjs + J[a7P5]<J5€ + JacpgcJﬂ and Pgs = %HRQBO‘(S.

Proposition 6.5. Let (M, J, g) be a (pseudo-) Kihler manifold of dimension 2n > 4,
and B a smooth function on an open subset U. Then for any (real) vector field v in
the nullity of G = G® on U, if v is non-null at p € U, then dB = 0 there.

Proof. The differential Bianchi identity V{,/%z® = 0 on U implies that
VieGhad® = 2(VaB)gye0a” + 2(V (e B)0y gaz.
Since v* and v® belong to the nullity of G, we may contract with v“v¢ to obtain
0 = 2(V[uB)gyevv® + Q(V[QB)ébfgdgvdvé.

A further contraction with v, = g, wa yields (Vi B )vb] gazv™° = 0, so if v is non-null at
P, (Ve B)vy = 0 there; hence (V[,B)d,® = 0, which implies V,B =0, i.e. dB = 0. [
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6.3. Mobility, nullity, and the special tractor connection. Our aim in this sec-
tion is to show that, under certain conditions, the solutions of the mobility equa-
tion (129) on a (pseudo-)Kéhler manifold (M, J, g) lift uniquely to parallel sections of
Y C V¢ for the special tractor connection:

Abe VoAb + 5,040
VYEL AP | AP | = | VoA + pd,t — 2BAY | VAP
. Vap ~ 254, (240)
Abe VoAb 4 5,0 1°
Ve A | A | = | Vadb | Vadb + pus,b —2BAY, |,
K Vap — 2B/

where V is the Levi-Civita connection for g,; and B is a smooth function on M. Here
Ve is identified via g,; with a direct sum of unweighted tensor bundles, and we write
the connection in barred and unbarred indices, so that for sections of V C V¢, the two
lines of (240) are conjugate.

Remark 6.4. By Theorem 4.6, we know already that any solution A% of the mobility
equation (129) lifts uniquely to a parallel section of V for the more complicated pro-
longation connection (157)—(158). If it also lifts to a parallel section for (240), then
(cf. Remark 6.1) the two lifts may differ, albeit only in the last component. More
precisely the last component p of the parallel lift for the special tractor connection is
given by 1 = i/ — L(P; — 2Bg,;)A™, where 4 is the last component of the parallel
lift for the prolongation connection. Note that if the metric g% itself lifts to a parallel
section for (240), then B must be locally constant.

In [44, Theorem 5|, it is shown that if the mobility of (M, g, J) is at least three, then
there is a constant B such that all solutions of the mobility equation lift uniquely to
parallel sections of V for (240). Before developing this, and related results, it will be
useful to establish some basic properties of special tractor connections (240) and their
parallel sections. Throughout this section we set, for a given function B,

G oped = Raped + 2B(9ap9ed + 9eb9ad)- (241)

The equations satisfied by parallel sections of (240) are

VaAbC = —5ac/1(, (242&)
Va/lg - —/,LgaE -+ QBAQE and Va/lb - O, (242b)
V. =2BA4, (242c¢)

and their complex conjugates. Of course, the first line is simply the mobility equation.
In particular, from (145)—(146) (and the symmetry of P,z) we have

9a5Vale = 9aeViAa = RopecAd” — Rapaz A%

e e e e (24?))
AgS — WaEdéA ¢ gaEPeEAd + ngPaéA s

abec

where W ;.. = H e, since J is integrable.

Lemma 6.6. If A,° and A, satisfy (242a)—(242b) for smooth functions B, u, then
G AL =G A0 (244)

abc abe

GaEchd = —ch(VaM - QBAa) + Q(VGB)ACE' (245)
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Proof. We substitute (242b) into (243) to obtain
RopecAd® — RapaeA% = Gac(t9as — 2B Ag) — 9ap(119ac — 2B Aac)
= 2B(9apgac A% — GacerAd"),
and (244) follows from (241). To obtain (245), we apply (241) instead to the identity
Rl Ng = (VaV = V5Va) Ao = Va(—pgg + 2BAg)

=2(VaB)Ag — 2Bgapde — 9a(Vap). O
In Theorem 6.11, we will show that if (M, g,J) of mobility > 2 has c-projective
nullity, then all solutions of the mobility equation lift uniquely to parallel sections of V

for (240), where B is characterised by nullity. First we establish the following converse
and regularity result.

Theorem 6.7. Let (M, J,g) be a connected (pseudo-)Kdhler manifold with a non-
parallel solution A™ of the mobility equation, which lifts, over a dense open subset U
of M, to a real parallel section (A%, A* 1) for (240) with B locally constant. Then:

(1) B is constant and (A®™, A% u) extends to a parallel section over M;
(2) G244 =0, and hence (J,g) has c-projective nullity on the dense open subset
where A* is nonzero.

Proof. As noted in Remark 6.4, Theorem 4.6 provides a real section (A%, A% u') of V
(defined on all of M) which is parallel for the connection given by (157) and (158). On
U we compute, using (242b) and (243), that

R5" A + R A = 2B(6,°A% — 67 A1), (246)
which implies
L (Ricy A + Ryt A®) = 2B(A% — 16;°A,%). (247)
Applying V; to (247) and taking the trace with respect to d and & shows that
oo (VaRics) AY + (VR g%) A™ + (1 — n)Ricg A ) = 2B A5, (248)

Recall that
_:U’(Sab + 2BAab = va/lb = _N'/(Sab + PaEAEb - %HaébdAEd

and that P; = %HRiCaz} Hence, applying V}, to (248) and taking trace shows, together
with the identities (247) and (248), that we have an identity of the form

R 0 0 A&b Aflb A . gdb
VR R 0 Ae | =2B || A* | = = 0 . (249)
VVR+R>~<R VR R W W o\Lip,d

Since the left-hand side of (249) is defined on all of M and (A%, A%, 1) is a nowhere
vanishing section on M, the identity (249) can be used to extend B smoothly as
a function to all of M. Since B is locally constant on U and M is connected, B
is actually a constant and (A%, A%, i) extends smoothly to a parallel section of the
connection (240) on all of M.

The second part is immediate from (245) with V,B =0 and V,u = 2BA,. O

Remark 6.5. When (J, g) has c-projective nullity, P,; —2Bg,; (with B given by (236))
is a metric c-projective invariant by Corollary 6.4, and hence the connection (240) is
metric c-projectively invariant. In particular, by Theorem 6.7, the connection is metric
c-projectively invariant if B is constant and it admits a parallel section with A, nonzero.

On the other hand, if the connection (240) admits a parallel section with 4, = 0,
then (242b) shows that B = 0 unless the corresponding solution A, of the mobility
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equation is a (necessarily locally constant) multiple of g,;. Thus a parallel solution of
the mobility equation which is not a multiple of ¢ lifts to a parallel section for (240) if
and only if B = 0.

Theorem 6.8. Let (M, J,[V]) be a connected metric c-projective manifold of dimen-
sion 2n > 4 arising from a (pseudo-) Kahler metric g with mobility > 3. Then either
(J, g) has c-projective nullity on a dense open subset U C M, with B constant in (236),
or 2n > 6 and all metrics c-projectively equivalent to g are affinely equivalent to g
(i.e. have the same Levi-Civita connection).

To prove this theorem, we use a couple of lemmas, the first of which is a purely
algebraic (pointwise) result.

Lemma 6.9. Suppose that R,
respect to gop- Let Ags, Agps Ay and Agg be (real) tensors that satisfy

7 s a tensor which has Kdhler symmetries (108) with

RapeeAd” + RaBdef(_l = YacAap — GapAac (250)
RapeeAd” + RaEdefé = YacAap — GapAac- (251)
If A, .Zal; and g, are linearly independent, then A, respectively 71115; are linear
combinations of g,; and Agp, respectively g,; and Az, with the same second coefficient.

Proof. Note first that these equations remain unchanged if we add scalar multiplies
of g,; to the tensors A, gab, A,; and Z Hence, we can assume without loss of
generality that the trace of these tensors Vanlshes We then have to show that A, and
/lab are a common scalar multiple of A_; and Aab respectively.

From equation (250) it follows immediately that

A (RygeeAd” + RigagAle) = A5(Ric Ad” + RuiaAle)
= Al + Agilas — Gae A5G — g Ad" Ape. (252)
By the symmetries (108) of R, the left-hand side of identity (252) equals
(A" Rigee — A3 Ryice) Ad° + (A" Rigas — A5 Ruiap) Al
= (A" Ry + A5 Recat) Ad” — (A" Rygon + A5 Ryzi0) AT
= Awclis + Agplaz — gac A5 Adi — gapAa Abe (253)
where the last equality follows from (252). From (252) and (253) we therefore obtain
acTap + GasToe = AdpAac + AacAgp — Agpac — Auc/ (254)
where 7,5 = A;Ze,—, — Af pA,7. Taking the trace with respect to a and c yields
nTg + 9T = 0, (255)
which shows that 7,; = 0. Therefore, we conclude from (254) that
Aghaz + Aaclp = AgpAac + AacA s,

Since any nonzero tensor of this form determines its factors up to scale, and A,; and
Aab are linearly independent, we conclude that /4,; and Aab are the same multiple of
A, and Aab respectively. OJ

We next relate linear dependence to pointwise linear dependence.



C-PROJECTIVE GEOMETRY 89

Lemma 6.10. Let (M, J, g) be a connected (pseudo-) Kéihler 2n-manifold (n > 2) and

let A, be a solution of (128) such that gab = pd,? + qA.L is also a solution for real
functions p and q. Then p and q are constant or A,> = £8,° for constant €.

Proof. By assumption, we have V,A,¢ = —0,°4, and VaAvbC = —5a0'/]b, hence
Vap 6° + Vaq A" = —(Ay — g 4,0,

If V,q = 0, it follows easily that p and g are locally constant hence constant. Otherwise,
contracting this expression with a nonzero tangent vector X* in the kernel of V,q, we
deduce that 4, = ¢4, and V,p = =V ,q for some function . Thus V,q (A, —£6,°) =
0. If A = &6,°, it follows from what we have already proven that £ is constant.
Otherwise, we deduce that p and ¢ are constant. O]

Proof of Theorem 6.8. Suppose that A, and lea,; are nondegenerate solutions of the
mobility equation such that g, A,; and gag are linearly independent. At each point
of M, (243) implies that A and A, satisfy (250)—(251), with A = V,4: and A,e =
Ve By Lemma 6.10, g,3, A,; and Za,; are pointwise linearly independent on a dense
open set U’, and hence, on U’, Lemma 6.9 implies that A, and ;Iaz‘) lift to smooth
solutions (Ag;, A4, 1) and (gag, Za,ﬂ) of (242a)—(242b) for the same smooth function
B. Thus we may apply Lemma 6.6.

