MA40254 DIFFERENTIAL AND GEOMETRIC ANALYSIS : EXERCISES 6

Hand in answers by 1:15pm on Wednesday 15 November for the Seminar of Thursday 16 November
Homepage: http://moodle.bath.ac.uk/course/view.php?id=57709

—rod d
P2 TR ¢ g1(R21 (o). Show that dy = 0.
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[Solution: By the product rule

0 (Warmup). Let v =

d(—xg dri + z1 dxg) 2x1 dry + 229 dxo
dy = — A (—z2dxy + 21 dz2) = 0,
7 2?2 + 23 (22 + 23)2 (= dy 1dx2)

since d(—x2 dr1+x1 dra) = 2dx1 AdTe and (x1 dry +x dwo) A(—xo dvy +11 d2e) = (23 +23)dx Adws.]

1. Let U = {p € R* : a5(p) # 0}, and ¢ = (z1, 2323, x4/32) : U — R3, where z1, 22, 73,74 are the
coordinate functions on U C R*. Let a = y1dyaAdyz € Q?(R?) where 1,2, y3 : R? — R denote the
coordinate functions.

(i) Express ¢*a and ¢*da in standard form, i.e., as a sum of terms fdxj.
[Hint: First expand o*a as (©*y1)d(p*y2) A d(p*ys) and similarly p*do.]
(ii) Compute directly d(¢*«). What do you observe?
[Hint: To save work, just compute the terms that don’t appear in p*da.]
2. For U open in R", o € Q¥(U), p € U, and vy, ..., v}, € R?, show that

k

day(vo, ..., v) = Z(—l)iDozp(vi)(vg, ey iy ey V)
i=0
where vy, ..., ;, ..., v, denotes the list obtained from vy, ..., v by omitting v;. Equivalently
k
day, = Z sgn(o;) 0; - Doy,
i=0

where o; = (01 --- i)' € G := Sym({0,1,...k}) = Sp11, and for 0 € G and § € AltFTL(R"),
(o B)(os- -, 0k) = B(Vs(0)s - - - » Vo)) (Which is B(vi, vo, ..., Vs, ..., vx) when o = ;).

[Hint: One approach, using the second formula, is to let H = Sy be the subgroup of G fizing 0, and
observe that o;H : ¢ = 0,...k is a left coset partition of G. Now split the sum into sums over each
coset: what is T - Doy for T € H 7]

3 (Less essential). Let U C R3 an open subset. Given a vector-valued function v = (v, ve,v3) :
U — R3, define v* € Q1(U) and v 1Det € Q%(U) by applying the corresponding operations on vectors
pointwise.

(i) Let div(v) : U — R be defined by

_ 81)1 81)2 81)3

le('U) = 87561 87:62 87333

Show that
d(v JDet) = div(v)Det € Q3(U).



(ii) Let curl(v) : U — R? be defined by
81)3 8’02 81)1 81}3 81)2 6@1

curl(v) = (axg‘agcs’ 925 02, Oy a@)'

Show that
d(v") = curl(v) 1 Det € Q*(U).

[Hint: Write all the forms in standard form, e.g., v 1Det can be expressed as vidroAdxs—vedriNdrs+
’Ugdxl/\dl’g.]
4. Let x1,22: R?\{0} — R be the coordinate functions. Which of the following elements of Q2 (R?\{0})
are closed? Which are exact?

(i) a = —2x173dzr1 + 23d2o

(11) 8 = xodxy + xT1dxo

(i) —xodx1 + x1dTo
111 =
7 22+ 23

[Hint: For (iii), consider ¢ : R — R2\ {0} defined by t — (cost,sint). Suppose that v = df for
some f:R?\ {0} — R. What can you say about o*f and ¢*y? Or about f027r Wdt 7
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1. ()

" (y1dya A dys) = (" y1)d((¢*y2) N d(¢*y3))) = 21d (932373 o

Todry — x4d332>
2

= wl(d(:c3x2) Adxg — d(x3x4) A dl’g)
= 2x1x3dro N dry + x124d29 N dXg + T129d23 A dIy

Similarly, p*da = d(¢*y1) A d((p*y2) A d(¢*y3))) = 2x3dzy A dxe A dzg + xadzy A dxe A dzs +
rodxy N dxs N dry

(ii) Observe that 2z1dzs A dxg A dry + x1dxg A dxe Adrs + x1dre Adrs Adxy = 0 so d(p*a) = p*da.

2. Let H =2 S be the subgroup of G fixing 0; then o;H consists of elements of G which send 0 to i,
so these cosets are disjoint, and there are k 4+ 1 of them, which is the index of H in G. Hence

k k
alt(Day)) Z sgn(o)o - Day = Z Z sgn(o;) sgn(r)o; - 7 - Dayy = k! ngn(ai) oi - Day,
oelG i=0T€H =0

since 7 - Dy = sgn(7)Day and |H| = k!. Dividing by k! proves the result.
3. (i) viDet = vidzoAdrs + vodxsNdry + vsdri Adxa, SO
d(v J Det) = dviAdxaoNdx3 + dvoNdxsNdxy + dvgAdxi Adxs
8’01 81)2 8’03

=|=—4+ =— 4+ = | driAdzaoNdxs.
<8$1+a$2+8$3) e 2 3

(ii) o = vidxy + vedre + v3das, so

d(v’) = dviAdxy + dvoAdzy + dvsAdas

81)1 81)1 8112 8’02 (9 3 (91)3
(8 2d 2+a 3d$3> /\dx1+<a$ dxy +8 3d.%'3> /\d.il?g-f—(a 1d +8 2d£132> Adxs

o 81)3 avg 8’01 87)3 81)2 81)1 -
= (a@ agj3> dZEQ/\d.TS + (81}3 axl) dl:g/\dwl + <a$1 8[,[32) d(L’l/\dCEQ = curlv 4 Det.

4. (i) d(—2x1z9dw1 + 22d20) = —221dToNdT] + 271d21 AdTy = 421dT1 AdT IS DOt ZEero everywhere,
so not closed. Hence also not exact.

(ii) xodx1 + x1dre = d(x122), so exact, hence also closed.

(iii) We've seen in the warmup that v is closed. However, suppose that « = df for some f € Q°(U).

Let
¢ :R—=R?% 0 (cosb,sinb).

Then p*y =df. So ¢*f = fop : R — R is a function such that d(¢*f) = df. Then p*f — 6
is a constant function on R. In particular, (¢*f)(27) = (¢*f)(0) 4+ 27. But that contradicts

(" £)(0) = F((0)) = f(p(2m)) = (¢ f)(2m).



