
MA40254 Differential and geometric analysis : Exercises 6

Hand in answers by 1:15pm on Wednesday 15 November for the Seminar of Thursday 16 November
Homepage: http://moodle.bath.ac.uk/course/view.php?id=57709

0 (Warmup). Let γ = −x2 dx1 + x1 dx2
x2

1 + x2
2

∈ Ω1(R2 \ {0}). Show that dγ = 0.

1. Let U = {p ∈ R4 : x2(p) ̸= 0}, and φ =
(
x1, x2

2x3, x4/x2
)

: U → R3, where x1, x2, x3, x4 are the
coordinate functions on U ⊆ R4. Let α = y1dy2∧dy3 ∈ Ω2(R3) where y1, y2, y3 : R3 → R denote the
coordinate functions.

(i) Express φ∗α and φ∗dα in standard form, i.e., as a sum of terms fdxI .

(ii) Compute directly d(φ∗α). What do you observe?
2. For U open in Rn, α ∈ Ωk(U), p ∈ U , and v1, . . . , vk ∈ Rn, show that

dαp(v0, . . . , vk) =
k∑

i=0
(−1)iDαp(vi)(v0, . . . , v̂i, . . . , vk)

where v0, . . . , v̂i, . . . , vk denotes the list obtained from v0, . . . , vk by omitting vi. Equivalently

dαp =
k∑

i=0
sgn(σi) σi · Dα∨

p ,

where σi = (0 1 · · · i)−1 ∈ G := Sym({0, 1, . . . k}) ∼= Sk+1, and for σ ∈ G and β ∈ Altk+1(Rn),
(σ · β)(v0, . . . , vk) = β(vσ(0), . . . , vσ(k)) (which is β(vi, v0, . . . , v̂i, . . . , vk) when σ = σi).
3 (Less essential). Let U ⊆ R3 an open subset. Given a vector-valued function v = (v1, v2, v3) :
U → R3, define v♭ ∈ Ω1(U) and v ⌟Det ∈ Ω2(U) by applying the corresponding operations on vectors
pointwise.

(i) Let div(v) : U → R be defined by

div(v) = ∂v1
∂x1

+ ∂v2
∂x2

+ ∂v3
∂x3

.

Show that
d(v ⌟Det) = div(v)Det ∈ Ω3(U).

(ii) Let curl(v) : U → R3 be defined by

curl(v) =
(

∂v3
∂x2

− ∂v2
∂x3

,
∂v1
∂x3

− ∂v3
∂x1

,
∂v2
∂x1

− ∂v1
∂x2

)
.

Show that
d(v♭) = curl(v) ⌟Det ∈ Ω2(U).

4. Let x1, x2 : R2\{0} → R be the coordinate functions. Which of the following elements of Ω1(R2\{0})
are closed? Which are exact?

(i) α = −2x1x2 dx1 + x2
1dx2

(ii) β = x2dx1 + x1dx2

(iii) γ = −x2dx1 + x1dx2
x2

1 + x2
2
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