The trace-free parts of A,” and ﬁab are pointwise linearly independent on U’, hence
if n = 2, their common centraliser at each p € U’ consists only of multiples of the
identity. By (244), G ;% is a multiple o, of §,%, hence zero, since G 3.2 = G 4, Thus

g has constant holomorphic sectional curvature, which proves the theorem for 2n = 4.
To prove the theorem for 2n > 6, we substitute (245) into G;.% = G 3,? to obtain

cba
gc?)(vaﬂ - 2BAa) - 2(vaB)Acl_) = ga?)(vc,u - QBAC) - 2(VCB)AaE-

If we contract this equation with a vector Y¢ in the kernel of V.B, then since n > 3,
we obtain a degenerate Hermitian form on the left hand side, equal to a multiple of
9.;5- Hence both sides vanish, i.e. Y¢ is in the kernel of V. u — 2B/, and we have

AgY°¢=¢EgzY°¢ and Vap —2BA, = 2£(V,B)
for some function € on U’. Hence (245) now reads
Gaie"Aa = 2(VaB)(Ag — €9a) = 2(VeB)(Aup — €9ap)-

If V.B is nonzero on an open subset of U’, it follows that A4,” — &0, has (complex)
rank at most one there, with image spanned by V®B and kernel containing the kernel
of V,B. Since the same holds for Avab — ééab for some function 5 , we have that 6,°, A,°
and A,b are linearly dependent, a contradiction. Hence V.B is identically zero on U’,
i.e. B is locally constant. The result now follows from Theorem 6.7. U

Remark 6.6. The above proof shows (for mobility > 3) that any solution of the
mobility equation (129) lifts to a parallel section for (240), where B is given by (236),
unless all solutions are parallel (i.e. affine equivalent to g). However, in the latter case,
any solution of (129) lifts to a parallel section for (240) with B = 0 (cf. Remark 6.5).
This establishes [44, Theorem 5[; the next result may be seen as a strengthening of this
theorem in which c-projective nullity is brought to the fore, cf. also [26, Theorem 2|.

Theorem 6.11. Let (M, J,g) be a connected (pseudo-)Kdihler manifold admitting a
solution of the mobility equation that is not a constant multiple of g. Assume that there

is a dense open subset U C M on which (J,g) has c-projective nullity and denote by
B the function in (236). Then the following hold:
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e BB is constant
e any solution A% of the mobility equation lifts uniquely to a section of V which
is parallel for the special tractor connection (240).

We divide the proof of Theorem 6.11 into several propositions.

Proposition 6.12. Under the assumptions of Theorem 6.11, there is a dense open
subset U C U on which B is smooth, and for any solution Ay of the mobility equation:
(1) there is a smooth real-valued function p on U’ such that (242b) holds, and if B
is locally constant then (242c) also holds on U’;
(2) for any vector v® in the nullity distribution of (J,g),

2(V.B)A v +v3(2BA, — Vi) = 0. (256)
In particular, if v* is not in any eigenspace of A, then B is locally constant.

Proof. To see that (1) holds for Ay, first recall that A, given by (242a), is holomorphic.
Next, by assumption, at any p € U there is a nonzero tangent vector v such that
v°G g = 0. Hence, by equation (243), on U we have

0Vl + Gogt" ViAo = VP Rpos A%y — 0P Ryjog Al
= —2B(gaeVc + geeVa) A°q + 2B(gaqVe + gedva) Ac (257)
= 2B(gachBAcl_; - UCAaJ)

and so )
Ucvacz - gaczvbvl_)c = 07

where V,; = V,/A; — 2BA,;. As v® # 0 on U, it follows that V,; is pure trace, i.e. the
second equation of (242b) holds pointwise. By assumption, there is a dense open subset
U’ C U on which g,; and A,; are pointwise linearly independent for some solution A,
from which it follows that B is a smooth real-valued function on U’. Hence (242a)-
(242b) hold on U’ for any solution, with p smooth on U’.

By Lemma 6.6, any solution satisfies (245), which implies (256). Now if V,B = 0 it
follows immediately from the existence of nullity that (242¢) holds on U’. O

Proposition 6.12 and Theorem 6.7 have the following immediate consequence.

Corollary 6.13. Theorem 6.11 holds unless the nullity distribution is contained in an
ergendistribution of every solution of the mobility equations.

It remains to show that Theorem 6.11 also holds when the nullity distribution is
contained in an eigendistribution of every solution of the mobility equations, and for
this it suffices to show that V,B = 0 on a dense open set. Suppose then that v is
a nonzero nullity vector such that A,%v® = & for some smooth function &, so that
Vap —2BA, = 26V, B by (256) and hence (245) reads

Gal_;cd/ld = Q(VaB) (Acl_) - 5985) = 2(ch>(AaE - €gal_)) (258>

as in the proof of Theorem 6.8. Since v is an eigenvector of 4," with eigenvalue &,
v’ is an eigenvector of A% with eigenvalue £. However v® is in the nullity of G, so
the contraction of (258) with v yields (V.B)(Au; — £g45)v° = 0. If we now combine
these observations with Proposition 6.5, we obtain that either V,B = 0 on a dense
open set (and we are done) or there is an open set on which A,° := A% — &6, has
(complex) rank at most one, v is a null vector in its kernel, and ¢ is real. Hence the
generalised ¢-eigenspace of A, is nondegenerate, and so has (complex) dimension at

least two, which implies that ¢ is locally constant by Lemma 5.16. Now A,b is a rank
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one solution of the mobility equation with a nonzero (but null) nullity vector in its
kernel, and so Theorem 6.11 is a consequence of the following proposition.

Proposition 6.14. Suppose (M, J,g) is a connected (pseudo-)Kdihler manifold of di-
mension 2n > 4 admitting a non-parallel solution of the mobility equation A.; such
that A, is a complex endomorphism of rank 1. Assume that g has nullity on some
dense open set U C M and that there is a nonzero vector in the nullity distribution
that is in the kernel of A.. Then the function B defined as in (236) is a constant and
the conclusions of Theorem 6.11 hold.

Before we give a proof of Proposition 6.14 we collect some crucial information about
solutions of the mobility equation of rank 1:

Lemma 6.15. Suppose (M, J, g) is a connected (pseudo-) Kihler manifold of dimension
2n > 4 admitting a non-parallel solution of the mobility equation A, such that AL is
a complex endomorphism of rank 1. Assume that g has nullity on some dense open
set U C M and that there is a nonzero vector in the nullity distribution that is in the
kernel of A.b. Denote by B the function defined as in (236) and let A, = V )\ with
A= —A,* Then the following holds on a dense open subset U' C U:

(1) the triple (A, A%, 1) satisfies system (242) (and its conjugate) for some smooth
nonvanishing real-valued function u;

(2) AaE = :uil/la/lli) and _:u)‘ = A, A%

(3) VB is proportional to A,, and at any x € U either V,B = 0 or the nullity
space of g at = lies in the kernel of A.°.

Proof. Statement (1) follows immediately from (132), Proposition 6.12 and the ex-
istence of a nullity vector in the kernel of A4,°. Since A,’ has rank 1, its nonzero
eigenvalue is —\, and A® is a nonzero section of the corresponding eigenspace by
Corollary 5.17. Thus on the dense open subset U’ C U where A% # 0, Al = £A,4°,
with £ = —=\/(4,4%), and differentiating this identity using (242) yields

(vag + 2B€2Aa)AE = (5:“ - 1)9(15-

Since the left hand side is simple and g,; nondegenerate both sides must vanish, which
shows that ¢ = p~!, and hence (2) holds. The identity (245) may now be written

G Ay = 2(V.B) Ay = 20~ (V. B) A Ay

G,BC
This immediately implies the second statement of (3), while the first statement follows
from the symmetry of G,3.% in a and c. O

Proof of Proposition 6.14. We have already noted that to prove Proposition 6.14 it
suffices to show that B is locally constant. By Lemma 6.15, A, is of the form

Ao = 5 (Al + QAT ). (259)
Let us write D C TM for the distribution defined by the kernel of A,” and

P, =00" — i (Mol + Qsa A0 TP A6) = 6.7 + 55 (AaA” + Qsa A2 TP A)

for the orthogonal projection P: TM — D, where we use Lemma 6.15(2) to rewrite
A A7 = 24.4° = =2 p. Note that (J, ¢g) induces by restriction a complex structure
JP and a JP-invariant metric gp on D. The projection P also determines a linear
connection on D by

VOXP = PPV, X7, for X eT(D)
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which preserves this Hermitian structure on D. Since A and JA commute and preserve
D, L4P =0 and I'(D) is generated by sections commuting with A and JA, which are
called basic. For any basic X € I'(D), Lemma 6.15(1) implies

ViX =Vxd=—pX (260)
and hence for any other basic element Y € I'(D) we compute
(Lagn)(X,Y) = La(gn(X,Y)) = Valgn(X,Y)) = =2ugp (X, Y).

Since L4\ = VA = g(A,4) = =2y, it follows that £4(A"'gp) = 0. Let us now
regard VP as a partial connection on D, i.e. an operator V: T'(D) — T'(D* @ D).
Since VEA = Vx\ = 0 for any X € I'(D), the partial connection V¥ preserves \"!gp.
Furthermore, its partial torsion, given by

VY - V2X - P(X,Y]) for X,Y eI(D),

vanishes. It follows that £,V? is a section of D* ® D* ® D = D* ® D* ® D*, which
is symmetric in the first two entries and skew in the last two entries, which implies it

vanishes identically. We conclude that £,R” = 0, where the horizontal curvature RP
of VP is defined, for XY, Z € T'(D), by

RP(X,Y)(Z) = VRVYZ = VYVRZ = VbxypZ.

For basic X,Y, Z € I'(D) we compute via (260) that

VRVYZ = P(VxVyZ) — 59(VyZ, )X — 559(Vy Z, JA)JX

VopyZ = P(Vy Z) = 559(VxY, 0)Z — 539(VxY, JA) T Z.
Using g(Y,A) =0 =g(Y, JA) for Y € T'(D), we also obtain, for X € I'(D), that

g(VxY, 4) = pg(X,Y) and  g(VxY,JA) = pg(Y, JX),
from which we deduce, for (basic) X,Y,Z € I'(D), that

RP(X,Y)Z = P(R(X,Y)Z) — L£S(X,Y)Z, (261)

where S is the constant holomorphic sectional curvature tensor defined as in (235).

Let us write Ric”(Y, Z) = trace(X — RP(X,Y)Z) and Ric” (Y, Z) = trace(X ~—
P(R(X,Y)Z)) for the Ricci-type contractions of R” and P(R(X,Y)Z). Via the inverse
gf,l of gp, we view Ric?” and Ric” as endomorphism of D, from which viewpoint
equation (261) implies that they are related as follows:

Ric” = Ric” — % Idp . (262)
By assumption, at each point of a dense open subset, there is a vector V' in D that

lies in the nullity distribution of g. Inserting V' into equation (261) yields
RP(X,V)Z = (B—-£)S(X,V)Z, (263)

which implies that

ARic” (V) = 2n(BX — £)V. (264)
Set C':= BA—%. By (1) and (3) of Lemma 6.15 we see that VxC = 0 for all X € I'(D)
and that V;,C = 0. Equation (264) shows that V is an eigenvector of ARic” with
eigenvalue 2C. Since L,RP = 0 and L,(\gp') = 0, it follows that £4(ARic”) = 0,

and hence V,C' = L,C = 0 as well. Thus C' is locally constant, which implies that B
is locally constant by Lemma 6.15(1), and this completes the proof. U
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Remark 6.7. Proposition 6.14 may alternatively be proved as follows. Starting with
the usual equations

N+ K K
Vads = —igap + 2BAag Ay = ol ; 8
Vit = 2BA, where o _ J50 A a (265)
Va)\:/la AaAa—’_zAILL:O
we may consider the new metric
37 = Ag*" + (1 + 2u) A*P (266)
and verify from (265) that
o L5 =
e for any v” such that A,z0” = 0, we have
~ 1
RiCagU Rlcagv (23 + n—)fb + 2)\)1)&, (267)

where P/{Tcag is the Ricci tensor of g*°.

