MA40254 DIFFERENTIAL AND GEOMETRIC ANALYSIS : EXERCISES 6

Hand in answers by 1:15pm on Wednesday 15 November for the Seminar of Thursday 16 November
Homepage: http://moodle.bath.ac.uk/course/view.php?id=57709

—x9dr1 + 11 dxo

0 (Warmup). Let v = € QY(R?\ {0}). Show that dy = 0.

22 + 13
1. Let U = {p € R* : a5(p) # 0}, and ¢ = (z1, 2323, x4/32) : U — R3, where z1, 29, 73,74 are the
coordinate functions on U C R*. Let o = yidyaAdyz € Q?(R?) where y1,y2,y3 : R®> — R denote the
coordinate functions.

(i) Express ¢*a and ¢*da in standard form, i.e., as a sum of terms fdxj.
(ii) Compute directly d(¢*«). What do you observe?
2. For U open in R, o € Q¥(U), p € U, and vy, ..., v}, € R?, show that

k
dap(vg, ‘e ,’Uk) = Z(—l)lDap(vi)(vg, ve ,@‘, ‘e ,’Uk)
=0
where vg, ..., ;, ..., v, denotes the list obtained from vy, ..., v by omitting v;. Equivalently
k
day, = Z sgn(o;) 0; - Doy,
=0
where o; = (01 --- i)"' € G := Sym({0,1,...k}) = Siy1, and for ¢ € G and g € AltFH(R?),
(0’ . ﬁ)(’l}g, ce ,vk) = 5(1}0(0), cee 7va(k)> (WhiCh is B(vi,vo, ey @i, ceey Uk) when o = Ui)'

3 (Less essential). Let U C R? an open subset. Given a vector-valued function v = (vq,v2,v3) :
U — R3, define v* € QYU) and v 1 Det € Q2(U) by applying the corresponding operations on vectors
pointwise.

(i) Let div(v) : U — R be defined by

8’01 81}2 (91)3
di =— 4+ —+ —.
IV(U) 8561 81‘2 81‘3

Show that
d(v 1 Det) = div(v)Det € Q3(U).

(ii) Let curl(v) : U — R? be defined by

curl(v)<av3_av2 duvy  duz vy 8111)
~ \Oxa w3’ dxz dw1’ dxy dwz)’

Show that
d(v") = curl(v) 2 Det € Q*(U).

4. Let x1,z2: R?\{0} — R be the coordinate functions. Which of the following elements of Q! (R?\{0})
are closed? Which are exact?

(i) a = —2z179dr1 + 22d2s
(ii) 8 = xodx1 + x1dxs

—xodx1 + x1dXo
:U% + 1:%

(i) 7 =
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