Hence, if v7 is a nullity vector for g,g so that in addition Ric,gv” = 2(n + 1) Bu,, then
§*"Ric V7 = (n(2BX — p) — $)v°. (268)

Now, since L4(g 7Rlc%g) = 0, it follows that any eigenvalue of this endomorphism is
preserved by the flow of A%¢. Therefore,

0=La(n(2BX — p) — 1) = n(2AL4B + A%(2BV A — Vap)) = 2nA\L 4B,

But from (265) we see that 0 = V[, Vg = 2(V[o.B)Ag whence V,B = 0, as required.

The only drawback with this proof is that verifying (267), though straightforward,
is computationally severe, whereas the corresponding identity (264) in the previous
proof is more easily established. The previous proof may be seen as a limiting case of
the reasoning just given. Specifically, for any constant ¢ # 0, consider the metric

- 1 1 c . .
Jap = )\gaﬁ + — \2 (1 + ;)Aaﬁ with inverse g af — /\g B + (1 + )A B (269)

to arrive at np
2B + —

(2B+ 5+ 5)ve
instead of (267), an equation in which one can take a sensible limit as ¢ — 0 essentially
to arrive at (264) instead of (268). The metrics (269) and their invariance £4§as = 0
can also be recognised in the previous proof. More precisely, the first equation from

(265) can be expressed as Lgas = —2/gas + 4B Ap or, more compactly, as
ﬁA()\_lgaﬂ> == 4/\_1BAa5,

which implies, using our earlier terminology, that the metric A~ g,4 restricted to D is
invariant under the flow of A¢. We also observed in the previous proof that orthogonal
projection P,% = §,” + A1 A,% onto D is invariant under this flow. We are therefore
led to invariance of the covariant quadratic form

Pa’yP,BE)\_lg'ye = )‘_1(904,8 + )\_114046)7

which is the limit of (269) as ¢ — 0 whilst the nondegenerate metric g,z is obtained by
decreeing that the remaining vectors A% and K¢ at each point be orthogonal to D and
each other and satisfy §osA°A° = G,s K“K? = 2c. The metric (266) is the case that
A% and K“ are taken to be orthonormal. In any case, it follows that £4g,3 =0. O

Ricagv” = Ricagv” — (270)
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6.4. The standard tractor bundle for metric c-projective structures. The met-
ric theory of the standard tractor bundle 7 turns out to be rather degenerate. For a
metric c-projective structure (M, J, [V]) induced by the Levi-Civita connection V of a
Kéhler metric g, we have Py, = 0 and so the standard tractor connection (52)—(53) is
given by

X Vo Xb + po,l X V. X?
T o a a T o a
Ve ( p) B ( Vap Vi lp )= \Vap - Pax?) (27)

The kernel ker D7 of the first BGG operator (59) consists of vector fields X with
c-projective weight (—1,0) which satisfy

VX' +05,"=0 VaX"'=0 (272)

for some section p of £(—1,0); then p = —%VGX“, and, setting the torsion to zero in
Proposition 3.3, (X%, p) defines a parallel section for the tractor connection (271). This
is similar to the projective case, with the following distinction: although the tensor n®
in Theorem 6.1 is projectively weighted, the bundle £(1) is canonically trivialised by
a choice of metric; here, in contrast, it is the real line bundle £(1,1) that enjoys such
a trivialisation, and not the complex line bundle £(1,0).

However, taking care to use (45) (see also Proposition 2.13), it follows that any

solution of (272) satisfies
—6,°Vap = (VaVy — VVa) X© = Ry X? 4+ P X©

273
= Habchd - 5bcpadXd7 ( )

where Hz,%q = Hzq% and Hgby = 0. We may rearrange this as
5°Vap = 0 PaaX — Hyp a X (274)

then the trace over b and ¢ shows that Vap = P, X? (as in Proposition 3.3) and hence
that Hg,°qX<¢ = 0. Following the projective case (Theorem 6.1), we lower an index
in (273) and (274) to obtain

Rapea X = —gpeVap — PanXe. (275)
It follows that for any solutions (X%, p) and (f( @ p) of (272),
Rapea X' X% = —X.Vap — P X' Xe = —XoVap — XeVap
and hence, by symmetry,
XaVap= XpVap.

As in Theorem 6.1, by first taking X=X , we conclude that there is a real function B,
uniquely determined and smooth on the union of the open sets where some solution
X® of (272) is nonzero, such that for any solution (X%, p) of (272),

Vap = Papy X’ = 2BX,. (276)

Theorem 6.16. Let (M, J,[V]) be a connected c-projective manifold, where V pre-
serves a (pseudo-) Kéihler metric g,;. Suppose that dimker D7 > 2. Then there is a
unique constant B such that any element of the kernel of DT lifts to a parallel section
of T for the connection

XP\ (VX4 pd,t FON VXY
n ()= () w0 (e Shae) e
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Proof. By Proposition 3.3 and (276), it remains only to show that the smooth function
B is actually a constant. Differentiating the equation 2Bg4X° = Vgp and using (272)
gives

2(VoB)X: —2Bgzap = VoVep and 2(VzB)X: = V;Vep. (278)
With (46), the second equation of (278) implies that X;VzB = 0. Where there are
two nonzero solutions X¢ and X @ it follows from (272) that the sections X “,)? b e
T'(M,T%°(—1,0)) and therefore X[2X? € (M, T29(—2,0)) are holomorphic. Conse-
quently, U = {X I 0} is the complement of an analytic subvariety and is thus

connected. On U we also have XV B = 0 whence V3B = 0, i.e. B is locally constant
on U, hence constant. O

By analogy with the projective case, one might now expect c-projective nullity to
appear. However, when we combine (275) and (276), we obtain

(Rabad + Panged + QBgébgad)Xd =0,

which is a halfway house on the way to (237). Underlying this degeneracy is the fact
that 7 is associated to a holomorphic representation of SL(n + 1, C).

Nevertheless the constant B in Theorem 6.16 is generically characterised by c-
projective nullity in the following degenerate sense.

Theorem 6.17. Let (M, J,g) be a connected (pseudo-)Kdihler manifold admitting a
non-parallel solution X* of (272). For any function B, the following are equivalent:

(1) B is characterised by c-projective nullity (237) on a dense open subset;
(2) B is constant and X° lifts to a section of T parallel for (277);
(3) Pab - QBgab.

In particular, g is an Einstein metric, and the connections (271) and (277) coincide.
Proof. (1)=(2). This follows from Theorem 6.11 because X ® X" is a solution of the

mobility equation which is not a constant multiple of g%, and by contracting (273) by
a nullity vector v°.

(2)=-(3). The identity (45) implies

Papp = (vavb - vaa)/) = —QBgachXc = 2Bgap,
which establishes (3) on the dense open subset {p # 0}, hence everywhere.
(3)=>(1). Since Vap = PzgX? = 2BgX?¢, equation (273) implies

—2BgzaX %6, = Ry a X 4+ Py X¢ = RapaX? + 2Bgap X ¢, (279)
and we deduce that G X? = 0. Hence, X9¢/p is a nullity vector for g on the dense
open subset {p # 0}. O

6.5. Special tractor connections and the complex cone. Let (M, J,[V]) be a
metric c-projective structure. Then for any compatible metric ¢ and any function B,
there is a special tractor connection on 7 defined by (277). We first observe that
the induced connection on Ve = T ® T is the special tractor connection (240) (for
the given g and B). This can be seen easily by taking A% = XbXe A* = pX* and
i = pp in (240). Consequently, parallel sections for the special tractor connection on V
define parallel Hermitian forms on 7*. This was used in [26] to characterise, for Kéhler
manifolds (M, J, g), the presence of nontrivial parallel sections for (240) in terms of
the local classification of [2] (see Section 5.7). Using the extension of this classification
(pseudo-)Kéhler manifolds [16], together with Remark 5.7, and Theorems 6.7 and 6.11,
we have the following more general characterisation.
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Theorem 6.18. Let (M, J,g) be a connected (pseudo-)Kdihler manifold admitting a
solution A of the mobility equation which is not parallel (i.e. A # 0), and let B be a
function on M. Then the following are equivalent.

(1) For the given function B, (J,g) has c-projective nullity on a dense open set.

(2) Any solution to the mobility equation lifts to a global parallel section for (240)
with B constant.

(3) On a dense open subset of M, A lifts to a parallel section for (240) with B
locally constant.

(4) A lies in the c-projective nullity of (J, g) with constant B.

(5) B is constant and its c-projective nullity distribution contains the complex span
(tangent to the complex orbits) of the Killing vector fields of the pencil A+t Id.

(6) Near any regular point, (J,g) is given by (222), where for all j € {1,...(},
©,(t) = O(t), a polynomial of degree € + 1, with constant coefficients, leading
coefficient 4B, and divisible by any constant coefficient factor of the minimal
polynomial of A.

Proof. (1) = (2) by Theorem 6.11, (2) = (3) trivially, and (3) = (4) by Theorem 6.7,
and (4) = (1) because A is nonzero on a dense open subset of M. Clearly (5) = (4), and
conversely, (1)—(4) imply (244), i.e. G 3.t = Rup.t +2B(9,50.% + g30a?) commutes with
A’ therefore, since G 3,44 = 0 and A is the sum of the gradients of the nonconstant
eigenvalues &;,...& of A,°, which are sections of the corresponding eigenspaces, it
follows that grad,§; and Jgrad,§; are in the nullity for j € {1,...£}; this is the
tangent distribution to the complex orbits.

Now (5) implies that the restriction of the metric to the complex orbits has constant
holomorphic sectional curvature, and hence the functions ©;(t) are equal to a common
polynomial ©(t) of degree ¢ + 1. Now comparing (242b) with (225), we conclude
that O(t) has leading coefficient a_; = 4B, and that ¢,(©(A)-,-) = 0 for all irreducible
constant coefficient factors p, of x 4; thus all constant coefficient factors of the minimal
polynomial of A are also factors of ©.

Conversely, given (6), (225) implies (242b) with B constant, and hence, by equa-
tion (245) of Lemma 6.6, and the Bianchi symmetry G ;.% = G 4,%, we have

cba »
YB(VCL# - QBAG) = _GchdAch = gal;(vcll’b - QBAC)YC

for any (1,0)-vector Y. Since the left hand side is degenerate, whereas g,; is nonde-
generate, we conclude that V,u = 2B/, thus establishing (3). O

Secondly, we observe that by Lemma, 3.4, the special tractor connection on 7 induces
a complex affine connection on the complex affine cone m¢: C — M described in
Section 3.2. Combining these observations, as in Remark 4.6, any solution A" of the
mobility equation which lifts to a parallel section of V for the special tractor connection
on V, and is nondegenerate as a Hermitian form on 7, induces a Hermitian metric on
C which is parallel for the induced complex affine connection on C.

In particular, if B is constant, then the metric g itself induces a parallel section of
V with A% = g, A% = 0 and p = 2B, which is clearly nondegenerate on 7 if and only
if B #0.

Proposition 6.19. Let (M, J,[V]) be a metric c-projective structure. Then any com-
patible metric g and any real constant B # 0 induce a Hermitian metric on the complex
affine cone C — M defined by the c-projective structure.

For B > 0, this Hermitian metric is, up to scale, a metric cone dr? 4+ 72§ over a
(pseudo-)Sasakian metric § = g + (d¢ + «)? on a (local) circle bundle over (M, J, g)
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whose curvature do is a multiple of the Kéhler form w of g (see e.g. [19]). In the present
context, as observed by |78, 81|, any solution of the mobility equation which lifts to
parallel section for the special tractor connection (240) on V (with B # 0 constant)
induces a Hermitian (0, 2) tensor on M which is parallel for the cone metric of ¢, B or
—g,—B. Combining this with Theorem 6.18, we have the following extension of one
of the key results of [78] to the (pseudo-)Kéhler case.

Theorem 6.20. Let (M, J,g) be a connected (pseudo-)Kdihler manifold admitting a
non-parallel solution of the mobility equation, and assume that there is a dense open
subset U C M on which (J, g) has c-projective nullity. Then, perhaps after replacing g
by a c-projectively equivalent metric, there is a nonzero constant B such that solutions
of the mobility equation on M are in bijection with parallel Hermitian (0,2) tensors on
the cone C.

Proof. Under these assumptions, the equivalent conditions of Theorem 6.18 apply.
Hence the constant 4B is the leading coefficient of the common polynomial ©,(t) =
O(t) of degree £+ 1 appearing in (222), which therefore vanishes if and only if © has a
root at infinity. However, by Remark 5.6, © transforms as a polynomial of degree ¢+ 1
over projective changes of pencil parameter, and since © is not identically zero, we may
change the pencil parameter so that oo is not a root, while keeping the metrisability
solution nondegenerate. We thus obtain a c-projectively equivalent metric with nullity
constant B # 0, and the rest follows from Theorem 6.18(2), Proposition 6.19 and the
subsequent observations (above) applied to this metric. O

By Theorem 6.8, the hypotheses of this theorem are satisfied when (M, J, g) has
mobility at least 3 and the compatible metrics are not all affinely equivalent. In the
case that g is positive definite, this allowed V. Matveev and S. Rosemann [78| to obtain
the following classification of the possible mobilities of Kéhler metrics, using the de
Rham (or de Rham-Wu) decomposition of the cone.

Theorem 6.21. Let (M, J,g) be a simply connected Kdihler manifold of dimension
2n > 4 admitting a non-parallel solution of the mobility equation. Then the mobility
of (g,J) has the form k* + 0 for k,¢ e Nwith0 <k <n-1,1<(<(n+1-
k)/2 and (k,¢) # (0,1), unless (g,J) has constant holomorphic sectional curvature.
Furthermore, any such value arises in this way.

6.6. The c-projective Hessian, nullity, and the Tanno equation. Let (M, J, g)
be a (pseudo-)Kéhler manifold of dimension 2n > 4 and denote by V the Levi-Civita
connection of g. Recall that for any solution A, of the mobility equation of g the gra-
dient, respectively the skew gradient, of the function A,* = —A\ is a holomorphic vector
field, respectively a holomorphic Killing field, which is, by Corollary 5.5, equivalent
to the real section o = Avol(g)_n%l € £(1,1) being in the kernel of the c-projective

Hessian. With respect to the Levi-Civita connection and the trivialisation Vol(g)_n%l
of £(1,1), the c-projective Hessian equation reads as
V.VAd =0, respectively ViV;A=0. (280)

In Section 4.7 we prolonged the c-projective Hessian equation and have seen that any
(real) solution of this equation lifts to a unique section of the connection (178)—(179),
which shows that (280) implies that the function A = ) satisfies also the following
system of equations

VoViVA =0 VaViVd = =PVl — PVl — H % VA

. (281)
VaViVA =0  ViViVed = —P;Val — PiaVid — Ha %V .
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Suppose now that ¢ has mobility > 2 and that ¢ has nullity on a dense open subset
of M. Then Theorem 6.11 shows that the function B defined as in (236), is actually
constant and any solution A lifts to a (real) section of V¢ for the connection (240).
The connection (240) induces a connection on the dual vector bundle W = V¢, which
is given by

A VoA — la

Vel | vy | = | Vats | Vavy +2Bgaph — Cup (282)
Gre VaCoe + 2Bgaciy
A Vad —v;

Ve o | vy | = | Vaps +2Bgash — Ga | Vavg | (283)
Gre VaCpe + 2Bgapvz

where We is identified via g with a direct sum of unweighted tensor bundles. By
Proposition 2.13 the two equations on the right-hand side of (281) can be also written
as
VoViVA = —R;%.Va\ and V,ViV.\ = —R.. %V

Comparison of these equations with (282) and (283), shows immediately that any
function X satisfying (280) lifts to a parallel section for the special connection (282)—
(283) if and only if the gradient of A lies in the nullity distribution of g. Note that, by
Theorem 6.7, for any solution of the mobility equation A,z the function A,* = —A\ has
this property. Moreover, in fact, the following Proposition holds:

Proposition 6.22. Let 0 # B € R be some constant. Suppose A be a smooth real-
valued function and write A, = VA for its derivative. Then the following statements
are equivalent:
(1)
Gal‘)cd/ld =0 and Va/lb =0
(2) A lifts uniquely to a parallel section of the connection (282) and (283) (and B
is characterised by (236))
(3)
VoVede =0  and VYV, Vid. = —2B(Augs + Acap)
VaVede =0 and ViVid. = —2B(Az94 + A39ea),
where Gopeq = Rapeq + 2B(9ab9ed + 9ebGad) -

(284)

Proof. In the discussion above we have already observed that (1) is equivalent to (2).
Let us now show that (1) is equivalent to (3), as shown also by Tanno [97, Prop. 10.3].
Suppose first that (1) holds. Then, obviously also the first two equations on the left-
hand side of (284) hold. Moreover, we immediately deduce from (1) that

_2B(Aagcl_7 + Acgaf)) = Ral_zcd/ld = VCLVBAcv (285>
which shows that the first equation of the right-hand side of (284) holds. The conjugate
of (285) implies the second equation of the right-hand side of (284), since Vz;V;V A\ =
VaV.ViA. Conversely, suppose now that (3) holds. Then, obviously the identity (285)
is satisfied, which shows that G ;%44 = 0. Hence, it remains to show that A? is a
holomorphic vector field. From (284) we deduce that

Vo ViVedy = =2B((Vady)geq + (Vala) gee)-
Since Ry¢q = 0 and Ry°; = 0, skewing in a and b yields

0= —=B((Vada)grec — (VsAa)ac)),
which implies 0 = —B(n — 1)V, 44. O
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Remark 6.8. If a function A satisfies (1) for B = 0, then this is still equivalent to (2),
and the equivalent statements (1) and (2) imply (3), but the implication from (3) to
(1) is not necessarily true.

The system of equations (284) can also be written as
VaVVoA = —B(24095, + Gap Ay + GarAs — Qap s’ As — Qary J5° As), (286)

where A, = V,A. Since on Kéhler manifolds equation (286) (respectively (284)) was
intensively studied by Tanno in [97], we refer to this equation as the Tanno equation.

7. GLOBAL RESULTS

We now turn to the global theory of (pseudo-)Kéhler manifolds of mobility at least
two. In Section 5.7 we presented a local classification |2, 16] which shows that such
a (pseudo-)Kahler manifold (M, J, g) is locally a bundle of toric (in fact, “orthotoric”)
(pseudo-)Kéhler manifolds over a local product S of (pseudo-)Kéahler manifolds. When
M is compact, and g is positive definite, this is not far from being true globally.

Indeed, several simplifications occur. First, any compact smooth orthotoric Kéhler
2(-manifold is biholomorphic (though not necessarily isometric) to CP* [3]. Secondly,
when g is positive definite, the Hermitian endomorphism A4,” is diagonalisable, and
the local classification (222) simpliﬁes to give

Q—Zch T gu+Z@

W = ZXHC nu Wy + ZdUT N 67” Wlth d& - Z( 1)T777€ ' Wu

r=1 [

L

2 (e @m)

r=1

where 7, are the (real) constant eigenvalues of A, while the nonconstant eigenvalues ¢;,
and functions ©;, are all real valued. Thirdly, the eigenvalues are globally ordered and
do not cross. However, if 7, is a root of ©; (for some u, j) and g, is a Fubini-Study
metric on CP™, it is possible to have {; = 7, along a critical submanifold of ¢;, in
which case ync(,) = 0 along that submanifold, and the corresponding factor of the
base manifold S collapses. We thus have the following global description [3].

Theorem 7.1. Let (M, J,g) be a compact connected Kdhler manifold admitting a c-
projectively equivalent Kdahler metric that generates a metrisability pencil no(A—t1d) of
order {. Then the blow-up of M, along the subvarieties where nonconstant and constant
eigenvalues of A coincide, is a toric CP*-bundle over a complex manifold S covered by
a product, over the distinct constant eigenvalues, of complete Kdhler manifolds with
integral Kdhler classes.

Conversely, such complex manifolds do admit Kéhler metrics of mobility at least two,
but we refer to [3] for a more precise description. In particular, examples are plentiful,
and have been used to construct explicit extremal Kéhler metrics [4], including in
particular, weakly Bochner-flat Kéhler metrics [5].

As soon as we impose nullity—for instance, by requiring metrics of mobility at
least three—this plenitude disappears, even in the (pseudo-)Kéhler case: a compact
connected (pseudo-)Kéhler 2n-manifold satisfying the equivalent conditions of Theo-
rem 6.18 is isometric to CP", equipped with a constant multiple of the Fubini-Study
metric [44], and this rigidity result extends to compact orbifolds (see [26]).

In the remainder of this section, we focus on positive definite complete Kéhler met-
rics, and begin by showing, in Section 7.1, that the rigidity result for Kéhler metrics
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with nullity also obtains in this case. In Section 7.2, we then discuss the group of c-
projective transformations and the Yano—Obata Conjecture. This was established for
compact (pseudo-)Kéahler metrics in [77], and here we show it also holds for complete
Kéhler metrics.

7.1. Complete Kihler metrics with nullity. In this section we prove the following.

Theorem 7.2. Let g be a complete Kdhler metric on a connected complex manifold
(M, J) of real dimension 2n > 4 that has nullity on a dense open subset of M. Then
any complete Kahler metric on (M, J) that is c-projectively equivalent to g, is affinely
equivalent to g, unless there is a positive constant ¢ € R such that the Kahler manifold
(M, J, cg) is isometric to (CP", Jean, grs)-

Since, by Theorem 6.8, a connected Kahler manifold (M, J, g) of degree of mobility
at least 3 has nullity on a dense open set unless all c-projectively equivalent metrics
are affinely equivalent to g, we obtain the following immediate corollary, which in the
case of closed Kahler manifolds was proved in [44, Theorem 2].

Corollary 7.3. Let g be a complete Kdhler metric on a connected complex manifold
(M, J) of real dimension 2n > 4 with mobility at least 3. Then any complete Kdihler
metric on (M, J) that is c-projectively equivalent to g, is affinely equivalent to g, unless
there is a positive constant ¢ € R such that the Kdihler manifold (M, J, cg) is isometric
to (CP", Jean, grs)-

Remark 7.1. It is easy to construct a complete Kahler manifold (M, J, g) of noncon-
stant sectional holomorphic curvature with mobility > 3 such that all complete Kéahler
metrics on (M, J) are affinely equivalent to g. Indeed, take the direct product

(M, g1, J1) x (Ma, g2, J2) x (M3, g3, J3)

of three Kéhler manifolds. Tt is again a Kéhler manifold (M, J, g) with complex struc-
ture J := J; + Jo + J3 and Kéhler metric g := ¢g; + g2 + g3. Obviously, (M, J,g)
has mobility > 3, since ¢191 + c2g2 + c393 is again a Kéhler metric on (M, J) for any
constants ¢y, o, c3 > 0. Note also that all these Kéhler metrics are affinely equivalent
to g and that, if (M;, g;, J;) is complete for i = 1,23 the metric ¢;g; + c2g2 + 393 is
also complete for any constants ¢y, ¢o, c3 > 0.

Remark 7.2. Suppose that g is (pseudo-)Ké&hler metric that is compatible with [VY],
then we may write

vol(g) = e Divol(g)  and 73 =e'7, (287)
where f = HLH log‘ % ‘ We have seen in Section 2.1 that the Levi-Civita connections

V and V of g and g are related by (11) with T, = V,f. For later use, note that that
VaGpy = 0 implies that the derivative V, f of f satisfies the equation

Vadsy = (Vaf)dsy + Gae V) f = Ja’ G55 Vel (283)
Thus V = %, i.e. g and g are affinely equivalent, if and only if V. f = 0.

In order to prove Theorem 7.2 suppose that g is a complete Kdhler metric on a
complex connected manifold (M, J) of dimension 2n > 4 with nullity on a dense
open set. Further we may assume that ¢ has mobility at least 2, since otherwise
Theorem 7.2 is trivially satisfied. Then Theorem 6.11 implies that the function B
defined as in (237) is actually a constant. We shall see that for B > 0, the theory of
the Tanno equation implies that (M, J, g) has positive constant holomorphic sectional
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curvature. For B < 0, we will show that any complete Kéahler metric that is c-
projectively equivalent to g, is necessarily affinely equivalent to g. The proof will make
essential use of the following two Lemmas. Recall for this purpose that a geodesic
which is orthogonal to a Killing vector field at one point is orthogonal to it at all
points.

Lemma 7.4. Suppose (M, J, g) is a Kdhler manifold of dimension 2n > 4 with mobility
> 2 and nullity on a dense open subset of M. Let g be a Kdhler metric that is c-
projectively equivalent to g and f the function defined as in (287), whose derivative
Y, = V.f relates the Levi-Civita connections of g and g as in (11). Consider a
geodesic ¢ = c(t) that is orthogonal to the canonical Killing fields of the pair (g,3),
defined as in Theorem 5.11. Then, for the constant B € R defined as in Theorem 6.11,
the function f(t) = f(c(t)) satisfies the following ordinary differential equation:

F(t) = =4Bg(c.e)f (1) + 3f(0)f (1) = (f(1)°. (289)
Proof. By Corollary 6.4 and identity (26) we have
VY5 = ~2B§as + 2Bgas + (Yo s — JV 0T, Ts). (290)
Differentiating (290) and inserting (288) yields

VoVpT, =
= 2B(Yadsy + GasTo) = Ja’ BT To) + 3 (Va(TsT,) = Val(Js' 1, TsT0).

Substituting for —2B§ the expression (290) we therefore obtain
VaVY, = (VY )To — 2Bgs, Yo — (YL, — J5° L, TsT) Y,

+ (Vo (3) ) = 2Bga(sTr) — 5(TaTs Ty = Jo"TsTe 5T )

= Ja’ (VY () 1) Y ¢ = 2BgsaT) Yo — 5 (L5 (a) T — J5" Yy TeJ5° T, L))

+ L (Va(T5Y,) = ValJ5° L, TsTL)).
Note that the determinant of the complex endomorphism Agb relating g and g as in
(133) is given by e~/. Hence the canonical Killing field K°(0) = J*V,det A =
JV e~/ defined as in (209), is proportional to J*Y, = J*(V,f) and we have

Ys.J, ¢ = 0. Thus, contracting the above equation with ¢®¢?¢7 all terms involving the
complex structure J disappear and we derive that f(t) satisfies the desired ODE. O

Lemma 7.5. Let g and g be c-projectively equivalent metrics on a complex manifold
(M, J) of dimension 2n > 4. Let ¢ be a geodesic of g that is orthogonal to all canonical
Killing fields of (g, ) (as defined in Theorem 5.11). Then there is a reparametrisation
¢ such that é(t) = c(p(t)) is a geodesic of g. The inverse T of the reparametrisation ¢
satisfies the formula ;
-

— 291
. (291)

d d
S () =~ log
where f(t) = f(c(t)) with f defined as in (287).

Proof. Let ¢ be a geodesic of g that is orthogonal to the canonical Killing fields asso-
ciated to (g, 7). Then formula (11) for the difference of the Levi-Civita connections V
and V implies

Vee = Y(¢)e — Y(Je)Je = Y(e)e,
where the last identity follows from the fact that TgJ @8 is proportional to a canonical
Killing field, as explained in proof of Lemma 7.4. Hence, Vee is a multiple of ¢ and
therefore there exists a reparametrisation ¢ of ¢ such that ¢(t) = ¢(¢(t)) is geodesic of g.
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Differentiating ¢(t) = é(7(t)), where 7 denotes the inverse of ¢, gives é(t) = 7(¢)e(7(t))
and hence

0 = Ve (t) = Ve (F(E)e(r(8))) = 7(6)* Vi) c(r(1) + 7(£)c((1))
= (7(t) = 7(t)*T((r(2)))) e(r (D)),
since ¢ is a geodesic of §. This implies that 7(t) = 7(¢)>Y(¢(7(t))) = 7(¢t)Y(¢(t)), which
is equivalent to (291), since Y, = V,f. d

Proof of Theorem 7.2. Let (M, J,g) be a connected complete Kahler manifold with
nullity on a dense open set. We may assume that (M, J, g) has mobility at least
2. Hence, by Theorem 6.11 any solution of the mobility equation lifts uniquely to a
parallel section of the connection (240) with B constant. This in turn, by Theorem 6.7,
shows that for any solution A% of the mobility equation of ¢ the function A = —A4,°
satisfies (1) of Proposition 6.22. Hence, by Proposition 6.22 and Remark 6.8 A satisfies
the Tanno equation (284). Tanno showed in [97] that on a complete connected Kéhler
manifold and for a constant B > 0, the existence of a nonconstant solution A of the
Tanno equation (284) implies that (M, J, g) has positive constant holomorphic sectional
curvature, which in turn implies that (M, J, g) is actually closed and isometric to
(CP", Jean, cgrs) for some positive constant c¢. Since any metric that is c-projectively
but not affinely equivalent to ¢ gives rise to a non-parallel solution of the mobility
equation of g and hence to a nonconstant solution of the Tanno equation, Theorem 7.2
holds provided B is positive.

It remains to consider the case that the constant B defined as in Theorem 6.11 is
nonpositive. Let g be another complete Kéhler metric on (M, J), which is c-projectively
equivalent to g. Denote by f again the function defined as in (287), which has the
property that T, = V,f relates the Levi-Civita connections of g and g as in (11).
We will show that B < 0 implies T, = 0, that is, ¢ and ¢ are necessarily affinely
equivalent.

Note first that, since the canonical Killing fields associated to (g,g) are Killing
for both metrics by Theorem 5.11 and f is constructed in a natural way only from
the pair (g,g), the local flows of the canonical Killing fields preserve f. Hence, the
canonical Killing fields lie in the kernel of Y. To show that T is identically zero, it
therefore remains to show that T vanishes when inserting vector fields orthogonal to
the canonical Killing fields.

Consider a parametrised geodesic ¢ of g, which at one (and hence at all points) is
orthogonal to the canonical Killing fields. Since g and g are complete, ¢ is defined for
all times and 7 from Lemma 7.5 is a diffeomorphism of R. Without loss of generality
we assume that 7 is positive, otherwise replace t by —t. By Lemma 7.5, the function
7: R — R satisfies (291), which we rewrite as

f(t) =log(7(t)) + consty. (292)
Now let us consider equation (289) and set 7(¢) = (p(¢))~*. Substituting (292) into
(289) yields
P = —4Bg(¢, ¢)p. (293)
If B =0, the equation simplifies to ? = 0 and its general solution is of the form
p(t) = Cot® 4 Cit + C,

where C} is a real constant for + = 0,1,2. Hence, we get

t dg
t) = t. 294
7(t) /to G T e O + cons (294)
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If the polynomial p(t) = Cayt* 4+ Cyt + Cy has real roots (which is always the case if
Cy =0, C; # 0), then the integral starts to be infinite in finite time. If the polynomial
has no real roots, but Cy # 0, the function 7 is bounded. Thus, the only possibility
for 7 to be a diffeomorphism is Cy = C; = 0 implying 7 = A, which shows that f is

Co?
constant along the geodesic c. ’
If B <0, the general solution of equation (293) is
C + C+e2\/fBg(é,é)-t + C,€72 7Bg((:,{:)-t’ (295)
for real constants C'; C'y and C'_. Hence, 7 is of the form
t
() / ad + const (296)
T(t) = const.
to C' + C,e?V —Bg(¢.0)¢ 4 1 o2y —By(é0)E

If one of the constants C',, C_ is not zero, the integral (296) is bounded from one side,
or starts to be infinite in finite time. In both cases, 7 is not a diffeomorphism of R.
The only possibility for 7: R — R to be a diffeomorphism is when C, = C_ =0, in
which case 7 is constant implying f is constant along the geodesic ¢. Hence, in both
cases (B = 0 and B < 0) the one form T, = V, f vanishes when inserting vector fields
orthogonal to the canonical Killing fields. 0

7.2. The Yano—Obata Conjecture for complete Kihler manifolds. For a K&h-
ler manifold (M, J, g) let us write Isom(J, g), Aff(J,g) and CProj(J, g) for the group
of complex isometries, the group of complex affine transformations (i.e. of complex
diffeomorphisms preserving the Levi-Civita connection) and the group of c-projective
transformations of (M, J, g) respectively. By definition of these groups we obtain the
following inclusions
Isom(J, g) € Aff(J,g) € CProj(J, g)
and consequently we also have
Isomg(J, 9) € Affo(J,g) € CProj(, 9),

where subscript 0 denotes the connected component of the identity.

Recall that Lie groups of affine transformations of complete Riemannian manifolds
are well understood; see for example [68]. As explained there, if a connected Lie
group G acts on a simply-connected complete Riemannian manifold (M", g) by affine
transformations, then there exists a Riemannian decomposition

(Mn7 g) = (M{h?gﬁ X (Rn27geuc)

of (M", g) into a direct product of a Riemannian manifold (M;", g;) and a Euclidean
space (R™, gey) such that G acts componentwise. Specifically, it acts on (M, g;)
by isometries and on (R™2, ge,.) by affine transformations (i.e. compositions of linear
isomorphisms and parallel translations). Note that this implies that for closed simply-
connected Riemannian manifolds one always has Isomg(J, g) = Affy(J, ¢g), which holds
in fact for any closed (not necessarily simply-connected) Riemannian manifold; see
[102, Theorem 4]. If in addition (M",g) is Kéahler for a complex structure J, and G
is a connected Lie group of complex affine transformations, then (M, J;, g;) and
(R™ Jean, geue) are also Kéhler; furthermore, G acts on (M, Ji,,g1) by complex
isometries and on (R™2, Jean, geuc) by complex affine transformations.

For the complex projective space CP" equipped with its natural complex structure
Jean and the Fubini-Study metric grg we have Aff(Jean, grs) # CProj(Jean, grs). To
see this recall from the introduction that the J-planar curves of (CP", Jean, grs) are pre-
cisely those smooth regular curves that lie within complex lines. Moreover, recall that
any complex linear isomorphism of C"*! induces a complex transformation of CP" that
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sends complex lines to complex lines and hence induces a c-projective transformation of
(CP", Jean, grs) by Proposition 2.2. In fact, Proposition 2.10 shows that all c-projective
transformations of (CP", Jean, grs) arise in this way, i.e. CProj(Jean, grs) can be iden-
tified with the connected Lie group PGL(n 4+ 1,C) = PSL(n + 1,C). Note that an
element in GL(n + 1, C) induces a complex isometry on (CP", Jean, grs) if and only if
it is proportional to a unitary automorphism of C"™!  which shows that Isom(Jean, 9rs)
can be identified with the connected Lie group PU(n+1) = U(n+1)/U(1) of projective
unitary transformations. For (CP", Jean, grs) we also clearly have Isom(Jean, grs) =
AH(Jcana gFS)-

In [77] in conjunction with [44] it was shown that any closed connected Kéhler
manifold (M, J, g) of dimension 2n > 4 with the property that CProj,(J, g) contains
Isomg(J, g) = Affy(J,g) as a proper subgroup is actually isometric to (CP", J, cgrs)
for some positive constant c¢. This rigidity result answers affirmatively in the case of
closed Kéhler manifolds the so-called Yano—Obata Conjecture, which is a c-projective
analogue of the Projective and Conformal Lichnerowicz—Obata Conjectures; see the
introductions of the papers [74, 77| for a historical overview. Most recently the conjec-
ture has been proved for closed (pseudo-)Kéhler manifolds of all signatures in [16]. We
now show that the Yano—Obata Conjecture also holds for complete connected Kéahler
manifolds.

Theorem 7.6 (Yano—Obata Conjecture). Let (M, g, J) be a complete connected Kdhler
manifold of real dimension 2n > 4. Then Affy(g, J) = CProj,(g, J), unless (M, g, J) is
actually compact and isometric to (CP", Jean, cgrs) for some positive constant ¢ € R.

Remark 7.3. In the projective case, a stronger version of the analogous Lichnerowicz—
Obata result has recently been established [76]: on a complete Riemannian manifold
(M, g) of dimension n > 2, the quotient of the projective group Proj(g) by the affine
group Aff(g) has at most two elements unless (M, g) has constant positive sectional
curvature. It would be natural to establish such a result in the c-projective case.

7.3. The proof of the Yano—Obata Conjecture. Note that if the mobility of
(M, J,g) is 1, then any metric g that is c-projectively equivalent to g is homothetic to
g. In particular, any c-projective transformation has to preserve the Levi-Civita con-
nection of g and hence Affy(g, J) = CProj,(g,J) in this case. On the other hand, since
the pullback of a complete Kéhler metric by a c-projective transformation is again a
complete Kéahler metric, Theorem 7.6 follows from Corollary 7.3 or Theorem 7.2 in the
case that g has mobility > 3 or has mobility > 2 and nullity on a dense open set.

For the rest of this section we will therefore assume that (M, J, g) is a connected
complete Kéhler manifold of dimension 2n > 4 with mobility 2. To show that Theo-
rem 7.6 holds in this case (which for closed Kéhler manifolds was proved in [77]), let us
write Sol(g) for the 2-dimensional solution space of the mobility equation of g, which
we view as a linear subspace of the space of J-invariant sections in S*TM (-1, —1).

Suppose now that Affy(g, J) does not coincide with CProj,(g,.J). Then there exists
a complete c-projective vector field V' that is not affine. Since the flow ®; of V acts
on (M, J, g) by c-projective transformations, for any ¢ € R and for any n € Sol(g)
the pullback ®;n is an element of the vector space Sol(g). Hence, the Lie derivative
Lyn = L|,—o®;n can also be identified with an element of Sol(g), which implies that
Ly induces a linear endomorphism of Sol(g). By the Jordan normal form, in a certain
basis 1,7 € Sol(g), the linear endomorphism Ly : Sol(g) — Sol(g) corresponds to a
matrix of one of the following three forms:

(53) (%) (50) o
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where a,b € R. We will deal with these three cases separately. The last two cases are
easy and will be considered in Section 7.3.1 The challenging case is the first one, which
will be treated in Section 7.3.2.

7.3.1. Ly has complex-conjugate eigenvalues or a nontrivial Jordan block. Suppose
first that the endomorphism Ly : Sol(g) — Sol(g) has two complex-conjugated eigen-
values. Hence, in some basis 7,77 € Sol(g) the endomorphism Ly corresponds to a
matrix of the second type in (297). If b = 0, then V acts by homotheties on any
element in Sol(g) and hence preserves in particular the Levi-Civita connection of g,
which contradicts our assumption that V' is not affine. Therefore, we can assume that
b # 0. Then the evolution of the solutions 7, 77 along the flow @, of V' is given by

iy = e cos(bt)n + e sin(bt)7
i = —e™sin(bt)n + e cos(bt)7)

Write g~ 'vol(g) =+ el Sol(g) as cn + dn for some real constants ¢ and d. Then one has

O (cn + dn) = c(e™ cos(bt)n + e sin(bt)n)

+d(—e™ sin(bt)n + e cos(bt)7)

= e/ + d?(cos(bt + a)n + sin(bt + a)7n),
where o = arccos(\/#idz). Since g is a Riemannian metric, for any point x € M there
exists a basis of T,,M in which n and 7 are diagonal matrices. Hence, in this basis the
i-th entry of ®;(cn + d7) is given by e+/c? 4+ d?(cos(bt + a)e; + sin(bt + a)é;), where
e; and ¢é; are the i-th diagonal entries of n and 7. Therefore, we see that ®}(cn —|— dn)
is degenerate for some t, which contradicts the fact that cn + dij = g~'vol(g )n+1 is
nondegenerate. The obtalned contradiction shows that Ly can not have two complex-
conjugate eigenvalues.

Suppose now that Ly : Sol(g) — Sol(g) is with respect to some basis 1,7 € Sol(g) a

matrix of the third type in (297). Then the evolution of 7 and 7 along @, is given by

Pin = ey + te"
iy = e,
We assume again that g_lvol(g)n%l = cn + dn. Then we obtain

B(en+di) = (e + ) + d(e™)
= e™(en + (d + ct)n).

Hence, we see again that for ¢ # 0 there exists ¢ such that ®}(cn + dn) is degenerate
which contradicts the fact that g is nondegenerate. Now, if ¢ = 0, then ®; acts by
homotheties on g, which contradicts our assumption that V' is not affine. Thus Ly can
also not be of the third type in (297).

7.3.2. Ly has two real eigenvalues. Now we consider the remaining case, namely the
one where Ly has two different real eigenvalues a and b (the case where the two
eigenvalues are equal was already excluded in the previous section). Without loss of
generality, we can assume that at least one of the eigenvalues is positive, since we can
otherwise just replace V' by —V. Hence, we can assume without loss of generality that
a > b and that a > 0. Since ¢;n = e%n and ¢;7 = 1), we see that neither 7 nor 7 can

equal g_lvol(g)n%l, since otherwise ¢; acts by homotheties on g, which contradicts our
1

assumption that V is not affine. Hence, g~'vol(g)»+1 = cn + dnj for constant ¢, d # 0.

By rescaling n and 7, we can therefore assume without loss of generality that

g vol(g)mT = i + 7.
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Let us write D = 77‘15vol(g)_n%1 and D = ﬁ”‘ﬁvol(g)_n%l such that
gaﬁ _ Dozﬁ + Doz,B.

Note that for a Kahler manifold (M, J, g) of mobility 2, the dense open subset of
regular points (Definition 5.4) does not depend on the choice of non-proportional c-
projectively equivalent metrics from the c-projective class of ¢g. In particular, the
set of regular points is invariant under c-projective transformations and hence under
the action of the flow of a c-projective vector field. Thus if we fix a regular point
xo € M and consider the integral curve ¢;(x) of our complete c-projective vector field
V' through z, then there is an open neighbourhood U of the curve ¢;(x¢) in the set of
regular points, and, since g is positive definite, a frame of TU, in which g corresponds
to the identity matrix and D and D to diagonal matrices:

d1 CZI B
dl dl
D= - , D= - : (298)
dy, d,,
d,, d,
where d; and d; are smooth real-valued functions on U such that d; + d; = 1 flor
i = 1,...,n. Then in the local frame the tensor A = ¢F(n® + 7°F)vol(g)~ w1
corresponds to the following diagonal matrix:
eatdl + €btd1
e“tdl + €btd1
Ay = . (299)
ed, + e’d, )
ed, + ed,
Since g and ¢;g are positive definite, all diagonal entries of (299) are positive for all
t € R. Hence, d; + e®*=9'd; > 0 respectively e(“_b)tdi~+ d; > 0 for all ¢ and taking the
limit ¢ — oo respectively ¢ — —oo shows that d;,d; > 0 for all ¢ = 1,...,n. Since
d; + d; = 1, we conclude that

0<d;<1 and 0<d;<1 foralli=1,...,n.

Now consider the (1, 1)-tensor field D,® = g,,n7"vol( g)_#l and its pullback ¢} (D,”) =
1

qﬁ;‘(gavnwvol(g)_n%l). Since gagvol(g)” =+ is inverse to n®® + 7*?, we conclude that
¢t (D,”) is given by a block diagonal matrix whose i-th block is given by the following
2 X 2 matrix
eatdi

estd; + e’ (1 — d;)
By definition ¢; acts on the endomorphism D,” as ¢}(D,?) = (T¢;)~' o D,? o T,
which implies that the eigenvalues of ¢(D,”) at a point z € M are the same as the
eigenvalues of D,” at ¢;(z). Therefore, it follows from (300) that the only possible
constant eigenvalues of D,” on U are 0 and 1 (i.e. the only possible constant diagonal
entries in (298) are 0 or 1). Note that d; = 0 (respectively d; = 1) on some open set
implies that d; = 1 (respectively d; = 0). Hence, the only possible constant eigenvalues
of A; defined as in (299) are e and e”. Since U consists of regular points, the distinct
eigenvalues of A; (for any fixed ) are smooth real-valued functions with constant
algebraic multiplicities on U. Let us write 2m, respectively 2m, for the multiplicity
of the eigenvalues e* and e” of A; on U. By Lemma 5.16, the number of distinct

Id, . (300)
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nonconstant eigenvalues of A; is given by n — m — m, and m,m are constant on the
set of regular points by Corollary 5.17. We allow, of course, that m, respectively m,
are zero.

Lemma 7.7. If at least one of the following two inequalities,
(n—m)a+(m+1)b<0 and (m+1)a+ (n—m)b>0. (301)

is not satisfied, then the vector field A% given by the gradient of A = —%Dgﬁ lies in the
nullity space of M at xg.

Proof. Set Gy := detr(A;)"2A4; " and note that ofg = g(Gy-,-). We may assume that
the first 2¢ := 2n — 2m — 2m elements of D are not constant (which is equivalent to
assuming that d;(xzo) # 0,1 for i = 1,...,¢), the next 2m elements are equal to 1, and
the remaining 2/m elements are zero on U. Then, we deduce from (299) that G; on U
is a block diagonal matrix of block sizes 2¢ x 2¢, 2m x 2m and 2m x 2m respectively,
where the three blocks are given by
e 1
U(t) (302)

1
dgeat-‘r(l—dg)ebt

U(t)e " Idgy,, respectively U(t)e P Idyym,

where

Vi
. 1
. _—amt_—bmt
U(t) = € Hd.eat+(1_d)ebt'
i=1

i
Let us write vq, . . ., v, v and ¥ for the eigenvalues of these respective diagonal matrices.
Note that their asymptotic behaviour for ¢t — +o00 respectively for t — —oo is as follows

—((n—m+1)a+mb)t —((n—m+1)a+mb)t ~ —((n—m)a+(m+1)b)t
O WO o i oo L O W i i e il YO WO
di 11 d; [1d; [1d;
(ma+(n—m+1)b)t ((m+1)a+(n—m)b)t ~ (ma+(n—m+1)b)t
t— —o00 y(t)~ SG—Fwr—s V() ~ i t) ~
i(t) (1—di) [1(1—dy) (t) [1(1=d;) (t) [1(1=d;)

(303)
Let us now assume that (301) is not satisfied. We can assume without loss of general-
ity that the first inequality of (301) is not satisfied, that is to say we can assume that
(n —m)a+ (m + 1)b > 0, since otherwise we can change the sign of V', which inter-
changes the inequalities. Then it follows from (303) that all eigenvalues of G; decay
exponentially as t — co. Consider now the sequence (¢ (2¢))rez.,- We claim that it is
a Cauchy sequence. Indeed, note that the distance d(¢y (o), drr1(z0)) between ¢y (o)
and ¢p41(xg) satisfies

d(¢x(0), Prr1(w0)) S/O VIV (0r+e(20)), V (drse(0)) )t (304)

:/0 \/(¢Zg)(v(¢t<x0))’V(¢t(370)))dt.

Since ¢1g = g(Gk-, ) and all eigenvalues of G; decay exponentially as ¢ — oo, the
inequality (304) shows that d(¢g(x0), drr1(x0)) decays geometrically as k — oo (i.e. for
sufficiently large k& we have d(¢p(z0), dri1(70)) < const ¢* for some ¢ < 1). Hence,
(¢(20))kez, 1s a Cauchy sequence and completeness of M implies that (¢x(20))kez-,
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converges. We denote the limit of (¢x(z0))rez., by p € M. Now consider the smooth
real-valued function F' on M given by

F = Hup sH’, 90099 g°",

where H,3"s denotes the harmonic curvature of (M, J,[VY]) defined as in Proposition
4.4, respectively Proposition 2.13. Since H,375 is c-projectively invariant, we deduce

that (¢pF)(xo) = F(dr(z0)) equals
F(¢r(w0)) = (Hap"sHe"y Grgv0 929 g™ 619" (wo0)- (305)

Moreover, since F' is continuous, we have limy_,o F(¢r(x0)) = F(p).
Since in the frame we are working the matrices corresponding to g and G, are
diagonal, we see that the function F(¢:(zo)) is a sum of the form

Z C(ijkt;t) (Haa, " o, (aco))2 , (306)

1<i,j,k,0<2n

where the coefficient C'(ijk¢;t) is the product of the k-th diagonal entry and the recip-
rocals of the i-th, j-th and ¢-th diagonal entry of the diagonal matrix that corresponds
to Gy (in our chosen frame). The coefficients C(ijk(;t) depend on ¢ and their as-
ymptotic behaviour for ¢ — +o00 can be read off from (303). Note moreover that all
coefficients C'(ijk(;t) are positive.

We claim that, if at least one of the indices i, j or £ is less or equal than 2n—2m—2m,
then Hy,q,% o, (7o) vanishes. Indeed, note that, by (303), ¢;g decays exponentially at
least as e~ ((»=m+Datmb)t wwhich is up to a constant the smallest eigenvalue of G;, and
¢rg~! goes exponentially to infinity at least as e(("=™at(M+Dbt a5 ¢ 5 o0, Suppose
now that at least one of the indices 7,5 or £ is less or equal than 2n — 2m — 2m.
Then we deduce that up to multiplication by a positive constant C'(ijk(;t) behaves
asymptotically as ¢ — oo at least as

o ((n=1m)a+(I+1)b)t ,(n—)at(R+1)b)E , (n—1i+1)a+mb)t , —((n—r+1)atmb)t _ ,2((n—in)a+(m+1)b)t

Since (n—m)a+ (m+1)b > 0 by assumption, we therefore conclude that the coefficient
C(ijkt;t) — oo as t — o0o.

Since all terms in the sum (306) are nonnegative and the sequence F'(¢y(xg)) converges,
we therefore deduce that Haiaja’vw(xo) = 0 provided that at least one of the indices
1,7 or £ is less or equal than 2n — 2m — 2m.

Observe now that A% equals the negative of the sum of the gradients of the distinct
nonconstant eigenvalues di, ..., d,_n_m of D. We therefore conclude that at xg

Hag'y(;/la = O, Haﬁ’yg/lﬁ =0 and Hag'yg/la =0.

It follows that (3) of Remark 6.3 is satisfied, which implies that the vector field A lies
in the nullity space of M at xg. O

Since x is an arbitrary regular point and the conditions (301) do not depend on
the choice of regular point, Lemma 7.7 shows that, if the inequalities (301) are not
satisfied, then (M, J, g) has nullity on the dense open subset of regular points, since A%
does not vanish at regular points (otherwise V' is necessarily affine, which contradicts
our assumption). Hence, by Theorem 7.2, we have established Theorem 7.6, except
when the inequalities (301) are satisfied.

Therefore, assume now that the inequalities (301) are satisfied. Subtracting the
second inequality from the first shows that

(n—m—m—1)(a—0b) <0.
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Since a — b > 0 by assumption, we must have n —m —m =0orn—m —m = 1. In
the first case ¢;g is parallel for the Levi-Civita connection of g for all ¢ and hence V
is affine, which contradicts our assumption. Therefore, we must have n — m —m = 1.
Now substituting this identity back into (301) shows that (m+1)a+ (m+1)b < 0 and
(m+ 1)a + (m + 1)b > 0, which implies (m + 1)a = —(m + 1)b. Hence, we conclude
that we must have

n—m-—m=1 and (m+1)a=—(m+1)b. (307)

Therefore, locally around any regular point D has precisely one nonconstant eigen-
value, which we denote by p, and the constant eigenvalues 1 and 0 with multiplicity
2m, respectively 2m. Hence, for any regular point xy € M we can find an open neigh-
bourhood U of the curve ¢;(xg) in the set of regular points and a frame of TU such
that D corresponds to a matrix of the form

P

_ p
D= d,. : (308)

02771

where p is a smooth function on U with p(z) # 0,1 for x € U. Note that we have
A=—5D,* = —(p+m) and consequently

Aa = _vozp7

which is nowhere vanishing on U. Recall also that the pair (D, A) satisfies the mobility
equation (131), and that by Corollary 5.17 A% is an eigenvector of D,” with eigen-
value p. Hence, A% and Jz*A” form a basis for the eigenspace of D,” corresponding
to the eigenvalue p.

For later use, let us also remark that by (300) the action of the flow ¢ on D
preserves its block structure (308). This implies, in particular, that L4 = [V, 4] is
an eigenvector of D with eigenvalue p. Since furthermore V,p = —A, vanishes in
direction of all vector fields orthogonal to A% and [A, JA] = 0, we therefore conclude
that [V, JA] - p = 0 implying that the vector field [V, JA] = J[V, A] is actually a
proportional to JA. Hence, the c-projective vector field V' preserves the orthogonal
projection from T'M to the 1-dimensional subspace spanned by A%, which is defined
on the dense open subset on which A% is not vanishing (hence in particular on U).

1
2

Lemma 7.8. Assumen —m —m =1 and (m+ 1)a = —(m + 1)b. Then in a neigh-
bourhood of any reqular point there exists a real positive constant B and a smooth
real-valued function p such that

Vods = —figas + 2BDas (309)
Vau =2BA,. (310)

Proof. Fix a regular point xy € M, an open neighbourhood U of ¢;(z¢) in the set of
regular points, and a frame of T'U with respect to which g corresponds to the identity
and D is of the form (308). Since A“ is an eigenvector of D,” with eigenvalue p, we
can furthermore assume without loss of generality that A% is proportional to the first
vector of our fixed local frame. We restrict our considerations from now on to U.

Differentiating the equation D,?A% = pA®, and substituting (131) and V,p = — A,
we obtain

(p6," — DP\Valpg = —3(gay Ag A’ — A Ay — TP AgJ AL). (311)

Since D,” commutes with V,A? by Proposition 5.13, the block diagonal form of D,?
implies that V,A” has the same block diagonal form. Equation (311) therefore shows
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that the second and the third block of V,A% are proportional to the identity with
% and —Ag—;lﬁ respectively. The condition (309)
therefore reduces to the following three equation

(Vadg)A? = (—p+2Bp) A AgA’ =2(u—2B)(p—1) AgA” =2pu,  (312)
which can be equivalently rewritten as

(Vadg)A? =2B(2p — 1)A, A A% = —4B(p—1)p p=—2B(p—1). (313)

First note that,

coefficient of proportionality —

a _d *\ d peat -
AV = Gmg®iA = T @ =0 peat 1 (1 — p)ebt (b—a)p(1 = p), (314)

which is nowhere vanishing on U. It follows that

(b—a)p(1 — p)ee™
(peat ( )ebt 2

Let us write P for the orthogonal projection of TU to the line subbundle spanned
by A¢. We have already noticed that V preserves this projection, which implies in
particular that £y P(V') = 0. Note also that by (314) the vector field P(V') is nowhere
vanishing on U. Hence, we deduce from (302) that

g(P(V),P(V))

1PV, PVY) = o GeP(V). PV)) = oo B s
Since by assumption (m + 1)a + (m + 1)b = 0, equations (315) and (316) show that

the function
o 9AV) _ (b—a)p(1 =)
6 (et pion) = ) v )
is constant. Since g(A, V) = g(A, P(V)), we therefore obtain

oy PP —a)
61(0) = 2y Py A PV

¢; (AaV?) = (315)

(316)

and hence (315) implies
(b _ &)2p2(1 _ p)2€at€bt

¢F (AgAY) = :
Hd) = G = ) Pa(P(V). PV))
Differentiating identity (318) gives

(318)

b—a)’p*(1—p)*(2p—1)
aAgA? 1 (AgA° ( : 1
(Voo MV = G i) = =By (7)) 1)
Since (Vo 4g)A% = 3Vo(A5AP), we can rewrite the first condition of (313) as

Va(454°) = 4B(2p — 1) A,

and we conclude from (319) and (314) that contracting the above identity with V¢
yields

_1(b—a)’p(1 - p)
P3P0, P (320)
By (318) the second condition of (313) reads
(b — a)2p2(1 - p)2 — 4B(1 o p>p’ (321>

g(P(V),P(V))
which is of course equivalent to (320). Since the third condition of (313), given by
i = —2B(p — 1), simply defines i in terms of p and B, we conclude that there exist
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functions p and B on U such that (309) is satisfied. Note that by (320) the function
B is also positive as required. It remains to show that B is constant (in a sufficiently
small neighbourhood of ), which implies in particular that 4 = —2B(p—1) is smooth
and that (310) is satisfied.

The formula (320) for B shows that B is proportional with a constant coefficient to
(317). Hence, we have Vy B = 0. To show that the derivative of B also vanishes along
vector field transversal to V' consider the 2n — 1 dimensional submanifold of U given
by the level set of p

My :={z €U :p(x) =p(y)}, (322)
where y is some arbitrary point in U. Since the derivative of p is nontrivial along
the c-projective vector field V' by (314), V is transversal to M,. We claim that the
derivative of B at y vanishes along all vectors in 7T}, M,. Indeed, note that in view of

(320) this is equivalent to the vanishing of the derivative of g(P(V'), P(V)) at y along
tangent vectors of M,,. Since A and P(V') are proportional to each other by definition,

we have
(g(P(V), 4))*

9(4; 4)

It is thus sufficient to show that at y the derivative of g(P(V'), A), respectively g(A, A),
vanishes along tangent vectors of M,. By (314) this follows immediately for the de-
rivative of g(P(V), A) = ¢g(V, A). Now consider g(4, A) and let W € T,M,. Then we
compute

WV o (AgAP) = 2W*(V,Ag) AP
= 2uW Ay +4BWDosA® = —2uW A, 4+ 4BpW e A,.

g(P(V), P(V)) =

Since A, = —V,p, we see that W A, vanishes and consequently so does W“Va(/lﬁ/lﬁ ).
Hence, the derivative of B vanishes at y € U. Since y € U was an arbitrary point, we
conclude that VB is identically zero on U, which completes the proof. U

We can now complete the proof of Theorem 7.6. Under the assumption that (307)
holds, Lemma 7.8 shows that in an open neighbourhood of any regular point there
exists a positive constant B (which a priori may depend on the neighbourhood) and a
function p such that the triple (D, A, u) satisfies, in addition to the mobility equation,
the equations (309) and (310). Since the set of regular points is open and dense, The-
orem 6.7 implies that B is actually the same constant at all regular points and that
the equations (309) and (310) hold on M for some smooth function p. Theorem 6.7
also implies that the function \ = —%Daa satisfies the equivalent conditions of Propo-
sition 6.22 on M for a positive constant B. Since A, = VA is not identically zero,
Tanno’s result [97| completes the proof.

8. OUTLOOK

There has been considerable activity in c-projective geometry since we began work
on this article in 2013. Despite this, there remain many open questions and opportu-
nity for further work. In this final section, we survey some of the developments and
opportunities which we have not discussed already in the article.

8.1. Metrisability and symmetry. One of the main focuses of this article has
been metrisable c-projective structures and their mobility. However, in later sections,
we restricted attention to integrable complex structures (the torsion-free case). It
would be interesting to extend more of the theory to non-integrable structures with a
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view to applications in quasi-Kéhler geometry, including 4-dimensional almost Kéhler
geometry—here some partial results have been obtained in [1].

Even in the integrable case, however, a basic question remains wide open: when is a
c-projective structure metrisable? One would like to provide a complete c-projectively
invariant obstruction, analogous to the obstruction found for the 2-dimensional real
projective case in [21].

Additional questions concern the symmetry algebra cproj(J, [V]) of infinitesimal au-
tomorphisms of an almost c-projective 2n-manifold (M, J, [V]). As with any parabolic
geometry [29, 36|, the prolongation of the infinitesimal automorphism equation (see
Section 3.4, Proposition 3.9) shows that cproj(J, [V]) is finite dimensional, with its di-
mension bounded above—in this case, by 2(n+1)? — 2. This bound is attained only in
the c-projectively flat case, and, as shown in [65], in the non-flat case, the dimension of
cproj(J, [V]) is at most 2n% —2n+4+ 243, (the so-called “submaximal dimension”). The
determination of the possible dimensions of c¢proj(J, [V]) remains an open question.

The symmetry algebra cproj(J, [V]) acts (by Lie derivative) on the space of solutions
to the metrisability equation, and for any nondegenerate solution, corresponding to a
compatible metric g, it has subalgebras isom(J, g) C aff(.J,g) of holomorphic Killing
fields and infinitesimal complex affine transformations. Thus the presence of compat-
ible metrics constrains cproj(J, [V]) further, the Yano-Obata theorems being global
examples of this. Even locally, if (M, J, g) admits an essential c-projective vector field,
i.e., an element X € cproj(J,[V]) \ isom(J, g), then g must have mobility > 2, and if
X ¢ aff(J,g), then there are metrics c-projectively, but not affinely, equivalent to g.
For example, nontrivial c-projective vector fields with higher order zeros are essential
(because a Killing vector field is determined locally uniquely by its 1-jet at a point),
and such strongly essential local flows exist only on c-projectively flat geometries [79].

Constraints on the possible dimensions of c¢proj(.J, [V])/isom(./, g) for Kéahler mani-
folds are given in [78|, and an explicit classification of 4-dimensional (pseudo-)Kéhler
metrics admitting essential c-projective vector fields is given in [14].

An open question here is whether locally nonlinearizable c-projective vector fields
exist on nonflat c-projective geometries.

8.2. Applications in Kihler geometry. The original motivation for c-projective
geometry [90] was to extend methods of projective geometry to Kéhler metrics (and
this is one reason why we have concentrated so much on the metrisability equation).
Thus one expects ideas from c-projective geometry to be useful in Kéhler geometry, and
indeed important concepts in Kéahler geometry have c-projective origins: for instance,
Hamiltonians for Killing vector fields form the kernel of the c-projective Hessian.

Apostolov et al. |2, 3, 4, 5| use c-projectively equivalent metrics (in the guise of
Hamiltonian 2-forms) to study extremal Kdhler metrics, where the scalar curvature of
a Kahler metric lies in the kernel of its c-projective Hessian, and it would be natural to
consider extremal quasi-K&hler metrics in the same light. Kéhler—Ricci solitons (and
generalisations) admitting c-projectively equivalent metrics have also been studied in
special cases [5, 67, 71|, but the picture is far from complete.

A more recent development is the work of éap and Gover [32|, which extends previ-
ous work on projective compactification of Einstein metrics [31] to Kahler (and quasi-
Kéhler) metrics using c-projective geometry.

Let us now touch on prospective applications in the theory of finite dimensional
integrable systems. As we have seen in Section 5, the Killing equations for Hermit-
ian symmetric Killing tensors are c-projectively invariant. This suggests to study
these equations from a c-projective viewpoint. We expect that in this way one may
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find interesting new examples of integrable systems, in particular on closed Kéhler or
Hermitian manifolds (note that only few such examples are known). Moreover, the
analogy between metric projective and c-projective geometries suggests that ideas and
constructions from the theory of integrable geodesic flows on n-dimensional Riemann-
ian manifolds could be used in the construction and description of integrable geodesics
flows on 2n-dimensional Kéhler manifolds. For Killing tensors of valence two this ap-
proach is very close to the one in [59], and we expect similar applications for Killing
tensors of higher valence.

8.3. Projective parabolic geometries. We noted in the introduction that there are
many analogies between methods and results in projective and c-projective geometry,
and we have followed the literature in exploiting this observation. We have already
noted a partial explanation for the similarities: both are Cartan geometries modelled
on flag varieties G/P, one a complex version of the other. However, the c-projective
metrisability equation for compatible (pseudo-)Ké&hler metrics is not the complexifica-
tion of the corresponding projective metrisability equation. Instead, both are first BGG
operators for a G-representation with a 1-dimensional P-subrepresentation. These rep-
resentations determine projective embeddings of the model G/ P, namely, the Veronese
embedding of RP" as rank one symmetric matrices in the projective space of S2R"*1,
and the analogous projective embedding of CP" using rank one Hermitian matrices.

Symmetric and Hermitian matrices are examples of Jordan algebras, and this rela-
tion with projective geometry is well known (see e.g. [11]), which suggests to define a
projective parabolic geometry as one in which the model has a projective embedding
into a suitable Jordan algebra. Apart from projective and c-projective geometry, the
examples include quaternionic geometry, conformal geometry, and the geometry asso-
ciated to the Cayley plane over the octonions. In his PhD thesis [47], G. Frost has
shown the much of the metrisability theory of these geometries can be developed in a
unified framework. Further, in addition to being analogous, projective parabolic ge-
ometries are closely interrelated. For instance, S. Armstrong [6] uses cone constructions
to realise quaternionic and c-projective geometry as holonomy reductions of projective
Cartan connections, while the generalised Feiz—Kaledin construction [17] shows how to
build quaternionic structures from c-projective structures, modelled on the standard
embedding of CP" in HIP".
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